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Cosmological variation of the fine structure constant from an ultralight scalar field:
The effects of mass

Carl L. Gardner*
Department of Mathematics and Statistics, Arizona State University, Tempe, Arizona 85287-1804, USA

~Received 7 May 2003; published 27 August 2003!

Cosmological variation of the fine structure constanta due to the evolution of a spatially homogeneous
ultralight scalar field (m;H0) during the matter andL dominated eras is analyzed. Agreement ofDa/a with
the value suggested by recent observations of quasar absorption lines is obtained by adjusting a single param-

eter, the coupling of the scalar field to matter. Asymptoticallya(t) in this model goes to a constant valueā
'a0 in the early radiation and the lateL dominated eras. The coupling of the scalar field to~nonrelativistic!

matter drivesa slightly away fromā in the epochs when the density of matter is important. Simultaneous
agreement with the more restrictive bounds on the variationuDa/au from the Oklo natural fission reactor and
from meteorite samples can be achieved if the mass of the scalar field is on the order of 0.5–0.6HL , where
HL5VL

1/2H0. Depending on the scalar field mass,a may be slightly smaller or larger thana0 at the times of
big bang nucleosynthesis, the emission of the cosmic microwave background, the formation of early solar
system meteorites, and the Oklo reactor. The effects on the evolution ofa due to nonzero mass for the scalar
field are emphasized. An order of magnitude improvement in the laboratory technique could lead to a detection

of (ȧ/a)0.

DOI: 10.1103/PhysRevD.68.043513 PACS number~s!: 98.80.Cq
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I. INTRODUCTION

Recent observations by Webbet al. @1,2# of absorption
lines in quasar spectra provide evidence for a variation of
fine structure constant

Da

a
5

a~ t !2a0

a0
5~20.5760.10!31025 ~1!

averaged over the redshift range 0.2<z<3.7 ~‘‘ a was
smaller in the past’’!, wherea0 is the present-day value o
the fine structure constant. This type of variation ofa, as
well as variation of other dimensionless coupling consta
is predicted by theories which unify gravity and the stand
model forces. For example, string and supergravity theo
predict the existence of massless or ultralight scalar fie
~dilaton or moduli fields! which through their dynamica
evolution can cause temporal variation of coupling consta

This investigation will consider cosmological variation
the fine structure constant due to the evolution of a spati
homogeneous ultralight scalar field (m;H0, whereH0 is the
present value of the Hubble parameter! during the matter and
L dominated eras. We will assume a flat Friedman
Robertson-Walker universe, withrc05rm01r r01rL'rm0
1rL today, whererc0 is the present value of the critica
density for a flat universe, andrm0 , r r0!rm0, andrL are
the present energy densities in~nonrelativistic! matter, radia-
tion, and the cosmological constant respectively. Ratios
present energy densities to the present critical density
denoted by Vm5rm0 /rc0 , V r5r r0 /rc0, and VL

5rL /rc0.
The scalar fieldf may provide the cosmological consta

energy density at the minimum of its potentialV(f̄). In the
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model presented here, the energy densityrf2V(f̄) of the
scalar field is always very small compared with the critic
energy density in the radiation, matter, andL ~dominated!
eras, so that the standard Friedmann-Robertson-Walker
lution of the universe is not affected by displacements off

from f̄.
Agreement ofDa/a with the quasar data can be obtain

by adjusting a single parameter, the coupling of the sca
field to ~nonrelativistic! matter. Asymptoticallya in this
model goes to a constant valueā'a0 in the early radiation
and the lateL eras, insuring agreement with bounds fro
cosmic microwave background~CMB! temperature fluctua-
tions (uDa/au,0.05 atz51090) and big-bang nucleosyn
thesis~BBN! (uDa/au,0.02 atz;109–1010) ~see Ref.@3#
for a comprehensive review!.

Simultaneous agreement with the more restrictive bou
on the total changeuDa/au,1027 from z'0.14 to the
present from the Oklo natural fission reactor 1.8 Gyr a
@4,5# ~by analyzing isotopic ratios of Sm! and uDa/au
,331027 from z'0.44 to the present from sample
of meteorites formed in the early solar system 4.6 Gyr a
@6# ~by analyzing the ratio of187Re to 187Os) can be
achieved if the mass of the scalar field is on the order
0.5–0.6VL

1/2H0.

The laboratory bounds on the present variationuȧ/au0

,3.7310214/yr @7# and (ȧ/a)05(20.4616)310216/yr
@8# are satisfied for the entire range of scalar field masse
<m<12 VL

1/2H0 considered here. The variation (ȧ/a)0 pre-
dicted in the model may be detectable if the sensitivity of
laboratory experiments can be increased by an order of m
nitude.

II. THE MODEL

The scalar field model is based on a generalization
Bekenstein’s model@9# for variablea, but with an ultralight
©2003 The American Physical Society13-1
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scalar field mass. The scalar field obeys the evolution eq
tion

f̈13Hḟ52
dV

df
2zm

rm

M*
~2!

in the standard Friedmann-Robertson-Walker cosmolo
HereH is the Hubble parameter,zm is the coupling off to
matter,uzmu!1, rm is the density of matter,M* &M P is the
mass scale associated with the scalar field, and the~reduced!
Planck massM P52.431018 GeV. General consideration
show that the coupling off to radiation~including relativis-
tic matter! should vanish—sincef couples to the trace of th
energy-momentum tensor for matter and radiation—and
zm is very nearly constant during the matter andL eras.

In generalizations@10–12# of Bekenstein’s model, varia
tion of a derives from the coupling off to the electromag-
netic field tensorFmn , through a term in the action of th
form

SF5E d4xA2gS 2
1

4
BF~f/M* !FmnFmnD ~3!

whereBF is a function~introduced by Damour and Polyako
@13#! that would be specified by the string or supergrav
theory and constitutes the effective vacuum dielectric perm
tivity. In Bekenstein’s model,BF can be written asBF

5exp$22(f2f̄)/M* %. Changes inf induce changes ina,

a~ t !5
ā

BF@f~ t !/M* #
~4!

with BF(f̄/M* )51.
Our attention will be restricted to small departures off

from f̄ which will occur in the radiation, matter, andL eras.
Defining

w5
f2f̄

M*
~5!

the equation for the evolution of the scalar field becomes

ẅ13Hẇ1m2w52zm

rm

M
*
2

52z
rm

M P
2

52z
rm0

M P
2 S a0

a D 3

~6!

to first order inw, wherem25V9(f̄), z5M P
2zm /M

*
2 , uzu

!1, a is the scale factor, anda0 is its present value. Fo
small w, Eq. ~4! becomes

a~ t !'ā~12zFw! ~7!

and

Da

a
'zF~w02w! ~8!
04351
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wherezF5BF8 (f̄/M* ). In Bekenstein’s theory,zF522.
The experimental constraints from the validation of t

weak equivalence principle on the couplingsz and zF may
be evaded by assuming thatf couples predominantly to dar
matter @14,12#. ~For a different view, see the extended di
cussion of varyinga and the equivalence principle tests
Ref. @15#.!

Given a complete particle theory,zF will be specified and
it will be possible to calculate the couplingz of f to matter.
However, the sign and magnitude ofz vary depending on the
way in which Bekenstein’s theory is generalized@12#—and
can depend on the unknown properties of dark matter—
herez will simply be determined to fit the quasar data.

One way in which an ultralight scalar field mass mig
arise is that near de Sitter space extrema in four-dimensi
extended gauged supergravity theories~with noncompact in-
ternal spaces!, there exist scalar fields with quantized ma
squared@16–21#

m25nHL
2 , HL

2 5
rL

3M P
2

5VLH0
2 ~9!

where26<n<12 is an integer andHL is the asymptotic de
Sitter space value ofH with cosmological constantrL . In
certain cases, these theories are directly related to M/st
theory. An additional advantage of these theories is that
classical valuesm25nHL

2 and rL are protected agains
quantum corrections.~Cosmological consequences of su
ultralight scalars in terms of the cosmological constant a
the fate of the universe are discussed in Refs.@18,22,23#.!

Note that the relationm25nHL
2 was derived for super-

gravity with scalar fields; in the presence of other mat
fields, the relation may be modified.

We will take n.0, corresponding to a de Sitter spa
minimum, and will contrast the evolution ofa with n.0
with the massless casen50. For n.0, w→0 and conse-
quently a→ā as t→`. It is always possible to satisfy th
quasar constraints onDa/a for integer 0<n<12, except for
n51. However, the limits on variation ofa from the analy-
ses of Oklo and meteorite data are not simultaneously s
fied in this model unlessn50.24–0.34 (m'0.5–0.6HL).

A supergravity inspired potential@20,21# for the scalar
field is

V~f!5rLcoshS A2~f2f̄ !

M P
D 5rLcosh~w! ~10!

with M* 5M P /A2. This potential produces the present-d
cosmological constantrL whenf'f̄ and an ultralight sca-
lar field mass

m2~f5f̄ !5
2rL

M P
2

56HL
2 . ~11!

The potential~10! provides a specific realization of the ge
neric case~9!, with V(f̄)5rL . Even in this caseV(f) may
have a more complicated form in general and only appro
rLcosh(w) asymptotically, for example, after a symmet
3-2
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COSMOLOGICAL VARIATION OF THE FINE . . . PHYSICAL REVIEW D 68, 043513 ~2003!
breaking phase transition.@For an analysis of varyinga in
models with a ‘‘quintessence’’ potentialV(f), see Refs.
@24,25#.#

A major difference between the present model and tha
Refs. @9–12# is that here the scalar field is assumed to
near the minimum of its potential, and thusa(t)→ā for t
@H0

21. The initial conditions advocated below also diff
from those of Refs.@9–12# and insure thata always remains
close toā.

While a mass term is allowed in the generalized mode
Olive and Pospelov@12#, it is neglected for the explicit so
lution given there in Eq.~3.4!. In a later section, the author
consider a mass term in the context of the Damour-Polya
model@13# for varying constants, wherezm505zF . In this
model,

Da

a
'

1

2
jF~w0

22w2! ~12!

wherejF5BF9 (f̄/M* ), and the scalar field mass is given b

m25
rL

M
*
2 FjL1

Vm

VL
jmS a0

a D 3G . ~13!

The authors find that the variation ofa can be mademargin-
ally consistent with the quasar and Oklo data if thejL term
in m2 is positive and dominant over thejm term.

By contrast, the detailed effects on the evolution ofa due
to nonzero mass for the scalar field withzFÞ0 andzmÞ0
will be emphasized below.

III. EVOLUTION OF THE SCALAR FIELD

To determine the initial conditions for the evolution of th
scalar field, we will match approximate solutions to the ev
lution equation~6! from the radiation era and the matter e
at the timetm2r (z'3200) of matter-radiation equality. Not
that in the early radiation era, the right-hand side of the e
lution equation~6! goes to zero, sincezm50 for radiation.

In the early radiation era,f may be displaced fromf̄ and
‘‘frozen’’ due to the large frictional term 3Hḟ in the evolu-
tion equation. However, for nonzerom;H0, the magnitude
of the initial valueuw i u in the early radiation era must still b
!1 to satisfy the BBN, CMB, and quasar bounds on
variation ofa. To see this, note that form;H0 , w is frozen
nearw i until H becomes of orderH0 and then decays with a
characteristic time scale on the order ofH0

21. Thus the
change inw from the early radiation era to the present a
the concomitant changeDa/a are on the order ofw i ~see
Fig. 1!. To satisfy the quasar bounds onDa/a would require
fine tuning of initial conditions (w i'21025).

For m50, the initial condition forw is irrelevant in the
linearized theory~6! sinceDa only depends on changes
w; the value ofw i becomes important only if the scalar p
tential cannot be neglected.

It is plausible though thatw50 in the early radiation era
sinceV(f) may have a deep minimum atf̄ during inflation
in the very early universe, which later, after one or mo
04351
f
e
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phase transitions, becomes shallow withV9(f̄);H0. For
example, in the primordial inflationary stage,V9(f̄) may be
on the order ofHI

2 , whereHI@H0 is the Hubble paramete
during primordial inflation. While the scale factora inflates
by 60 or more e-foldings,f will in this scenario rapidly
approachf̄. We therefore takew505ẇ in the early radia-
tion era.

Equation~6! may be put into dimensionless form by se
ting t5HLt5VL

1/2H0t,

ẅ13
H

HL
ẇ1nw523z

Vm

VL
S a0

a D 3

~14!

where henceforth a dot overw denotes differentiation with
respect tot.

The Hubble parameter is related to the scale factor and
energy densities in matter, radiation, and the cosmolog
constant through the Friedmann equation

H2

HL
2

5S 1

a

da

dt D 2

5
Vm

VL
S a0

a D 3

1
V r

VL
S a0

a D 4

11 ~15!

which can be used to solve fora andH in the matter-L, early
matter, and radiation eras.

In the matter-L era, the scale factor and Hubble parame
have the explicit forms

a

a0
5

1

11z
5S Vm

VL
D 1/3

sinh2/3S 3

2
t D ~16!

H5HLcothS 3

2
t D ~17!

and the evolution equation becomes

ẅ13 cothS 3

2
t D ẇ1nw5

23z

sinh2S 3

2
t D . ~18!

In the early matter era, the scale factor

a

a0
'S Vm

VL
D 1/3S 3t

2 D 2/3

~19!

1 2 3 4 5
z

0.1

0.08

0.06

0.04

0.02

0

-

-

-

-

-

FIG. 1. D[Da/a vs z for n56 andzF522 with various ini-
tial conditionsw i520.01, 20.05, and20.1, from top to bottom.
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CARL L. GARDNER PHYSICAL REVIEW D68, 043513 ~2003!
and the Hubble parameterH/HL'2/(3t). The mass term
nw in Eq. ~14! can be neglected in the early matter~and
radiation! eras. The evolution equation for the scalar field
the early matter era becomes

ẅ1
2

t
ẇ52

4z

3t2
~20!

which has the solution

wm52
4z

3 S ln
t

tm2r
1

c1

t
1c2D ~21!

wheretm2r5HLtm2r and c1 and c2 are constants of inte
gration.

In the radiation era, the scale factor

a

a0
'S 4V r

VL
D 1/4

s1/2, s5t2
tm2r

4
~22!

and the Hubble parameterH/HL'1/(2s). The time shift
tm2r /4 is determined by matching the Hubble paramet
from the radiation and early matter eras attm2r . @The for-
mal mathematical singularity ata→0 now occurs att
5tm2r /4 due to the choice of the zero of time in Eq.~16!.#
The evolution equation for the scalar field becomes

ẅ1
3

2s
ẇ5

23z

4sm2r
1/2 s3/2

. ~23!

The solution in the radiation era is

w r52
3z

2 S s1/2

sm2r
1/2

1
c3

s1/2
1c4D ~24!

wherec3 andc4 are constants of integration.
The initial conditions for the scalar field in the early r

diation era arew r(t i)505ẇ r(t i), where the initial timet i
satisfiessi!sm2r . These initial conditions fix the constan
in the solution~24!, yielding

w r52
3z

2 S s1/2

sm2r
1/2

1
si

sm2r
1/2 s1/2

2
2si

1/2

sm2r
1/2 D . ~25!

Next take the limitsi /sm2r→0 to obtain

FIG. 2. Scalar fieldw andDa/a vs t/t0 for n56.
04351
s

w r'2
3z

2

s1/2

sm2r
1/2

. ~26!

Now matchw r5wm andẇ r5ẇm at tm2r to determine the
constants in the solution~21!,

wm52
4z

3 S ln
t

tm2r
1

tm2r

4t
1

7

8D ~27!

ẇm52
4z

3 S 1

t
2

tm2r

4t2 D . ~28!

To simulate the evolution of the scalar field in the matte
L era, we use Eq.~18! with initial conditions provided by
Eqs.~27! and ~28! evaluated attm2r .

IV. COMPARISON WITH QUASAR, METEORITE, AND
OKLO DATA

In numerical values for expressions, we takeVm50.27,
VL50.73, andH0571 (km/sec)/Mparsec51.5310233 eV,
from Table 10 of the first-year WMAP observations@26#.
With these parameters, the age of the universe ist0
513.7 Gyr and the absorption clouds atz50.2–3.7 date to
2.4–11.9 Gyr ago.

Figures 2–13 present simulations of the evolution of t
scalar field andDa/a for n56, 12, 2, 1, 0, and 0.3.

In the figures forDa(z)/a, the dark (1s error bounds for
1<z<2.5) and light ~a rough guide to the error bars fo

FIG. 3. Da/a vs z for n56.

FIG. 4. Scalar fieldw andDa/a vs t/t0 for n512.
3-4



COSMOLOGICAL VARIATION OF THE FINE . . . PHYSICAL REVIEW D 68, 043513 ~2003!
FIG. 5. Da/a vs z for n512.

FIG. 6. Scalar fieldw andDa/a vs t/t0 for n52.

1 2 3 4 5
z

8 10 6

6 10 6

4 10 6

2 x

x

x

x

10 6

0

-

-

-

-

-

-

-

-

FIG. 7. Da/a vs z for n52.

FIG. 8. Scalar fieldw andDa/a vs t/t0 for n51.
04351
FIG. 9. Da/a vs z for n51.

FIG. 10. Scalar fieldw andDa/a vs t/t0 for n50.

FIG. 11. Da/a vs z for n50.

FIG. 12. Scalar fieldw andDa/a vs t/t0 for n50.3.
3-5
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CARL L. GARDNER PHYSICAL REVIEW D68, 043513 ~2003!
0.6<z<3) boxes indicate the quasar bounds from the b
tom panel of Fig. 2 of Ref.@2#, while the short vertical lines
at z50.14 andz50.44/2 indicate the Oklo and approxima
meteorite bounds respectively. While the Oklo event
sharply located in time, the ratio of187Re to 187Os observed
today in meteorites involves the total change ina since the
time of formation of the meteorites, which is calculated
averaginga2a0,

S Da

a D
meteor

5
1

t02tEt

t0a~s!

a0
ds21. ~29!

The scalar fieldw solving the initial value problem de
fined in Eqs.~18!, ~27!, and ~28! will be proportional toz,
and thusDa/a will be proportional tozzF . For simplicity
we will set zF522, but a general value forzF can be rein-
serted. For 0<n<12 exceptn51, z is fixed by setting
Da/a520.5731025 at z51.75. Forn51, better results
were obtained by settingDa/a520.5731025 at z51 ~see
Fig. 9!. The massless case shown in Fig. 10 agrees with
~3.4! of Ref. @12# with zL50. For n50.3, Figs. 13 and 14
show that the quasar, meteorite, and Oklo bounds can
satisfied simultaneously.

The number of visible oscillations in the scalar fieldw
~and thus also inDa/a) corresponds to how massive th
scalar field is, with at one extreme no oscillations for t
massless case~Fig. 10!, and at the other extreme two visib
oscillations for then512 case~Fig. 4!.

FIG. 13. Da/a vs z for n50.3.
04351
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In this model, forn.1 (n51), a was actually larger in
the past at some point before the period of thez50.2–3.7
(z50.2–1.9) absorption clouds, and will be larger again
the future. Forn50, a was smaller in the past, but will be
very slightly larger in the future. And forn50.3, a was
smaller in the past until just aftertOklo , was slightly larger
from that point up tot0, and then again will be smaller in th
future (Da/a→21024).

Values of z, BBN, CMB, meteorite, and OkloDa/a,
and (ȧ/a)0 for various scalar field masses are presented
Table I.

The BBN, CMB, and quasar bounds onDa/a and the
laboratory bound onuȧ/au0 are satisfied for integer 0<n
<12, except that then51 case cannot be made to satisfy t
quasar bounds in this model. The variationuDa/au satisfies
in addition the Oklo bound for 0.26<n<0.34 and the mete-
orite bound for 0.24<n<0.43~see Fig. 14!. There is a small
range of scalar field masses for whichuDa/auOklo,1028

~and can be made to go to zero by extreme fine tuning!. For
this range ofn, (Da/a)meteor'2131027.

Depending on the scalar field mass, the predicted BB
CMB, meteorite, and Oklo values ofa may be slightly
smaller or larger thana0. Note that the sign ofz for n50 is
opposite to the sign forn>1. An order of magnitude im-
provement in the experimental technique could lead to a
tection of (ȧ/a)0.

For the massless case, the variation ina can be made
marginally consistent with the quasar, meteorite, and O

FIG. 14. Da/a vs n satisfying the Oklo and meteorite bound
TABLE I. Values ofz, BBN, CMB, meteorite, and OkloDa/a, and (ȧ/a)0 in yr21 vs scalar field mass
squaredn.

n z (Da/a)BBN (Da/a)CMB (Da/a)meteor (Da/a)Oklo (ȧ/a)0

0 22.031026 26.731025 25.331025 26.831027 24.831027 2.4310216

0.3 23.031026 29.631025 27.631025 21.431027 23.231029 26.8310217

0.31 23.031026 29.831025 27.731025 21.131027 2.031028 28.3310217

1 6.131026 1.831024 1.431024 23.731026 23.231026 2.0310215

2 1.931026 5.031025 3.831025 22.731026 22.231026 1.3310215

3 1.031026 2.431025 1.731025 22.231026 21.831026 1.1310215

4 7.031027 1.531025 1.031025 22.031026 21.631026 9.3310216

6 4.631027 7.631026 4.431026 21.831026 21.431026 8.0310216

12 2.631027 1.531026 22.831027 21.431026 21.131026 5.7310216
3-6
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COSMOLOGICAL VARIATION OF THE FINE . . . PHYSICAL REVIEW D 68, 043513 ~2003!
bounds by settingDa/a520.1831025 at z53 ~Fig. 15!.
The behavior ofa(z) can pin down the values forz and

m. Conversely, even knowing only the sign ofz or Da/a can
rule out certain values of the scalar field mass. For exam
if ( Da/a)BBN.0 or zzF,0, thenn*1.

V. CONCLUSION

Asymptotically a(t) in this model goes to a constan
valueā'a0 in the early radiation and the lateL dominated
eras. The coupling of the scalar field to~nonrelativistic! mat-
ter drivesa slightly away fromā in the epochs when the
density of matter is important.

Even forVL50, a→ā ast→` as long asmÞ0. In the
massless case, ast→`, a goes to a constant value whic

FIG. 15. Da/a vs z for n50 by settingDa/a520.1831025

at z53.
.
e,

n

tt

tt

04351
e,

differs from ā but still approximately equals 1/137 forVL

.0, while if VL50 @andV(f)[0], Da;zzFln(t/t0), as in
Ref. @11#. Thus the variationuDa/au of the fine structure
constant becomes of order 1 only if bothrL→0 and m
50, and only fort@t0.

The simulations above indicate that it is possible to e
tract properties of the scalar field from quasar absorption
spectra, including the coupling off to matter and its mass
The variation ofa has different behaviors in the redshi
range 0<z<5 depending on the mass of the scalar fie
Thus additional quasar absorption line data, and better O
and meteorite bounds, will help elucidate the properties
the scalar field. The casem5HL is ruled out in this model. A
laboratory detection of (ȧ/a)0 may be possible in the nea
future.

To satisfy the quasar, meteorite, and Oklo bounds
Da/a, the mass of the scalar field has to be on the orde
0.5–0.6HL . It is difficult to satisfy both the Oklo/meteorite
and quasar bounds in theories where the variation ofa de-
rives from the evolution of a scalar field; the scalar field
the model studied here must be near an extremum neartOklo
and t0.

The key insight of this model, as well as other models
variablea, is that variation ofa provides a window into the
parameters of the underlying theory that unifies gravity a
the standard model of particle physics.
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