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Examining the Higgs boson potential at lepton and hadron colliders: A comparative analysis

U. Baur*
Department of Physics, State University of New York, Buffalo, New York 14260, USA

T. Plehn†

CERN Theory Group, CH-1211 Geneva 23, Switzerland

D. Rainwater‡

DESY Theorie, Notkestrasse 85, D-22603 Hamburg, Germany
~Received 1 April 2003; published 5 August 2003!

We investigate inclusive standard model Higgs boson pair production at lepton and hadron colliders for
Higgs boson masses in the range 120 GeV<mH<200 GeV. FormH<140 GeV we find that hadron colliders
have a very limited capability to determine the Higgs boson self-coupling,l, due to an overwhelming back-
ground. We also find that, in this mass range, supersymmetric Higgs boson pairs may be observable at the
CERN LHC, but a measurement of the self-coupling will not be possible. FormH.140 GeV we examineZHH

and HHnn̄ production at a futuree1e2 linear collider with center of mass energy in the range ofAs50.5
21 TeV, and find that this is likely to be equally difficult. Combining our results with those of previous
literature, which has demonstrated the capability of hadron and lepton machines to determinel in either the
high or the low mass regions, we establish a very strong complementarity of these machines.
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I. INTRODUCTION

The CERN Large Hadron Collider~LHC! is widely re-
garded as capable of directly observing the agent respon
for electroweak symmetry breaking and fermion mass g
eration. This is generally believed to be a light Higgs bos
with massmH,200 GeV @1#. The LHC will easily find a
light standard model~SM! Higgs boson with very moderat
luminosity @2,3#. Moreover, the LHC will have significan
capability to determine many of its properties@4–7#, such as
its decay modes and couplings@8–12#, including invisible
decays@13# and possibly even rare decays to light fermio
@14#. An e1e2 linear collider with a center of mass energy
350 GeV or more can significantly improve these prelim
nary measurements, in some cases by an order of magn
in precision, if an integrated luminosity of 500 fb21 can be
achieved@15#.

Starting from the requirement that the Higgs boson ha
restore unitarity of weak boson scattering at high energie
the SM @16#, perhaps the most important measurement a
the Higgs boson discovery is of the Higgs potential itse
which requires measurement of the trilinear and qua
Higgs boson self-couplings,l andl̃, respectively. These ca
be probed directly only by multiple Higgs boson producti
~at any future collider!. While l can be measured in Higg
boson pair production, triple Higgs boson production
needed to probel̃. Since the cross sections for three Hig
boson production processes are more than a factor3

smaller than those for Higgs pair production at linear coll
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ers@17,18#, and about an order of magnitude smaller at ha
ron colliders@19,20#, the quartic Higgs boson coupling wil
likely remain elusive even at the highest collider energ
and luminosities considered so far.

Several studies of Higgs boson pair production ine1e2

collisions have been conducted over the past few ye
@17,21–23#, deriving quantitative sensitivity limits for the
trilinear Higgs self-couplingl for several proposed linea
colliders with center of mass energies spanning the ra
from 500 GeV to 3 TeV. For example, a study employi
neural net techniques found thatl could be measured fo
mH5120 GeV with a precision of about 20% at a 500 Ge
linear collider with an integrated luminosity of 1 ab21 @23#.
In contrast, the potential of the LHC, a luminosity-upgrad
LHC ~SLHC! which would gather 10 times the amount
data expected in the first run, and a Very Large Hadron C
lider ~VLHC!, has been examined only recently@24–26#.
These studies investigated Higgs pair production via glu
fusion and subsequent decay to same-sign dileptons
three leptons viaW bosons. They established that future ha
ron machines can probe the Higgs potential formH

.150 GeV. At the LHC, with an integrated luminosity o
300 fb21, a vanishing ofl can be excluded at the 95% con
fidence level or better over the entire range 150 GeV,mH
,200 GeV. At a VLHC, the Higgs boson self-coupling ca
be determined with a precision of a few percent with t
same integrated luminosity formH5180 GeV, which is
similar or better than the limits achievable at a 3 TeVe1e2

collider with 5 ab21 @17#.
In this paper we present an analysis of the converse:

look at Higgs boson pair production formH<140 GeV at
future hadron colliders, and estimate the prospects for pr
ing l if mH>150 GeV at a future linear collider with a
center of mass energy of 0.521 TeV. To fully compare the
©2003 The American Physical Society01-1
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capabilities ofe1e2 linear colliders and hadron colliders, w
also extrapolate the results of@23# to mH.120 GeV and cen-
ter of mass energies larger than 500 GeV. In Sec. II we re
the definition of the Higgs boson self-couplings and brie
discuss SM and non-SM predictions for these parameter
Sec. III we analyze Higgs boson pair production via glu
fusion with subsequent decay into fourb jets andbb̄tt final
states at the LHC, SLHC and a VLHC, which we assume
be app collider operating at 200 TeV with a luminosity o
L5231034 cm22 s21 @27#. We also briefly comment on th
prospects for observing a pair of minimal supersymme
standard model~MSSM! Higgs bosons in thebb̄tt decay
channel. We discuss Higgs boson pair production ine1e2

collisions in Sec. IV. In Sec. V we determine how well th
Higgs potential could be reconstructed at future lepton
hadron colliders. We draw conclusions in Sec. VI.

II. HIGGS BOSON SELF-COUPLINGS

The trilinear and quartic Higgs boson couplingsl and l̃
are defined through the potential

V~hH!5
1

2
mH

2 hH
2 1lvhH

3 1
1

4
l̃hH

4 , ~1!

wherehH is the physical Higgs field,v5(A2GF)21/2 is the
vacuum expectation value, andGF is the Fermi constant. In
the SM,

l̃5l5lSM5
mH

2

2v2 . ~2!

Regarding the SM as an effective theory, the Higgs bo
self-couplingsl and l̃ areper sefree parameters.S-matrix
unitarity constrainsl̃ to l̃<8p/3 @16#. Since future collider
experiments likely cannot probel̃, we concentrate on the
trilinear couplingl in the following. The quartic Higgs cou
pling does not affect the Higgs pair production proces
discussed in this paper. Our results, with the exception of
constraints onV(hH) discussed in Sec. V~where we assume
l̃5lSM) are therefore independent of the value assumed
l̃.

In the SM, radiative corrections decreasel by 4–11 % for
120 GeV,mH,200 GeV @28#. Larger deviations are pos
sible in scenarios beyond the SM. For example, in two Hig
doublet models where the lightest Higgs boson is forced
have SM like couplings to vector bosons, quantum corr
tions may increase the trilinear Higgs boson coupling by
to 100% @28#. In the minimal supersymmetric standa
model~MSSM!, loop corrections modify the self-coupling o
the lightest Higgs boson, which has SM-like couplings,
up to 8% for light stop squarks@29#. Anomalous Higgs boson
self-couplings also appear in various other scenarios bey
the SM, such as models with a composite Higgs boson@30#,
or in ‘‘little Higgs’’ models @31#. In many cases, the anoma
lous Higgs boson self-couplings can be parametrized
terms of higher dimensional operators which are induced
integrating out heavy degrees of freedom. A system
03300
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analysis of Higgs boson self-couplings in a higher dime
sional operator approach can be found in@32#.

III. A LOW MASS HIGGS BOSON AT HADRON
COLLIDERS

At LHC energies, inclusive Higgs boson pair productio
is dominated by gluon fusion. Other processes, such as w
boson fusion,qq→qqHH @33#, associated production with
heavy gauge bosons,qq̄→VHH(V5W,Z) @34#, or associ-
ated production with top quark pairs,gg,qq̄→t t̄HH @24#,
yield cross sections which are factors of 10–30 smaller t
that forgg→HH @24,20#. Since Higgs boson pair productio
at the LHC is already rate limited, we concentrate on
gluon fusion process in the following. FormH,140 GeV,
the dominant decay mode of the SM Higgs boson isH

→bb̄. In the following, we examine the largest overa
branching ratio production, which yields fourb-quark final
states, and decays where one Higgs boson decays intobb̄

and the other into at pair, gg→HH→bb̄t1t2.
For all our calculations we assume an integrated lumin

ity of 300 fb21 for LHC and VLHC @27#, and 3000 fb21

@24# for the SLHC. We chooseas(MZ)50.1185 @35#, and
assume ab-tagging efficiency of 50% for all hadron collid
ers. Signal and background cross sections are consiste
calculated using CTEQ4L@36# parton distribution functions.
We include minimal detector effects by Gaussian smear
of the parton momenta according to ATLAS expectations@5#,
and take into account energy loss in theb-jets via a param-
eterized function. In addition, we include an efficiency
68% for capturing eachH→bb̄ or H→t1t2 decay in the
signal in its relevant mass bin. All tree level processes
calculated usingMADGRAPH @37# and retain a finiteb-quark
mass of 4.6 GeV.

A. pp\4b

We perform the calculation of the signal,gg→HH
→4b, as in @25#, including the effects of next-to-leadin
order ~NLO! QCD corrections via a multiplicative factorK
51.65 at LHC andK51.35 at VLHC energies@38#. The
largest background to consider is QCD continuum fo
b-quark production. The factorization and renormalizati
scale choices are taken to bemH . There is large uncertainty
due to scale variation in the QCD backgrounds, but this
irrelevant given our findings which follow. The choice o
scales for the signal rate can have a large impact as well
example varying the scale between the Higgs boson m
and the invariant mass of the final state Higgs boson pair
chosen as a default in the public version of the NLO mat
elements@38#. However, after including the approximat
NLO corrections as aK-factor we find that the scale depen
dence of the cross section as a measure of the theore
uncertainty is strongly reduced, which is the main reason
compute and include these higher order corrections. We
quire that all fourb-quarks in the event are tagged.

The kinematic acceptance cuts for events at the LHC
1-2
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pT~b!.75, 65, 40, 20 GeV, uh~b!u,2.5,

DR~b,b!.0.7, mH230 GeV,mbb̄,mH110 GeV
~3!

which are motivated first by requirements that these
hadronic events can pass the ATLAS and CMS triggers w
reasonable efficiency@39#, and that twob-quark pairs each
reconstruct to a window around the known Higgs bos
mass, asymmetric due to energy loss in theb-jets. This in-
variant mass constraint on the six possible bottom pairs
fines the candidates to reconstruct the Higgs bosons. We
use the cuts of Eq.~3! for the SLHC and VLHC. Preliminary
studies concluded@24,40# that cuts similar to those listed i
Eq. ~3! should be sufficient, although increased backgrou
from event pile-up is expected to degrade detector per
mance at the SLHC.

Comparing the signal and the backgrounds, there is
of all an important difference between the 4b final state and
the 4W final state investigated previously@24–26#: the back-
ground of the bottom final state does not involve any m
sive particles, like top quarks orW bosons. All four bottom
jets in the QCD background process are either produ
without a strong azimuthal correlation between each othe
come from~mostly collinear! gluon splitting. The latter will
to a large degree be removed by thembb̄ cut together with
the DR(b,b) cut. This on the one hand requires a hard c
tral gluon to split into two bottom quarks, which on the oth
hand cannot be boosted together. Even though the H
bosons are produced close to rest, they are still very mas
states with a non-negligible transverse momentum, wh
decay to effectively massless bottom quarks. Translated
the geometry of the four bottom jets, this means that we
require a sizable transverse momentum of the bottom p
which should reconstruct the Higgs bosons, and also req
that these bottom jets lie close to each other in the azimu
plane:

pT~bb!min.105 GeV, pT~bb!max.115 GeV,

nf~b,b!min,0.5p, nf~b,b!max,0.7p. ~4!

As in the 4W signal case@25#, we will later try to determine
the Higgs boson self-coupling from the shape of the invari
mass of the final state. For that reason we do not apply
cuts which make use of the fact that the signal involves t
heavy massive particles produced in a fairly narrow range
the 4b invariant mass. However, for a fixed invariant mass
the 4b final state we expect more forward jets for the QC
background which in turn do not need to have as larg
03300
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transverse momentum. We therefore require the scalar
of the transverse momentum to obey:

( pT.270 GeV. ~5!

Extracting the Higgs boson self-coupling follows th
same path as for the 4W final state@25#. To discriminate
signal and background, we can use the visible invari
mass,mv is , which for the 4b final state is the invariant mas
of the Higgs boson pair, corrected for energy loss of theb
jets. Themv is distributions of the signal formH5120 GeV
and the QCD background at the LHC are shown in Fig.
Even after all cuts, the QCD background is more than t
orders of magnitude larger than the signal. For an integra
luminosity of 300 fb21, about 55 signal events are expect
in the SM. The absence of a Higgs boson self-coupl
(lHHH5l/lSM50) results in a Higgs boson pair productio
cross section about a factor 1.6 larger than the SM res
whereas increasingl to twice the SM value decreases th
rate by a factor 1.7. The totalpp→4b SM signal and back-
ground cross sections formH5120 GeV at the LHC and
VLHC, imposing the cuts of Eqs.~3!–~5!, are listed in Table
I. At VLHC energies, the cross sections of the signal a
background are seen to be a factor 100 and 60 larger
those at the LHC, giving negligible improvement in the si
nal to background ratio,S/B.

FIG. 1. Distribution of the visible invariant mass,mv is , in pp
→4b, after all kinematic cuts@Eqs. ~3!–~5!#, for the QCD con-
tinuum background~solid! and the SM signal formH5120 GeV
~dashed! at the LHC. The dotted and dotted–dashed lines show
signal cross section forlHHH5l/lSM50 and lHHH52, respec-
tively.
r
TABLE I. Cross sections forgg→HH→4b with mH5120 GeV in the SM, and for the leading orde
QCD 4b background, at the LHC and the VLHC, imposing the cuts of Eqs.~3!–~5!.

Energy s(gg→HH→4b) ~fb! @SM# s(pp→4b) ~fb! @QCD#

As514 TeV ~LHC! 0.19 38.1
As5200 TeV ~VLHC! 15.4 2.13103
1-3
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The small signal cross section combined with the hu
QCD 4b background make it essentially impossible to det
mine the Higgs boson self-coupling inpp→4b. We quantify
this statement by performing ax2 test on themv is distribu-
tion, similar to that described in@25#. Except for the Higgs
boson self-coupling, we assume the SM to be valid. To
proximately take into account the unknown NLO QCD co
rections topp→4b, we multiply the QCD 4b differential
cross section by a uniformK-factor of K51.3 and allow for
a normalization uncertainty of 10% for the SM cross secti
For mH5120 GeV we then obtain 1s bounds of

26.8,DlHHH,10.1 ~LHC!,

23.1,DlHHH,6.0 ~SLHC!,

21.3,DlHHH,2.4 ~VLHC!, ~6!

where

DlHHH5
l

lSM
21. ~7!

For comparison, a 500 GeV linear collider with an int
grated luminosity of 1 ab21 could determinel with a preci-
sion of about 20% for mH5120 GeV @23#. For mH

.120 GeV, theH→bb̄ branching ratio drops quickly. Sinc
the background cross section decreases only slightly,S/B,
and thus the bounds on thel, worsen with increasing value
of mH .

The signal cross section drops considerably faster than
background with increasingmv is ~see Fig. 1!. It may thus be
possible to normalize the background using the highmv is
region. This may significantly reduce the 10% normalizat
uncertainty of the background cross section assumed in
analysis. For example, using the regionmv is>700 GeV, the
QCD 4b background cross section can be determined wi
statistical uncertainty of about 3%~1%! at the LHC~VLHC!.
Repeating thex2 analysis of themv is distribution with a
normalization uncertainty of 3%~1%!, we find that the
bounds listed in Eq.~6! improve by 5%~10%! at most.

B. pp\bb̄t¿tÀ

The insensitivity of 4b production to the Higgs boso
self-coupling is largely due to the overwhelming QCD bac
ground. A more advantageousS/B is conceivable if one of
the Higgs bosons ingg→HH decays into at pair. In this
case, the main contributions to the background arise fr
continuumbb̄t1t2 andt t̄→W1W2bb̄→t1ntt

2n̄tbb̄ pro-
duction. We calculate both processes using tree level ma
elements which include all decay correlations. Top qua
are generated on-shell. The calculation of the signal proce
as for the 4b final state. We assume that bothb-quarks are
tagged. Because of its small mass, we simulatet decays in
the collinear approximation. Allt decays are calculated fo
lowing the approach described in@8#.

If both t leptons decay leptonically, 4b production where
two b-quarks decay leptonically represents an additional
03300
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tentially large background, even if one requires that b
leptons are isolated. In addition, the signal cross sectio
suppressed by the small branching ratio of about 13% if b
t leptons decay leptonically. In the following we therefo
only consider decays where at least onet lepton decays had
ronically.

To identify bb̄tt events in a hadron collider environmen
one has to trigger on thet pair. At a luminosity of L
51034 cm22 s21 this requires severe transverse moment
cuts on thet decay jet@3,41,42#. To ensure that an event i
successfully recorded in which onet lepton decays leptoni-
cally (t→,n,nt , ,5e,m) and the other hadronically (t
→hnt), we impose the following transverse momentum a
rapidity cuts on thet decay products@41#:

pT~, !.20 GeV, uh~, !u,2.5,

pT~h!.50 GeV, uh~h!u,2.5,

DR~,,h!.0.4, DR~,,b!.0.4, DR~h,b!.0.4. ~8!

We assume that hadronically decayingt-jets which satisfy
Eq. ~8! will be identified with an efficiency ofet50.33 and
discriminated from other jets with a rejection factor of 500
more @39#. The large rejection factor makes thebb̄j j back-
ground, where the two non-b jets fake hadronically decaying
t leptons, negligible. If botht leptons decay hadronically
even more severepT cuts are required@41#:

pT~h1,2!.65 GeV, uh~h1,2!u,2.5

DR~h1 ,h2!.0.6, DR~h1,2,b!.0.4, ~9!

whereh1,2 are thet decay jets.
For the signal, thet-pair invariant mass can be recon

structed from the observablet decay products and the miss
ing transverse momentum vector of the event@43#. To reduce
the background, we therefore impose a cut on the rec
structedt-pair invariant mass,

mH22D,mtt
rec,mH12D, ~10!

whereD is the 1s half-width for theH peak.D ranges from
about 7.5 GeV formH5120 GeV to 15 GeV formH
5140 GeV. Finally, we impose the following cuts on th
b-jets:

pT~b!.30 GeV, uh~b!u,2.5,

DR~b,b!.0.4, mH220 GeV,mbb̄,mH120 GeV.
~11!

Unlike for the 4b final state, we have chosen a symmet
window aroundmH for thebb̄ invariant mass. We found tha
although the energy loss in theb-quarks creates a non
Gaussian tail for mbb̄,mH , it makes little difference
whether a symmetric or asymmetricmbb̄ cut is imposed for
bb̄tt production. Since there are morebb̄ combinations pos-
sible, the difference between a symmetric and asymme
window for mbb̄ is more pronounced for 4b production. We
1-4
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TABLE II. K-factors forgg→HH @38#, bb̄tt production@44#, andt t̄ production@45#. The Higgs boson
mass is assumed to bemH5120 GeV. The factorization and renormalization scales used are described
text.

Energy HH bb̄t1t2 t t̄

As514 TeV ~LHC! 1.65 1.21 1.35
As5200 TeV ~VLHC! 1.35 0.79 1.00
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C.
also use the cuts of Eqs.~8! and ~11! for the SLHC and
VLHC. We note that since thepT distributions of thet decay
products fall steeply with increasing transverse momenta,
gg→HH→bb̄tt cross section depends sensitively on t
cuts in Eqs.~8! and ~9!.

As before, the effects of next-to-leading order~NLO!
QCD corrections are included in our calculation via multip
cative factors which are summarized in Table II. Note th
this is one of the rare instances where the NLO correcti
are known for the signal and all major backgrounds. T
factorization and renormalization scale choices are take
be mH for the signal and thebb̄tt background; fort t̄ pro-
duction we choose the top quark mass,mt .

For the cuts of Eq.~8!, the cross section forpp→HH

→bb̄tt where botht leptons decay hadronically is about
factor 7 smaller than that where one of them decays
leptons. In the following we therefore consider the lat
only. TheHH signal in pp→bb̄t,th (t, and th denote the
leptonically and hadronically decayingt leptons, respec-
tively! and the continuumbb̄tt and t t̄ backgrounds can
again be discriminated using the visible invariant mass
tribution, mv is . For thebb̄t,th final state,mv is is given by

mv is
2 5@Eb1Eb̄1E,1Eh#22@pb1pb̄1pø1phad#

2,
~12!

whereE andp denote the measured energy and momen
of a particle. Figure 2 demonstrates that, formH
5120 GeV, the signal peaks at significantly larger values
mv is than the background processes. The QCDbb̄tt back-
ground peaks at smallermv is values because thebb̄ system
does not form a heavy resonance. Thet t̄ background peaks
below 2mt due to the additional neutrinos produced in t
W→tnt decays. Although the shape of the visible invaria
mass distribution provides a tool to discriminate signal a
background inpp→bb̄t,th , the combined QCDbb̄tt and
t t̄ background is much larger than the signal. In addition,
signal cross section is very small: at the SLHC~VLHC!, one
expects about 20~140! signal events formH5120 GeV. The
total pp→bb̄t,th signal and background cross sections
the LHC and VLHC formH5120 GeV andmH5140 GeV
in the SM, imposing the cuts of Eqs.~8!, ~10!, and~11!, are
shown in Table III. The number of signal events decrea
quickly with increasing Higgs boson mass, due to the rapi
falling H→bb̄ and H→tt branching fractions. Since th
total background rate does not decrease,S/B, and thus the
bounds onl, worsen with increasing values ofmH .
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To determine whether useful information on the Hig
boson self-coupling can be extracted from thebb̄t,th final
state, we again perform ax2 test on themv is distribution.
Since the signal cross section is too small to be observab
the LHC, we derive bounds only for the SLHC and a VLH
Allowing for a normalization uncertainty of 10% of the SM
cross section, formH5120 GeV we find 1s bounds of

21.6,DlHHH,3.1 ~SLHC!,

20.84,DlHHH,0.96 ~VLHC!. ~13!

FIG. 2. Distribution of the visible invariant mass,mv is , after all

kinematic cuts, in pp→bb̄t,th for the SM signal with mH

5120 GeV~solid!, the QCD continuum background~dashed! and

the t t̄ background~a! at the LHC, and~b! at the VLHC. t, (th)
indicates that thet lepton decays leptonically~hadronically!.
1-5
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TABLE III. SM signal and background cross sections forpp→bb̄t,th at the LHC and VLHC, imposing
the cuts of Eqs.~8!, ~10!, and~11!. Results are shown formH5120 GeV andmH5140 GeV.

Energy s(HH) ~fb! s(bb̄t,th) ~fb! @QCD# s(t t̄ ) ~fb!

mH5120 GeV

As514 TeV ~LHC! 6.631023 0.022 0.034
As5200 TeV ~VLHC! 0.47 1.35 1.26

mH5140 GeV

As514 TeV ~LHC! 1.531023 0.033 0.027
As5200 TeV ~VLHC! 0.11 1.99 1.06
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While these bounds are a factor 1.5–2.5 more stringent
those which can be obtained fromHH→4b @see Eq.~6!#,
they are a factor 5–10 less stringent than those one hop
achieve with 1 ab21 at a linear collider operating at 500 Ge
@23#. For mH5140 GeV, we obtain limits which are mor
than a factor two weaker than those formH5120 GeV.

Since theHH signal is concentrated atmv is.300 GeV
~see Fig. 2!, the region below can be used to normalize t
background cross section. At the SLHC, the rate is too sm
to reduce the uncertainty significantly below the value
10% which we have assumed above. At the VLHC, the ba
ground cross section can be determined with a statistical
cision of about 4% from the regionmv is,300 GeV. For a
4% normalization uncertainty of the background cross s
tion, the bounds which can be obtained at the VLHC i
prove by 8–15 %.

C. Supersymmetric Higgs bosons

We close this section with a brief remark on Higgs bos
pair production in supersymmetric models. In the MSS
pair production ofCP-odd Higgs bosons,gg→AA, is en-
hanced by a factor tan4b @20#. AA production may thus be
observable in thebb̄t,th final state at the LHC if tanb is
sufficiently large andmA is small. In this region of super
symmetric parameter space theCP-odd Higgs boson,A, can
of course be produced via bottom quark fusion, which
enhanced by a factor tan2b compared to the usual gluo
fusion process. However, it is difficult to observe the ad
tional final stateb-jets and to verify that the process inde
proceeds through an enhanced bottom Yukawa coupling.
serving the correspondingly huge increase of the pair p
duction cross section would confirm the presence of a la
tanb enhancement factor. For example, formA5120 GeV
and tanb535, we find a cross section~including b-tagging
and hadronict decay efficiencies, and using the same cuts
in the SM case! of about 0.06 fb at the LHC, yielding abou
20 signal events for an integrated luminosity of 300 fb21.
The combinedt t̄ and QCDbb̄tt background is about 17
events.AA production thus should be observable at the LH
with a significance of 5s or more if tanb.35. Unfortu-
nately, since the Feynman diagrams involving theHAA and
hAAcouplings are only enhanced by a factor tan2b, the pro-
cessgg→AA is very insensitive to these couplings.
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It should be noted that, for the values ofmA and tanb
chosen here,A and the heavyCP even Higgs boson,H, are
almost degenerate in mass (mH'125 GeV). The invariant
mass resolution of the LHC detectors will make it impossib
to separate theA andH bosons in this case, and one will i
fact observe a combinedAA1AH1HH signal. For mA

5120 GeV and tanb535, the HH cross section is approx
mately a factor 6 smaller than theAA cross section, wherea
the AH cross section is negligible@20#.

IV. A HEAVIER HIGGS BOSON AT LINEAR COLLIDERS

We now turn our attention to Higgs boson pair producti
in e1e2 collisions. A detailed study of how well the Higg
boson self-coupling formH5120 GeV can be measured i
e1e2→ZHH at As5500 GeV was presented in@23#. Here
we considerHH production via bothe1e2→ZHH and
e1e2→HHnn̄ for a heavier Higgs boson, in particular fo
mH>150 GeV, whereH→WW decays dominate; and fo
center of mass energies in the range 0.5–1 TeV. ForHHnn̄
production, we take into account theWW fusion diagrams
considered in@21#, as well as the diagrams contributing
e1e2→Z(→nn̄)HH. The WW fusion diagrams contribute
only to theHHnen̄e final state.

If mH<140 GeV, the dominant decay mode of the S
Higgs boson isH→bb̄. In this mass range, Higgs boson
which are pair produced ine1e2→ZHH can be identified
with high efficiency via theb-quark content of the system
recoiling against theZ boson~which may either decay had
ronically or leptonically!. As demonstrated in@23#, it is suf-
ficient to require that only oneb-quark is tagged. If one
assumes a tagging efficiency forb-quarks ofeb50.8 @15#,
this can be done with an efficiency close to 100%. InHHnn̄
production, on the other hand, the presence of neutri
makes it necessary to fully reconstruct the event@21#. In this
case we require that both Higgs bosons decay intob-quark
pairs, and that allb-quarks are identified.

For ZHH production, where both Higgs bosons decay
ther into W or Z boson pairs, we considerHH→8 jets,
HH→,n16 jets (,5e,m) and HH→,1,216 jets. The
first two final states have the largest individual branch
ratios of all 4V(V5W,Z) channels. Fore1e2→HHnn̄, we
restrict ourselves to the neutrino-less 8 jets and,1,216
1-6
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jets final states. The totale1e2→ZHH ande1e2→HHnn̄
cross sections times branching ratios for the final states
cussed above are shown in Figs. 3 and 4 as a functio
mH . Since theH→bb̄ branching ratio decreases rapidly f
increasingmH , the e1e2→ZHH, HH→b1 jets cross sec-
tion falls quickly. FormH,140 GeV, theZHH cross section
at a 1 TeV linear collider is smaller than that obtained a
machine operating at 500 GeV. For larger Higgs bos
masses, phase space severely limits the cross section foAs
5500 GeV. The combinedZHH, HH→8 jets, ,n16 jets,
and ,1,216 jets cross section peaks formH'165 GeV,
with only 18 ~35! events/ab21 produced at As
5500 GeV (As51 TeV) before any detection efficiencie
are taken into account. Thee1e2→HHnn̄ cross sections are
about a factor 4 to 10 smaller than those forZHH production
for the center of mass energies considered here. In add

FIG. 3. The totale1e2→ZHH cross section times branchin
ratio for As5500 GeV~solid lines! andAs51 TeV ~dashed lines!
for various final states.

FIG. 4. Thee1e2→HHnn̄ cross section times branching rat
for As5500 GeV ~solid lines!, As5800 GeV ~dashed lines!, and
As51 TeV ~dotted lines!, for various final states. The curves fo
HH→4b also contain the efficiency for tagging fourb-quarks.
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to ZHH and HHnn̄ production, there is the processe1e2

→HHe1e2. Its cross section is a factor 3–5 smaller th
that for e1e2→HHnn̄ for values of collider energies an
Higgs boson masses considered here. Thus, we ig
HHe1e2 production.

The results shown in Figs. 3 and 4 are for unpolariz
beams. Assuming a polarization ofP250.8 for the electron
and P150.6 for the positron beam, thee1e2

→ZHH(e1e2→HHnen̄e) cross section is a factor 1.7
~2.88! larger than that obtained for unpolarized beams.

Since we are interested in determining the Higgs bo
self coupling, we note that the sensitivity tol of both the
ZHH and HHnn̄ cross sections decreases~increases! with
increasing collider energy~Higgs boson mass!. While the
ZHH cross section grows with risingl in the vicinity of the
SM value, theWW fusion cross section diminishes@21#.
These effects partially cancel in thee1e2→HHnn̄ cross
section and considerably reduce its sensitivity to the Hig
boson self-coupling.

A. mHÏ140 GeV

Figures 3 and 4 demonstrate thatZHH production fol-
lowed byHH→b1 jets is the dominant source ofHH events
in the SM if mH<140 GeV. The main backgrounds in th
channel are top quark andW pair production. These are ef
ficiently suppressed by performing a neural net~NN! analy-
sis. Such an analysis, including a detailed detector sim
tion, was presented in@23# for mH5120 GeV andAs
5500 GeV. It concluded thatl can be determined with a
precision of about 23% if an integrated luminosity of 1 ab21

can be achieved. As we have seen in Sec. III, the lim
achievable at hadron colliders formH5120 GeV are signifi-
cantly weaker. To see whether this statement also holds
other Higgs boson masses~with mH<140 GeV) and other
collider energies, it is necessary to extend the result of@23#
to larger Higgs boson masses and collider energies.

Since we do not have the tools available which enab
the authors of@23# to carry out their analysis, we use th
following simple procedure to estimate bounds forlHHH .
We calculate sensitivity limits from the number ofZHH, Z
→,,, j j , HH→b1 jets (,5e,m) signal events and the
number of background events for a NN output paramete
NN.0.9. NN measures how ‘‘signal-like’’ events are wit
NN51 (NN50) corresponding to perfect signal-lik
~background-like! events. For mH5120 GeV, As
5500 GeV and an integrated luminosity of 1 ab21, these
numbers are taken from@23#. We calculate the number o
signal events for larger Higgs boson masses and higher
ter of mass energies from theZHH cross section, assumin
that the NN efficiency is independent of both in the rang
considered. We estimate the number of background ev
assuming that it scales with the top quark cross section
function of the collider energy.

A slight complication arises from the functional form o
the ZHH cross section, which is a quadratic function
lHHH . It is possible that two separate ranges oflHHH exist
which are consistent with the measured cross section. In
1-7
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case we select the range which includes the SM va
lHHH51.

We show our results as a function ofmH in Fig. 5. For
mH5120 GeV andAs5500 GeV, we find bounds which ar
about a factor 1.2 weaker than those reported in@23#. For
As5800 GeV and the samemH our estimated limits agree
well with those found in@17#. Since theZHH cross section
and its sensitivity tol decrease with increasing collider e
ergy, a linear collider operating at 500 GeV offers the b
chance for a precise measurement ofl for mH<140 GeV;
the bounds we obtain forAs5500 GeV are up to a factor 1.
~1.9! more stringent than those achievable forAs
5800 GeV (As51 TeV). The advantage of operating
500 GeV gradually disappears with increasing Higgs bo
mass, due to the reduced phase space. ForAs,500 GeV, the
bounds onl degrade quickly, likewise due to the rapid
shrinking phase space. The sensitivity limits achieva
weaken by a factor 1.8~1.2! for As5500 GeV (As
51 TeV) if mH increases from 120 GeV to 140 GeV; fo
mH5140 GeV one will not be able to probel with a preci-
sion of better than 50% for unpolarized beams. Since
bounds which could be obtained frompp→bb̄t1t2 degrade
by a similar amount in this range~see Sec. III!, we conclude
that a 0.5–1 TeV linear collider offers a significantly bett
chance to probel for the mass range from 120 GeV to 14
GeV. If both the electron and positron beams can be po

FIG. 5. Estimated 1s limits achievable for DlHHH5(l
2lSM)/lSM in e1e2→ZHH, Z→,,, j j , HH→b1 jets (,5e,m)
for As5500 GeV ~solid lines!, As5800 GeV ~dashed lines!, and
As51 TeV ~dotted lines! and an integrated luminosity of 1 ab21.
The allowed region is between the two lines of equal texture.
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ized, the bounds derived here improve by a factor 1.3,
suming 80% polarization for the electron beam and 60%
the positron beam, and the same integrated luminosity as
unpolarized beams.

B. mHÌ140 GeV

If mH.140 GeV, the channels yielding the largest eve
rates aree1e2→ZHH with Z→ j j and HH→8 jets or,n
16 jets. Channels where one of the Higgs bosons dec
into bb̄, as well asHHnn̄ production, result in negligible
cross sections. In this section, we therefore concentrate
the ,n18 jet and the 10 jet final states.

Final states of similar structure and complexity are e
countered int t̄H production. IfH→WW, one also expects
,n18 jet and 10 jet events@46#. If the Higgs boson pre-
dominantly decays to bottom quarks,,n16 jet and 8 jet
events are produced. In contrast toZHH production, the,n

1 jets and all jets events originating fromt t̄H production
contain two or moreb-quarks. The processese1e2→t t̄H

→qq̄b,nb̄bb̄,qq̄bqq̄bbb̄ were analyzed in detail in@47#.
The main background processes contributing both

e1e2→ZHH and e1e2→t t̄H are WW1 jets, t t̄ 1 jets and
QCD multijet production. In thet t̄H case, the combined
background cross section is several orders of magnit
larger than that of the signal. To reduce the background,
first imposes preselection cuts to remove as much ba
ground as possible. One optimizesS/B via a NN analysis in
a second step. We list the efficiencies and signal to ba
ground ratios found in@47# for t t̄H production for both steps
in the analysis in Table IV.

Before imposing any cuts, thee1e2→ZHH→10 jets
(,n18 jets! cross section is about a factor 30 smaller th
that for e1e2→t t̄H→8 jets (,n16 jets!. Due to the addi-
tional two jets in the final state, the background toZHH
production is suppressed by a factoras

2 , resulting in a back-
ground cross section which is roughly one order of mag
tude smaller than in thet t̄H case. The signal to backgroun
ratios before cuts forZHH and t t̄H production therefore are
similar, and a NN analysis forZHH production will likely
lead to reductions of the signal efficiencies and the ba
ground rates which are similar to those encountered in
t t̄H analysis of@47#.

Exact sensitivity bounds forl in e1e2→ZHH→,n18
jets ande1e2→ZHH→10 jets could be derived only afte
performing a detailed NN analysis, which is beyond t
scope of this paper. Instead, we investigate how the sens
TABLE IV. Efficiencies, e, and signal to background ratios,S/B, obtained in Ref.@47# for e1e2

→t t̄H.

Cuts analysis NN analysis
Final state e S/B e S/B

t t̄H→,n16 jets 0.54 0.03 0.27 0.5

t t̄H→8 jets 0.77 0.03 0.085 0.9
1-8
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ity bounds forl depend on the signal efficiencies and t
signal to background ratio. We then explore the prospects
determining the Higgs boson self-coupling inZHH produc-
tion for mH.140 GeV using the results of Table IV, whic
we argued may be used as rough guidelines.

We perform our analysis assumingmH5180 GeV, As
51 TeV, and an integrated luminosity of 1 ab21. Since the
number of signal events is small, we combine the,n18 jet
and 10 jet final states and use the total cross section~includ-
ing branching ratios and efficiencies! to derive sensitivity
limits. We show the 1s sensitivity limits forDlHHH in Fig.
6 as a function of the efficiency of the semi-leptonic,n18
jet final state,esl , for several choices ofS/B, assuming a
fixed ratio of ehad /esl51/3 for the efficiencies of the had
ronic 10 jet and the semi-leptonic,n18 jet channels. This
ehad /esl is motivated by the NN results of Ref.@47# ~see
Table IV!. For larger~smaller! values ofehad /esl , somewhat
more ~less! stringent bounds are obtained.

Figure 6 demonstrates that the bounds achievable onl in
e1e2→ZHH→10 jets ande1e2→ZHH→,n18 jets de-
pend strongly onesl andS/B. The latter dependence is mo
transparent in Fig. 7, where we show the 1s sensitivity lim-
its as a function ofS/B for the t t̄H preselection and NN
efficiencies~see Table IV!. Sensitivity bounds better tha
unity occur only for high efficiencies, similar to thet t̄H
preselection efficiencies, and ifS/B.0.5. For the more
likely case thatesl , ehad and S/B are similar to the values
obtained in thet t̄H analysis, a first-generation LC could ob
tain only very loose bounds onlHHH . Using the values for
the NN analysis listed in Table IV for illustration purpose
one finds

FIG. 6. Estimated 1s limits achievable for DlHHH5(l
2lSM)/lSM in e1e2→ZHH→10 jets,,n18 jets forAs51 TeV
and an integrated luminosity of 1 ab21, as a function of the detec
tion efficiency of the semi-leptonic,n18 jet final state,esl . The
ratio of the efficiencies of the hadronic 10 jet and the semi-lepto
,n18 jet channels is assumed to beehad /esl51/3. The solid
curves represent the limits if no background is present. The da
and dotted lines display the 1s limits if S/B51 and S/B51/2,
respectively. The allowed region is between the two lines of eq
texture.
03300
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24.1,DlHHH,1.0 ~14!

at the 1s level for mH5180 GeV,As51 TeV and 1 ab21.
We find very similar constraints for both options of Table IV
the cuts analysis and the NN analysis. To be sure, one sh
really perform a NN analysis forHH that anti-tagsb-jets,
instead of tags them to confirm the presence of top qua
However, as we argued previously,S/B is already quite poor,
and other backgrounds are of the same size ast t̄ , so the
values in Table IV can be taken to be fair approximations
what one might expect for the Higgs pair production sign
As noted earlier in this section, the limits achievable impro
by about a factor 1.3 for electron and positron beam po
izations of 80% and 60%, respectively, and if the same in
grated luminosity as in the unpolarized case can be reac

For comparison, the LHC~SLHC! DlHHH can give 1s
constraints of20.3,DlHHH,1.6 (20.10,DlHHH,0.12)
@25# for mH5180 GeV. The LHC with 300 fb21 will thus be
able to better constrainDlHHH for negative values than a
first generation linear collider with 1 ab21 operating at 1
TeV. This is a fortuitous effect of the destructive interferen
of the two diagrams in the gluon fusion process. For posit
values, the linear collider may enjoy a slight advantage o
the LHC. We reach similar conclusions formH5160 GeV
andAs5800 GeV. FormH,160 GeV andmH.180 GeV,
fewer than 5 signal events would be seen if efficiencies
smaller than 0.5, disallowing bounds to be placed onlHHH .

V. RECONSTRUCTING THE HIGGS POTENTIAL AT
LEPTON AND HADRON COLLIDERS

The results of the previous sections, together with thos
Refs.@17,23# and@25#, can be used to compare the capab
ties of future lepton and hadron colliders to reconstruct
Higgs potential. In order to translate bounds onDlHHH

ic

ed

al

FIG. 7. Estimated 1s limits achievable for DlHHH5(l
2lSM)/lSM in e1e2→ZHH→10 jets,,n18 jets forAs51 TeV
and an integrated luminosity of 1 ab21, as a function of the signa
to background ratioS/B. The solid curves represent the limits fo
esl50.54 andehad50.77. The dashed curves display the bounds
esl50.27 andehad50.085. The allowed region is between the tw
lines of equal texture.
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5(l2lSM)/lSM into constraints on the Higgs potential whic
can be graphically displayed, it is convenient to consider
scaled Higgs potential

2

v2mH
2 V~x!5x21lHHHx31

1

4
l̃4Hx4, ~15!

where

x5
hH

v
, ~16!

l̃4H5l̃/lSM is the four Higgs boson self-coupling norma
ized to the SM value@lSM is given in Eq.~2!#, hH is the
physical Higgs field, andv5(A2GF)21/2 is the vacuum ex-
pectation value. In the following we assumel̃4H51.

It should be noted that the scaled Higgs potential of E
~15! is only valid in the vicinity ofx50. The presence of a
non-SMHHH coupling requires higher dimensional terms
an effective Lagrangian which would modifyl̃4H and also
create terms proportional toxn with n.4. These terms are
ignored in Eq.~15!. Equation~15! with l̃4H51 thus repre-
sents a good approximation to the true scaled Higgs pote
only if the contributions of terms proportional toxn, n>4,
are much smaller than that of thex3 term. This is guaranteed
for sufficiently small values ofx. In the following we restrict
the range ofx for which we show the scaled Higgs potenti
to uxu<0.2. Provided that the coefficients of thexn, n>4,
terms are not much larger thanlHHH , this guarantees tha
Eq. ~15! is indeed a good approximation of the true Hig
potential.

In Fig. 8 we show how well the scaled Higgs potential c

FIG. 8. Constraints on the scaled Higgs potential formH

5120 GeV. The dashed~dotted! lines show the limits achievable a

the SLHC~VLHC! in thebb̄tt channel. The dotted–dashed curv
are derived using the limits of@23# for e1e2→ZHH, Z→,,, j j ,
HH→b1 jets, As5500 GeV, and an integrated luminosity o
1 ab21. The allowed region is between the two lines of equal te
ture. The solid line represents the SM Higgs potential, and the lo
dashed line shows the result for a vanishing Higgs boson s
coupling.
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be reconstructed for a light Higgs boson of massmH
5120 GeV. As demonstrated in Sec. III, hadron collide
have only very limited capabilities to probel if mH

<140 GeV. Higgs boson pair production with dualH→bb̄
decays is swamped by the QCD 4b background. A slightly
better chance is offered if one of the Higgs bosons dec
into t pairs, with onet lepton decaying leptonically and th
second decaying into hadrons. This channel will be invisi
at the LHC, due to the small signal cross section. At
SLHC and VLHC a sufficient number of signal events
expected. However, the QCDbb̄tt andt t̄ backgrounds limit
the sensitivity toDlHHH to O(1) and the Higgs potential ca
be reconstructed only poorly~dashed and dotted lines in Fig
8!. In contrast, at a 500 GeV linear collider with an int
grated luminosity of 1 ab21, DlHHH can be measured with
precision of about 20%@23#, and the Higgs potential can b
reconstructed fairly accurately.

We draw similar conclusions for other Higgs boso
masses in the range 120 GeV,mH,140 GeV; the limits
achievable forDlHHH both at lepton and hadron collider
gradually weaken by about a factor 2 ifmH is increased from
120 GeV to 140 GeV. While the constraints on the Hig
potential improve with increasing machine energy for had
colliders, the opposite is true ine1e2 collisions. Here, both
the ZHH cross section and its sensitivity to the Higgs bos
self-coupling decrease with increasing values of the colli
energy.

If the Higgs boson decays predominantly into a pair
W-bosons, i.e. ifmH>150 GeV, a completely different pic
ture emerges. Figure 9 displays how well the Higgs poten

-
g-
lf-

FIG. 9. Constraints on the scaled Higgs potential formH

5180 GeV. The dashed~dotted! lines show the limits which can be
achieved at the SLHC~LHC! in the (j j ,6n)( j j ,86n) channel
@25#. The dotted–dashed curves are derived using the limits of
~14! for e1e2→ZHH→10 jets,,n18 jets, As51 TeV, and an
integrated luminosity of 1 ab21. These limitsassumean efficiency
of esl50.27 (ehad50.085) for ZHH→,n18 jets (ZHH→10
jets!, and a signal to background ratio ofS/B51/2. The allowed
region is between the two lines of equal texture. The solid l
represents the SM Higgs potential, and the long-dashed line sh
the result for a vanishing Higgs boson self-coupling.
1-10
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may be reconstructed at future colliders ifmH5180 GeV.
The dashed and dotted lines show the constraints on
Higgs potential which one may hope to achieve at the SL
~LHC! in the (j j ,6n)( j j ,86n) channel. We derived thes
curves by converting the 95% C.L. limits of@25# for DlHHH
into 1s limits and using Eq.~15!. While LHC experiments
will only be able to put mild constraints onV(x), a luminos-
ity upgrade of the LHC will make it possible to reconstru
the Higgs potential quite precisely for thismH range.

At a linear collider with a center of mass energy in t
0.8–1 TeV range and an integrated luminosity of 1 ab21, the
number of Higgs boson pair events is very limited. T
dominant WW1 jets and t t̄ 1 jets backgrounds are sever
orders of magnitude larger than the signal. As discusse
Sec. IV B, any analysis which attempts to improveS/B to an
acceptable level is likely to significantly reduce the sign
efficiencies, and thus the sensitivity toDlHHH . As a result, it
will be difficult to constrain the Higgs potential using line
collider data if mH>150 GeV. This point is illustrated by
the dotted–dashed lines in Fig. 9, which show how poo
V(x) is constrained viae1e2→ZHH→10 jets,,n18 jets,
at a 1 TeVe1e2 collider with an integrated luminosity o
1 ab21, if the efficiencies and the signal to background
tios would be equal to those obtained in@47# for e1e2

→t t̄H. Similar results are obtained for a wide range of
ficiencies andS/B values ~see Fig. 7!; the dotted–dashed
lines in Fig. 9 thus are representative. We obtain results s
lar to those shown in Fig. 9 formH5160 GeV. For Higgs
boson masses between 150 GeV and 160 GeV, and formH
.180 GeV, there are not enough signal events at ane1e2

collider with center of mass energy in the 0.8–1 TeV ran
to constrain the Higgs potential.

It should be noted that the prospects to determine
Higg boson self-coupling and to reconstruct the Higgs pot
tial at ane1e2 collider for a Higgs boson with mass large
than 150 GeV improve dramatically at larger energies. T
e1e2→HHnn̄ cross section grows rapidly with energy@21#,
reaching about 0.5 fb formH5180 GeV andAs53 TeV, the
energy of the two beam linear collider CLIC proposed
CERN @48#. At such a machine, with an integrated lumino
ity of 5 ab21, it should be possible to determinelHHH with
a precision of about 8%@17#. The VLHC could achieve simi-
lar or better precision@25#. As mentioned in Sec. II, one-loo
electroweak radiative corrections changelHHH by a similar
amount@28#. At CLIC or a VLHC it will thus be possible to
probe the Higgs boson self-coupling at the quantum le
The constraints on the shape of the Higgs poten
from HHnn̄ production at CLIC andgg→HH→4W
→( j j ,6n)( j j ,86n) at a VLHC are shown in Fig. 10. It will
be possible to accurately reconstruct the Higgs potentia
these machines.

VI. DISCUSSION AND CONCLUSIONS

A direct experimental investigation of the Higgs potent
represents a conclusive test of the mechanism of electrow
symmetry breaking and mass generation. After the discov
of an elementary Higgs boson and the test of its coupling
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fermions and gauge bosons, experimental evidence tha
shape of the Higgs potential has the form required for bre
ing the electroweak symmetry will complete the proof th
the masses of fermions and weak bosons are generate
spontaneous symmetry breaking. To probe the shape of
Higgs potential, one must determine the Higgs boson s
coupling.

Only Higgs boson pair production at lepton or hadr
colliders can measure the Higgs boson self-coupling. Re
ence@23# carried out a detailed study of how well this cou
be done formH5120 GeV inZHH production at a 500 GeV
e1e2 collider. References@17# and @22# considered Higgs
boson pair production ate1e2 colliders operating in the 2–5
TeV range. References@24–26# determined the prospects a
hadron colliders for 150 GeV,mH,200 GeV. In this paper,
we tried to fill in gaps in the existing literature by conside
ing Higgs boson pair production for a light Higgs boson w
massmH<140 GeV at hadron colliders, and for a Higg
boson of massmH.120 GeV ate1e2 colliders, with par-
ticular emphasis on the rangemH>150 GeV where decays
into W pairs dominate.

For pair production of a light Higgs boson at hadron c
liders we considered the dominant 4b final state and the
bb̄tt channel. The 4b final is swamped by the QCD back
ground, which is more than two orders of magnitude larg
than the signal. At the LHC, the number ofbb̄tt signal
events is too small to yield any useful information on t
Higgs boson self-coupling. At the SLHC and VLHC, how
ever, the improved signal to background ratio does yi
somewhat better limits onl than the 4b final state, although
the signal cross section in thebb̄tt channel is significantly
smaller. Performing ax2 analysis for the visible invarian
mass distribution, we found that it will be difficult to prob

FIG. 10. Constraints on the scaled Higgs potential formH

5180 GeV. The dashed lines show the limits achievable at
VLHC in the (j j ,6n)( j j ,86n) channel with 300 fb21 @25#. The

dotted use the limits of@17# for e1e2→HHnn̄, HH→4W at CLIC
(As53 TeV, *Ldt55 ab21). The allowed region is between th
two lines of equal texture. The solid line represents the SM Hig
potential, and the long-dashed line shows the result for a vanis
Higgs boson self-coupling.
1-11
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the Higgs boson self-coupling to better than about one, e
at a 200 TeV VLHC.

If mH<140 GeV, the Higgs boson self-coupling can
determined with much greater precision ine1e2→ZHH,
HH→b1 jets. We extrapolated the results of Ref.@23# to
mH.120 GeV and higher center of mass energies and fo
that, since both theZHH cross section and its sensitivity tol
decrease with increasing center of mass energy, a 500
e1e2 collider operating is optimally suited to probe th
Higgs boson self-coupling for 120 GeV<mH<140 GeV.
The limits on the Higgs boson self-coupling fore1e2 colli-
sions atAs5500 GeV, assuming an integrated luminosity
1 ab21, are typically a factor 5~10! more stringent than
those that would come from a VLHC~SLHC! in this mass
range. Data from a 500 GeV linear collider, however, w
not be sufficiently sensitive to probe the electroweak o
loop corrections tol. A multi-TeV e1e2 collider will be the
only machine capable of this ifmH<140 GeV@17#.

Due to phase space restrictions, a center of mass ener
at least 800 GeV would be needed to search for Higgs
production in e1e2 collisions if mH>150 GeV. ForAs
50.821 TeV, e1e2→ZHH→10 jets,,n18 jets via Higgs
boson decays into weak boson pairs are the dominant H
pair production channels. The main contributions to
background originate fromt t̄ 1 jets andWW1 jets produc-
tion, with cross sections several orders of magnitude la
than the signal. In such a situation, the only hope to impr
the signal to background ratio,S/B, to an acceptable level i
a NN analysis. We studied how the sensitivity bounds onl
depend on the signal efficiencies andS/B. Using the results
for e1e2→t t̄H production@47#, where final states of simila
complexity andS/B are encountered, as guidelines, we co
clude that it will be difficult to determine the Higgs boso
self-coupling at a linear collider withAs50.821 TeV with a
ni-
gs

.

.

cl

. D

03300
n

d

eV

f

l
-

of
ir

gs
e

er
e

-

precision equal to that which can be reached at the LHC w
300 fb21. We reach this conclusion for a broad range
efficiencies andS/B values; therefore, it doesnot depend on
the specific values which were used. Experiments at bo
multi-TeV e1e2 collider ~where HHnn̄ production is the
main source of Higgs pair events! and a VLHC will be able
to probe the one-loop electroweak radiative corrections tl
for mH>150 GeV.

Our results show that hadron colliders ande1e2 linear
colliders with As<1 TeV are complementary: formH
<140 GeV, linear colliders offer far better prospects in me
suring the Higgs boson self-coupling,l; for a Higgs boson
in the rangemH>150 GeV, the opposite is true. However,
actually perform a meaningful measurement at a hadron
lider would demand precision Higgs boson properties in
from a linear collider for the top quark Yukawa coupling, th
HWWcoupling, and the total Higgs boson decay width.

Finally, we have explored how well various future collid
ers may constrain the shape of the Higgs potential,V(hH) in
the vicinity of hH50. To visualize how a nonstandard Higg
self-coupling affectsV(hH), we introduced a scaled versio
of the potential, expressed in terms of the dimensionless r
x5hH /v @see Eq.~15!#. Results for several machines an
choices ofmH are shown in Figs. 8–10.
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