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Ladder Dyson-Schwinger calculation of the anomalousg-3p form factor
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The anomalous processesg→3p and gp→pp are investigated within the Dyson-Schwinger framework
using the rainbow-ladder approximation. Calculations reveal that a complete set of ladder diagrams beyond the
impulse approximation are necessary to reproduce the fundamental low-energy theorem for the anomalous
form factor. Higher momentum calculations also agree with the limited form factor data and exhibit the same
resonance behavior as the phenomenological vector meson dominance model.
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I. INTRODUCTION

Anomalies, in particular the anomalous nonconservat
of the axial vector current, are a consequence of renorm
ization and are thus potentially present in all gauge theor
In fact a conserved axial vector current is incompatible w
electromagnetic gauge invariance since radiative correct
lead to a nonzero current divergence. The quintessentia
ample is thep0→gg decay, which, in the chiral limit, would
be forbidden if the axial vector current was conserved. Ho
ever, the form factor for this process,F2g(Q2), is nonzero
and in the combined chiral and zero-momentum limit it
given by F2g(Q2)→F̂2g(0)5e2/(4p2 f̂ p)5a/(p f̂ p) @1,2#,
wheree is the proton charge,a is the fine structure constan
and f̂ p is the pion decay constant in the chiral limit.

This work addresses another anomalous processg
→p1p0p2, which also should, but does not, vanish in t
combined chiral and soft momentum limits. The form fac
for this, and the crossing related processgp→pp, is de-
noted by F3p(s,t,u), where s52(P31P4)2, t52(P2
1P4)2, andu52(P21P3)2, with Pi the pion momenta. In
the chiral limit, and for zero four-momenta, Refs.@3–5#
provedF̂3p(0,0,0)5F̂2g/(e f̂p

2 )5e/(4p2 f̂ p
3 ).

Several issues, both experimental and theoretical, m
vate this investigation. Experimentally, only limited low m
mentum information aboutF3p is available from Primakov
production using thepA→ppA reaction@6# and, for time-
like photons, frome1e2→3p measurements@7–9#. How-
ever, measurements to determine the form factor for the
cessgp→pp are now underway at JLab@10#. New results
for the form factor F3p in the range 0.27 GeV2,s
,0.72 GeV2 are expected to be released in the near fut
@11#.

Theoretically, there are published analyses@12–14# based
on the set of Dyson-Schwinger equations~DSEs! in the
rainbow-ladder truncation. These pioneering studies ev
ated diagrams in the generalized impulse approxima
~GIA!. However, it is necessary to go beyond the impu
approximation in order to correctly describep-p scattering
@15,16#: consistency requires inclusion of all planar diagra
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ignoring gluon self-interactions~triple and quartic gluon ver-
tices!. In the current study we apply the same scheme
g-3p processes and elucidate that the rainbow-ladder tr
cation in combination with the GIA is insufficient for a rea
istic description.

The structure of this paper spans six sections. In the n
section the DSE formalism for mesons is applied to evalu
F3p. Our numerical results for the form factor for symmetr
pion momenta are presented in Sec. III and the low-ene
theorem is reproduced. In Sec. IV we compare our res
with meson exchange models for more general pion m
menta. Finally, we confront the limited data in Sec. V a
then summarize our conclusions in the final section.

II. MESON INTERACTIONS IN THE DYSON-SCHWINGER
APPROACH

A. Dyson-Schwinger equations

Here we briefly summarize the DSE formalism applied
mesons. For more complete details consult Refs.@17–20#.
Working in Euclidean space, with metric$gm ,gn%52dmn ,
gm

† 5gm and a•b5aibi[( i 51
4 aibi , the DSE for the renor-

malized quark propagator having four-momentump is

S~p!215 iZ2 p”1Z4mq~m!

1Z1E
q

L

g2Dmn~k!
la

2
gmS~q!Gn

a~q,p!. ~1!

Here a51 . . . 8 is thecolor index, Dmn(k) the dressed-
gluon propagator andGn

a(q,p) the dressed-quark-gluon ve
tex. The symbol*q

L represents*q
L@d4k/(2p)4# with k5p

2q. Equation ~1! has the general solutionS(p)21

5 ip”A(p2)1B(p2) which is renormalized at spacelikem2 so
that A(m2)51 and B(m2)5mq(m) with mq(m) being the
current quark mass.

Mesons are modeled asqaq̄b bound states governed b
the Bethe-Salpeter amplitude~BSA!, GH , which is a solution
of the homogeneous Bethe-Salpeter equation~BSE!. For
quark flavorsa, b and incoming, outgoing momentap15p
1P/2, p25p2P/2, the BSE is

GH
ab̄~p1 ,p2!5E

q

L

K~p,q;P!Sa~q1!GH
ab̄~q1 ,q2!Sb~q2!.

~2!
©2003 The American Physical Society06-1
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The momentaq6 are similarly defined. The renormalize
amputatedqq̄ scattering kernel,K, is irreducible with respec
to a pair ofqq̄ lines. Equation~2! only admits solutions for
discrete values ofP252mH

2 , wheremH is the meson mass

Imposing the canonical normalization condition forqq̄
bound states then uniquely determinesGH . For pseudoscala

bound states the most general decomposition forGPS[GH
ab̄ is

@21,22#

GPS~q1 ,q2!5g5@ iE~q2,q•P!1P” F~q2,q•P!

1q”G~q2,q•P!1smnPmqnH~q2,q•P!#,

~3!

where the amplitudesE, F, G andH are Lorentz scalar func
tions of q2 and q•P. The odd C parity of the neutral pio
requires that the amplitudeG be odd inq•P, while the oth-
ers are even.

B. Rainbow-ladder truncation

The central approximation in this work is the rainbow
ladder truncation for the set of DSEs. For the quark DSE,
~1!, the rainbow truncation is

Z1g2Dmn~k!Gn
a~q,p!→G~k2!Dmn

free~k!gn

la

2
, ~4!

where Dmn
free(k5p2q) is the free gluon propagator in th

Landau gauge andG(k2) is an effectiveq̄q interaction that
reduces to the perturbative QCD running coupling in
ultraviolet region. For the BSE, Eq.~2!, the ladder truncation
is

K~p,q;P!→2G~k2!Dmn
free~k!

la

2
gm

la

2
gn . ~5!

These two truncations, in tandem, yield vector and axial v
tor vertices satisfying their respective Ward-Takahashi id
tities. This ensures chiral symmetry is respected with
pion being a massless Goldstone boson in the chiral l
@22–25#. Further, a conserved electromagnetic current is a
obtained if the GIA is used to calculate electromagnetic fo
factors@26,27#.

C. Amplitude for g-3p processes

The above formalism is now applied to theg→3p pro-
cess to compute the anomalous amplitude,A3p, and the cor-
responding form factor,F3p. For simplicity, let us first con-
sider one of the configurations that contribute to this proce
depicted in the GIA in Fig. 1.

The quark lines in this figure represent dressed qu
propagators, obtained as solutions of their DSE. The p
BSAs are solutions of the homogeneous BSE, and also
quark-photon vertex is dressed.

The Lorentz structure for this diagram is

am~P2 ,P3 ,P4!52 i emnrsP2
nP3

rP4
s f ~s,t,u!, ~6!
03600
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where f (s,t,u) is a Lorentz scalar function of the Mande
stam variabless52(Q1P2)2, t52(Q1P3)2, u52(Q
1P4)2. All three pions are on-shell,Pi

25mp
2 . The photon

momentum isQ52(P21P31P4) andQ2 is related to the
Mandelstam variables via

s1t1u53mp
2 2Q2. ~7!

The totalg→3p amplitude is obtained by summing ove
all six permutations of the three pions with the appropri
charge factors. It has the same Lorentz structure as Eq.~6!,
and can be written as

Am
3p~P2 ,P3 ,P4!52 i emnrsP2

nP3
rP4

sF3p~s,t,u!. ~8!

In the isospin limit~equal masses for up and down quar
and ignoring electromagnetic corrections! all six configura-
tions can be related through symmetry operations, wh
yields

F3p~s,t,u!5
e

3
@ f ~s,t,u!1 f ~u,s,t !1 f ~ t,u,s!#. ~9!

The processgp→pp is described by the same form fac
tor: the only difference is in the kinematical variables. F
physical three-pion production, all three Mandelstam va
abless, t andu must be above the threshold value 4mp

2 . For
gp→pp, the kinematics are different:s.4mp

2 but t,u
,0.

D. Corrections to the GIA

Although the GIA is consistent with current conservati
for three-body processes such as electromagnetic form
tors, it is insufficient, as demonstrated in detail in the n
section, for four-body amplitudes such asp-p scattering and
F3p. It was previously noted@12# that if the Ball-Chiu@BC#
ansatz@28# is used for the quark-photon vertex in combin
tion with

GPS5
ig5

f p
B~q2!, ~10!

Q

P2

P3

P4

FIG. 1. The generic GIA diagram forg-3p processes. All ex-
ternal momenta flow inward. The photon and three pions have
mentaQ andPi , i 52,3,4, respectively.
6-2
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the GIA does reproduce the low-energy theorem1

F̂3p~0,0,0!5
e

4p2 f̂ p
3

'10.5 GeV23, ~11!

independent of model details for the scalar part of the qu
self-energy,B(q2). However, this result is lost when th
complete pion BSA@see Eq.~3!# is used.

A consistent treatment requires multiples, t andu-channel
gluon exchange, as depicted in Fig. 2 for one of the
configurations. This truncation scheme is equivalent to su
ming all planar diagrams ignoring gluon self-interactio
~triple and quartic gluon vertices!. The summation of the
infinite set of ladder diagrams entails solving an inhomo
neous BSE of the type

G~p,Pi ,Pj !5G0~p,Pi ,Pj !1E
q

L

G~k2!Dmn
free~k!

la

2
gmS~q1!

3G~q,Pi ,Pj !S~q2!
la

2
gn , ~12!

where nowq15q1Pi , q25q2Pj andG0(p,Pi ,Pj ) is an
inhomogeneous term of the formGp(p1 ,p)S(p)Gp(p,p2).
For example, for thes-channel gluon exchange diagrams
Fig. 2 with i 54 and j 53

G0~p,P4 ,P3!5Gp~p1P4 ,p!S~p!Gp~p,p2P3!. ~13!

The corresponding amplitude for the sum of the GIA and
s-channel gluon exchange diagrams is~recall, momentum
conservation dictatesP252Q2P32P4)

am~P2 ,P3 ,P4!5NcE
q

L

Tr@S~k1P4!G~k,P4 ,P3!S~k2P3!

3Gm
g ~k2P3 ,k2Q2P3!S~k2Q2P3!

3Gp~k2Q2P3 ,k1P4!#. ~14!

1Note that the pion decay constant depends on the current q
mass: the chiral limit value is a few percent smaller than the ph

cal value,f p592.4 MeV. In the model used heref̂ p590 MeV.

+ + + +

+ + + +

FIG. 2. Gluon exchange diagrams needed to correctly desc
g-3p processes in the rainbow-ladder truncation of the set of DS
03600
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x
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This treatment of the ladder diagrams is identical to the c
culation reported forp-p scattering@16#.

III. NUMERICAL RESULTS FOR SYMMETRIC PION
MOMENTA

In contrast to DSE calculations for three-body process
a significant computational effort is now necessary sinceG is
a function of three independent variables:p2, p•Pi and
p•Pj , for fixed Pi andPj . Discretizing these variables on
three-dimensional grid, iteration is utilized starting withG0.
In the absence of singularities, convergence requires from
to 30 iterations. Close to a pole from an intermediate me
bound state, the number of required iterations increases
matically. Typically, per fixed set of external variables (Q2,
s, t andu) away from intermediate meson poles, of order
CPU hours are needed to compute the form factor to
estimated precision of 2%. Our codes run on a parallel
percomputer~IBM SP! using 16 to 256 processors. Takin
symmetric pion momenta reduces the necessary comp
time by at least a factor of three.

A. Model parameters

The model interaction and parameters developed in R
@29# for the masses and decay constants of the light pseu
scalar and vector mesons are used for our numerical anal
The effectiveq̄q interaction is

G~k2!

k2
5

4p2Dk2

v6
e2k2/v2

1
4p2gmF~k2!

1

2
ln@t1~11k2/LQCD

2 !2#

,

~15!

with gm512/(3322Nf), Nf54, LQCD50.234 GeV,t5e2

21, F(s)5@12exp(2s/4mt
2)#/s and mt50.5 GeV. The

renormalization scale,m519 GeV, is within the perturbative
domain@22,29#. The degenerateu/d quark mass,mu5d

m51 GeV

55.5 MeV, and remaining parameters,v50.4 GeV, D
50.93 GeV2, were determined by fittingmp , f p and the
chiral condensate. Table I summarizes fitted,p, and pre-

rk
i-

be
s.

TABLE I. Selection of calculated and measured meson mas
and coupling constants.

Experiment@34# Calculated
~estimates! ~† fitted!

mu5d
m51 GeV 5–10 MeV 5.5 MeV

2^qq&m
0 (236 MeV)3 (241 MeV†)3

mp 138.5 MeV 138† MeV
f p 92.4 MeV 92.5† MeV
mr 771 MeV 742 MeV
gr 5.01 5.07
grpp 6.02 5.14
mv 783 MeV 742 MeV
gv 17.06 15.2
ms 400;1200 MeV 670 MeV
6-3
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FIG. 3. Numerical results for the symmetric form factorF3p(4mp
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2 ) ~left! andF3p(0,0,0) ~right! as a function of the curren

quark massmq divided by the model up/down quark mass. The curves are fits to our numerical results~represented by the symbols! to guide
the eye.
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dicted,r andv, masses which are in good agreement w
observation@29#. The model’s predictions are also in ve
good agreement with the most recent JLab data@30# for the
p6 form factor@27#, Fp(Q2), and various other pion,r and
v observables@20,31,32#, some of which are listed in Tabl
I as well. In addition to a light pseudoscalar and vector m
son, this model also exhibits a light scalar meson, putativ
identified as thes meson@16,33#.

B. Quark mass dependence ofF 3p

For symmetric pion momenta,s5t5u, Eq. ~9! simplifies
to

F3p~s,s,s!5e f~s,s,s!. ~16!

Since this reduces the necessary computer time significa
we use this case to demonstrate that our scheme is in a
ment with the low-energy theorem.

Note that the low-energy prediction, Eq.~11!, corresponds
to threshold production for three massless pions by an
shell photon. However, for physical pions, the threshold
three-pion production iss5t5u54mp

2 . On the other hand
for equal pion momenta, Eq.~7! reduces toQ253(mp

2

2s). Thus it is impossible to have on-shell photons (Q2

50) producing three physical pions. Here we consider t
limits, namely, threshold for three-pion production by tim
like photons,F3p(4mp

2 ,4mp
2 ,4mp

2 ) with Q2529mp
2 , and

F3p(0,0,0) with spacelike photon momentaQ253mp
2 . In

the chiral limit, both should approachF̂3p(0,0,0). Our lad-
der DSE result forF3p is presented in Fig. 3, together wit
results obtained using the GIA in combination with differe
approximations for the vertices. There is a small depende
of the anomaly prediction on the current quark mass du
the fact thatf p depends on this mass. To avoid confusi
with Eq. ~11!, we denote the~mass-dependent! anomaly pre-
diction by
03600
-
ly

ly,
ee-

n-
r

o

t
ce
to

Fanomaly
3p ~0,0,0!5

e

4p2f p
3

. ~17!

For the physical current quark massf p592.4 MeV and
Fanomaly

3p (0,0,0)59.72 GeV23.
Our ladder DSE approach does indeed reproduce the

rect result in the chiral limit. The strong dependence of
form factor at threshold,F3p(4mp

2 ,4mp
2 ,4mp

2 ) with Q25

29mp
2 , is related to thev pole in the quark-photon vertex a

timelike photon momentumQ252mv
2 . The form factor

F3p(0,0,0) with spacelikeQ253mp
2 is far less dependent o

the quark mass. For on-shell photons,Q250,
F3p(mp

2 ,mp
2 ,mp

2 ) is essentially independent of the curre
quark ~and pion! mass.

The combination of GIA, BC ansatz for the quark-phot
vertex and a purely pseudoscalar BSA also reproduces
correct chiral limit. However, the functional behavior a
proaching the chiral limit value is quite different from ou
scheme. This difference is predominantly due to the lack
intermediate meson states, in particular thev, which is not
incorporated in the BC ansatz. We address the importanc
intermediate meson states in Sec. IV. In Fig. 3 also note
the GIA with the BC ansatz and full pion BSA including th
pseudovector componentsF and G @see Eq.~3!#, does not
produce the correct chiral limit. Similarly, the GIA, with
complete ladder BSE solutions for all vertices but witho
the additional ladder diagrams~see Fig. 2!, does not yield the
anomaly prediction.

C. Dependence on the photon momentum

The dependence of the form factor on the photon mom
tum is shown in Fig. 4 for both timelike and spacelikeQ2,
using the model quark mass corresponding to physical pio
Again, all three on-shell pions have the same energy,s5t
5u5mp

2 2Q2/3, and the threshold for three-pion productio
is Q2529mp

2 '20.172 GeV2.
6-4
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Our result is in good agreement with the chiral anom
prediction, as is the combination of the GIA and the B
ansatz for the quark-photon vertex using a purely pseu
scalar BSA. Now the difference between the latter appro
and our ladder DSE result is more apparent as our re
displays a much strongerQ2-dependence. In particular, ou
result indicates a pole-like singularity for timelikeQ2, which
can be attributed to the presence of a vector meson po
the dressed quark-photon vertex. This singularity is evid
in both the GIA and our full calculation, but not in the ca
culation using the BC ansatz. Again, the GIA does not rep
duce the anomaly prediction without the additional ladd
diagrams of Fig. 2.

IV. COMPARISON TO MESON EXCHANGE MODELS

The ladder DSE result clearly indicates a pole-like sing
larity in the timelike Q2 region, due to the presence of
vector meson pole in the dressed quark-photon vertex
addition to this pole, there are pole-like singularities fro
intermediate meson exchanges in thes, t and u channels,
similar to the scalar and vector meson exchange contr
tions inp-p scattering@16#. Here however, the scalar meso
exchange contribution is forbidden by spin/parity conser
tion. Thus only vector meson intermediate states contrib
to g-3p processes.

A. Vector meson dominance

The effective vector meson dominance~VMD ! Lagrang-
ian is

Lint5grpprW m•pW 3¹mpW 1gvrpemnls¹mvn¹lrW s•pW

1eS mr
2

gr
rm

0 1
mv

2

gv
vmDAm, ~18!

wherepW ,rW s ,vn andAm are thep, r, v and photon fields,
mv , mr are thev, r masses andgvrp , grpp are thev

-0.4 -0.2 0 0.2 0.4
photon  Q

2
  [GeV

2
]

0

5

10

15

20

25
F

3π
(s

,s
,s

) 
  [

G
eV

-3
]

Anomaly prediction
ladder DSE
GIA, full BSE vertices
GIA, BC vertex, Γπ = iγ

5
Eπ

FIG. 4. Numerical results for the symmetric form fact
F3p(s,s,s) as a function ofQ2.
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→rp, r→pp coupling constants respectively. With this La
grangian the VMD form factor forg→v→rp→3p, is @35#

FVMD
3p ~s,t,u!5

2emv
2

gv

gvrpgrpp

Q21mv
2

3S 1

mr
22s

1
1

mr
22t

1
1

mr
22u

D . ~19!

Note that this VMD form factor has vector meson poles
both the photon momentumQ2 and the Mandelstam vari
abless, t andu. The pole inQ2 is associated with an inter
mediatev meson, whereas the poles ins, t andu are asso-
ciated withr intermediate states.

The measuredv,r→e1e2 decay widths

Gee
v 5

4pa2mv

3gv
2

50.60 keV, ~20!

Gee
r 5

4pa2mr

3gr
2

56.85 keV, ~21!

determine thev-photon, gv517.06, and r-photon, gr

55.01, couplings which compare reasonably with the mo
calculations of 15.2 and 5.07, respectively@29# ~see also
Table I!. The hadronic coupling,grpp , was previously pre-
dicted @32# in this model to be 5.14 which agrees favorab
with the experimentally extracted value of 6.02.

Due to limited phase space, thev→rp decay is forbid-
den, precluding direct determination ofgvrp . However, this
coupling can be related to thev→p0g decay, again using
VMD for v→p0r0→p0g

Gpg
v 5

agvrp
2 ~mv

2 2mp
2 !3

24gr
2mv

3
. ~22!

Using the measured width,Gpg
v 5.734 MeV, yieldsgvrp

511.8 GeV21. With these parameters the VMD predictio
for the p0→gg anomaly, viap0→vr→gg, is

FVMD
2g ~0!5

8pagvrp

grgv
50.0253 GeV21. ~23!

This is in excellent agreement with both the low-ener
theorem, F2g(0)5a/(p f p)50.0251 GeV21, and the ex-
perimental value, 0.02560.001 GeV21.

Returning to theF3p(s,t,u) form factor, the VMD pre-
diction in the chiral and zero momenta limits is

FVMD
3p ~0,0,0!5

6egvrpgrpp

gvmr
2

512.6 GeV23. ~24!

This is above the low-energy theorem result, Eq.~11!, but in
potentially better agreement with the observed value, 1
60.960.5 GeV23, measured at higher energy~note that
Ref. @36# quotes a corrected experimental value
11.9 GeV23). By reducinggrpp it is possible for the VMD
6-5
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form factor to agree with the low-energy theorem, howe
this conflicts with the KSRF relation@37,38#

grpp5mr /~A2 f p!. ~25!

Further, the VMD result is not consistent with anomalo
Ward identities of Ref.@5#. These two issues can be resolv
by adding a contact term to the Lagrangian

Lcontact5Gvemnlsvm¹npW •¹lpW 3¹spW , ~26!

with the couplingGv governing the directv→3p decay.
This gives the modified VMD result@39,40#

F̃VMD
3p ~s,t,u!5

26emv
2

gv

Gv

Q21mv
2

1FVMD
3p ~s,t,u!. ~27!

References@39,40# determineGv by satisfying both Eq.
~25! and the low-energy theorem forg-3p. Further, these
analyses also invoke SU~2! flavor symmetry and universality
using the relationsgv53gr53grpp , which are reasonable
to obtain

Gv5
grpp

16p2 f p
3

. ~28!

With these relations the modified form factor can be m
succinctly expressed in terms of onlyf p , using Eq.~17!,
instead of meson coupling constants

F̃VMD
3p ~s,t,u!52

1

2

mv
2 Fanomaly

3p ~0,0,0!

Q21mv
2

3F12S mr
2

mr
22s

1
mr

2

mr
22t

1
mr

2

mr
22u

D G .

~29!

B. Comparison of DSE and VMD for g\3p

Because of the established phenomenological succes
VMD, it is worthwhile to compare the two VMD form fac
tors to our DSE result. In particular, it is of interest to asc
tain that the DSE approach can reproduce the resonance
tures of the VMD. In doing so, consistency mandates that
VMD phenomenological parameters be replaced by the
responding values calculated in the DSE model. All nec
sary DSE coupling constants, except forgvrp which is dis-
cussed below, are listed in Table I.

In Fig. 5 the pure, Eq.~19!, and modified, Eq.~29!, VMD
form factors are compared to the DSE result fromQ2'0 to
the v resonance region. The ladder DSE and VMD resu
are in good qualitative agreement. In particular, thev reso-
nance exhibited in the VMD is well reproduced by the ladd
DSE approach. Note that the DSE approach naturally ag
with the low-energy theorem while only by construction c
the modified VMD form factor reproduce this result; the pu
03600
r

s

e

of

-
ea-
e
r-
s-

s

r
es

VMD form factor does not reproduce the correct low-ener
limit.

Because of off-shell ambiguities, one cannot consisten
calculate the unphysicalvrp amplitude. However, by fitting
the pure VMD form factor, Eq.~19!, to the DSE result nea
the v pole and using the calculated values of Table I for t
remaining coupling constants in that equation, we extract
value gvrp510.3 GeV21. This is slightly below the phe-
nomenological VMD result of 11.8 GeV21 but significantly
lower than other theoretical values: SU~3! flavor symmetry,
16 GeV21 @41#; QCD sum rules, 15 to 17 GeV21 @42#; light-
cone sum rules, 16 GeV21 @43#.

In addition, Fig. 5 also displays a form factor based on
purely phenomenological quark-hadron model~QHD! incor-
porating both contact interactions and meson-exchange
tributions

FQHD
3p ~s,t,u!5Cg3p2

6mv
2 Cv3p

gv~Q21mv
2 !

2CgprS mr
2grpp

mr
22s

1
mr

2grpp

mr
22t

1
mr

2grpp

mr
22u

D
1FVMD

3p ~s,t,u!. ~30!

The three coefficientsC are determined by fitting the ladde
DSE calculation at differents, t, u andQ2 values. An accu-
rate fit over a large kinematical range is obtained w
Cg3p50.248 GeV23, Cv3p55.94 GeV23 and Cgpr

50.028 GeV23. This provides a useful analytic represent
tion of the DSE form factor.

C. Comparison of DSE and VMD for gp\pp

Finally, we consider the processgp→pp. It is described
by the same form factorF3p(s,t,u) as the processg→3p,
but the kinematical variables are different. In general,sÞt

-0.4 -0.3 -0.2 -0.1 0
photon  Q

2
  [GeV

2
]

0

20

40

60

80

F
3π

(s
,s

,s
) 

  [
G

eV
-3

]

ladder DSE
pure VMD, fit near pole
modified VMD
QHD fit

-0.04 0

10

12

14

FIG. 5. Comparison of the ladder DSE calculation~asterisk! to
the DSE parametrized pure~dotted! and modified~dashed! VMD
form factors,F3p(s,s,s), as a function ofQ2. The solid curve
represents a phenomenological QHD fit to the DSE form factor
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Þu, but for simplicity, we only consider the more symmetr
caset5u. The kinematically allowed region iss.4mp

2 and
t,u,0.

In Fig. 6 we compare our DSE results with the VMD an
phenomenological meson exchange form factors. For fi
Q250, thev meson does not appear as a pole in the fo
factor. Ther pole in the s channel on the other hand
clearly identifiable. In addition, there are also poles in
unphysical region, corresponding to intermediater mesons
in the t- andu-channels.

With the same parameters as in the previous subsec
the pure VMD form factor agrees very well with the ladd
DSE calculation near ther pole, but overestimates the form
factor by about 15% near threshold. The modified VM
form factor on the other hand agrees very well with the D
result near threshold, but starts to deviate for increasing
ues ofs. The purely phenomenological QHD form factor ca
describe the DSE form factor accurately both near thresh
and in the resonance region, not only atQ250 but also at
other values ofQ2. However, this is not surprising, since
was fitted to our DSE result to provide an analytic repres
tation of our results.

V. COMPARISON WITH EXPERIMENTAL DATA

Finally, for the benefit of experimentalists the same th
form factors are compared to the limited data. We use
phenomenological parameters in the VMD form factors p
mitting their most favorable prediction. In particular, ther
mass in Eqs.~19! and~29! is replaced bymr2( i /2)Gr where
Gr5149 MeV is the experimental width of ther meson.
This changes ther-meson pole singularity in Fig. 6 to
resonance peak with a finite maximum. We ignore the m
smallerv width since we consider the processgp→pp for
on-shell photons (Q250) only.

The ladder truncation of the inhomogeneous BSE
~12!, on the other hand, has a real pole singularity at
r-mass. One would need to include two-pion intermedi

0 0.1 0.2 0.3 0.4
s  [GeV

2
]

8

12

16

20

24

F
3π

(s
,t,

t)
   

[G
eV

-3
]

ladder DSE
pure VMD
modified VMD
QHD fit

FIG. 6. Comparison of the ladder DSE~asterisk!, pure VMD
~dotted!, modified VMD ~dashed! and fitted QHD~solid! form fac-
tors,F3p(s,t,t), as a function ofs at Q250.
03600
d

e

n,

l-

ld

-

e
e

r-

h

.
e
e

stated in the interaction kernel to consistently produce
r-meson width.

In Fig. 7 we display the absolute value of both the pu
and the modified VMD form factors as functions ofs, the
total energy of the two outgoing pions, fort5u5(3mp

2

2s)/2 and on-shell photons. For comparison, we also sh
the ladder DSE calculation below ther-pole singularity. The
modified VMD form factor appears to be the most realis
and agrees quite well with the microscopic DSE calculat
near threshold,s54mp

2 . At larger values ofs it reflects the
r-meson width and therefore exhibits a resonance p
rather than the pole singularity of the ladder DSE calcu
tion. The large error bar on the experimental data point p
cludes definitive conclusions but new, more precise meas
ments are in progress which should provide useful insi
and model constraints.

VI. CONCLUSION

In summary, the anomalous form factor forg-3p pro-
cesses has been calculated in a self-consistent Dy
Schwinger, Bethe-Salpeter formulation in the rainbow-lad
truncation. The significant finding is that to reproduce t
fundamental low-energy theorem, it is necessary to go
yond the generalized impulse approximation. Specifica
one has to include complete sets of ladder diagrams in ths,
t andu channels.

The ladder DSE result is in good agreement with vec
meson dominance. The ladder dressing of the quark-pho
vertex is essential for generating thev resonance in the pro
cessg→v→3p. Inclusion of the ladder diagrams beyon
the GIA ~see Fig. 2! is necessary to produce an intermedia
r-meson state in the two-pion channel. A meson-excha
form factor incorporating both contact interactions a
meson-exchange contributions, fitted to our DSE calculat

0 0.2 0.4 0.6 0.8
s  [GeV

2
]

8

12

16

20

24

|F
3π

(s
,t,

t)
|  

 [G
eV

-3
]

ladder DSE
pure VMD
modified VMD

FIG. 7. Comparison of DSE~asterisk!, pure VMD ~dotted!, and
modified VMD ~dashed! form factors,F3p(s,t,t), with data atQ2

50. The experimental coupling constants, masses and width
used in both VMD form factors~the shaded region is unphysical!.
The data point is from Ref.@6# ~reanalyzed in Ref.@36#!; new ex-
perimental results from JLab are anticipated@11# in the region
0.27 GeV2,s,0.72 GeV2.
6-7



er

ed
na
F

r
de
t
n

to

gy
er-
e-

lina

S. R. COTANCH AND P. MARIS PHYSICAL REVIEW D68, 036006 ~2003!
provides a useful analytic representation of our results ov
large kinematical range.

Our predictions are also in agreement with the limit
data near threshold and await confrontation with additio
and more precise measurements currently in progress.
larger values ofs we expect the modified VMD form facto
to be in better agreement with experiment since it inclu
ther-meson width. These results should also be of interes
experimentalists investigating double pion photoproductio

Future work will address calculating the width forv
→3p as well as the strangeness processesg→KK̄p and
. D

he
-

E

03600
a

l
or

s
to
.

gK→pK. Longer term, this framework will be extended
describe meson electroproduction from a nucleon target.
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