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Quark spin coupling in baryons reexamined
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A direct connection can be made between mixing angles in negative parity baryons and the spin coupling of
constituent quarks. The mixing angles do not depend on spectral data. These angles are recalculated for gluon
exchange and pion exchange between quarks. The mixing determined for pion exchange is in disagreement
with a calculation in the literature@Phys. Rep.268, 263 ~1996!#, but consistent with the results of another
calculation@Phys. Rev. C65, 045209~2002!# and with experiment. The experimental data on mixing are very
similar to those derived from gluon exchange but substantially different from the values obtained for pion
exchange. A preliminary estimate of spin orbit forces is found to give only small changes in these angles.
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I. INTRODUCTION

The spin-spin coupling between two fermions has t
terms: a ‘‘tensor’’ term and a ‘‘contact’’ term. In atoms, ele
tron spins interact with the nuclear spin and this explains
hyperfine structure: the tensor term is the ordinary magn
dipole-dipole interaction, and the contact term is part of
same interaction when the dipoles are at the same poin
nuclei, nucleon spins interact through pion exchange
there is a similar coupling with a different weight for th
contact term. For constituent quarks in baryons there
controversy in the literature between ‘‘one-gluon exchang
~OGE!, which mimics the magnetic coupling, and ‘‘one-pio
exchange’’~OPE!. In the early days of constituent quark
OGE was applied to ground state@1# and excited baryons
@2–4# with some success. Pion exchange was also tried,
ticularly in the context of bag models@5#. More recently, it
has been argued that the entire spin dependent coupling
tween constituent quarks is due to Goldstone boson
change@6#, a generalization of OPE. This proposal was cr
cized @7,8#.

We deal here with a single issue: the mixing of states
the lowest mass negative parity nucleons. These nega
parity nucleons have internal orbital angular momentumL
51, which couples with an overall quark spin ofS51/2 or
3/2 to give the total angular momentumJ. The physical
states ofJ51/2 ~or 3/2! are mixtures of doublet and quart
spin states, and this mixing can be determined from de
data. This issue has been discussed already@7,8#. However,
we find that the discussion was flawed since@7# used the
estimates of@6# and the estimates of@6# are based on fitting
the experimental mass spectrum. However, as we show
low, these mixing angles are independent of the mass s
trum and depend only on the coupling and wave functio
We reevaluate these angles and find significant changes
those appearing in@6,7#. The differences between OPE an
OGE become larger and the data more clearly favors O
the same coupling as between electrons and nuclei~i.e., mag-
netic dipole type hyperfine interactions!. All this will be dis-
cussed in detail below, as well as some items in the literat

II. QUARK-QUARK HYPERFINE INTERACTIONS

Our discussion here follows@3#, although for the sake o
clarity we repeat some of the material.
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A. One-gluon exchange

This effective hyperfine interaction between two quarks
a baryon has the form of the magnetic dipole-dipole inter
tion in electrodynamics~with dipoles produced by curren
loops; see@9#!:

HOGE5A$~8p/3!SW 1•SW 2d3~rW !1~3SW 1• r̂SW 2• r̂2SW 1•SW 2!r23%.

~1!

HereS1 ,S2 are the spins of the two quarks,&rW 5rW12rW2 is a
vector joining them,r̂5rW /urW u is a unit vector, andA is an
overall constant which determines the strength of the in
action. We do not need the value ofA in what follows, since
we do not engage in fitting spectra~but A.0). Nor does it
matter if the value ofA is too large to be interpreted as sing
gluon exchange. The first term is called the~Fermi! contact
term and the second is the ‘‘tensor’’ term, but these nam
obscure the origin of the second term, which is the ordin
dipole-dipole interaction for two separated dipoles of sp
one-half. Recall that the contact term contributes only wh
the two dipoles are in an orbitals-wave state (l 1250), while
the tensor term contributes only when the two dipoles are
an orbital state withl 12 different from zero~unity here!. It is
also important to note that these two terms are parts of
same physical interaction. In Eq.~1! one assumes that th
quarks are pointlike.

B. One-pion exchange

Here we assume that the two quarks interact by excha
ing a massless pseudoscalar, the ‘‘pion,’’ and the coup
takes the form@6#

HOPE5B$~24p/3!SW 1•SW 2d3~rW !

1~3SW 1• r̂SW 2• r̂2SW 1•SW 2!r23%lW 1
f
•lW 2

f , ~2!

whereB is another constant andlW 1,2
f are the eight 333 Gell-

Mann SU~3! flavor matrices for quarks number 1 and num
ber 2. If we consider strictly pion exchange we should
place these 333 matrices by isospin matricestW1,2. For a
pair of nonstrange quarks the difference between the tw
small ~see below!. As noted already in the previous sectio
©2003 The American Physical Society07-1



rm

-
fo

to
c-

s
re

,
ta
e

io

in

d

s
in

a

n
io
ic

ttle

on
let-
he
nts
trix
tact
rms

of

ffi-
x-
lso

e

te

sor

J. CHIZMA AND G. KARL PHYSICAL REVIEW D 68, 054007 ~2003!
if one is interested only in the mixing angles~and not in
fitting mass spectra! the value of the constantB is immate-
rial, as we shall see. The main difference between Eq.~1!

and Eq.~2! is the extra factor oflW 1•lW 2 in HOPE and the
coefficient of the contact term relative to the tensor te
~8p/3 versus24p/3, a factor of minus one-half in going
from OGE to OPE!. It is interesting to note that the coeffi
cient of~24p/3! in the pion exchange case is the same as
the interaction of two electric dipoles@9#. For finite mass
pions there are corrections to Eq.~2! that will be discussed
elsewhere@15#.

C. Negative parity eigenstates

The low mass negative parity baryons are assigned
70-plet of SU~6!, which means that the spatial wave fun
tions have mixed permutational symmetry~see@3,4,10#!. In
the notation we use@3#, the spatial wave functionc has two
componentscl andcr which transform under permutation
of the three quarks as a two-dimensional irreducible rep
sentation. The notation is explained, for example, in@10#.
The total wave functionC is the sum of products of the
spatialc, spinx, and flavorf wave functions. For spin 3/2
the spin wave function is totally symmetric under permu
tions while for spin 1/2 there are again two states of mix
symmetryxl andxr. The flavor wave functions forI 51/2
also have mixed symmetry. Ignoring the color wave funct
~which is antisymmetric!, the total wave function is totally
symmetric under all permutations, and has the follow
forms:

S53/2: C~4P!5
1

&
xs$clfl1crfr%, ~3a!

S51/2: C~2P!5
1

2
$xlcrfr1xrclfr

1xrcrfl2xlclfl%. ~3b!

III. COMPUTATIONS

The spin angular momentumS51/2,3/2 has to be couple
with the orbital angular momentumL51 to give the total
angular momentumJ5L1S. As a result there are two state
each atJ51/2 andJ53/2, namely, spin doublet and sp
quartet states:2P1/2, 4P1/2 and 2P3/2, 4P3/2. The physical
eigenstates are linear combinations of these two states,
can be obtained by diagonalizing the Hamiltonian (HOGE or
HOPE) in this space of states. For example, theJP53/22

states are eigenstates of the matrix

S ^4P3/2uHu4P3/2& ^4P3/2uHu2P3/2&

^2P3/2uHu4P3/2& ^2P3/2uHu2P3/2&
D , ~4!

whereH is eitherHOGE or HOPE, which are given in Eq.~1!
or Eq. ~2! for a single pair of quarks. The total Hamiltonia
sums over all three quark pairs, and since the wave funct
in Eq. ~3! are symmetric under all permutations, we can p
a single pair of quarksH (12) and multiply the result by 3. The
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computation of these matrix elements is simple but a li
tedious. We illustrate the computation for the case ofJP

53/22 given above, successively for both gluon and pi
exchange. Before we start, we comment that the doub
doublet matrix elements receive contributions only from t
contact terms, while the doublet-quartet matrix eleme
come only from the tensor terms. The quartet-quartet ma
element receives contributions from both tensor and con
terms. Thus the relative size of contact and tensor te
come into play. We find

^4P3/2uHOPEu4P3/2&5S 3

2D $^xscluH12uxscl&^flulW 1•lW 2ufl&

1^xscruH12uxscr&^frulW 1•lW 2ufr&%,

~5!

where the leading factor of 3/2 comes from the number
pairs and the normalization in Eq.~3!. We further take note
that

^flulW 1•lW 2ufl&54/3 and ^frulW 1•lW 2ufr&528/3. ~6!

It is amusing that these flavor matrix elements have coe
cients similar to the contact interaction in pion or gluon e
change, but this is a simple numerical coincidence. We a
assume harmonic oscillator spatial wave functionsc1M

r,l in
common with@3,6#. Then there is a further simplification: th
contact term that contains the delta functiond3(rW ) vanishes
in the statecr and receives a contribution only in the sta
cl. The tensor term survives only incr, which has unit
orbital angular momentuml r51. As a result we can write

HOGE~
4P!5~3/2!$^xscluHcontact

12 uxscl&

1^xscruH tensor
12 uxscr&%, ~7!

where for one-gluon exchange

^xscluHcontact
12 uxscl&5A~8p/3!^xsuSW 1•SW 2uxs&

3^clud3~rW !ucl&

5~2/3!Aa3p21/2. ~8!

Here a is an oscillator parameter; the corresponding ten
term is

^xscruH tensor
12 uxscr&5~8/15!Aa3p21/2. ~9!

Inserting Eqs.~8!, ~9! into Eq. ~7! we obtain~in agreement
with @3#!

^4P3/2uHOGEu4P3/2&5~3/2!$~2/3!1~8/15!%

5~9/5! ~ in units of Aa3p21/2!.

~10!

Similarly, for pion exchange one obtains
7-2
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^4P3/2uHOPEu4P3/2&5~3/2!$~21/2!~2/3!~4/3!1~1!~8/15!

3~28/3!%5~214/5!

~ in units of Ba3p21/2!, ~11!

where the factor of~21/2! is the change in the contact ter
from Eq. ~1! to Eq. ~2!. There are only two more matrix
elements~for each of the pion and gluon exchanges!, and
they are

^2P3/2uHOGEu4P3/2&5~10!21/2Aa3p21/2, ~12a!

^2P3/2uHOGEu2P3/2&52Aa3p21/2, ~12b!

^2P3/2uHOPEu4P3/2&5~28/3!~10!21/2Ba3p21/2, ~12c!

^2P3/2uHOPEu2P3/2&5~27/3!Ba3p21/2. ~12d!

With these matrix elements we find for OGE the Hamiltoni
for J53/2 to have the form

S 9/5 1021/2

1021/2 21 D S 4P3/2
2P3/2

D , ~13!

where we have omitted the common unitsAa3p21/2. We
now find the mixing sinud.(1021/2)/(14/5)50.11 corre-
sponding to a mixing angle ofud56.3°, in agreement with
@3,4#. The definition we follow has the lowest energy sta
~‘‘ Elow521.035’’! with compositionuElow&52sinudu4P3/2&
1cosudu2P3/2&. This means that the lowest eigenstate of
matrix above is uJP53/22;OGE&520.110u4P3/2&
10.994u2P3/2&. We emphasize that this mixing is the sam
for all possible values of the constantAa3p21/2, whether
they fit the masses or not. Similarly forHOPE we have to
diagonalize the matrix

S 214/5 2~8/3!1021/2

2~8/3!1021/2 27/3 D S 4P3/2
2P3/2

D . ~14!

With this matrix, the mixing angleud is found to beud5
252.7°. This means that the lowest eigenstate ofHOPE has
the composition uJP53/22;OPE&50.796u4P3/2&
10.606u2P3/2&. This is very different from the compositio
of the state with OGE coupling, given above. Whereas w
OPE coupling the lowest 3/22 state is about 63% spin qua
tet, with OGE it is about 1% spin quartet. The decay d
favor a 1% contamination@11#. Furthermore,@6,7# quote a
mixing angleud568° for OPE which differs substantially
from 253°. Note that had we used the couplingtW1•tW2 in-
stead oflW 1•lW 2 the OPE composition would change slight
to 0.78u4P3/2&10.63u2P3/2&.

We give now briefly the corresponding numbers in t
JP51/22 sector, referring to the lowest energy states in un
of Aa3p21/2 ~for OGE! andBa3p21/2 ~for OPE!:

OGE: uE521.62&50.526u4P1/2&10.85u2P1/2&,

us5232°, ~15!
05400
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OPE uE523.60&520.43u4P1/2&10.903u2P1/2&,

us5125.5°. ~16!

References@6# and@7# quote a mixing angleus5613°. The
data@11# support a composition close to OGE and a mixi
angle of232°. For reference we quote the OPE Hamiltoni
in the 1/22 sector in matrix form~in units of Ba3p21/2):

S 2 8/3

8/3 27/3D S 4P1/2
2P1/2

D . ~17!

Note that for OPE coupling the lowest lying state is predom
nantly ~81%! spin doublet, while for OGE coupling the
ground state is 72% spin doublet.

IV. SUMMARY AND DISCUSSION

In addition to the spin-spin couplings of Eqs.~1! or ~2!
discussed above, spin in the negative parity baryons
couples to the orbital angular momentum. This is the s
orbit coupling (LW •SW ). It is an empirical observation that thi
coupling is rather weak in negative parity nucleons, and a
result it has been neglected in some of the literature@3,4,6#.
There is a great deal of discussion about the physical or
of this effect@7,8#. If some spin orbit coupling is included i
will contribute to the diagonal matrix elements of the 232
matrices that we diagonalize and will shift the mixing angle
The inclusion of this effect, however, will negate
parameter-free determination of the mixing angles. That
one must use the spectroscopic mass data in order to find
relative strengths of the hyperfine interaction@Eqs. ~1!, ~2!#
and the spin orbit interaction. This we have done in a p
liminary manner, and we find the changes to the mixi
angles to be small—less than the experimental error of 1
The spectroscopic data utilized were the nucleon–delta (P33
resonance! and theD13 ~low!–D15 mass splitting. With these
splittings, we find that the OGE mixing angle changes fro
232° to 236°, while for OPE the angle changes from 25.
to 27.5° ~both for theJP51/22 sector, with similar results
holding for JP53/22). For more complete results, on
should attempt a reasonable fit to all states in the multip
and this has not yet been done.

We summarize in Table I the results quoted in Sec. III. W
emphasize again that these results are independent of sp
fits to the masses of these states. The results depend on
the couplings and the wave functions assumed. The stre
of the coupling~eitherA or B here! factorizes from the mix-
ing matrices and the same mixing is obtained regardles
this coupling strength. The wave functions were assume
be of harmonic oscillator type—appropriate for these sta
since they are the ground states in the negative parity se
Moreover, this assumption is common to@3,4# and @6#. We
further assumed in the couplings for OPE that the pion m
is zero; results for nonzero pion masses will be given e
where. They do not change significantly the numbers giv
in Table I.

Table I shows a substantial change from the values
OPE in the literature@6,7#; this change is relevant since th
7-3
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error of the ‘‘experimental’’ value is of the order of 10°@11#,
and the preference for the OGE solution is now unambi
ous. It has been argued@8# that the addition of vector meso
exchange to pseudoscalar exchange will remedy this p
lem. That may indeed be the case, but one should recall
the primary controversy is whether the quark coupling
baryons is by OGE or OPE, and the data answer this q
tion unequivocally. One may just as well argue that t
atomic hyperfine interaction—which has the same form
Eq. ~1!—is really due to the superposition of a pseudosca
and massive vector field, rather than a massless gauge
Similar mixings for OPE have also been obtained elsewh
@12#; however, the emphasis on the independence of spe
data is new.

There have been comments in the literature on the issu
color versus flavor exchange. In particular,@13# fits the mass
spectrum in theL51 sector in a rather ingenious way, usin

TABLE I. Summary of results.

Coupling Reference Mixing angle %4Pj

JP53/22 OPE @6,7# 68° 2%
OPE This paper 252.7° 63%
OGE @3,4# and this paper 16° 1%
Expt. @11# 110° 3%

JP51/22 OPE @6,7# 613° 5%
OPE This paper 125.5° 19%
OGE @3,4# and this paper 232° 28%
Expt. @11# 232° 28%
s.
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only permutation symmetry and SU~6!, with a number of
free parameters, essentially reduced matrix elements. Bu
treating the matrix elements corresponding to the contact
tensor terms as independent parameters, one sidestep
controversy between vector exchange@1,3,4# and pseudo-
scalar exchange@6#. In addition, as noted, if one has we
defined Hamiltonians and wave functions these mixings
independent of mass fits. Although not in these prec
words, similar conclusions are stated by the authors of@13#.

Finally, one may argue@14# that both Hamiltonians~1!
and~2! contain delta functions and therefore would be illeg
in a larger space of functions when one might wish to co
pute all possible states of the system—since the delta fu
tion leads to a collapse. This criticism is irrelevant, as we
not compute anything other than the effect of these Hami
nians in the subspace of first excited P-wave states. Th
very similar to the idea of the Fermi pseudopotential in co
densed matter physics, which is not meant to be a fundam
tal interaction, but should be considered only in lowest ord
All we are interested in here is the mixing in this multiple
and we find that experiment prefers the so-called OGE s
tion. A similar point of view is taken in atomic hyperfin
interactions.
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