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Modeling galaxy halos using dark matter with pressure
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~Received 10 March 2003; published 29 July 2003!

We investigate whether dark matter with substantial amounts of pressure, comparable in magnitude to the
energy density, could be a viable candidate for the constituent of dark matter halos. We find that galaxy halo
models, consistent with observations of flat rotation curves, are possible for a variety of equations of state with
anisotropic pressures. It turns out that the gravitational bending of light rays passing through such halos is very
sensitive to the pressure. We propose that combined observations of rotation curves and gravitational lensing
can be used to determine the equation of state of dark matter. Alternatively, if the equation of state is known
from other observations, rotation curves and gravitational lensing can together be used to test general relativity
on galaxy scales.
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I. INTRODUCTION

The rotation curves of spiral galaxies@1# are one of the
most direct probes of dark matter@2#. In these galaxies neu
tral hydrogen~HI! clouds are observed at large distanc
from the center, much beyond the extent of the lumino
matter. The frequency shifts in the 21 cm HI emission fro
these clouds allow their velocities to be measured. Th
clouds move in circular orbits with velocityvc(r ). The orbits
are maintained by a balance of the centrifugal accelera
vc

2/r and the gravitational pullGM(r )/r 2 of the total mass
M (r ) contained within the orbit. This allows us to use t
observed rotation curves (vc as a function ofr ) to determine
the mass profileM (r )5rvc

2(r )/G of the galaxy.
The rotational velocities are observed to increase near

center of the galaxy and then remain nearly constant
value vc;200 km/s. This leads to a mass profileM (r )
5rvc

2/G where the mass within a distancer from the center
of the galaxy increases linearly withr even at large distance
where there is very little luminous matter seen. This is u
ally explained by postulating the existence of some dark~in-
visible! matter distributed in a spherical halo around the g
axy. A modified law of gravity has been proposed as
alternative explanation@3#; we do not consider this here.

There is at present no clear picture as to what constit
dark matter in galaxy halos. The prevalent belief is that i
a pressureless medium~cold dark matter! possibly made of
weakly interacting massive particles@4# ~WIMPs!. Here we
consider the possibility that dark matter in galactic halos
substantial pressure, comparable in magnitude to energy
sity.

The cold dark matter~CDM! model has been extremel
successful in explaining the observed cosmic microw
background radiation~CMBR! anisotropies and large sca
structures in the Universe@5#. The evolution of cosmologica
perturbations is drastically modified in models where d
matter is an ideal fluid with significant amounts of pressu
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and such models are ruled out by these observations.
study considers the possibility that dark matter could b
medium which is not an ideal fluid and has significant pr
sure. Such a situation is generic if the dark matter is mode
as a scalar field~for references on the use of scalar fields
modeling dark matter or dark energy, see the papers cite
@7#!, a scenario which has come up quite often in the vario
attempts to solve the problems being faced by the CD
model on small scales@6#. This, and the fact that there has,
date, been no direct detection of the CDM particles, mo
vates us to explore the possibility that dark matter in gala
halos may have pressure. In this work, we do not rest
ourselves to any particular model for dark matter. We co
sider a general situation where the pressure inside the ha
anisotropic and is related to energy density through a lin
equation of state. Other attempts at interpreting the flat ro
tion curves in the recent past are available in@8#.

We investigate whether it is possible to explain the fl
rotation curves seen in the outer parts of spiral galaxies u
dark matter which has pressure. The Newtonian analysi
the rotation curves outlined in the beginning of this sect
fails when the pressure is comparable to the energy den
and a relativisitic treatment is required. In the Newtoni
analysis, the gravitational field inside the halo is describ
by a single function, the gravitational potential, which
completely determined by the observations of the rotat
curve. In the relativisitic treatment, the gravitational fie
inside a static, spherically symmetric dark matter halo is
scribed by the two unknown metric coefficientsg00(r ) and
grr (r ). In Sec. II of this paper we investigate to what exte
the metric inside the halo can be determined by observat
of the rotation curve. We show that whileg00(r ) is com-
pletely determined by just the rotation curve, inputs rega
ing the theory of gravity and the dark matter equation of st
are required to determinegrr (r ).

In Sec. III, we calculate the gravitational lensing prope
ties of the dark matter halo. The usual analysis of grav
tional lensing@9# does not take into account pressure. He
we analyze photon geodesics inside the halo and use the
calculate the gravitational lensing deflection angles. Sub
quently, we study to what extent the lensing properties
dark matter halos change when pressure is introduced.
©2003 The American Physical Society16-1
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investigate whether it is possible to use combined obse
tions of rotation curves and gravitational lensing to constr
the equation of state of the dark matter in galaxy halos
Sec. IV, we discuss our results and present conclusions.

II. THE GEOMETRY WITHIN THE HALO

It is assumed that spiral galaxies are embedded in st
spherically symmetric halos of radiusR. The gravitational
field outside the halo is described by the exterior Schwa
schild metric withM5Rvc

2/G. The gravitational field inside
the halo is represented by two unknown functionsg00(r )
5e2F(r ) and grr (r )5e2l(r ) which parametrize the metric
and the proper time intervaldt is

c2dt25e2F(r )c2dt22e2l(r )dr2

2r 2@du21sin2udf2#. ~1!

We first investigate to what extent the gravitational field
side the halo can be determined from observations of
rotation curves.

The HI clouds from which the frequency-shifted 21-c
emission is observed are treated as test particles movin
circular orbits, in the plane of the disk of the galaxy und
the gravitational influence of the halo. It is assumed that
HI clouds do not contribute significantly to the halo matt
We choose coordinates so that the disk of the galaxy
aligned with the equatorial plane of the halo (u5p/2). The
orbits of the HI clouds have two conserved quantities,E
5e2Fcdt/dt and L5r 2df/dt, which, for circular orbits,
are related asE25e2F@c21L2/r 2#. The HI clouds at differ-
ent radii will have different values ofE andL, and we denote
this by E(r ) andL(r ).

A distant observer in the plane of the disk receives
emission from a cloud located along a line of sight which
tangential to the orbit of the cloud. The observed shift in
frequency of the radiation, when the cloud is moving aw
is Dn'2neL(r )/(c r), providede2F(r );1 andL(r )/(c r)
!1. Later in this paper we show that these two approxim
tions are valid for our analysis. An extra angular depende
comes into the frequency shift if the line of sight is at
angle to the direction of motion of the HI cloud. Observ
tions of the frequency shifts in the HI radiation show th
barring the central parts of galaxies, the ratioL(r )/(c r) is
nearly constant at a valueL(r )/(c r)5vc /c;731024. The
ratio vc /c being extremely small, in our analysis, we reta
only the leading-order terms invc /c, and ignore all the
higher terms.

We next shift our attention to the equation of motion
the HI clouds. For circular orbits the geodesic equation
duces to

F8~r !5
L2~r !

r 3E2~r !
, ~2!

whereF85dF/dr. This can be integrated to obtain
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F~r !5E S L~r !

rc D 2dr

r
1const. ~3!

This equation allows us to determine the metric coeffici
g00(r ) inside the halo using just the observed rotation curv
For a flat rotation curve this gives us

F~r !5S vc

c D 2

@ ln~r /R!21#, ~4!

which gives the metric coefficientg00(r ) to be

g00~r !5e2F(r )5e22v2/c2S r

RD 2vc
2/c2

. ~5!

Here the constant of integration in Eq.~3! has been chosen
so that the metric coefficientg00(r ) matches the exterio
Schwarzschild metric atr 5R.

The rotation curve determines only one, namelyF(r ) of
the two unknown functionsF(r ) and l(r ), which are re-
quired to describe the gravitational field inside the halo.
also see that the metric coefficientg00(r ) varies very slowly
with r, ande2F(r );1, the change being less than 0.5% wh
r changes from 0.01R to R. The fact thatg00 can indeed be
obtained from the rotation curves has beenpartially noted in
the papers in@8# and in some of the references on halo da
matter@7#.

Next we address the question of how to determinel(r ).
We proceed by solving Einstein equations for gravityGmn

5(8pG/c4)Tmn to determinel(r ) inside the halo. Solving
this requires the equation of state~or equivalently the energy
momentum tensorTmn) for the matter which makes up th
halo. We assume that the dark matter which makes up
halo is a fluid with energy densityc2r(r ), radial pressure
Pr(r ), and tangential pressurePT(r ) in the u and f direc-
tions. Also, the gravitational field inside the halo is wea
i.e., F(r );l(r );(vc /c)2, which allows us to linearize the
Einstein equations retaining only terms linear in (vc /c)2.
Inside the halo, using Eq.~3! for F(r ), the Einstein equa-
tions reduce to three equations forl(r ),

~rl!8

r 2
5

4pG

c2
r, ~6!

~vc /c!22l

r 2
5

4pG

c4
Pr , ~7!

2
l8

r
5

8pG

c2
PT , ~8!

which have to be solved with the boundary conditionl(R)
5(vc /c)2 and the requirementr(r )>0.

In the absence of any pressure (Pr5PT50) we recover
the usual Newtonian solution

lN~r !5S vc

c D 2

and rN~r !5
v2

4pGr2
. ~9!
6-2
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This solution corresponds to the singular isothermal sph
which produces a flat rotation curve. We have solved E
~6!, ~7!, and ~8! under various assumptions on the equat
of state. It is convenient to express the results in terms oflN
and rN(r ), which are the solutions in the absence of pr
sure.

The most obvious possibility is to consider a mediu
with isotropic pressure~i.e., Pr5PT). We find that the only
solution where the metric matches the Schwarzschild me
at r 5R and the energy density is positive hasPr5PT50.

We next consider two possible anisotropic equations
state:~a! Pr5wrrc2, where we use Eq.~8! to determinePT ,
and~b! PT5wTrc2, where we use Eq.~7! to determinePr .
As mentioned in the Introduction, such anisotropic pressu
can indeed arise in the energy–momentum tensor of a re
complex scalar field. We recall that the energy moment
tensor for a real scalar field in a potentialV(f) is given as
he
g
ra

de
o

b

g
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f5] if] jf2

1

2
gi j @]kf]kf12V~f!#. ~10!

When the gradient terms are small and the scalar fiel
frozen at a potential minimumfminÞ0, it generates isotro-
pic, negative pressuresP52rc252V(fmin). On the other
hand, the pressure is anisotropic, i.e.,the radial pressure Trr
is different from the tangential pressure Tuu, if the radial
derivative of the scalar field makes a significant contribut
to the energy momentum tensor. Various scalar field confi
rations, including some with anisotropic pressures~for ex-
ample, Matos and Nunez, astro-ph/0303455 in@7#!, have
been used extensively in cosmology to model dark ma
and dark energy.

We now discuss the results for the two cases~a! and ~b!
mentioned above.
lo,
A. PrÄwrrc2

We find that solutions exist forwr>21. If we match matchl(r ) to the Schwarzschild metric at the outer edge of the ha
the density turns out to be negative forwr,21 and this range is ruled out. The allowed solutions are tabulated below,

wr l(r )5lN3 r(r )5rN(r )3 PT(r )5(c2/2)rN(r )3

.21
1

11wr
F11wrS r

RD2wr /(11wr)G S 1

11wr
DF11

wr

11wr
S r

RD2wr /(11wr)G S wr

11wr
D2S r

RD2wr /(11wr)

21 @12 ln(r/R)# lnSRr D 1

B. PTÄwTrc2

We find that solutions exist forwT.21/2. ForwT521/2 we have an absurd situation wherel(r )50, and the density is
negative ifwT,21/2. The solution for the allowed range ofwT is shown below,

wT l(r )5lN3 r(r )5rN(r )3 Pr(r )5c2rN(r )3

.21/2 S r

RD22wT/~112wT! 1

112wT
S r

RD22wT /(112wT) F12S r

RD22wT /(112wT)G
s

two
n

III. GRAVITATIONAL LENSING

We now move on to calculate the bending of light by t
halos. A light ray which goes past the halo without enterin
propagates entirely in a Schwarzschild metric. The light
is deflected by an angleD54GM/c2b54(vc /c)2(R/b),
whereb is the impact parameter, and in this caseb>R. The
bending of a light ray which passes through the halo is
termined by the metric inside the halo and this depends
the equation of state of dark matter.

The light ray is assumed to lie in theu5p/2 plane. Null
geodesics in the halo metric are completely determined
the two conserved quantitiesE andL defined in Sec. II. The
trajectory of the light ray is determined by the followin
equation@10# for u(f)51/r (f):

S du

df D 2

5e22(F1l)S E

L D 2

2e22lu2. ~11!

Retaining only terms to order;(v/c)2, and using 1/b2

5E2/L2, we have
it
y

-
n

y

S du

df D 2

5S 1

b2
2u2D 22F ~F1l!

1

b2
2lu2G . ~12!

It is convenient to replaceu by a new variabley, wherey
5u1a(y) and

a~y!5
~F1l!/b22ly2

y
. ~13!

We can now integrate Eq.~12! to obtain

f5E
0

1/bS 12
da

dyD F 1

b2
2y2G21/2

dy. ~14!

In Eq. ~14!, the limit y50 is when the incoming photon i
very far away from the center of the haloy51/b is when the
photon is closest to the center of the halo andf is the change
in the angle subtended by the photon between these
positions. Settinga(y)50 allows us to calculate the photo
6-3



th
ta
b

he

e

. I
le

th

(
g
in
w

,

iu
th
f t
fo
t

ow

er
s
ire

the

ly
rk

ing
the

or
e,

o

at
rior

ion

re
an

re
n-
her
the
fact
a

ng.

n

he

e
ith
b

tion

S. BHARADWAJ AND S. KAR PHYSICAL REVIEW D68, 023516 ~2003!
trajectory in the absence of any gravitation field, whereas
term involvinga is the change produced due to the gravi
tional field of the halo. This gives the deflection angle to

D522E
0

1/bda

dy S 1

b2
2y2D 2 1/2

dy, ~15!

where the factor of 2 arises from the contributions of t
incoming and the outgoing photon trajectory.

The integral in Eq.~15! is evaluated in two parts, wher
we use the Schwarzschild metric to calculatea outside the
halo (1/y.R) and we use the solutions obtained in Sec
inside the halo (1/y,R). The results for the deflection ang
D are presented in units of (vc /c)2 using a variabled
5D/(vc /c)2. We recover the familiar resultd54(R/b) cor-
responding to the exterior Schwarzschild geometry when
impact parameter is larger than the halo radius (b>R). In
the situation when the light ray does enter the halob
,R), Eq. ~15! can be evaluated analytically usin
MATHEMATICA for both the equations of state considered
Sec. II. The resulting expressions are rather lengthy and
do not present them here. In the absence of pressure
recover the familiar resultd52p for an infinite, isothermal
halo. We recover this result from Eq.~15! in the limit
(b/R)→0. This can be interpreted as either the halo rad
becoming very large for a fixed impact parameter, or
impact parameter approaching very close to the center o
halo with the halo radius remaining constant. The results
the deflection angle in the presence of pressure, under
two different equations of state assumed in Sec. II are sh
in Figs. 1 and 2.

IV. RESULTS AND CONCLUSIONS

We have addressed the question of whether dark matt
the halos of spiral galaxies could have significant amount
pressure, which in general could be anisotropic. This requ

FIG. 1. This shows the deflection angleD5(vc /c)2d as a func-
tion of the impact parameterb for a light ray passing through th
dark matter halo of a galaxy which has a flat rotation curve w
speedvc . The equation of state of the dark matter is assumed to
Pr5wrrc2 and the values ofwr for which the deflection angles
have been calculated are shown in the figure.
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a relativistic treatment where the gravitational field inside
halo is described by the two metric coefficientsg00(r ) and
grr (r ). We find that observations of the rotation curve ful
determineg00(r ) irrespective of the equation of state of da
matter. As a matter of fact,g00(r ) is determined without any
reference to the theory for gravity, the only assumption be
that the gravitational effects can be represented through
space-time metric.

Determining grr (r ) requires us to assume a theory f
gravity, Einsteins’s theory of general relativity in this cas
and an equation of state for the radial pressurePr and the
tangential pressurePT of the dark matter. We consider tw
possibilities:~a! Pr5wrrc2, with PT being determined from
Einstein’s equations, and~b! PT5wTrc2, with Pr being de-
termined from Einstein’s equations. It may be noted th
there is no solution matched to the Schwarzschild exte
metric at the boundary of the halo (r 5R) if the pressure is
assumed to be isotropic (Pr5PT).

Solutions matched to a Schwarzschild exterior solut
exist for ~a! wr.21 and~b! wT.21/2. Making use of the
calculatedgrr (r ), we determine the density and pressu
profiles for the halos. The density profile is shallower th
the r 22 Newtonian density profile only for21/2,wT,0.

For Pr52rc2, we have an interesting situation whe
grr (r )52g00

21(r ) both inside and outside the halo. The de
sity also goes to zero at the boundary, unlike in all the ot
cases. It should be noted that we do not attempt to match
density and pressures at the boundary of the halo, and in
it is not possible to do this for a flat rotation curve and
Schwarzschild exterior.

We next investigate if it is possible to constraingrr or
equivalently the equation of state using gravitational lensi
The bending of light rays was calculated for the cases~a! and
~b! and the results are summarized below.

~a! For uwr u.0, the bending angle is always larger tha
the case where there is no pressure. Whenwr.0, the deflec-
tion angle progressively increases as the halo radiusR is
increased keeping the impact parameterb fixed, and it di-
verges in the limit (b/R)→0. On the other hand, forwr
,0 the behavior of the deflection angle is similar to t

e

FIG. 2. This figure is the same as Fig. 1 except that the equa
of state of the dark matter is assumed to bePT5wTrc2.
6-4
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situation when there is no pressure, except that in the l
(b/R)→0 it saturates at a value larger thanDN
52p(vc /c)2, which is the deflection for an infinite hal
with no pressure.

~b! The generic features of the deflection angle are diff
ent for the two caseswT.0 and wT,0. For wT.0, the
deflection angle is larger thanDN , and it increases progres
sively as the halo radius is increased, diverging in the li
(b/R)→0. For wT,0, the deflection angle is less thanDN
and it converges to around 0.5DN in the limit (b/R)→0.

We find that in case~b! with wT,0, the only situation
where the deflection angle is less thanDN , the density pro-
file is shallower thanr 22. The density has anr 22 behavior
or is steeper in all the other cases. It may be worthwhile
remind the reader here that in all the cases considered
both the energy density and the pressure contribute to
bending of light. We next ask if there is any pattern seen
the form ofgrr (r ) @or effectivelyl(r )] and the behavior of
the deflection angle. We find thatwT,0 is the only case
.

et
.

tro

K

A
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wherel(r ) is a monotonically increasing function ofr. This
leads to a picture where the gravitational deflection angl
DN in the absence of pressure, wherel(r ) is a constant, the
deflection is more thanDN if l(r ), is a monotonically de-
creasing function ofr and the deflection is less thanDN if
l(r ) is a monotonically increasing function ofr.

In conclusion, the flat rotation curves observed in t
outer parts of spiral galaxies can be equally well explain
by a halo which is made up of dark matter with anisotrop
pressures. The bending of light rays passing through the
is found to be highly sensitive to the pressure content of
dark matter. This holds the possibility that combined obs
vations of rotation curves and gravitational lensing can
used to determine the equation of state of the dark matte
galactic halos. Alternatively, if the equation of state of da
matter is determined from other observations, then combi
observations of rotation curves and gravitational lensing
be used to test Einstein’s theory of general relativity on g
axy scales.
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