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Differential bremsstrahlung and pair production cross sections at high energies
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Detailed differential cross sections for high energy bremsstrahlung and pair production are derived with
specific attention to the differences between the two processes, which are considerable. For the integrated cross
sections, which are the only cross sections specifically known until now, the final state integration theorem
guarantees that the exact cross section formulas can be exchanged between bremsstrahlung and pair production
by the same substitution rules as for the Born-approximation Bethe-Heitler cross sections, for any amount of
atomic screening. In fact the theorem states that the Coulomb corrections to the integrated bremsstrahlung and
pair production cross sections are identical for any amount of screening. The analysis of the basic differential
cross sections leads to fundamental physical differences between bremsstrahlung and pair production. Coulomb
corrections occur for pair production in the strong electric field of the atom for ‘‘large’’ momentum transfer of
the order ofmc. For bremsstrahlung, on the other hand, the Coulomb corrections take place at a ‘‘large’’
distance from the atom of the order of (\/mc)e, with a ‘‘small’’ momentum transfermc/e, wheree is the
initial electron energy in units ofmc2. And the Coulomb corrections can be large, of the order of larger than
(Z/137)2, which is considerably larger than the integrated cross section corrections.

DOI: 10.1103/PhysRevD.68.033008 PACS number~s!: 12.20.Ds, 32.80.2t
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I. INTRODUCTION

The high energy integrated cross section for bremsst
lung and pair production, exact to all orders inaZ including
screening effects, was obtained@1–6# at a time when there
was a need for these quantities for comparison with exp
mental results, in particular, for total pair production cro
sections. The results of these publications are well recor
and described in review publications@7–9#, where also
works on pair production for lower energies@10# are in-
cluded.

In the present article we obtain the differential cross s
tion for high energy bremsstrahlung and pair producti
thereby completing our knowledge of two of our most im
portant electron-positron-photon interaction cross section
high energies. The calculations reveal new aspects of
‘‘Coulomb corrections.’’ At regions of angles and energi
the Coulomb corrections may cut the Born-approximat
Bethe-Heitler pair cross section by as much as a facto
one-half for a lead target—a situation which may be char
terized as a dramatic higher orderaZ effect, rather than a
correction. The calculation further demonstrates the dram
differences between the differential cross section of bre
strahlung and pair production which still must give~and does
so! the same Coulomb corrections for theintegratedcross
section—due to the theorem relating the final state integra
cross sections of bremsstrahlung and pair production@3#.

II. BREMSSTRAHLUNG

The high energy, small angle bremsstrahlung differen
cross section is obtained from a previous article@6#. It can be
written in the convenient form@11#

d4sbrems5d4sBornAB~yB!, ~2.1!

with the well-known Bethe-Heitler, Born cross section in t
small angle approximation:
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d4sBorn5s0

e2
2

kq4
dkQkdQkQ2dQ2dF@22e1e2~j2h!2

1~e1
21e2

2!~uW 2vW !2jh#, ~2.2!

with

s058
a2

2p S \

mcD
2 e2

\c
.

The Coulomb correction factor to the Bethe-Heitler cro
section@6#,

AB~yB!5@V2~xB!1a2yB
2W2~xB!#/V2~1!, ~2.3!

contains the higher order interactions of the electron in
Coulomb potentialV(r )5Ze2/r . The functionsV(xB) and
W(xB) are hypergeometric functions,

V~xB!5F~ ia,2 ia;1;xB!, ~2.4!

W~xB!5F~11 ia,12 ia;2;xB!5
1

a2

]

]xB
V~xB!, ~2.5!

where a5aZ, and the indexB stands for bremsstrahlung
xB512yB , with

yB5
~qmin!

2

q2jh
with qmin5

k

2e1e2
, ~2.6!

the minimum momentum transfer to the nucleus,qmin , the
minimum of

qW 5p1
W2p2

W2kW , ~2.7!

with (p1
W ,e1), (p2

W ,e2) the momenta and energies of the i
coming and outgoing electron, respectively, and (kW , k) the
©2003 The American Physical Society08-1
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corresponding quantities of the emitted photon. All mome
and energies are measured in units ofmc and mc2, respec-
tively, with m the electron mass. The energy balance ise1
5e21k. As usual thez axis is taken along the photon mo
mentum with the polar angles of the initial and final electr
momentaQ1 and Q2, respectively. The corresponding az
muth angle isF. uW andvW are the components ofp1

W andp2
W ,

perpendicular tokW , respectively; in the small angle approx
mation they are given byu5p1Q1 andv5p2Q2 ; j andh
are electron propagators in this systemj5(u211)21 and
h5(v211)21.

The Coulomb correction factorAB(yB) is a function of
the two variablesyB anda only. From Eq.~2.3! the depen-
dence on the other combinations of variables can be obta
directly, as discussed in Sec. IV.

III. PAIR PRODUCTION

The high energy, small angle differential cross section
obtained from Ref.@6#. It may be rewritten@12# in a form
close to the bremsstrahlung cross section, Eq.~2.1!,

d4spair5d4sBorn@V2~xp!1a2yp
2W2~xp!#/V2~1!

1d4s8a2yp
2W2~xp!/V2~1!, ~3.1!

with the well-known Bethe-Heitler cross section

d4sBorn5s0

e1e2

k3
de1Q1dQ1Q2dQ2dF

1

q4
@2e1e2~j2h!2

1~e1
21e2

2!~uW 1vW !2jh# ~3.2!

and the additional cross section factor

d4s85s0

e1
2e2

2

k3q4
de1Q1dQ1Q2dQ2dF@k224e1e2jh

3~u21v2!22~e1
21e2

2!~uW 1vW !2jh#. ~3.3!

V(xp) andW(xp) in Eq. ~3.1! are the hypergeometric func
tions defined in Eqs.~2.4! and~2.5!, with the variablexp for
pair production in terms of physical variables given by

yp5q2jh, ~3.4!

rather thanxB in Eq. ~2.6! for bremsstrahlung.
The Coulomb correction factor for pair production we d

fine corresponding toAB(yB) by

d4spair5d4sBornAp~yp ,p1
W ,p2

W !, ~3.5!

with

Ap~yp ,p1
W ,p2

W !5@V2~xp!1~11R!a2yp
2W2~xp!#/V2~1!,

~3.6!

with R given by R5d4s8/d4sBorn , which introduces vari-
ables other thanyp in Ap , denoted byp1

W , p2
W in Eq. ~3.6!,
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R~yp'
,j,h!5

k224e1e2~j1h22jh!22~e1
21e2

2!yp'

2e1e2~j2h!21~e1
21e2

2!yp'

,

~3.7!

whereyp'
contains the transverse component ofq2:

yp'
5q'

2 jh5~uW 1vW !2jh. ~3.8!

The twoy variables are clearly related by

yB•yp5qmin
2 . ~3.9!

The appearance ofyB andyp in the equations for brems
strahlung and pair production, Eqs.~2.1! and ~3.1!, can be
related to the fact that in the Born-approximation brem
strahlung and pair production processes there are two reg
of momentum transfer,q, which give equally important con
tributions to the cross section:q;qmin;1/e and q;1. In
Table I we show that for bremsstrahlung,yB of order 1 cor-
responds toq2;qmin

2 —i.e., very small—while foryB of or-
derqmin

2 , q2 is of order 1. For pair production the situation
exactly the opposite:yp is of the same order of magnitude a
q2, always. As we shall see this difference leads to th
while for pair production the largest effects of the Coulom
corrections are for large momentum transfers—i.e., for cl
collisions; for bremsstrahlung, one finds that the Coulo
corrections are most important for the most distant collisio

IV. DIFFERENTIAL CROSS SECTION COULOMB
CORRECTIONS

We define the Coulomb corrections to the bremsstrahl
and pair productionCB andCp , respectively, by

d4sB,p5d4sB,p,Born~12CB,p!, ~4.1!

related to Eqs.~2.1! and ~3.5! by AB,p5(12CB,p).
In Table II the values for the Coulomb correctionsCB are

given for lead for values of the parameteryB and for the
physical parameterq2jh/(10qmin

2 ). We use here the extra
factor 10 in order to obtain a parameter varying between
and 1.0 as in the table. As mentioned in Sec. II, the value
the differential cross section as a function of any physi
variable, Eq.~4.1!, can be written down from Table II, her
for lead, by choosing the appropriate variable. The appro

TABLE I. Values ofyB andyp related to values of the momen
tum transferq. Herej andh are of order 1, since the anglesQ1 and
Q2 are assumed to be of order 1/e.

q2;qmin
2 q2;1

yB5
qmin

2

q2jh
;1 ;qmin

2

yp5q2jh ;qmin
2 ;1
8-2
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mations ofV(x) andW(x) in terms of the Euler dilogarithms
obtained in Appendix A have been useful in obtaining t
results in this section.

While Table II is universal in the variableq2jh/(10qmin
2 )

for bremsstrahlung, the functionR in the pair production
cross section, Eq.~3.6!, breaks this universality, and specifi
values of, for instance,u, v, e1, ande2 have to be chosen in
order to present values forCp . We chooseu5v51 ande1
5e2, and with these valuesu andv are large enough, and w
assume the angleF such thatq'@qz—i.e., q''q. These
cases of ‘‘equal energies and angles pairs’’ are also inde
dent of the photon energy, so Table II covers a fairly siza
region of physical parameters. With these parametersR
5@122j(12j)2yp#yp

2151/yp22 and

Ap5@V2~xp!1a2yp
2W2~xp!1a2ypW2~xp!

3~122yp!#/V2~1!. ~4.2!

Table II demonstrates that the Coulomb correctionsCB and
Cp may be very large, to an extent that they may be siza
larger thana2 which for lead is equal to 0.359. In the phys
cal variableq2jh they only barely overlap as shown in Fig
1, again for lead withqmin51023 for bremsstrahlung.

There are in the differential cross sections no substitu
rules between bremsstrahlung and pair production as in
Bethe-Heitler Born-approximation cross sections.

Still there is the substitution rule between theintegrated
cross sections, due to the final state integrated cross se
theorem@3#: the bremsstrahlung cross section integrated o
final state angles,

dsB /dk5~dsB /dk!BH24a2
e2

\c S \

mcD
2 1

kp1
2

3S e1
21e2

22
2

3
e1e2D f ~Z!, ~4.3!

TABLE II. Coulomb correctionsCB andCp for lead for brems-
strahlung and pair production, respectively, as functions ofyB and
yp, and of the physical variableq2jh/(10qmin

2 ) for bremsstrahlung,
andq2jh for pair production. Values ofu, v, e1, ande2, in Cp are
chosen as explained in the text.

yB

q2jh

10qmin
2

5
0.1

yB CB yp5q2jh Cp

0.1 1.000 0.1632 0.1 0.0606
0.2 0.500 0.2694 0.2 0.1801
0.3 0.333 0.3106 0.3 0.2492
0.4 0.250 0.3594 0.4 0.3284
0.5 0.200 0.3966 0.5 0.3966
0.6 0.167 0.4279 0.6 0.4591
0.7 0.143 0.4551 0.7 0.5120
0.8 0.125 0.4787 0.8 0.5612
0.9 0.111 0.4937 0.9 0.5997
1.0 0.100 0.5189 1.0 0.6457
03300
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is obtained from the corresponding pair production cross s
tion by the substitutione1→2e1 or vice versa. This is true
for any amount of screening. Here@2#

f ~Z!5a2(
n51

`
1

n~n21a2!
. ~4.4!

Relations to our differential cross sections for bremsstr
lung, Eqs.~2.1! and~2.3!, and pair production, Eq.~3.1!, are
the following:~1! It can be shown that the angular integral
d4s8a2yp

2W2(xp), Eq. ~3.1! vanishes.~2! Then the integral
of d4sB can be performed as in Ref.@6#, including any
amount of screening, leading to the result of Eq.~4.3!, from
which the pair production integrated cross section is obtai
as described above.

To the lowest order ina2,

f ~Z!5a2L3~1!51.2021a2, ~4.5!

whereL3(x) is the Euler trilogarithm.
Further f (Z) may be written as

f ~Z!5 (
k50

`

a212k~21!kL312k~1! ~Appendix B!.

V. SCREENING

The inclusion of the effect of atomic screening is obtain
by the method as in Ref.@6# by adding the screeningcorrec-
tion to the cross section. Following Ref.@6# we obtain, for
the differential cross sections,

FIG. 1. CB and Cp curves for the physical variableq2jh be-
tween 1023 and 1, forqmin

2 51023.
8-3



th
co

n

rm

g,

n
d

n
o

y

th
en
os
e
b

h
h
ra

e
q

ex
os
th
n

g
rly
io

y
tio
on
us
O

ho-
ia-

part

non
ns

the
ek-

a-

nd

or
-
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d4sB,p5d4sBorn,B,p„AB,p~yB,p!1$@12F~q!#221%…

5d4sBorn,B,p@12F~q!#2

2d4sBorn,B,pCB,p~yB,p!, ~5.1!

where now the Born cross section is represented by
Bethe-Heitler screened cross section, and the Coulomb
rection is added. The integrated cross sections then follow
in Eq. ~4.3! in accordance with the final state integratio
theorem. The Table II givingCB and Cp is therefore valid
irrespective of the amount of screening. For the atom fo
factorF(q) it is convenient to use, as in Ref.@6#, the Molière
representation@13# of the Thomas-Fermi model of screenin

12F~q!

q2
5(

i 51

3
a i

b i
21q2

, ~5.2!

with

a150.10, a250.55, a350.35,

b i5~Z1/3/121!bi , b156.0, b251.20, b350.30.
~5.3!

VI. MEASUREMENTS OF BREMSSTRAHLUNG AND PAIR
PRODUCTION CROSS SECTIONS

Measurements until now of high energy bremsstrahlu
and pair production cross sections have been performe
cross sections integrated over the final state electron
bremsstrahlung and over the final state electron or positro
pair production. In fact most of the measurements are
total cross sections. The results are compared with theor
Ref. @2# for pair production. In Ref.@1# it was conjectured
that for bremsstrahlung the screening effect would reduce
Coulomb correction to the extent that for complete scre
ing, the Coulomb correction would disappear and the cr
section would be given by the Born-approximation Beth
Heitler cross section. This conjecture was later proved to
incorrect by the final state integration theorem@3#. Brown
and others initiated an independent experimental researc
bremsstrahlung@5# for strong and complete screening whic
led to an experimental confirmation of the final state integ
tion theorem: Screening has in bremsstrahlung the sam
fect as in pair production, as explicitly demonstrated in E
~5.1!.

As announced in this article, we extend the theory of
act bremsstrahlung and pair production to differential cr
sections in explicit presentations to an extent so that also
part of radiation QED theory may be explored experime
tally. Central here is thedifferencebetween bremsstrahlun
and pair production at the differential level as so clea
demonstrated in their behavior of the Coulomb correct
factors CB and Cp in Fig. 1. A drawing in configuration
space, Fig. 2, demonstrates the extreme differences in ph
cal interactions in the bremsstrahlung and pair produc
processes: Pair production Coulomb correction interacti
occur in the strong Coulomb field, close to the nucle
which is the usual, normal elementary QED interaction.
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the other hand, the interaction of more than one virtual p
ton between the nucleus and initial electron, leading to rad
tive corrections to bremsstrahlung, occurs in the weakest
of the field, where the momentum transfer is;qmin , far
away from the nucleus. This is an unexpected phenome
in QED, opposite to the experience of strong QED reactio
seeking strong fields. The demonstration of this effect on
differential cross section level has stimulated interest in se
ing an experimental finding of the effect.

Differential theoretical cross sections forpair production
for lead are given in Figs. 3 and 4 for the Born approxim
tion I Born and for I p5I BornAp(yp), where I Born is defined
from Eq. ~3.2! by

FIG. 2. Picture of Coulomb corrections to pair production a
bremsstrahlung as seen in space.

FIG. 3. Differential cross section for pair production in lead, f
equal transverse pair momenta,u5v. Coulomb corrections are con
siderably larger than in total cross sections.
8-4
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d4sBorn5s0

e1
2e2

2

k3
I Bornde1Q1dQ1Q2dQ2dF. ~6.1!

In Fig. 3 the pair cross section is given forQ1 and Q2
values and energiese15e2 such thatu5v51, for values of
the azimuthal angleF, from 0 to 2p as shown in Fig. 5. The
opening angle of the equal energy pair particlesv is as used
by Khubeiset al. @14# at lower energies, in the first measur
ments of opening angles using a comparison with cor
theoretical predictions@15#. The methods used by Khube
et al. may be of interest for measurements also at these
high photon energies.

In Fig. 4 the geometry is such that the positron is p
duced in the direction of the incoming photon,v50, with

FIG. 4. As in Fig. 3 except that the angular geometry is su
that the positron is emitted in the direction of the incoming phot
v50.

FIG. 5. Geometry of pair production, giving the anglesQ1 , Q2,

andf in relation touW andvW . Herev is the usual opening angles o
the pair.
03300
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energye15e2. The observation onu is then the observation
of the angleQ1. The observations up tou2j50.9 are valid
for a not too big value ofu: namely,u53.

In both experiments the Coulomb corrections are lar
even larger than of the order ofa2, over sizable regions o
the angular distributions, and therefore considerably lar
than the correction seen in total cross section measurem
which is of the order of 10%.

For bremsstrahlungthe purely differential cross section i
characterized byI Born defined from Eq.~2.2! by

d4sBorn5s0I BorndkQ1dQ1Q2dQ2dF, ~6.2!

and I B from Eq. ~2.1! by I B5I BornAB . Here one finds, in
contrast to the case of pair production, that since the C
lomb correction occurs for bremsstrahlung only forq values
of the order of 1/e, the Coulomb corrections in Fig. 6 ar
confined to the lower part of the photon spectrum. This co
make the Coulomb corrections more difficult to observe th
for pair production.

VII. POSTSCRIPT: POSITRONIUM PRODUCTION

In a series of papers@16# I have studied photoproductio
and electroproduction of positronium, adding also Coulo
corrections, which are rather substantial and larger than
rections to free pair production. From these studies one
learn the following: In the Coulomb field wave function

aF~x!5a@F~ ia,2 ia;1;x!1 iayF~11 ia,12 ia;2;x!#

~7.1!

related touF(x)/V(1)u25A(y), Eq. ~2.3!, aV(x) describes
the exchange of an odd number of Coulomb field photo
while a2yW(x) describes the exchange of an even numbe

h
,

FIG. 6. The photon spectrum for the differential bremsstrahlu
cross section in lead. Note the difference from pair production.
8-5
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photons. This observation is very useful for any proc
where states, like angular momentum states or polarizati
are of interest.
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APPENDIX A

We develop here a convenient approximation for the
pergeometric function given in Eq.~2.4!:

V~x!5F~ ia,2 ia;1;x!511a2x1
a2~a211!

~2! !2
x21•••.

~A1!

Changing the (n!) 2 in the denominator ton2 by the factors
@(n21)!#2 in the numerator successively, the series may
written in the form

V~x!511a2L2~x!1a4@L2~x!2x#1
a6

4 FL2~x!2
x2

4
2xG

1
a8

4•9 FL2~x!2
x3

9
2

x2

4
2xG1small terms

511Fa21a41
a6

4
1

a8

36GL2~x!2Fa41
a6

4
1

a8

36Gx
2Fa61

a6

9 G x2

16
2

a8

9336
x31small terms, ~A2!

where

L2~x!5 (
n51

`
xn

n2
52E

0

xln~12x!

x
dx

is the Euler dilogarithm.
It can be shown by explicit calculation or by comparis

with the known value ofF( ia,2 ia;1;1)5(sinhpa/pa) that
ys

03300
s
s,

.
e-

e
e

x-
.

-

e

for all elements up to uranium included,a50.672, and for
x<1 the errors of the ‘‘small terms’’ are less than 0.6%.

By derivationW(x) is obtained:

W~x!5
1

a2

d

dx
V~x!5F11a21

a4

4
1

a6

36G ln~12x!

x
2Fa2

1
a4

4
1

a6

36GFa41
a6

9 G x

8
2

a6

36

x2

3
1small terms.

~A3!

These results are used in deriving the numerical result
Sec. IV. To lowest order ina2, to all orders inxn, one finds

V~x!511a2L2~x!, ~A4!

W~x!52~11a2!
ln~12x!

x
2a2. ~A5!

APPENDIX B

The higher order Euler logarithms may be useful in t
calculations. Thef (Z) function, Eq.~4.4!,

f ~Z!5a2(
n51

`
1

n~n21a2!
,

may be written as

f ~Z!5a2L3~1!2a4L5~1!1a6L7~1!1•••

5 (
k50

`

a212k~21!kL312k~1!, ~B1!

where the multilogarithm is

Ln~x!5(
m

xm

mn
, ~B2!

also given by

Ln~x!5E
0

x

Ln21~y!
dy

y
. ~B3!

From these formulas the results for any element may be
tained without any assisting tables.
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