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Majorana neutrino, the size of extra dimensions, and neutrinoless double beta decay
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The problem of the Majorana neutrino mass generated in the Arkani-Hamed–Dimopoulos–Dvali model with
n extra spatial dimensions is discussed. Taking into account constraints on the neutrino masses coming from
cosmological observations, it is possible to obtain lower limits on the size of the extra dimensions as large as
1026 mm. In the case ofn54 it is easy to lower the fundamental scale of gravity from the Planck energy to
the electroweak scale;1 TeV without imposing any additional constraints. A link between the half-life of
neutrinoless double beta decay and the size of extra dimensions is discussed.
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Theories and models with additional spatial dimensio
have drawn much attention during recent years~see, e.g.,@1#
and references therein for a recent review!. Such ideas have
their source in the works of Kaluza and Klein, who show
in the 1920s@2,3# that adding a fifth spatial dimension allow
us to unify Maxwell’s and Einstein’s theories, and obtain
this way a common description of electromagnetic and gra
tational interactions. The theory of Kaluza and Klein h
been proven to be wrong and therefore the idea of e
dimensions has been unpopular until the development of
string theory. The latter, which is now treated by many phy
cists as a very promising replacement for quantum fi
theory and a step in the right direction towards a theory
everything, requires for consistent formulation many mo
spatial dimensions than just three. What is more, new mu
dimensional objects, called branes, emerge from this the
in a natural way. Recent models suggest that our observ
Universe could be embedded in such brane, which in t
floats in higher dimensional bulk, possibly interacting w
fields that populate the bulk as well as with other bran
Such a setup gives completely new possibilities of solv
many important issues, such as the problem of hierar
among fundamental interactions and the smallness of
neutrino mass.

At present, there are two main approaches to the prob
of extra dimensions. One of them, the Randall-Sundr
model, is based on five-dimensional background metric
lutions @4,5#. This geometric approach allows us to solve t
generalized Einstein equations. Another formalism,
Arkani-Hamed–Dimopoulos–Dvali~ADD! model ~@6–8#
and references therein!, has more phenomenological base
but explains in an easy way the observed weakness of g
tational force. It also solves the hierarchy problem by low
ing the gravitational scale from the Planck energy in
11) dimensions to the electroweak scale;1 TeV in n ad-
ditional dimensions. It assumes further that from all kno
interactions only gravity feels the extra dimensional spa
The volume of extra dimensions, in which graviton c
propagate, suppresses the observed strength of gravity.
whole standard model~SM! is confined to a 3-brane o
which we live. Various modifications and improvements
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the model introduce other branes, which exist parallel
ours, as well as other particles which can be found in
bulk. The possible interactions of our brane with these
jects lead to a lot of interesting phenomena. To mention so
examples from neutrino physics, one may find in the lite
ture not only discussions of neutrino gravitational intera
tions @9#, masses and mixing patterns@10#, oscillations@11#,
sterile neutrinos@12#, but also, e.g., unification schemes@13#.
Among others a naturally small Majorana neutrino mass
be generated.

The first goal of the present work is to compare this m
with the newest theoretical and experimental limits, whi
allows us to set constraints on the sizes and number of e
dimensions. First, we take into account the limits on neutr
masses coming from astrophysical observations and ob
certain values of compactification radii of extra dimensio
in the ADD model. The second goal is to establish a li
between the physics of extra dimensions and theory of n
trinoless double beta decay. As is well known, the half-life
this exotic nuclear transition heavily depends on the mas
and mixing of neutrinos, so the second source of constra
comes from the newest data from the neutrinoless dou
beta decay experiments.

In the ADD approach the standard model is localized o
three-dimensional brane which is embedded into
(41n)-dimensional space-time. Then additional spacelike
dimensions are often referred to as beingtransverseto our
brane. This construction has its origin in the more gene
string theoretical setting with possibly more complicated g
ometry. For our purposes it is enough to assume that all
extra dimensions are characterized by a common sizeR, so
that the volumeVn of the space of extra dimensions is pr
portional toRn. One of the basic relations is the so-calle
reduction formula which can be obtained using, for examp
the generalized Gauss law. It reads@14# M Pl

2 ;RnM
*
21n ,

whereM Pl is the Planck mass andM* is the true scale of
gravity, which we want to set somewhere around 1 TeV. T
coordinates are denoted by$xm,ym%, wherem50 –3 labels
the ordinary space-time coordinates andm51 –n labels the
extra dimensions. What is more, we identifyy;y12pR,
that is, we compactify the extra dimensions on circles. Fr
now on we will drop the indicesm andm for simplicity.

Assume that our brane has coordinates$x,0% and that
there is another brane located at$x8,y* %, separated from
ours by the distancer 5uy* u in the transverse dimensions
©2003 The American Physical Society01-1
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We assume further@14,15# that lepton number is conserve
on our brane but maximally broken on the other one. T
breaking occurs in a reaction where a particlex with lepton
number L52 escapes the other brane into the bulk. T
particle, called themessenger, may interact with our brane
and transmit to us the information about lepton num
breaking.

To be more specific, let us introduce a fieldfL52 located
on the other brane, whose vaccum expectation value~vev!
breaks the lepton number. What is more, it acts as a so
for the bulk messenger fieldx and ‘‘shines’’ it everywhere, in
particular also on our brane. We introduce a lepton doubleL
and a Higgs fieldH localized on our brane. They can intera
with the messenger, and the interaction is given by the
lowing action@15#:

M
*
n21Sint;E d4x8^f&x~x8,y* !

1E d4xa~ lh* !2~x!x~x,0!. ~1!

The first part ofSint describes the process which takes pla
on the other brane and the second one represents the
action with SM particles, proportional to some numeric
constanta. The strength of the shinedx is in a natural way
suppressed by the distancer between branes, and therefo
one can write for the messenger

^x&5^f&Dn~r !, ~2!

whereDn(r ) is then-dimensional propagator,

Dn~r !5
1

2]n
21mx

2 ~r !5E dnk
eikr

k21mx
2

.

The explicit form of the propagator reads

D2~r !;H 2 log~rmx! ~rmx!1!

e2rmx/Armx ~rmx@1!,

Dn.2~r !;H 1/r n22 ~rmx!1!

e2rmx/r n22 ~rmx@1!,

and one sees that it depends on the number of extra dim
sions, the distance between branes, and the mass of the
senger. This feature will be used later. After substituting E
~2! into Eq.~1!, writing the Higgs field in terms of its vevv,
and identifying l with nL we arrive at a mass term of th
Majorana form mMa jnL

TnL with the mass given approxi
mately by

mMa j; v2D~r !/M
*
n21 . ~3!

This is the original relation given by the authors in@15#
and it is useful if one wants to set theM* scale to a certain
value, such as the electroweak scale. However, anothe
proach is possible. Let us place the second brane as fa
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possible, that is, setr 5R. Now, using the reduction formula
one can rewrite Eq.~3! in the form

mMa j;v2Rn(n21)/(n12)M Pl
2(12n)/(n12)Dn~R! ~4!

and deduce the sizeR of extra dimensions imposing con
straints on neutrino mass, coming from other sources,
example, cosmological observations, neutrinoless dou
beta decay, or neutrino oscillation experiments.

Recently reported cosmological observations@16,17# take
into account, among others, redshifts of galaxies, the mic
wave background radiation, type Ia supernova behavior,
the Big Bang nucleosynthesis, and suggest the sum of n
trino masses of all flavors not to exceed few eV:( i(mn) i
&1 eV.

Imposing this condition on Eq.~3! leads to a set of con
straints for the possible size of extra dimensions. Putting
numbers: v25(174 GeV)2;1022 eV2, M Pl;1028 eV,
1 eV21;1027 m, and using the explicit forms for the
propagator, we obtain interesting bounds onR.

Two additional dimensions(n52). For light messenge
particle we obtain bounds from above. IfRmx50.1, we get
R,1.8310216 eV21;10220 mm. Similarly for Rmx

50.01, the bound is even strongerR,4.7310218 eV21

;10222 mm. If the messenger is heavy, due to exponen
the denominator ofD, we obtain bounds from below. Fo
mx51 keV, they turn out to beR.1.531022 eV21;1.5
31026 mm. Newton’s law has been recently checked do
to around 0.1 mm@18#. The distance of 1026 mm is still out
of range for the currently planned tabletop experiments,
R may be reached in the next generation of projects. It sho
that this case may be promising. For heavierx the limit goes
down and takes the values formx51 MeV, R.1.15
31025 eV21;1029 mm and for mx51 GeV, R.8
31029 eV21;10212 mm.

Three additional dimensions(n53). For light messenger
performing a similar analysis gives usR,0.01 mm. For
heavyx particle we can use the fact thatRmx must be at
least equal to one, which impliesR,1.4 mm. None of these
cases is excluded and the distance 0.01 mm may be expl
in not very far future.

Four and more additional dimensions(n>4). The case
of four extra dimensions and a light messenger is an exc
tional one: mMa j;v2R2M Pl

21 R22 because the dependenc
on R is lost. Explicitly we obtain mMa j
;1022R2(1028)21 R22 eV51026 eV. One should stress
that this result for the neutrino mass is in agreement with
experimental facts known nowadays. An arbitraryR implies
also an arbitrary value ofM* which can be calculated from
the reduction formula. For example, forM* 51 TeV the size
of extra dimensions needs to beR;1028 mm, which is
quite reasonable. The case of heavyx does not provide any
additional constraints, namely, we getRmx.213.8. Simi-
larly for more than four dimensions we obtainR
.10299 eV so all what we can say is only that these ca
are not excluded.

It is desirable to compare the just obtained numbers w
existing constraints onR coming from different sources tha
neutrino physics sources. One of the most restrictive bou
1-2
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comes from supernova and neutron star data@19–23# and
cosmological models@24,25#. Altogether, the newest limits
are @21# R,1.531027 mm for (n52), R,2.631029 mm
for (n53), R,3.4310210 mm for (n54). We note first that
all of them present bounds from above, which means that
heavy messenger we may encounter a contradiction with
results from previous section.

For n52 and a light messenger particle our constrai
are significantly stronger, with difference of at least 13 ord
of magnitude. Such striking result may either be conside
as highly improbable or shed new light on the astrophys
and cosmological models used to derive the previous c
straint. For a heavyx, mx51 keV, we have obtainedR
.1026 mm while the previous results wereR,1027 mm. It
may seem that this case should be excluded. However,
that it is enough to lower the total mass of neutrinos by o
order of magnitude(mn<0.1 eV to get an agreement. Du
to high uncertainty of neutrino absolute masses it sou
reasonable to treat this case on equal footing with the r
Another way to overcome this problem is to increase
mass ofx to 10 keV and treat 1 keV as the absolute low
limit for it. For even heavierx our results are complementar
to previous bounds, placingR between 1029–1027 mm and
10212–1027 mm for mx51 MeV andmx51 GeV, respec-
tively. In the casen54 and lightx, R,10210 mm implies
M* to be of the order of 10–100 TeV, which still is low
enough to solve the hierarchy problem of particle phys
The remaining cases do not provide any additional bound
the previously known cases.

The presence of extra dimensions will surely influence
results of sensitive experiments. In this Brief Report we
vestigate the impact of extra dimensions on half-life of ne
trinoless double beta decay.

Neutrinoless double beta decay (0n2b) is a process in
which a nucleus undergoes two simultaneous beta de
without emission of neutrinos,A(Z,N)→A(Z12,N22)
12e2. It requires neutrino to be a Majorana particle, so t
two neutrinos emitted in beta decays annihilate with e
other. It is readily seen that this process violates the lep
number by two units, thus is forbidden in the framework
SM. As a matter of fact, 0n2b has not been observed, b
the nonobservability sets valuable constraints on the shap
nonstandard physics.

Ignoring the contributions from right-handed weak cu
rents, the half-life of 0n2b can be written in the form@26#
(T1/2)

215M^mn&
2/me

2 , whereM is a nuclear matrix ele-
ment which can be calculated within some nuclear mo
~such as the bag model or nonrelativistic quark model! and
me is the electron mass. The so-called effective neutr
mass^mn& is defined by the relation

^mn&5(
i

uUei
2 umi , ~5!

whereU is the neutrino mixing matrix andmi are neutrino
mass eigenstates. One sees that it is possible to identify^mn&
with the ee entry of neutrino mass matrix in the flavor bas
^mn&5mee, which is given exactly by the superposition
mass eigenstates from Eq.~5!.
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Since the mixing among neutrino mass states is
known exactly, we are forced to simplify our picture a litt
bit. Using results from the CHOOZ experiment@27,28# we
get the constraintuUe3

2 u,0.03720.017, depending on the
mixing pattern considered~two- or three-neutrino mixing!. It
implies that the contribution coming fromm3 may be ne-
glected. The remaining masses are nearly degenerate@29#
and we can approximatem2'm1. Denoting the relative
phase between the two flavors byf12 we obtainmee

2 5@1
2sin2(2uSolar)sin2(f12/2)#m1

2 . The currently favored large
mixing angle solution for solar neutrino problem sets t
value of sin2(2uSolar) between 0.3 and 0.93@30# which may
introduce a huge uncertainty. Fortunately, in the final form
this uncertainty is heavily reduced. If we assume thatCP
symmetry is not violated, we have to setf12 either to 0 or
p/2. The latter case is of course more interesting and we
stick to it.

Under these conditions we are now legitimate to repla
m1 with mMa j and link in this way the half-life of 0n2b with
size of extra dimensions. We obtain

T1/2
th '~1.1721.8!T1/2

expt.^mn&expt.
2 /mMa j

2 , ~6!

wheremMa j is given by the relation~4!. The experimental
values established by the IGEX Collaboration@31# are

T1/2
IGEX.1.5731025 y, ^mn& IGEX5~0.3321.35! eV.

On the other hand, the Heidelberg-Moscow Collaborat
@32# gave a best fit value for the effective neutrino ma
^mn&H2M50.39 eV so in our calculations we set this para
eter to 0.4 eV. Putting in numbers and expanding the form
~6! using Eq.~4! we arrive at the following relation:

T1/2
th .k1093n2150/(n12)R2n(12n)/(n12)@Dn~R!#22 y. ~7!

Here, the uncertainty factork satisfies 0.74,k,1.17. As an
example, we take a closer look at the two special casen
52 with heavy messenger andn54 with light messenger.
We would like to stress that the following discussion is va
only under our assumptions, i.e., we live in a brane wor
generate neutrino masses in the ADD model, neglect the
fluence ofm3, and treat the remaining ones as nearly deg
erate. Keeping this in mind, for the limiting casen52, mx

510 keV, formula ~7! simplifies to T1/2
th .k31013exp(2

3104R) y, with R,1.531027 mm. The result is presente
in Fig. 1 together with the bound from the experiment. O
sees that with increasing size of extra dimensions, the h
life explodes exponentially. Therefore, the possibility of e
tablishingT1/2 in experiment will set precise constraints o
physics of extra dimensions. It is visible from Fig. 1 that t
allowed region lies between 1.3931027 mm and 1.5
31027 mm, which implies T1/2.1.5731025 y and T1/2
,(8212)31025 y. The sensitivity of currently planned
0n2b experiments will allow us to probe this region an
definitively confirm or exclude this case.
1-3
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The second special case,n54 with a light messenge
particle, renders the value ofT1/2 up to;1037 y which, even
if true, remains far beyond the sensitivity of current and c
rently planned experiments.

Theories with large additional dimensions have been
tensively developed during past years. One of the main
tivations for them is the theory of superstrings and neutr
physics. Using the ADD model we have discussed a new
of constraints on the radius of extra dimensions coming fr
neutrino masses. The most meaningful results were obta
for two and three transverse dimensions, but nothing
cluded the possibilities that four or more additional dime
sions exist.
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FIG. 1. Lower bounds on the half-life of neutrinoless doub
beta decay in the case of two additional spatial dimensions of
R. The mass of the messenger particle ismx510 keV.
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In the present paper we have shown that there are
especially interesting cases allowed by the ADD model
extra dimensions. The number of additional transverse
mensionsn52 and mass of the messenger particlex around
10 keV implies the size of the extra dimensions to be of
order of 1027 mm, which gives the true scale of gravit
M* ;1000 TeV. We found that, in order to satisfy prev
ously derived constraints, the minimal mass of the messen
should not be less than 10 keV. However, this value relies
the estimation(mn,1 eV, which in fact could be one o
two orders of magnitude less. In such case the messe
may be lighter. The second interesting possibility,n54 and
light x, suggests the mass of neutrino to be of the orde
1026 eV and permits adjustments ofR and M* in wide
range. Specifically, takingR,10210 mm impliesM* to be
of the order of 10–100 TeV, which is a reasonable value t
solves the hierarchy problem. It is legitimate to state that
the constraints obtained here either improve the old one
are complementary to them.

One of the main drawbacks of extra dimensional theor
is the difficulty of experimental verification. The best know
bounds are the tabletop tests of Newton’s law. Some prop
als were given to link the presence of extra dimensions w
behavior of supenovae, however the mechanism of su
nova explosion is not known well enough to draw reasona
conclusions. In this paper we have outlined a method how
use the neutrinoless double beta decay for this purpose.
servation of this exotic nuclear process will tell us precis
which values of parameters are allowed. Till then, its non
servability sets strict constraints, which can be combin
with bounds from other sources.
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