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Inverting the seesaw formula

D. Falcone
Dipartimento di Scienze Fisiche, Universita` di Napoli, Via Cintia, Napoli, Italy

~Received 28 May 2003; published 6 August 2003!

By inverting the seesaw formula we determine the heavy neutrino mass matrix. The impact on baryogenesis
via leptogenesis and the radiative lepton decays in supersymmetric models is described. Links to neutrinoless
double beta decay are also briefly discussed. The analysis leads to two distinct matrix models. One has small
mixing while the other one has maximal mixing. Both cannot give a sufficient amount of baryon asymmetry.
Then we also comment on a different form of the Dirac neutrino mass matrix, which does provide sufficient
baryon asymmetry. In a supersymmetric scenario the branching ratios of radiative lepton decays are enhanced
for this model.
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I. INTRODUCTION

The seesaw mechanism@1# is a simple framework which
can explain the smallness of neutrino mass. It requires on
modest extension of the minimal standard model, namely
inclusion of the heavy right-handed neutrino, but can be w
realized within left-right models@2#, partial unified models
@3#, and grand unified SO(10) theories@4#, where the right-
handed neutrino does exist. Then the effective neutrino m
matrix ML is given by the seesaw formula

ML.M nMR
21M n

T , ~1!

where MR is the mass matrix of the right-handed neutri
and M n is the Dirac neutrino mass matrix. The master f
mula ~1! is valid when the eigenvalues ofMR are much
larger than the elements ofM n and in such a case the eige
values ofML come out very small with respect to those
M n . Indeed, unlikeM n , the generation ofMR is not related
to electroweak symmetry breaking and thus its scale may
very large. Moreover,MR is a Majorana mass matrix and a
a consequenceML also is a Majorana mass matrix of lef
handed neutrinos~see, for example@5#!. This fact is related
to the violation of total lepton number at a high scale@6#,
which should produce important phenomena such as ba
genesis via leptogenesis@7# and the neutrinoless double be
decay@8#. Lepton flavors are also violated, but in the nons
persymmetric theory, due to the smallness of neutrino m
such processes are so suppressed to be unobservabl@9#,
apart from neutrino oscillations. The situation is different
the supersymmetric theory, even with universal soft break
terms, where some of these processes may be obser
@10#.

Both lepton number and lepton flavor violations depe
on the mass matricesM n and MR . On the other hand, we
have information on the effective neutrino mass matrix, co
ing from neutrino oscillations and more generally from ne
trino experiments. Therefore, it is reasonable, relatingM n to
the charged fermion’s mass matrices, to obtain informat
on MR by inverting the seesaw formula:

MR.M n
TML

21M n . ~2!
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As a consequence, we should be able to determine also
impact on baryogenesis via leptogenesis, the neutrino
double beta decay, and, for example, the radiative lep
decays in some supersymmetric models. The seesaw form
is valid above theMR scale, so that one should determin
ML at that scale. Although in several cases the effect is
relevant, we must take care of the renormalization issue~see
the recent paper@11#!.

In Sec. II we discuss the Dirac mass matrices of qua
and leptons. In Sec. III we describe the effective neutr
mass matrix and in particular its elementMee, related to
neutrinoless double beta decay. In Sec. IV we determine
mass matrix of right-handed neutrinos. In Secs. V and
respectively, we study the consequences for baryogenesi
leptogenesis and the radiative lepton decays in supersym
try. Finally, we present a discussion.

II. DIRAC MASS MATRICES

A symmetric form of the quark mass matrices, in agre
ment with the phenomenology of quark masses and mix
is described in Refs.@12,13#, and given by

Md.S 0 Amdms 0

Amdms ms Amdmb

0 Amdmb mb ,
D , ~3!

Mu.S 0 Amumc 0

Amumc mc Amumt

0 Amumt mt

D . ~4!

Moreover, in Ref.@12#, the charged lepton mass matrix h
an analogous form

Me.S 0 Amemm 0

Amemm mm Amemt

0 Amemt mt

D . ~5!

Since the hierarchy and scale of charged lepton masses
similar to the hierarchy and scale of down quark masses~see,
for example@14#!, one also has the relationMe;Md . Then a
©2003 The American Physical Society02-1
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natural assumption isM n;Mu , in which case the Dirac neu
trino mass matrix can be written in the form

M n.S 0 a 0

a b c

0 c 1
D mt , ~6!

wherea!b;c!1. The relationb.c in quark mass matri-
ces is discussed in Ref.@15#. We takeb andc different but of
the same order. In fact, also matrices~3! and ~5! can be
written in the form~6!, with overall scalesmb and mt , re-
spectively.

III. NEUTRINO PHENOMENOLOGY

Neutrino oscillation data imply that the lepton mixing m
trix is given by

U.S A2

A3

1

A3
ee2 id

2
1

A6

1

A3

1

A2

1

A6
2

1

A3

1

A2

D diag~eiw1/2,eiw2/2,1!, ~7!

wheree,0.16, and the square mass differences among
fective neutrino massesm1 ,m2 ,m3 are

Dm32
2 5m3

22m2
2.331023 eV2, ~8!

Dm21
2 5m2

22m1
2.731025 eV2. ~9!

In the basis whereMe is diagonal,ML is obtained by the
transformation

ML5U* DLU†, ~10!

with DL5diag(m1 ,m2 ,m3). The presence of phasesw1 , w2
in the mixing matrix~7! is due to the Majorana nature o
effective neutrinos. In the lepton mixing matrix,Um3 is
maximal,Ue2 is large, andUe3 is small. This is in contrast to
the small quark mixings.

SinceDm21
2 !Dm32

2 , we may consider four kinds of neu
trino spectra: the normal hierarchym1!m2!m3, with m3

2

.Dm32
2 and m2

2.Dm21
2 , the partial degeneracym1.m2

!m3, with m3
2.Dm32

2 , the inverse hierarchym1.m2

@m3, with m1,2
2 .Dm32

2 , and the almost degenerate spe
trum m1.m2.m3.1 eV. The elements ofML are given by

Mee.e2m31
m2

3
12

m1

3
,

Mem.e
m3

A2
1

m2

3
2

m1

3
,

03300
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Met.e
m3

A2
2

m2

3
1

m1

3
,

Mmt.
m3

2
2

m2

3
2

m1

6
,

Mmm.M tt.
m3

2
1

m2

3
1

m1

6
,

where phases are inserted bye→eeid, m1→m1eiw1, m2
→m2eiw2, and the relationMmm.M tt leads to the nearly
maximal mixingUm3.

Let us consider in particular the elementMee, which is
related to neutrinoless double beta decay. For the nor
hierarchy we obtain~values in eV! 1023,Mee;ADm21

2

,1022, for the partial degeneracy 1023,Mee

;1021ADm32
2 ,1022, for the inverse hierarchy 1022,Mee

;ADm32
2 ,1021, and for the degenerate spectrum 1021

,Mee,1. Hence, different spectra give quite a distinct p
diction for Mee. There is a claim of evidence for the proce
@16#, with Mee50.05–0.86 eV, in agreement with the d
generate spectrum and also the inverse hierarchy. Howe
this result is controversial.

IV. THE HEAVY NEUTRINO MASS MATRIX

In this section we determine the right-handed neutr
mass matrix by means of the inverse seesaw formula~2!. We
need ML

21 , which is easily achieved, sinceML
21

5UDL
21UT. We stress that the difference ofUe2 from the

maximal mixing could be ascribed toMe @17# and/or to
renormalization@18#. Therefore, at the high scale and in th
basis, whereMe is given by Eq.~5!, we use the nearly bi-
maximal mixing in the seesaw,

U.S 1

A2

1

A2
ee2 id

2
1

2

1

2

1

A2

1

2
2

1

2

1

A2

D diag~eiw1/2,eiw2/2,1!, ~11!

with e.0. Then the elements ofML
21 are given by

Mee
21.

1

2m1
1

1

2m2
1

e2

m3
,

Mem
21.2

1

2A2m1

1
1

2A2m2

1
1

A2

e

m3
,

Met
21.

1

2A2m1

2
1

2A2m2

1
1

A2

e

m3
,
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Mmt
21.2

1

4m1
2

1

4m2
1

1

2m3
,

Mmm
21.M tt

21.
1

4m1
1

1

4m2
1

1

2m3
,

where phases are inserted bym1→m1e2 iw1, m2→m2e2 iw2,
e→ee2 id. Now, we determine the forms ofMR according to
the four kinds of mass spectra for the effective neutrinos.
consider two extreme cases, that isw2.w1 and w2.w1
1p. The other cases should be intermediate between t
two.

For the normal hierarchy we obtain

MR.S a2 a~b2c! 2a

a~b2c! ~b2c!2 2~b2c!

2a 2~b2c! 1
D mt

2

4m1
. ~12!

An overall phaseeiw1 will be always absorbed. The corre
sponding approximate form ofML at the low scale is given
by

ML;S m2 m2 m2

m2 m3 m3

m2 m3 m3

D .

For the partial degeneracy, the casew2.w1 leads toMR ,
the double of that in Eq.~12!. Instead,w2.w11p leads to
the special form

MR.S 0 a 0

a 2~c2b! 1

0 1 0
D amt

2

2A2m1

. ~13!

The corresponding approximate forms ofML at the low scale
are given by

ML;S m1,2 m22m1 m22m1

m22m1 m3 m3

m22m1 m3 m3

D ,

with m22m1;Dm21
2 /m1,2, and

ML;S m1,2 m1,2 m1,2

m1,2 m3 m3

m1,2 m3 m3

D .

For the inverse hierarchy both casesw2.w1 and w2
.w11p give

MR.S a2 a~b1c! a

a~b1c! ~b1c!2 ~b1c!

a ~b1c! 1
D mt

2

2m3
. ~14!
03300
e

se

Note that while for the normal hierarchy the differenceb
2c) appears, for the inverse hierarchy, instead, the sumb
1c) appears. At the low scale we have

ML;S m1,2 m22m1 m22m1

m22m1 m1,2 m1,2

m22m1 m1,2 m1,2

D ,

with m22m1;Dm2,1
2 /m1,2, and a form ofML with all en-

tries of the order ofm1,2.
For the degenerate spectrum we get in the casew2.w1,

MR.S a2 ab ac

ab b21c2 c

ac c 1
D mt

2

m3
. ~15!

For w2.w11p we have the same form as Eq.~14!. At the
low scaleML is of the same kind as the inverse hierarc
case.

In the following sections we will consider, in a simplifie
approach, the impact ofM n andMR on the baryogenesis via
leptogenesis and the radiative lepton decays in some su
symmetric models. We first takeM n;Mu , so that@14#

M n;S 0 l6 0

l6 l4 l4

0 l4 1
D mt , ~16!

where l50.22 is the Cabibbo parameter. Sinceb;c, we
take only two forms forMR , one for the normal, inverse
and degenerate case, and the other for the partial degen
case~13!, that is,

MR;S l12 l10 l6

l10 l8 l4

l6 l4 1
D mt

2

mk
, ~17!

with eigenvaluesM1 /M2;l4, M1 /M3;l12, and

MR;S 0 l6 0

l6 l4 1

0 1 0
D l6

mt
2

m1
, ~18!

with eigenvaluesM1 /M2;l6, M1 /M3;l6. Note that the
scale of matrix~18! is smaller by several orders with respe
to the scale of matrix~17!. DefiningMD5M nUR , whereUR
diagonalizesMR (MD is the Dirac mass matrix in the bas
where MR is diagonal!, we obtainMD

† MD , which appears
both in the formula for leptogenesis and in that for radiat
decays in supersymmetry,

MD
† MD;S l12 l10 l6

l10 l8 l4

l6 l4 1
D mt

2 , ~19!
2-3
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MD
† MD;S l12 l10 l10

l10 1 1

l10 1 1
D mt

2 . ~20!

In the first case, matrix~17!, we haveUR near the identity
and MD

† MD;MRmk . In the other case, matrix~18!, UR is
nearly unimaximal. Therefore, in the matrix model made
Eqs. ~16! and ~17!, M n and MR give small mixing, so that
large mixing inML is produced through a matching betwe
M n andMR within the seesaw formula. Instead, in the mat
model made of Eqs.~16! and ~18!, the maximal mixing in
ML comes fromMR . The structures~17! and~18! agree with
the results of Ref.@19#, where it was realized that the seesa
enhancement of lepton mixing can be achieved by str
mass hierarchy or large off-diagonal elements in the he
neutrino mass matrix.

V. BARYOGENESIS VIA LEPTOGENESIS

The baryogenesis via leptogenesis mechanism@7# is a
well-known mechanism for baryogenesis, related to the s
saw mechanism, where the decays of heavy right-han
neutrinos produce a lepton asymmetry which is partly tra
formed in a baryon asymmetry by electroweak sphale
processes@20#. The amount of baryon asymmetry is the
given by the expression

YB.
1

2

1

g*
de1 , ~21!

wheree1 can be written as

e1.
3

16p F ~YD
† YD!12

2

~YD
† YD!11

M1

M2
1

~YD
† YD!13

2

~YD
† YD!11

M1

M3
G , ~22!

see, for instance, Ref.@21#. In these formulasYD are Yukawa
matrices,g* .100, andd,1 is a dilution factor, which de-
pends especially on the quantity

m̃15
~MD

† MD!11

M1
. ~23!

Moderate dilution is present whenm̃1 is in the range of the
effective neutrino masses@22#. The allowed value for the
baryon asymmetry isYB.9310211, see Ref.@23#. Yukawa
matrices are obtained by dividing mass matrices by th
overall scale.

For the two matrix models described in the previous s
tion we get, respectively,

e1.
3

16p S l20

l12
•l41

l12

l12
•l12D ;

3

16p
l12;10210,

~24!

with m̃1;mk , and
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e1.
3

16p S l20

l12
•l61

l20

l12
•l6D ;

3

16p
l14;10212, ~25!

with m̃1;m1. Note that the two terms are comparab
Moreover, it is clear that both models cannot provide a s
ficient amount of baryon asymmetry.

VI. RADIATIVE LEPTON DECAYS

In supersymmetric seesaw models with universality ab
the heavy neutrino mass scale, lepton flavor violations
produced by running effects from the universality scaleMU
to the scaleMR @10#. The branching ratio for radiative lepto
decays is given by the approximate formula@24#

Br~ l i→ l jg!;
a3

GF
2mS

8 S 3m0
21A0

2

8p2
log

MU

MR
D 2

~YD
† YD! i j

2 tan2b,

~26!

with l 15e, l 25m, l 35t. Here,m0 is the universal scala
mass,A0 is the universal trilinear coupling, andmS is the
average slepton mass at the weak scale, which can be
different from m0. The experimental upper bounds a
Br(m→eg),1.2310211, Br(t→eg),2.731026, and
Br(t→mg),1.131026. The first and third results are ex
pected to be lowered by almost three orders in the future

Assumingm05mS5100 GeV,A050, and tanb550, we
obtain for the first matrix model the values 10218, 10212,
1029, and for the second matrix model the values 10218,
10218, 1023. Due to large uncertainties in supersymmet
parameters, we cannot make definite predictions, so that
vious numbers represent the effect of distinct matrix mod
which is our main interest here. However, the elem
(YD

† YD)32;1 in matrix ~20! seems critical.

VII. DISCUSSION

By inverting the seesaw formula we have calculated
heavy neutrino mass matrix, and the implications for bar
genesis via leptogenesis and radiative lepton decays in
tain supersymmetric models. The analysis leads to two
tinct matrix forms, that is, a nearly diagonal model and
nearly off-diagonal model, which cannot provide sufficie
baryon asymmetry. For recent related studies, see Ref.@25#.

We have assumedM n;Mu . However, this assumption
can be changed. Indeed, the main feature of the Dirac n
trino mass matrix within the seesaw mechanism is that
overall scale is of the order ofmt . For example, we can tak
M n.Mdmt /mb , which means that it has the same over
scale ofMu , but the internal hierarchy ofMd ,

M n;S 0 l3 0

l3 l2 l2

0 l2 1
D mt . ~27!

In this case, sufficient baryon asymmetry is achieved, es
cially for
2-4
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MR;S l6 l5 l3

l5 l4 l2

l3 l2 1
D mt

2

mk
. ~28!

The branching ratios of lepton decays are also enhance
10210, 1027, 1026. However, these strongly depend on t
mechanism of supersymmetry breaking. In fact, in the pre
ous section we have adopted a gravity mediated break
whereMU.MR , while for a gauge mediated breakingMU
,MR and running effects are not induced.
th

.

l.

03300
to

i-
g,

An indication towards the existence of the seesaw mec
nism would be the evidence for neutrinoless double beta
cay. For the moment we predict~in eV! 1023,Mee,0.86.
While the upper part of this range will be checked rath
soon, the lower part is more difficult to reach.

In conclusion, assuming baryogenesis from leptogene
we are led towards a Dirac neutrino mass hierarchy simila
the down quark and charged lepton mass hierarchy. In s
supersymmetric scenarios, this model may be checked
measurements of radiative lepton decays.
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