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R-parity violation in a supersymmetric GUT model and radiative neutrino masses

Yoshio Koide*
Department of Physics, University of Shizuoka, 52-1 Yada, Shizuoka 422-8526, Japan

Joe Sato†

Department of Physics, Faculty of Science, Saitama University, Saitama 338-8570, Japan
~Received 26 May 2003; published 10 September 2003!

Within the framework of an SU~5! SUSY GUT model, a mechanism which effectively inducesR-parity-

violating terms below the unification energy scaleMX is proposed. The model has matter fields 5L̄(1)

110L(2) and Higgs fieldsH (2) and H̄ (1) in addition to the ordinary Higgs fieldsH (1) and H̄ (2) which
contribute to the Yukawa interactions, where (6) denote the transformation properties under a discrete sym-

metry Z2. The Z2 symmetry is only broken by them term H̄ (1)H (2) softly, so that the 5̄(1)↔H̄ (1)↔H̄ (2)

mixing appears atm,mSB, andR-parity violating terms 5̄L5̄L10L are effectively induced from the Yukawa

interactionsH̄ (2)5̄L(1)10L(2) ; i.e., the effective coupling constantsl i jk of nLieL jeRk
c andnLidR j

c dLk are pro-
portional to the mass matrices (Me* ) jk and (Md

†) jk , respectively. The parameter regions which are harmless for
the proton decay are investigated. Possible forms of the radiatively induced neutrino mass matrix are also
investigated.

DOI: 10.1103/PhysRevD.68.056004 PACS number~s!: 11.30.Er, 11.30.Hv, 12.60.Jv, 14.60.Pq
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I. INTRODUCTION

The origin of neutrino mass generation is still a myste
ous problem in the unified understanding of quarks and
tons. As the origin, from the standpoint of a grand unificat
theory ~GUT!, currently, the idea of the so-call seesa
mechanism@1# is influential. On the other hand, an altern
tive idea that the neutrino masses are radiatively induce
still attractive. As an example of such a model, the Z
model@2# is well known. Regrettably, the original Zee mod
is not on the framework of GUT. A possible idea to emb
the Zee model into GUT is to identify the Zee scalarh1 as
the slepton ẽR in an R-parity-violating supersymmetric
~SUSY! model @3#. However, usually, it is accepted tha
SUSY models withR-parity violation are incompatible with
a GUT scenario, because theR-parity-violating interactions
induce proton decay@4,5#. By the way, there is another prob
lem in a GUT scenario: i.e., how to give doublet-triplet spl
ting in SU~5! 5-plet Higgs fields. There are many ideas
solve this problem@6#. Although these mechanisms are ve
attractive, in the present paper, we will take another cho
that is, fine-tuning the parameters: we consider a possib
that a mechanism which provides the doublet-triplet splitt
gives a suppression of theR-parity violating terms with
baryon number violation while it gives visible contribution
of the doublet component to the low energy phenom
~neutrino masses, lepton flavor processes, and so on! @4#. In
the present paper, we will try to give an example of suc
scenario.

In the present paper, in order to suppress the proton de
a discrete symmetryZ2 is introduced. The essential idea is
follows: we consider matter fields 5L̄(1)110L(2) of SU~5!
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and two types of SU~5! 5-plet and 5̄-plet Higgs fieldsH (6)

and H̄ (6) , where (6) denote the transformation propertie
under a discrete symmetryZ2 ~we will call it ‘‘ Z2-parity’’
hereafter!. The superpotential in the present model is giv
by

W5WY1WH1Wmix , ~1.1!

whereWY denotes Yukawa interactions

WY5(
i , j

~Yu! i j H (1)10L(2) i10L(2) j

1(
i , j

~Yd! i j H̄ (2)5̄L(1) i10L(2) j . ~1.2!

Under the discrete symmetryZ2 , R-parity violating terms
5̄L(1)5̄L(1)10(2) are exactly forbidden. The discrete symm
try Z2 is softly violated only by the followingm terms:

WH5H̄ (1)~m11g1F!H (1)1H̄ (2)~m21g2F!H (2)

1mSBH̄ (1)H (2) , ~1.3!

whereF is an SU~5! 24-plet Higgs field with the vacuum
expectation value~VEV! ^F&5v24diag(2,2,2,23,23), and
it has been introduced in order to give doublet-triplet sp
tings in the SU~5! 5- and 5̄-plets Higgs fields at an energ
scale m,MX @MX is an SU~5! unification scale#. The
Z2-parity is violated only by1 the termH̄ (1)H (2) . Note that

1The Z2 symmetry can be softly violated not only by the ter

H̄ (1)H (2) , but also by termsH̄ (2)H (1) and 5̄L(1)1H (2) . However,

in the present scenario, the existence ofH̄ (1)H (2) is essential. The
details are discussed in Appendix A.
©2003 The American Physical Society04-1
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H (2) and H̄ (1) in the mSB-term do not contribute to the
Yukawa interaction~1.2! directly, so that proton decay vi
the dimension-5 operator is suppressed in the limit ofmSB
→0. ~A similar idea, but withoutZ2 symmetry, has been
proposed by Babu and Barr@7#.! The termsWmix have been
introduced in order to bring theH̄ (1)↔5̄(1) mixing:

Wmix5(
i

5̄L(1) i~bim51cig5F!H (1) , ~1.4!

where( i ubi u25( i uci u251. At the energy scalem,MX , the
termsWH1Wmix are effectively given by

WH1Wmix

5 (
a52,3

m1
(a)F H̄ (1)

(a) cosa (a)1(
i

di 5̄L(1) i
(a) sina (a)GH (1)

(a)

1 (
a52,3

m2
(a)H̄ (2)

(a) H (2)
(a) 1mSB (

a52,3
H̄ (1)

(a) H (2)
(a) , ~1.5!

where( i udi u251, the index~a! denotes that the fields with
~2! and ~3! are doublet and triplet components of SU(
→SU(2)3SU(3), respectively, and

m1
(2)cosa (2)5m123g1v24,

m1
(3)cosa (3)5m112g1v24, ~1.6!

m1
(2)sina (2)di5m5bi23g5v24ci ,

m1
(3)sina (3)di5m5bi12g5v24ci , ~1.7!

m2
(2)5m223g2v24, m2

(3)5m212g2v24. ~1.8!

Therefore, themSB-term together with them1sina-term in-
duces theH̄ (2)↔5̄L(1) mixing, so that theR-parity violating
terms 5̄L5̄L10L are generated from the Yukawa interactio
H̄ (2)5̄L(1)10L(2) . The coupling constantsl i jk of 5̄i 5̄ j10k
will be proportional to the charged lepton mass mat
(Me* ) jk or down-quark mass matrix (Md

†) jk . ~The details are
discussed in Sec. II.! As we demonstrate in Sec. II, we ca
show that the mixing 5̄L(1)↔H̄ (2) is negligibly small for the
colored sector, while it is sizable for the SU~2!-doublet sec-
tor.

The parameters in the present model need fine-tuning.
example, we will find that a large value ofmSB is not accept-
able, because for such a large value ofmSB the proton decay
due to the dimension five operator becomes visible. On
other hand, we will find that a smaller value ofmSB leads to
a small bottom quark mass, so that a small value ofmSB is
not acceptable. We will takemSB;1014 GeV. In Sec. III, we
will investigate the parameter regions which are harmless
the proton decay. In Sec. IV, we will investigate a possi
form of the radiatively induced neutrino mass matrix due
theR-parity violation term 5̄L5̄L10L . The radiatively induced
neutrino mass matrixM n

rad will be expressed by the sum o
two rank-1 matrices. On the other hand, we also have c
05600
or
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tributionsM ñ from VEVs ^ñ i& of the sneutrinos to the neu
trino mass matrixM n . In Sec. V, a possible form ofM n

5M ñ1M n
rad is discussed from the phenomenological po

of view. Finally, Sec. VI will be devoted to the summary.

II. H̄
„À…

-5̄
„¿…

MIXING

In order to suppress the proton decay, we want to t
m1

(2);MW with a sizablea (2), but m1
(3);MX with a negli-

gibly smalla (3). However, from the relations~1.6! and~1.7!,
we obtain the relation

di tana (3)5
m5bi12g5v24ci

m112g1v24

5
m1

(2)sina (2)di15g5v24ci

m1
(2)cosa (2)15g1v24

. ~2.1!

The requirementua (3)u&MW /MX leads to the constrain
ug5u&MW /MX for ug1u;1. We do not like to introduce such
a small dimensionless parameterg5. Therefore, for simplic-
ity, we will put g550 hereafter. Then, without loss of gen
erality, we can put

5̄L(1)18 5(
i

bi 5̄L(1) i ~2.2!

where 5̄L(1)18 does not mean the observed first generat

particle.~Hereafter, for convenience, we denote 5L̄(1)18 sim-

ply as 5̄L(1)1.! The effective parametersm1
(a) , m2

(a) anda (a)

are given as follows:

m1
(2)5A~m123g1v24!

21m5
2,

m1
(3)5A~m112g1v24!

21m5
2,

m2
(2)5m223g2v24, m2

(3)5m212g2v24, ~2.3!

tana (2)5
m5

m123g1v24
.

m5

m1
(2)

,

tana (3)5
m5

m112g1v24
.

m5

m1
(3)

.

We will take

m1
(2);MW , m1

(3);MX ,

m2
(2);MI , m2

(3);MX , ~2.4!
4-2
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tana (2);
m5

MW
, tana (3);

m5

MX
,

where MI;1014 GeV andm5;101 GeV as we state later
The mass matrix in the basis of (H̄ (2) ,H̄ (1) , 5̄L(1)1) and
(H (1) ,H (2)) is given by

M5S 0 m2

m1cosa mSB

m1sina 0
D . ~2.5!

Here and hereafter, for simplicity, we drop the index (a).
The mass matrix~2.5! is diagonalized as

Ū†MU5D[S m1 0

0 m2

0 0
D , ~2.6!

where U and Ū are unitary operators which diagonaliz
M†M andMM† as

U†M†MU5S m1
2 0

0 m2
2D , ~2.7!

and

Ū†MM†Ū5S m1
2 0 0

0 m2
2 0

0 0 0
D , ~2.8!

respectively. Note that the matter field 5L̄18 is still massless,
and also note that it is not in the eigenstate of theZ2 parity.
05600
The mixing matrixU is easily obtained from the diago
nalization of

M†M5S um1u2 mSBm1* cosa

mSB* m1cosa umSBu21um2u2D . ~2.9!

For realm1 , mSB andm6 , we obtain

U5S cosuu sinuu

2sinuu cosuu
D , ~2.10!

tan 2uu5
2mSBm1cosa

mSB
2 1m2

2 2m1
2

, ~2.11!

m1
25

1

2
~mSB

2 1m1
2 1m2

2 !2
1

2
Q, ~2.12!

m2
25

1

2
~mSB

2 1m1
2 1m2

2 !1
1

2
Q, ~2.13!

where

Q5~mSB
2 2m1

2 1m2
2 !cos 2uu12mSBm1cosa sin 2uu .

~2.14!

When we define

A[mSB
2 2m1

2 1m2
2 , B[2mSBm1cosa, ~2.15!

cos 2uu5
A

AA21B2
, sin 2uu5

B

AA21B2
, ~2.16!

the quantityQ is given by
Q5AA21B25A@mSB
2 1~m12m2!2#@mSB

2 1~m11m2!2#24mSB
2 m1

2 sin2a. ~2.17!

The rotationŪ is also obtained from the diagonalization of

MM†5S m2
2 mSBm2 0

mSBm2 mSB
2 1m1

2 cos2a m1
2 cosa sina

0 m1
2 cosa sina m1

2 sin2a
D . ~2.18!

The mixing matrix elementsŪ i3 are easily obtain as follows:

Ū135
1

N3
mSBsina, ~2.19!

Ū2352
1

N3
m2sina, ~2.20!

Ū335
1

N3
m2cosa, ~2.21!

where
4-3
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N3
252m2

2 1mSB
2 sin2a. ~2.22!

Other matrix elements are obtained as follows: We express the mixing matrixŪ as

Ū5S c13c12 c13s12 s13

2c23s122s23c12s13 c23c122s23s12s13 s23c13

s23s122c23c12s13 2s23c122c23s12s13 c23c13

D , ~2.23!

wheresi j 5sinuij andci j 5cosuij . Then, by comparing Eq.~2.23! with Eqs.~2.19!–~2.21!, we obtain

s135Ū135
mSBsina

Am2
2 1mSB

2 sin2a
, c135

1

A11~mSB/m2!2sin2a
, ~2.24!

s235
Ū23

c13
52sina, c235cosa. ~2.25!

By using the relation (M†M )115Ū11Ū11(m18)
21Ū12Ū12(m28)

2, the mixing angleu12 is obtained as follows:

cos 2u125
1

m2
22m1

2 Fm1
21m2

222
m2

2

c13
2 G5

1

Q
~mSB

2 1m1
2 2m2

2 22mSB
2 sin2a!

52
m2

2 2m2
2cos 2a2m1

2

Am2
4 12~m2

22m1
2 !m2

2 1m2
412m2

2m1
2 cos 2a1m1

4
. ~2.26!

Note that cos 2u12.21 for m2
2 @mSB

2 ,m1
2 , so thatu12.p/2.

Since the physical fields (H̄1 ,H̄2 ,5̄L18 ,5̄L28 ,5̄L38 ) are given by

S H̄ (2)

H̄ (1)

5̄L(1)1

5̄L(1)2

5̄L(1)3

D 5S Ū11 Ū12 Ū13 0 0

Ū21 Ū22 Ū23 0 0

Ū31 Ū32 Ū33 0 0

0 0 0 1 0

0 0 0 0 1

D S H̄1

H̄2

5̄L18

5̄L28

5̄L38

D , ~2.27!

the Yukawa interactionsH̄ (2)5̄L(1)10L(2) lead to the effective Yukawa interactions at a low energy scale

~Yd! i j H̄1@d i1~Ū11Ū332Ū13Ū31!5̄L18 1Ū11~d i25̄L28 1d i35̄L38 !#10L(2) j , ~2.28!

and the inducedR-parity violating terms

~Yd! i j Ū135̄L18 ~d i1Ū335̄L18 1d i25̄L28 1d i35̄L38 !10L(2) j , ~2.29!

where we have assumed thatum1u!um2u, i.e. the Higgs field surviving at a low energy scale is notH̄2, but H̄1.
The effective Yukawa interactions~2.28! give the fermion mass matrices

~Me* ! i j 5H ~Ū11
(2)Ū33

(2)2Ū13
(2)Ū31

(2)!~Yd! i j vd5Ū22
(2)* ~Yd! i j vd for i 51,

Ū11
(2)~Yd! i j vd for i 52,3, ~2.30!

~Md
†! i j 5H ~Ū11

(2)Ū33
(3)2Ū13

(3)Ū31
(2)!~Yd! i j vd for i 51,

Ū (2)~Y ! v for i 52,3, ~2.31!

11 d i j d

056004-4
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wherevd5^H̄1&, and, in Eq.~2.30!, we have used the gen
eral formulaUikU jl 2Uil U jk5« i jm«klnUmn* for an arbitrary
333 unitary matrixU. Note that in the present model, th
relationMd5Me

T does not hold.
From theR-parity violating terms~2.29!, we obtain coef-

ficientsl i jk
(2,2) , l i jk

(2,3) , l i jk
(3,2) andl i jk

(3,3) , which are the coeffi-
cients of the interactions (nL1eLi2eL1nLi)eR j

c , (nL1dRi
c dL j

2eL1dRi
c uL j ), (dR1

c eLiuL j2dR1
c nLidL j ), and

«abgdR1
cadRi

cbuR j
cg , respectively, as follows:

l11j
(2,2)50, l1i j

(2,2)5k~Me* ! i j /vd ~ i 52,3!, ~2.32!

l11j
(2,3)5

k~Md
†!1 j /vd

12jkŪ31
(2)/Ū33

(3)
, l1i j

(2,3)5k~Md
†! i j /vd ~ i 52,3!,

~2.33!

l11j
(3,2)5

jk~Me* !1 j /vd

12kŪ31
(2)/Ū33

(2)
, l1i j

(3,2)5jk~Me* ! i j /vd ~ i 52,3!,

~2.34!

l11j
(3,3)50, l1i j

(3,3)5jk~Md
†! i j /vd ~ i 52,3!, ~2.35!

where

k5
Ū13

(2)

Ū11
(2)

, j5
Ū13

(3)

Ū13
(2)

. ~2.36!

Note that the proton decay due to the exchange of squarkd̃i
is forbidden in the limit ofj→0, while the radiatively in-
duced neutrino masses do not become zero even ifj→0.

III. HOW TO SUPPRESS THE PROTON DECAY

First, we discuss the parameters in the doublet sector.
assume

~m2
(2)!2@mSB

2 @~m1
(2)!2. ~3.1!

Then, we obtain the following approximate relations:

~m1
(2)!2.~m1

(2)!2S 12
mSB

2

~m2
(2)!2

cos2a (2)D ;MW
2 , ~3.2!

~m2
(2)!2.~m2

(2)!21mSB
2 ;MI

2 , ~3.3!

tan 2uu
(2)5

2mSBm1
(2)cosa (2)

~m2
(2)!21mSB

2 2~m1
(2)!2

.2
mSBm1

(2)

~m2
(2)!2

cosa (2), ~3.4!
05600
e

s13
(2)[Ū13

(2)5
mSBsina (2)

A~m2
(2)!21mSB

2 sin2a (2)

.
mSB

m2
(2)

sina (2), ~3.5!

s23
(2)52sina (2), c23

(2)5cosa (2), ~3.6!

s12
(2).12

1

2 S mSB

m2
(2)D 2

cos2a (2),

c12
(2).

mSB

m2
(2)

cosa (2). ~3.7!

Since the up-quark mass matrixMu is given by (Mu) i j

5cu
(2)(Yu) i j vu , where cu

(2)5cosuu
(2) and vu5v sinb (v

5174 GeV), the constraint@8# tanb.1.5 (sinb.0.83) in
the conventional model from the perturbative calculabil
corresponds to the constraint

cu
(2)sinb.0.83, ~3.8!

which is reasonably satisfied because the value ofcu
(2) is

given by

cu
(2).A12S mSBm1

(2)cosa (2)

~m2
(2)!2 D 2

.1. ~3.9!

On the other hand, since the down-quark mass matrixMd

is given by (Md) i j 5Ū11
(2)Ydi jvd( i 52,3), wherevd5v cosb

and

Ū11
(2)5c12

(2)c13
(2).

mSB

m2
(2)

cosa (2), ~3.10!

the constraint@8# tanb,60 ~i.e. cosb.0.017) in the con-
ventional model puts a constraint (mSB/m2

(2))cosa(2)

.0.017/cosb, which leads to

mSB

m2
(2)

cosa (2).0.031, ~3.11!

where we have used the lower limit of tanb, tanb.1.5. A
mass value ofH̄2 smaller thanm2

(2);1013 GeV cannot be
accepted because such a small value spoils the coincid
of the gauge coupling constants atm5MX . From the rela-
tion ~3.3!, we must consider

m2
(2).m2

(2)*1014 GeV. ~3.12!

Therefore, a too-small value ofmSB is not acceptable in the
present model,
4-5
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mSB>
1

cosa (2)
3331012 GeV. ~3.13!

The parameter values in the triplet sector are sensitiv
the proton decay. For example, the proton decay due to
exchange of squarkd̃ is proportional to

l1i j
(2,3)l1kl

(3,3).jk2S mb

v cosb D 2

uVubu2, ~3.14!

which must be smaller than (MSUSY/MX)2;10226. Since
(mb /v cosb)2;1023, uVubu2;1025 and

j5
s13

(3)

s13
(2)

.
m2

(2)sina (3)

m2
(3)sina (2)

;
MI

MX

m5 /MX

m5 /MW
;10216,

~3.15!

where we have used the relations~2.3! and the valuesm2
(2)

.MI;1014 GeV and m2
(3).MX;1016 GeV, we can esti-

mate the value of Eq.~3.14! as

l1i j
(2,3)l1kl

(3,3);k2310224. ~3.16!

Since the parameterk is given by

k5
U13

(2)

U11
(2)

5
tanu13

(2)

c12
(2)

.tana (2).
m5

m1
(2)

, ~3.17!

if we supposem5;10 GeV~i.e. k;1021), the proton decay
due to the exchange ofd̃ 3 can barely be suppressed.

On the other hand, the proton decay@9# due to the
dimension-5 operator is proportional to a factor

K[
1

m1
(3)

cu
(3)Ū11

(3)1
1

m2
(3)

su
(3)Ū12

(3) . ~3.18!

The value ofK takes a minimum atm2
(3)5m1

(3) . Therefore,
we investigate the case

~m1
(3)!25~m2

(3)!2@mSB
2 , ~3.19!

which have already been assumed in the derivation of
~3.15!. Then, we can get the following approximate relation

~m1
(3)!2.~m1

(3)!22mSBm1
(3) ,

~m2
(3)!2.~m1

(3)!21mSBm1
(3) , ~3.20!

tan 2uu
(3).2

m1
(3)

mSB
, i.e. cos 2uu

(3).
mSB

2m1
(3)

, ~3.21!

Ū (3).S c12
(3) s12

(3) s13
(3)

2s12
(3) c12

(3) s23
(3)

s23
(3)s12

(3) 2s23
(3)c12

(3) 1
D , ~3.22!

where
05600
to
he

q.
:

cos 2u12
(3).

mSB

2m6
(3)

, ~3.23!

s13
(3).

mSB

m2
(3)

sina (3).
mSB

m2
(3)

m5

m1
(3)

;10219, ~3.24!

s23
(3)52sina (3).2

m5

m1
(3)

;210215. ~3.25!

Therefore, the factorK is estimated as

K.2
mSB

~m1
(3)!2

;21024
1

MX
. ~3.26!

In order to suppress the proton decay due to the dimensio
operator, it is better to take the value ofmSB as low as pos-
sible.

For example, the numerical values without approximat
are as follows: for the input values

mSB5431012 GeV, m5523101 GeV,

m1
(2)523102 GeV, m2

(2)5131014 GeV,

m1
(3)5531016 GeV, m2

(3)5531016 GeV,
~3.27!

sina (2)50.1, sina (3)54310216,

we obtain

m1
(2)5223102 GeV, m2

(2)51.031014 GeV,
~3.28!

U (2)5S 1 7.9310214

27.9310214 1 D , ~3.29!

Ū (2)5S 0.040 0.999 0.004

20.994 0.040 20.100

20.100 0.9310216 0.995
D , ~3.30!

m1
(3)525.031016 GeV, m2

(3)55.031016 GeV,
~3.31!

U (3)5S 0.707 0.707

20.707 0.707D , ~3.32!

Ū (3)5S 0.707 0.707 3.2310220

20.707 0.707 24.0310216

22.8310216 2.8310216 1.000
D ,

~3.33!

Ū11
(2)50.040, K523.231025/MX ,

k50.10, j50.8310217. ~3.34!
4-6
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Therefore, these parameter values are harmless for the p
decay.

IV. RADIATIVELY INDUCED NEUTRINO MASS MATRIX

In a SUSY GUT scenario, there are many origins of t
neutrino mass generations@10#. For example, the sneutrino
ñ iL can have VEVŝ ñ&Þ0, and the neutrinosnLi thereby
acquire their masses@11#. In the present model, there is a
R-parity violating bilinear term 5̄L(1)H (1) , while there is no
H̄ (2)H (1) term ~the so-calledm term!. In the physical field
basis@the basis on which the mass matrix~2.5! is diagonal#,
the so-calledm term, m1H̄1H1, appears, while the 5L̄H1
term is absent. Therefore, in the present model, the sne
nos cannot have VEVŝñ i& at tree level. The VEVŝ ñ i&
Þ0 will appear only through the renormalization grou
equation~RGE! effect. The contribution highly depends o
an explicit model of the SUSY symmetry breaking. Since
purpose of the present paper is to investigate a general s
ture of the radiative neutrino masses, for the moment,
confine ourselves to discussing possible forms of the ra
tive neutrino mass matrix .

The radiative neutrino mass matrixM n
rad is given by

M n
rad5M n

e1M n
d , ~4.1!

where M n
e is generated by the interactionsnLeLẽR

c and

nLẽLeR
c ~i.e. by the charged lepton loop! andM n

d is generated

by nLdR
c d̃L and nLd̃R

c dL ~i.e. by the down-quark loop!. We
assume that the contributions from Zee-type diagrams du
H̄1↔ẽR

1 mixing is negligibly small because the ter

H̄H̄10L must be notH̄1H̄110L , but H̄1H̄210L ~recall that
only the fieldH̄1 has the VEV in the present model!.

We consider the radiative diagram with (nL) j→(eR) l

1(ẽL
c)n and (eL)k1(ẽL

c)m→(nL
c) i ~see Fig. 1!. The contribu-

tions (M n
e) i j from the charged lepton loop are, except for t

common factors, given as follows:

~M n
e! i j 5~l1kmd i12l1imdk1!~l1 j l dn12l1nld j 1!

3~Me!kl~M̃eLR
2 !nm1~ i↔ j !, ~4.2!

whereMe andM̃eLR
2 are charged-lepton and charged-slepto

LR mass matrices, respectively. Here and hereafter, we
drop the common factor in (M n

rad) i j , because we have a
interest only in the relative structure of the matrix eleme
05600
ton

e

ri-

e
c-
e
a-

to

-
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s

(M n
rad) i j . Since, as usual, we assume that the structure

M̃eLR
2 is proportional to that ofMe , we obtain

~M n
e! i j 5l1iml1 j l ~Me!1l~Me!1m

1d i1d j 1l1kml1nl~Me!kl~Me!nm

2d i1l1 j l l1km~Me!1m~Me!kl

2d j 1l1i l l1km~Me!1m~Me!kl . ~4.3!

Since l1i j
e [l1i j

(2,2)5k(12d i1)(Me
†) j i from the expression

~2.32!, we obtain the contribution from the charged lept
loop:

M n
e5He

TS1He2S1HeHe2He
THe

TS11S1Tr~HeHe!,
~4.4!

where we have dropped the common factork, and the Her-
mitian matrixHe and the rank-1 matrixS1 are defined by

He5MeMe
† , ~4.5!

S15S 1 0 0

0 0 0

0 0 0
D . ~4.6!

Similarly, we can obtain the contributions from the dow
quark loop. From the expression~2.33!, we denotel1i j

d

[l1i j
(2,3) as

l1i j
d 5k@rd1i1~12d i1!#~Md

†! i j , ~4.7!

where

r5
1

12jkU31
(2)/U33

(3)
.1. ~4.8!

Then, we obtain

M n
d5HdS1Hd

T2S1Hd
THd

T2HdHdS11S1Tr~HdHd!,
~4.9!

where

Hd5Md
†Md . ~4.10!

Note that the result~4.9! is independent of the value ofr.
The field 5̄L(1)1 defined in Eq.~2.2! does not mean the

observed first-generation field (dc,n,e)L ~and its SUSY
FIG. 1. Radiative generation
of neutrino Majorana mass.
4-7
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partner!. The forms ofM n
e and M n

d on the general basis ar
given by

M n
e5He

TSHe2SHeHe2He
THe

TS1STr~HeHe!,
~4.11!

M n
d5HdSHd

T2SHd
THd

T2HdHdS1STr~HdHd!,
~4.12!
s

05600
whereS is an arbitrary rank-1 matrixS5U5
TS1U5, which is

given by the rebasing 5ī→5̄i85(U5
†5̄) i .

It is convenient to investigate the formM n
rad on the basis

on which the charged lepton mass matrixMe is diagonal:
He5De

25diag(me1
2 ,me2

2 ,me3
2 )[diag(me

2 ,mm
2 ,mt

2). Then,
the matrixM n

e is given by
M n
e5S S11~me2

4 1me3
4 ! S12~me3

4 1me1
2 me2

2 ! S13~me2
4 1me1

2 me3
2 !

S21~me3
4 1me1

2 me2
2 ! S22~me3

4 1me1
4 ! S23~me1

4 1me2
2 me3

2 !

S31~me2
4 1me1

2 me3
2 ! S32~me1

4 1me2
2 me3

2 ! S33~me1
4 1me2

4 !
D . ~4.13!

On the basis withHe5De
2 , since the matrixHd can be expressed asHd5UDd

2UT, whereU[UR
d , the contributionM n

d is
expressed as

M n
d5U~M n

d!8UT, ~4.14!

~M n
d!85Dd

2S8Dd
22S8Dd

42Dd
4S82S8Tr Dd

4 , ~4.15!

S85U†SU* . ~4.16!

Here, (M n
d)8 is again given by an expression similar to Eq.~4.13!,

~M n
d!85S S118 ~md2

4 1md3
4 ! S128 ~md3

4 1md1
2 md2

2 ! S138 ~md2
4 1md1

2 md3
2 !

S218 ~md3
4 1md1

2 md2
2 ! S228 ~md3

4 1md1
4 ! S238 ~md1

4 1md2
2 md3

2 !

S318 ~md2
4 1md1

2 md3
2 ! S328 ~md1

4 1md2
2 md3

2 ! S338 ~md1
4 1md2

4 !
D . ~4.17!
e of
The mass ratiosms
2/mb

2.7.0231024 and mm
2 /mt

2.3.43
31023 at m5MX are negligibly small compared with
Dmsolar

2 /Dmatm
2 ;1022, so that when we neglect the term

with me1
2 /me3

2 , me2
2 /me3

2 , md1
2 /md3

2 andmd2
2 /md3

2 , we can ap-
proximate Eqs.~4.13! and ~4.17! as

M n
e.mt

4S S11 S12 0

S21 S22 0

0 0 0
D 5mt

4PSP,

~M n
d!8.mb

4S S118 S128 0

S218 S228 0

0 0 0
D 5mb

4PS8P, ~4.18!

whereP is defined as

P5diag~1,1,0!. ~4.19!

Therefore, we can express the neutrino mass matrixM n
rad in

the following form:

M n
rad5m0~PSP1kU•PU†SU* P•UT!, ~4.20!

wherek is given byk.(mb /mt)
2 andm0 will be given later

@in Eq. ~4.22!#. The matrixS is a rank-1 matrix, so thatPSP,
U†SU* , andU(PU†SU* P)UT are also rank-1 matrices. In
other words, the radiative neutrino mass matrixM n

rad has the
form which is described by two rank-1 matrices:

M n
rad5m0S g1

2 g1g2 0

g2g1 g2
2 0

0 0 0
D

1m0kS f 1
2 f 1f 2 f 1f 3

f 2f 1 f 2
2 f 2f 3

f 3f 1 f 3f 2 f 3
2
D . ~4.21!

So far, we have not discussed the absolute magnitud
the neutrino mass matrixM n

rad . When we assumem2(ẽR)

[m2(ẽR3).m2(ẽR2).m2(ẽR1) and m2(ẽL)[m2(ẽL3)
.m2(ẽL2).m2(ẽL1) and the rank-1 matrixS is normalized
as Tr(SS†)51, the coefficientm0 in the expression~4.20! is
given by

m05
1

16p2
k2

m1
(2)mt

4

v2
F„m2~ ẽR!,m2~ ẽL!…, ~4.22!

where
4-8
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F~mR
2 ,mL

2!5
1

mR
22mL

2
ln

mR
2

mL
2

. ~4.23!

If F„m2(ẽR),m2(ẽL)….F„m2(d̃R),m2(d̃L)…, the factork is
given byk.(mb /mt)

458.6. However, in the present pape
we regardk as a free parameter. By using 1/16p256.33
31023, m1

(2)[m(H1
(2))523102 GeV, mt(mZ)

51.75 GeV,v5174 GeV and tanb51.5, we obtain

m0.1.9k2F eV, ~4.24!

where F is the value ofF„m2(ẽR),m2(ẽL)… in the unit of
TeV. If the neutrino mass matrixM n is dominated by the
radiative mass termsM n

rad and we wish that the largest on
of mn i is of the order ofADmatm

2 .0.05 eV, the valuek
;1021 is favorable.

V. POSSIBLE FORM OF M n

The neutrino mass matrix in the present model is given

M n5M n
rad1M ñ . ~5.1!

The contributionM ñ from ^ñ i&Þ0 is estimated as follows
Since the mass matrix for (n1 ,n2 ,n3 ,W̃0) ~except for the
radiative masses! is given by

S 0 0 0
1

2
gv1

0 0 0
1

2
gv2

0 0 0
1

2
gv3

1

2
gv1

1

2
gv2

1

2
gv3 MW̃

D , ~5.2!

where, for simplicity, we have dropped the elements forB̃0,
we obtain

M ñ.2
1

4
g2S v1

v2

v3

D ~MW̃!21~v1 v2 v3!

52
g2

4MW̃
S v1

2 v1v2 v1v3

v1v2 v2
2 v2v3

v1v3 v2v3 v3
2
D , ~5.3!

under the seesaw approximation. Note that the matrixM ñ is
a rank-1 matrix.

As noted in Sec. IV, the sneutrinos in the present mo
cannot have nonzero VEVs at the tree level. The VE

^ñ i&Þ0 can appear only through the RGE effect. Therefo
the magnitudes ofv i[^ñ i& are highly dependent on a mod
of the SUSY breaking and the RGE effect. In the previo
section, we have estimate the magnitudes of the radia
05600
y

l
s
,

s
ve

masses, i.e. in Eq.~4.24!. In the present paper, we are inte
ested only in the form of the neutrino mass matrixM n .
Therefore, we do not discuss the explicit symmetry break
mechanism and the absolute magnitudes of^ñ i&.

Since the form of the flavor symmetry breaking in th
present model is described by the rank-1 matrixS, it is likely
that the structure of the rank-1 matrixM ñ is also given by the
matrix S, i.e. M ñ5m0rS, where the factorr denotes a rela-
tive ratio ofM ñ to M n

rad . Then, the neutrino mass matrixM n

is expressed as

M n5m0~rS1PSP1kU•PU†SU* P•UT!, ~5.4!

and

M n5m0S g1
2~11r ! g1g2~11r ! g1g3r

g2g1~11r ! g2
2~11r ! g2g3r

g3g1r g2g3r g3
2r

D
1m0kS f 1

2 f 1f 2 f 1f 3

f 2f 1 f 2
2 f 2f 3

f 3f 1 f 3f 2 f 3
2
D ~5.5!

correspondingly to the expressions~4.20! and~4.21!, respec-
tively.

It is interesting to consider a case that the neutrino m
matrix M n is dominated by the radiative massesM n

rad . Or,
we are also interested in a case withS which satisfies the
relationPSP5S @a case withg350 in the expression~5.5!#.
Then, since the neutrino mass matrixM n is still given by the
form ~4.20! @~4.21!#, i.e. by the sum of two rank-1 matrices
it gives detM n50, so that one of the eigenvalues ofM n is
zero. Therefore, we can consider the following two cases

mn150, mn25m0«, mn35m0 , ~5.6!

for a normal hierarchy model, and

mn15
1

2
m0~12«2!,

mn25
1

2
m0~11«2!,

mn350, ~5.7!

for an inverse hierarchy model, where

«.AuRu, ~5.8!

R[
Dmsolar

2

Dmatm
2

. ~5.9!

The inverse hierarchy case with the eigenvaluesmn15
2(1/2)m0(12«2), mn25(1/2)m0(11«2) and mn350 is
ruled out in the present model, because the case g
( imn i5m0«2, while the mass matrix~4.21! gives TrM n

5m0(( igi
21k( i f i

2), so thatk must be negative to give a
4-9
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small value of TrM n . However, it is unlikely that the con
tributionsM n

e andM n
d have opposite signs to each other.

In Appendix B, we will show that the form~4.20! can
always contain parameter values which lead to a nearly
maximal mixing

Un5S c12A12«13
2 s12A12«13

2 «13

2
s122c12«13

A2

c121s12«13

A2
2

A12«13
2

A2

2
s121c12«13

A2

c122s12«13

A2

A12«13
2

A2

D ,

~5.10!

where c12;s13 and «12
2 !1, and to the ratio R

[Dm21
2 /Dm32

2 ;1022. However, even if we assume th
dominance ofM n

rad in M n , since the expression~4.20! has
many free parameters, we cannot give any predictions for
neutrino phenomenology unless we put a further ansatz
the flavor symmetry.

In Appendix C, we demonstrate a simple example oS
which satisfies the relationPSP5S. The model can lead to a
successful description of the observed neutrino masses
mixings @12–14#. However, this is merely one of the ex
amples. The systematical search for the explicit formM n and
a possible flavor symmetry will be a future task.

VI. SUMMARY

In conclusion, within the framework of an SU~5! SUSY
GUT model, we have proposed a mechanism which eff
tively inducesR-parity-violating terms atm,mSB. In our
model, those terms with lepton number violation are la
enough to generate neutrino Majorana masses while th
with baryon number violation are strongly suppressed so
the experimental bound of proton decay is evaded. Thi
related with doublet-triplet splitting. We have matter fiel
5̄L(1)110L(2) and two types of Higgs fieldsH (6) andH̄ (6) ,
where (6) denote the transformation properties under a d
crete symmetryZ2. The Higgs fieldsH (1) and H̄ (2) couple
to 10L(2)10L(2) and 5̄L(1)10L(2) , respectively, to make the
Yukawa interactions. TheZ2 symmetry is only broken by the
m term, mSBH̄ (1)H (2) , so that theH̄ (2)↔5̄(1) mixing is
effectively induced atm,mSB. Because of the heaviness
the color triplet components of the Higgs fields, the mixing
sizable in theSU(2)L doublet sector, while it is negligibly
small in theSU(3)c triplet sector.

Whether the model is harmless or not for proton deca
highly sensitive to the choice of the parameter values, es
cially, mSB and m5. A smaller value ofmSB gives a lighter
mass for the massive Higgs fieldsH2 ~another one,H1, cor-
responds to the Higgs field in the conventional model!, so
that the case spoils the unification of the gauge coup
constants atm5MX . On the other hand, a large value ofmSB
induces the proton decay due to the dimension-5 opera
We have takenmSB;1014 GeV. Also, a large value ofm5
05600
i-

e
or

nd

c-

e
se
at
is

-

is
e-

g

or.

induces the proton decay due to the exchange of squard̃.
We have takenm5;101 GeV. Those parameter values ca
give a reasonable magnitude of the neutrino mass. Howe
the choice of such a smallm5 gives a small mixing between

H̄ (1) and 5̄(1) , so that the case givesŪ22
(2).Ū11

(2) and

Ū11
(2)Ū33

(2)2Ū13
(2)Ū31

(2).Ū11
(2)Ū33

(3)2Ū13
(3)Ū31

(2) . Therefore, the
case with ua (2)u!1 cannot give a sizable deviation from
Md

T5Me . However, this is critical for each parameter valu
The details are dependent on the explicit model, i.e. on
choice of the formsS and U[UR

d . A further careful study
based on an explicit model will be required.

Anyhow, if the present scenario is working, the prot
decay will be observed in the near future, because poss
parameter values are in critical ranges for the proton deca
order to explain the quark and lepton~charged lepton and
neutrino! masses and mixings.

The present model leads to a radiatively induced neutr
mass matrixM n

rad which is given by the sum of two rank-1
matrices as shown in Eq.~4.20!. The ‘‘two’’ is originated in
the two contributions from charged lepton loop and dow
quark loop. The reason that each contribution takes a ran
matrix form is because the mixing of the matter fiel
5̄L(1) i ( i 51,2,3) with the Higgs fieldH̄ (2) takes place only
for a linear combination(bi 5̄L(1) i . The contributionM ñ

from ^ñ i&Þ0 is also expressed by a rank-1 matrix. Then,
general form ofM n is given by the expression~5.4! @~5.5!#.

We have investigated an interesting case that the form
M ñ is given by a rank-1 matrixS, especially, the case with
PSP5P. Then, the neutrino mass matrixM n is given by the
form ~4.20!. Since the two rank-1 matrix model general
gives detM n50, one of the eigenvalues has to be zero,
that we can consider two types of the mass hierarchy:
normal hierarchy withDn5m0diag(0,«,1), and the inverse
hierarchy withDn5(1/2)m0diag(12«2,11«2,0), where«2

.Dmsolar
2 /Dmatm

2 . The case of the inverse hierarchy wi
Dn5(1/2)m0diag(«221,«211,0) is ruled out. However,
even if we assume that the observed neutrino masses
mixings are dominantly described by the radiative neutr
mass matrix~4.20! ~or S satisfiesPSP5S), we cannot yet
give an explicit predictions unless we assume a further
satz for the flavor symmetry, because we have many
parameters in the rank-1 matrixS and the unitary matrixU
[UR

d . For a flavor symmetry in the neutrino mass mat
M n , we have known that a 2↔3 permutation symmetry is
promising@15#. For example, a successful example given
Appendix C satisfies the 2↔3 symmetry. Moreover, a pos
sibility that the 2↔3 symmetry can be applicable to th
unified description of quark and charged lepton mass ma
ces has been pointed out@16#. However, since the purpose o
the present paper is to give anR-parity violation mechanism
@and the radiative neutrino mass matrixM n

rad within the
framework of an SU~5! SUSY GUT without any concern fo
proton decay#, we have not discussed the details further.
will be our next task to determine what flavor symmetry
reasonable.

Nevertheless, the present model will be worth noticing.
the present model, the coupling constantsl i jk of nLieL jeRk

c
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andnLidR j
c dLk are proportional to the mass matrices (Me* ) jk

and (Md
†) jk , respectively. The model will give fruitful phe

nomenology in flavor violating processes.
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APPENDIX A: GENERAL FORM
OF THE MASS MATRIX M

The Z2 symmetry can softly be violated not only by th
terms H̄ (1)H (2) , but also by terms H̄ (2)H (1) and
5̄L(1) iH (2) . The mass matrixM given in Eq.~2.5! is gener-
ally represented by

M5S mSB
21 m2

m1ca mSB
12cb

m1sa mSB
12sb

D , ~A1!

wheresa5sina, ca5cosa, and so on.
When we define a rotation

Rb5S 1 0 0

0 cb 2sb

0 sb cb
D , ~A2!

we obtain

Rb
TM5S mSB

21 m2

m1cos~a2b! mSB
12

m1sin~a2b! 0
D . ~A3!

Therefore, the general form~A1! can always be reduced int
the form withM3250. Of course, the mixing angle betwee
H (1) and 5̄(1)1 in the model withM3250 is modified by the
parameter of 5̄L(1)H (2) . However, it is not essential in th
present model.

On the other hand, it is essential whether theZ2 symmetry
is broken byH̄ (1)H (2) or H̄ (2)H (1) . First, let us see the
case where the symmetry is broken only byH̄ (2)H (1) ,

M5S mSB m2

m1ca 0

m1sa 0
D . ~A4!

When we define

Ra5S 1 0 0

0 ca 2sa

0 sa ca
D , ~A5!

we obtain
05600
e,
d

Ra
TM5S mSB m2

m1 0

0 0
D . ~A6!

The mixing matrixŪ among (H̄ (2) ,H̄ (1) , 5̄(1)1) is given by

Ū5RaRu5S cu su 0

2sasu cacu 2sa

2sasu sacu ca
D , ~A7!

where

Ru5S cu su 0

2su cu 0

0 0 1
D , ~A8!

with

tan 2u5
2mSBm1

m1
2 2m2

2 2mSB
2

, ~A9!

because of

Ra
TMMTRa5S mSB

2 1m2
2 mSBm1 0

mSBm1 m1
2 0

0 0 0
D . ~A10!

As we have shown in Eqs.~2.32!–~2.35!, the coefficients
l1i j of theR-parity violating terms 5̄L15̄Li10L(2) j are propor-
tional to the factork5Ū13

(2)/Ū11
(2) . As seen in Eq.~A7!, the

case~A4! leads toŪ1350, so that we cannot obtain th
effectiveR-parity violating terms 5̄L5̄L10L(2) .

Of course, although we can obtain the effectiveR-parity
violating terms in the general case withM11Þ0 and M22
Þ0, the essential term to derive the effectiveR-parity vio-
lating term is notH̄ (2)H (1) , but H̄ (1)H (2) . In the present
paper, in order to make the essential line of the scen
clear, we have confined ourselves to investigating only
case with M22Þ0. Also note that the case without th
H̄ (2)H (1) term leads tô ñ i&50 at tree level.

APPENDIX B: TWO RANK-1 MATRIX MODEL AND
NEARLY BIMAXIMAL MIXING

In this appendix, we investigate the constraint on the t
rank-1 matrix model with the form

M n5S f 1
2 f 1f 2 f 1f 3

f 2f 1 f 2
2 f 2f 3

f 3f 1 f 3f 2 f 3
2 D 1S g1

2 g1g2 0

g2g1 g2
2 0

0 0 0
D ,

~B1!
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which leads to a nearly bimaximal mixing

Un5S c12A12«13
2 s12A12«13

2 «13

2
s122c12«13

A2

c121s12«13

A2
2

A12«13
2

A2

2
s121c12«13

A2

c122s12«13

A2

A12«13
2

A2

D .

~B2!

First, we investigate a general form ofM n which gives the
neutrino mixing~B2! as follows:

M n5UnDnUn
T[S a d2 d3

d2 b2 c

d3 c b3
D , ~B3!

whereDn[diag(mn1
,mn2

,mn3
), and

a5c12
2 ~12«13

2 !mn11s12
2 ~12«13

2 !mn21«13
2 mn3 , ~B4!

b25
1

2
@~s122c12«13!

2mn1

1~c121s12«13!
2mn21~12«13

2 !mn3#, ~B5!

b35
1

2
@~s121c12«13!

2mn1

1~c122s12«13!
2mn21~12«13

2 !mn3#, ~B6!

c5
1

2
@~s12

2 2c12
2 «13

2 !mn1

1~c12
2 2s12

2 «13
2 !mn22~12«13

2 !mn3#, ~B7!

d252
1

A2
A12«13

2 @c12~s122c12«13!mn1

1s12~c121s12«13!mn21«13mn3#, ~B8!

d352
1

A2
A12«13

2 @c12~s121c12«13!mn1

1s12~c122s12«13!mn21«13mn3#. ~B9!

Next, we rewrite the expression~B3! into the expression
~B1!:

M n5S a d d3

d b c

d3 c b3
D 1S a2a d22d 0

d22d b22b 0

0 0 0
D ,

~B10!

wherea, b andd must satisfy the relations
05600
b5
c2

b3
, a5

d3
2

b3
, d56

cd3

b3
, ~B11!

since the first term of Eq.~B10! is a rank-1 matrix. In order
that the second term is a rank-1 matrix, the following relati
must be satisfied:

~d22d!25~a2a!~b22b!, ~B12!

which leads to the constraint

05a~b2b32c2!2~b2d3
21b3d2

222cd2d3!

5mn1mn2mn3@c12
2 2s12

2 ~122«13
2 !#, ~B13!

for the cased51cd3 /b3. In the two rank-1 matrix model
since mn1mn2mn350, the constraint~B13! @therefore, Eq.
~B12!# is always satisfied. This means that the two rank
matrix model~B1! always has the parameter values whi
give the nearly bimaximal mixing~B2!.

APPENDIX C: AN EXAMPLE OF M n

We demonstrate an example of the mass matrix~4.20!. We
take a simple form of the rank-1 matrixS which satisfies
PSP5P,

S5S 1 0 0

0 0 0

0 0 0
D , ~C1!

and assume the following form of the neutrino mass ma
M n :

M n5m0S 1 0 0

0 0 0

0 0 0
D 1km0S a2 a a

a 1 1

a 1 1
D . ~C2!

The mass matrix~C2! gives the maximal mixing

sin22u23[4Un23
2 Un33

2 51 ~C3!

and

Un1350. ~C4!

For k.1/2 anda2.0, the mass matrix~C2! leads to a nearly
bimaximal mixing

Un5S c s 0

2
1

A2
s

1

A2
c 2

1

A2

2
1

A2
s

1

A2
c

1

A2

D , ~C5!

wheres5sinu andc5cosu. When we put

k5
1

2
~11x!, ~C6!

we obtain
4-12
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mn15
1

4
m0~412x1a21a2x

2A4x218a2112a2x1a414a2x212a4x1a4x2!,

mn25
1

4
m0~412x1a21a2x

1A4x218a2112a2x1a414a2x212a4x1a4x2!,

mn350, ~C7!

R[
Dm21

2

Dm32
2

.2

2S 11
1

2
xDAx212a2

S 11
1

2
x1

1

2
Ax212a2D , ~C8!

tan2usolar[
Un12

2

Un11
2

.
A2a21x22x

A2a21x21x
. ~C9!

The valuesa/x51, A2, A3 and 2 give tan2usolar50.27,
0.38, 0.45 and 0.5 (usolar527°, 32°, 34° and 35°), respec
tively. In order to fit the observed value@12–14#

Robs5
6.931025 eV2

2.531023 eV2
52.7631022. ~C10!

For example, for the casea/x52, by taking a52x
50.0092, we obtain the following numerical results:

mn150.9954m0 , mn251.0092m0 , mn350, ~C11!
ed

05600
Un5S 20.8152 0.5791 0

0.4095 0.5765 20.7071

0.4095 0.5765 0.7071
D

.S 2
2

A6

1

A3
0

1

A6

1

A3
2

1

A2

1

A6

1

A3

1

A2

D , ~C12!

tan2usolar50.505, ~C13!

together withR50.0272 and sin22uatm51.
A simple example of the mixing matrixU[UR

d which
leads to the second term of the expression~C2! from the
form ~C1! is, for example, given by

U5S 0 sa ca

2
1

A2
2

1

A2
ca

1

A2
sa

1

A2
2

1

A2
ca

1

A2
sa
D , ~C14!

which lead to

UTSU5S 0 0 0

0 sa
2 saca

0 saca ca
2 D , ~C15!

so that

U•PUTSUP•UT

5U•S 0 0 0

0 sa
2 0

0 0 0
D •UT

5
sa

2

2 S 2sa
2 2A2saca 2A2saca

2A2saca ca
2 ca

2

2A2saca ca
2 ca

2 D .

~C16!
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