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Are Chaplygin gases serious contenders for the dark energy?
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We study the implications on both background and perturbation evolution of introducing a Chaplygin gas
component in the universe’s ingredients. We perform likelihood analyses using wide-ranging, SN1a, CMB and
large scale structure observations to assess whether such a component could be a genuine alternative to a
cosmological constant,L. We find that the current data favors behavior in an adiabatic Chaplygin gas that is
akin to a cosmological constant.
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I. INTRODUCTION

Supernovae observations@1,2# first indicated that the uni-
verse’s expansion has started to accelerate during recent
mological times. This, and further observations, e.g., of
cosmological microwave background~CMB! or large scale
structures~LSS!, suggest that the energy density of the u
verse is dominated by a dark energy component, with a ne
tive pressure, driving the acceleration. One of the substan
goals for cosmology, and for fundamental physics, is as
taining the nature of this dark energy. Maybe the most attr
tive option would be a cosmological constant,L; however
there are infamous fine-tuning and coincidence problems
sociated with explaining whyL should have today’s energ
scale. These problems have lead to a wealth of dynam
scalar, dark energy~‘‘quintessence’’! models being propose
as alternatives toL ~see Ref.@3# for a good review!. Even in
these cases, however, explaining why our epoch should b
crucial in triggering the acceleration still requires fin
tuning.

A concurrent problem is the nature of the non-baryon
clumping dark matter component required in the stand
model to give large scale structure predictions consis
with observations.

Recently an alternative matter candidate, a general
Chaplygin gas~GCG!, has been proposed as a potential ‘‘h
brid’’ solution to both the dark energy and dark matter pro
lems. The GCG can be seen to evolve in a wide range
contexts, for example from supersymmetry, tachyon c
mologies@4# and brane cosmologies@5#. A recent letter@6#
dealt with the implications for the matter power spectrum
the absence of cold dark matter~CDM! and effectively ruled
out the GCG as a CDM substitute.

In this paper we investigate the strength of the GCG a
dark energy candidate. Although there have been a num
of papers discussing various aspects of GCG beha
~@7–12#! there has not been, as yet, a full analysis of
constraints that can be placed on such models from the w
range of complementary data sets currently available. Th
necessary if such exotic matter types are to be considere
serious alternatives to theL-CDM scenario.
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In Sec. II we review the background evolution of th
GCG and discuss the implications for supernovae type 1~a!
~SN1a! observations. Although such constraints are imp
tant, a wide range of proposed theories can generate th
quired expansion profile~see Ref.@3# for dark energy theo-
ries and, for example, Ref.@13# for an alternative to dark
energy!. In order to better discriminate between theories, p
turbation dependent observables must be taken into con
eration. In Sec. III we extend our discussion to perturbatio
in the Chaplygin gas and discuss the implications for str
ture formation in the presence of an adiabatic Chaply
fluid. In Sec. IV we consider the effects on radiation pert
bations and the CMB spectrum. In Sec. V we present
main results of the paper, likelihood analyses for a CD
1GCG1baryon universe. We include the option of a pu
GCG 1 baryon scenario (Vc50) for completeness. We ob
tain a clear indication of the strength of the GCG mod
when compared to CDM andL. In Sec. VI we summarize
our findings and assess the true potential of Chaplygin ga
as a dark energy contender.

II. BACKGROUND EVOLUTION

The generalized Chaplygin models can be character
by three parameters:w0 , a andVch

0 . The equation of state
nowadaysw(a51)52uw0u and the indexa specify the
equation of state evolution,

p52
uw0uVch

0 r0

ra
, ~1!

wherer053H0
2 (8pG51) is the total energy density today

The energy conservation equation,ṙ13H(11w)r50, ad-
mits a solution forr(a) specified byuw0u, a and the frac-
tional energy density today,Vch

0 ,

r~a!5Vch
0 r0F uw0u1

~12uw0u!

a3(11a) G 1/(11a)

. ~2!

The equation of state then evolves as,
©2003 The American Physical Society15-1
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w~a!52
uw0u

F uw0u1
~12uw0u!

a3(11a) G . ~3!

At early times the GCG’s equation of state tends to ze
mimicing CDM. The value ofa determines the redshift o
transition between the two asymptotic behaviors; the gre
the value ofa the lower the transition redshift. At earl
times, the total amount of matter withw;0 reaches an
asymptotic value

Vm,eff
0 5Vm

0 1Vch
0 ~12uw0u!1/(11a) , ~4!

whereVm is the baryonic1 CDM density fraction. Note tha
the unique ability of the GCG to account for both the da
energylike behavior at late times and for ordinary dark m
ter at early times motivated the original studies of this p
ticular equation of state.

In previous discussionsa has often been assigned a po
tive value in the range 0,a,1, in order to be consisten
with various higher dimensional theories that can produc
perfect fluid stress-energy tensor satisfying the criterion
~1! ~see for example Ref.@14#!. In our study, we extend the
range of values ofa considered to21,a,` in order to
obtain a broader assessment of whether Chaplygin g
could be a viable alternative to the standard model.

For a50 the background evolution of the Chaplygin g
is identical to aL-CDM model with VL,eff5Vchuw0u, and
Vm,eff5Vm1Vch(12uw0u). Furthermore, as is visible in
equations~2! and ~3!, when uw0u tends to 1, the GCG com
ponent tends to evolve as a cosmological constant, irres
tive of the value ofa. Note that there is no analogous qui
tessencelike behavior~with w0Þ21), thus we are only
comparing GCG to theories includingL.

The SN1a observations measure the apparent magni
m(z), related to the luminosity distance,dL(z) via

m~z!5M15 logdL~z!125, ~5!

dL5~11z!E
0

z dz8

H~z8!
, ~6!

where M is the absolute bolumetric magnitude anddL is
measured in Mpc. It is easy to see that, because the b
ground evolution~throughH) wholly determines luminosity
distance predictions, the degeneracy between a GCG
a50 and L-CDM will allow the Chaplygin gas to fit the
SN1a data well. Indeed the degeneracy also stretchesa
Þ0 when one considers luminosity distance at a spec
redshift. In figure 1 we show Chaplygin models with dege
erate luminosity distances with a fiducialL-CDM model
with VL50.7, atz50.5 and 1.0. This degeneracy, howev
implies that the SN1a observations cannot be a strong
criminant between the GCG andL; we must look to alter-
native, perturbation-dependent observations to test the v
ity of the GCG models.
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III. CHAPLYGIN GAS PERTURBATIONS

We treat the Chaplygin gas as a perfect fluid made up
effectively massless particles interacting with the rest of m
ter purely through gravity. We assume purely adiabatic c
tributions to the perturbations so that the speed of sound
the fluid is

cs
25

dp

dr
5

ṗ

ṙ
52wa ~7!

and the time variation ofw is

ẇ523H~11w!~cs
22w!53Hw~11w!~a11!, ~8!

where derivatives are with respect to conformal time (d/dt),
andaH5da/dt.

In the synchronous gauge and following the approach
notations of Ma and Bertschinger@15#, we can write down
the evolution equations for the density and velocity div
gence perturbations,d andu, using the conservation of en
ergy momentum tensorTn;m

m 50,

ḋ52~11w!S u1
ḣ

2
D 23H~cs

22w!d, ~9!

u̇52H~123cs
2!u1

cs
2

~11w!
k2d2k2s. ~10!

The fluid is highly nonrelativistic and therefore we assum
the shear perturbations50.

FIG. 1. Contours inVch2uw0u space with the same luminosit
distance as a fiducial modelL-CDM model with VL50.7 at z
50.5 ~top! andz51 ~bottom!. For a50 ~full line! the luminosity
distance curve is identical to that of the fiducial model at all re
shifts.
5-2
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At early times, when the Chaplygin gas hasw'0, the
GCG perturbations evolve similar to those of ordinary d
with u̇5u50, and ḋ52ḣ/2. In the radiation erad(a)
}a2, while d}a in the early GCG dominated era. At late
times, when the GCG’s equation of state starts to decre
the perturbations stray drastically from this dustlike evo
tion.

We can understand the late-time behavior more clearl
we evaluate the second order differential equation ford. By
differentiating equation~9! with respect to time we find, a
outlined in the Appendix, for a general, shearless, fluid,

d̈1@116~cs
22w!#Hḋ1F9H 2~cs

22w!213H~ ċs
22ẇ!

13
ä

a
~cs

22w!1cs
2k2Gd

523cs
2~11w!Hu1

a2

2
~11w!~3dP1dr!. ~11!

Numerical integration shows that the coupling tou in Eq.
~11! is subdominant for all scales that we are interested.
the Chaplygin gas,

d̈1AHḋ1BH 2d2
3H 2

2
~11w!Vcdc50, ~12!

A5126w~a11!, ~13!

FIG. 2. Late-timed evolution as a function ofa and uw0u for 4
scalesk/H51,10,100,1000 (H'3000h Mpc21,h50.65). Regions
@1# and@2# undergo power law growth and decay, respectively, a
@3# undergoes oscillatory decay.
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3H 2

2 H Vch1@71Vch1~1323Vch!a16a2#w

23Vch~112a!w21
2aw

3 S k

HD 2J , ~14!

where the subscriptc refers to cold dark matter.
For w50, Eq. ~14! reduces to the expected, scale ind

pendent, CDM evolution withd}t2. For wÞ0 we retain
scale independence ifa50 and just get suppression of de
sity perturbations. However foraÞ0 the perturbation evo-
lution becomes scale dependent with the (k/H)2 term domi-
nating the others for scales greater than a characteristic s

k
*
2 5

H 2

uawu
. ~15!

There are 3 possible solution types, fork@k* ,

~1! growing mode, a,0,

~2! decaying mode, a;0,

~3! oscillatory decay, a.0. ~16!

In Fig. 2 we show the asymptotic behavior at late tim
~takingw'2uw0u) as one increases the scalek/H. In Fig. 3
we show the associated scaling ofd, plottingneff5tḋ/d. For
uw0uÞ0, anda.0(,0) GCG perturbations are suppress
~promoted! in comparison to those for aL-CDM model.

The GCG also has an effect on the CDM perturbatio
through the relation

d̈c1Hḋc2
3H 2

2
@Vcdc1~123aw!Vchd#50. ~17!

d

FIG. 3. Late-time evolution envelope ford. The powerneff

5tḋ/d, is plotted for two length scalesk/H510 and 100. In the
oscillatory regimeneff for the bounding envelope is plotted.
5-3
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R. BEAN AND O. DORÉ PHYSICAL REVIEW D 68, 023515 ~2003!
If uw0uÞ0 and a.0(,0) the GCG drives suppressio
~growth! in dc . In Fig. 4 we show the power law evolutio
of dc , plotting neff,c5tḋc /dc for 3 scales as one variesa.
The strong growth indc effectively rules out a GCG with
a,0 as a dark energy candidate.

Note that thea50 degeneracy present in the backgrou
evolution is not found in the perturbations. The matter pow
spectrum and CMB spectrum will therefore be better d
criminators betweenL and the GCG than SN1a.

IV. IMPLICATIONS FOR TEMPERATURE ANISOTROPIES

A Chaplygin gas matter component would change
temperature anisotropy specturm in a number of ways; a
ing the late-time integrated Sachs-Wolfe~ISW! effect, the
peak positions and relative heights.

The GCG’s late-time evolution will alter the evolution o
the gravitational potential the CMB photons pass through
reach us, inducing an ISW effect. Following Ref.@16# and
again using the terminology of Ref.@15#, the ISW tempera-
ture anisotropy is given by a source,

SISW}2Ċ1Ḟ}
d

dt F2
3

2
~r1P!a2s2a2dr

23Ha2~r1P!
u

k2G , ~18!

whereF andC are the Bardeen variables@17#.
At late times the shear,s, is negligible and it is the den

sity perturbation that drives the ISW effect:

FIG. 4. Evolution of neff,c5td ċ/dc for uw0u50.5 and a5
20.1 ~short dash!, 0 ~long dash!, 0.1 ~long-short dash!, 0.5 ~dot
dash! in comparison to pure CDM model~full line!. Three length
scalesk51024,1022,1021h Mpc21 are considered.
02351
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@2a2dr#;a2F ~113w!2

neff

p GHrd, ~19!

whereneff is the power law index andp5Ht as described in
Sec. III. Equation~19! shows why in a standard CDM sce
nario, withw50 andneff andp both '2, there is no appre-
ciable ISW effect. In Sec. III, however, we saw fora,0 that
neff.2 giving a negative ISW effect, while fora.0, neff
,2 producing an increase in the ISW temperature anis
ropy. These effects are shown in Fig. 5.

The position of the first peak will be altered through a
justments to the sound horizon,r shor, and angular diamete
distance at the last scattering surface,dA . The position of the
first peak in multipole space is given by

l A5
pdA~zrec!

r shor~zrec!
~20!

with

dA5t02t rec

'
1

H0
E

arec

1 da

FVm
0 a1Vch

0 a4S uw0u2
12uw0u

a3(11a) D 1/(11a)G 1/2

~21!

r shor5E
0

trec
cs

gbdt'
1

H0AVm,eff
0 E

0

arec cs
gbda

a1/2
, ~22!

FIG. 5. Large scale ISW effect for GCG witha520.5 ~long
dash!, 0 ~short dash-dot! and 1~long dash-dot! compared against a
CDM1baryon~short dash! and ‘‘fiducial’’ VL50.7,Vm50.3 ~full
line! models.
5-4
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ARE CHAPLYGIN GASES SERIOUS CONTENDERS FOR . . . PHYSICAL REVIEW D 68, 023515 ~2003!
whereVm,eff
0 is defined in Eq.~4! and cs

gb is the speed of
sound for the radiation-baryon system, not to be confu
with cs for the Chaplygin gas~at this time the Chaplygin ga
is behaving similar to dust and hascs

250). For fixed vb

5Vbh2 andvc5Vch
2(h5H0/100), l A increases as one in

creasesa or uw0u. The position of the first peak would be th
same for scenarios with the same value ofAVm,eff

0 dA .
Because the Chaplygin gas mimics matter at early tim

there is no simple degeneracy, governed by the peak p
tions, as there is for quintessence models~see, for example
Ref. @18#!. The peak heights, when compared to the lowl
‘‘plateau,’’ depend upona and uw0u through their influence
on the ISW effect, the horizon scale at matter-radiat
equality l eq ~throughVm,eff

0 h2) and the depth of the potentia
well at last scattering~also throughVm,eff

0 h2).
We follow the phenomenological discussion in Ref.@19#,

to predict how the peak heights will alter for fixedvb and
vc . Increasinga, increasesVm,eff

0 , so that matter-radiation
equality happens earlier, increasingl eq and curtailing the
driving effect that the decay of the gravitational potential h
on dg oscillations during the radiation era. This lowers t
height of the first peak, a decrease which is compounded
the raising of the plateau from the ISW effect. An earl
matter-radiation equality also decreases the depth of the
tential well at last scattering, which combined with the r
duction in radiation driving, increases the height of the th
peak in comparison to the first and second ones.

As one increasesuw0u one decreasesVm,eff
0 , lowering l eq,

and increasing the height of the first peak. This is tempe
however, by the increase in plateau height from the IS
effect. Reducingl eq acts to decrease the height of the th
peak in comparison to the second and first ones. These
haviors are confirmed by the full analysis, as is shown in F
6. The multitudinous effects that the GCG has on the CM
spectrum make comparison with CMB observations a str
test for the GCG models as will be seen below.

V. CHAPLYGIN GAS LIKELIHOOD ANALYSIS

In order now to assess the viability of a GCG1CDM
1baryon universe, we turn to evaluate the probability~the
posterior! of these models given some current observatio
namely, SN1a, CMB, and LSS probed through galaxy s
vey. To study the posterior distribution, we use the Bay
theorem and rewrite it as the product of the likelihood a
the prior~we assume the evidence is constant and thus ign
it!. To probe this posterior, we consequently compute b
the likelihood and the prior at various positions in the chos
restricted parameter space. This sampling is conducted
the construction of a Monte Carlo Markov chain through t
Metropolis-Hasting algorithm. Once converged, this ch
provides us with a collection of independent samples fr
the posterior~see Refs.@20–22# for an introduction to this
technique in this context and Refs.@23,24# for general guid-
ance!.

Our code uses some likelihood computation eleme
from the code described in Ref.@22#, and relies on a version
of the CAMB code@25# extended to include a Chaplygin ga
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component in order to calculate CMB power spectra a
matter power spectra. As input data, we considered the
parent magnitudes of 51 Supernovae@2#, CMB data sets
from Cosmic Background Explorer~COBE! @26#, MAXIMA
@27#, BOOMERANG @28#, and VSA @29# and large scale
structure data from 2dF@30#. We consider only flat models
i.e. VK50 with scale invariant initial power spectrum, i.e
ns51. We use stringent~Gaussian! priors onH0 using the
Hubble Space Telescope~HST! Key Project resultsh50.72
60.08 @31# and onvb5Vbh250.0260.001 using big bang
nucleosynthesis~BBN! constraints@32#.

We normalize the matter power spectrum usingAs , the
initial power spectrum normalization, and following Re
@33#, we useb and b1 to parametrize redshift-space disto
tions and~linear! bias respectively. The power spectrum
then related to the transfer functionT(k) ~computed with
CAMB! by

P~k!5AsS 11
2b

3
1

b2

5 Db1
2T~k!2. ~23!

In order to alleviate the natural degeneracy betweenAs and
b1 ~as far as LSS constraints are concerned!, we use the 2dF
results@34,35# to impose strong~Gaussian! priors onb and
b1, i.e. b50.5460.09,b151.0460.11.

Throughout this analysis, we ensured the chains’ conv
gence by generating and comparing several of them~typi-
cally containing 105 elements! and by checking the so-calle
‘‘parameter mixing’’ amid them. After several trials, w
choose the proposal density for each parameter to b
Gaussian whose width is close to the final one and wh
center is the last chain values. This allows a full explorat

FIG. 6. Comparison of CMB power spectra, normalized
COBE atl 510, with varyinga anduw0u, keeping all other relevan
quantities fixed. The behavior of peak heights and positions is
cussed in the text.
5-5
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FIG. 7. Joint posterior of thea and2w0 parameters considering only SN1a data~top-left panel!, LSS data~top-right panel!, CMB data
~bottom-left!, and jointly CMB and LSS data~bottom-right!. The contours represent the subsequent 68 and 95 % confidence regions.
SN1a data induce constraints that are quite loose, LSS and CMB constraints are much tighter and tend to favor a cosmological co
scenario.
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of the parameter space. To pick-up the next chain elem
we allow only 1 to 3 directions~this number is randomly
chosen! to vary. This gives us an acceptance rate arou
25%, a good target value for efficiency’s sake@23#. The first
4000 elements of the chain, prior to its convergence,
thrown away and no extra thinning is applied@23#. Once
converged, the chains provide a fair sampling of the f
posterior distribution so that we can deduce easily from it
the quantities of interest, e.g. the~joint! marginalized distri-
bution of any parameter~s!.

As stated above, we are interested in finding the com
ibility of a Chaplygin gas1 CDM 1 baryon universe with
current data. For this we vary only 8 paramete
02351
t,
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s

$h,vb ,vCDM ,a,w0 ,b,b,As% and impose the priors state
above. We allow a free proposal distribution forvc , includ-
ing vc50 consistent with a unified matter universe pure
containing a GCG and baryons. This allows the full brea
of GCG roles~as both a dark matter and dark energy can
date! to be tested. Following the discussion of Sec. III, w
restrict ourselves to 0<a<1 and21<w0<0. In Fig. 7 we
plot the marginalized joint distribution of thea, uw0u param-
eters~which is in this case just the joint number density
those parameters!, as well as the 68 and 95 % confiden
contours, considering separately SN1a, LSS, CMB data s
and also jointly CMB and LSS. Note that for visual purpos
only the displayed surface has been build by oversamp
5-6
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our samples using cubic interpolation. This does not aff
the quantitative interpretation since the distributions turn
to be smooth.

The interpretation of the contours is nicely consistent w
the theoretical prospects discussed above. First, the S
observations~top-left panel! offer very light constraints on
the GCG parameters, since they are sensitive only to
background evolution. Anya value appear viable, extendin
thus the obvious degeneracy betweenL-CDM model and
GCG models witha50 discussed in Sec. II~e.g., see Fig.
1!. As soon as density perturbations are considered, the
straints tighten drastically. For both LSS and CMB, the is
contours are roughly centered on thea50, w0521 model,
that corresponds to the GCG acting similar to aL term. This
fact is emphasized in the joint CMB1 LSS analysis. Note
that in the limit thatw0 tends to21 ~we, however, impose
uw0u,1), the GCG component tends to behave similar t
L term, irrespective of the precise value ofa, thus leading to
the observed degeneracy in the2w051 direction.

The other varied parameters, i.e.h, vb andvCDM , as well
as the flatness imposedVch, exhibit ~joint! distributions
similar to those found in typicalL-CDM model studies~see,
e.g., Ref.@22#!. This leads us to the main conclusion of th
study: the current data tends to favor ordinaryL theory.
When marginalized over all other parameters, we ind
find, a,0.5,0.93, andw0,20.85,20.8, both respectively
at the 68 and 95 % confidence level.

VI. CONCLUSIONS

We have investigated the effect of a Chaplygin gas ma
component in the universe’s ingredients, to see if suc
component is consistent with observations and whether it
feasible alternative to CDM andL.

Through inherent degeneracies withL in the background
evolution, the Chaplygin gas models have a good fit w
SN1a data. These degeneracies are not present, howev
the perturbation evolution. In particular the growt
suppression of both GCG and CDM density perturbatio
proves distinctive when comparing against large scale st
ture observations; this statement is valid, of course, for
cases~for all a! except, naturally,w0521 which is identical
to L, and has no perturbations. The GCG also introduce
number of distinguishing differences from theL-CDM CMB
spectrum through altering the potential at last scattering,
ISW signature, the equality scale, and the angular diam
distance to last scattering. Combined, these differences
vide a strong test for the GCG scenario.

We performed likelihood analyses using SN1a, CMB a
LSS datasets and found that the current data strongly pre
a L-like dark energy component, witha,0.5 and w0,
20.85 at the 68% level and with CDM as the preferred pr
sureless matter component. Note that, in comparison,
unified dark matter model, withVc

050, is highly disfavored
by the data. This result is consistent, but considerably tig
ens, previous constraints from supernovae, CMB peak p
tion and matter power spectrum shape parameter ana
@7–11#. Our constraints can be recast in terms of t
‘‘statefinder’’ parameters of Ref.@36#, r ,1.20 and s.
02351
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20.075 at the 68% level, thus greatly reducing the ability
a Chaplygin gas to explain the ‘‘cosmic conundrum’’ pro
lem as proposed in Ref.@37#.

Our analysis assumed adiabatic perturbations for
Chaplygin gas; it remains to be seen how enriching t
model by considering non-adiabatic perturbations, as m
tioned in a paper presented after the initial posting of t
work @38#, might alter the analysis. On the basis of curre
observations however, Chaplygin gases, with adiabatic
turbations at least, do not seem to provide a favored alte
tive to scenarios involving CDM and a cosmological co
stant.
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APPENDIX: PERTURBATION EVOLUTION FOR A
GENERAL, ADIABATIC FLUID

We use the basic background equation~time derivatives
with respect tot).

Ḣ1H 25
ä

a
5

H 2

2 F123(
i

~V iwi !G ~A1!

and equation of state and speed of sound equations

cs
25

dP

dr
5

Ṗ

ṙ
~assuming adiabaticity!, ~A2!

ẇ5
ṙ

r S Ṗ

ṙ
2

P

r D 523H~11w!~cs
22w!.

~A3!

Following Ref.@15# the first order perturbation equation
are

ḋ52~11w!S u1
ḣ

2
D 23~cs

22w!Hd, ~A4!

u̇52~123cs
2!Hu1

cs
2

~11w!
k2d. ~A5!

So that the second order equation ind @differentiating Eq.
~9!# is given by

d̈52~11w!S u̇1
ḧ

2
D 2ẇS u1

ḣ

2
D 23~cs

22w!~Ḣd1Hḋ !

23~ ċs
22ẇ!Hd. ~A6!

We eliminate the time derivatives of the metric perturbatio
h andh, using the perturbed Einstein equations

k2h2
1

2
Hḣ52

1

2
a2dr, ~A7!

ḧ12H22k2h523a2dP ~A8!
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which give

~11w!
ḧ

2
5Hḋ1~11w!Hu13~cs

22w!H 2d

2~11w!
a2

2
~dr13dP!. ~A9!

Collecting terms together we obtain the general evolut
equation ford for any fluid with equation of statew and
speed of soundcs ,

d̈523cs
2~11w!Hu2@116~cs

22w!#Hḋ2Fcs
2k2

19~cs
22w!2H 213~ ċs

22ẇ!H13
ä

a
~cs

22w!Gd

1~11w!
a2

2
~dr13dP!. ~A10!

Specializing to the Chaplygin gas in the matter domina
era

a2

2
~dr13dP!'

3H 2

2
@Vch~113cs

2!d1Vcdc#, ~A11!
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3H 2

2
@Vcdc1~123aw!Vchd#50.

~A16!

.

tiv.

r,

@19# W. Hu, M. Fukugita, M. Zaldarriaga, and M. Tegmark, Astr
phys. J.549, 669 ~2001!.

@20# N. Christensen and R. Meyer, astro-ph/0006401.
@21# N. Christensen, R. Meyer, L. Knox, and B. Luey, Class. Qua

tum Grav.18, 2677~2001!.
@22# A. Lewis and S. Bridle, Phys. Rev. D66, 103511~2002!.
@23# W.R. Gilks, S. Richardson, and D.J. Spiegelhalter,Markov

Chain in Practice~Chapman & Hall, London, 1996!.
@24# S. Chib and E. Greenberg, Am. Stat.49, 4 ~1995!.
@25# A. Lewis, A. Challinor, and A. Lasenby, Astrophys. J.538, 473

~2000!.
@26# G. Smootet al., Astrophys. J. Lett.396, L1 ~1992!; C. Bennett

et al., ibid. 464, L1 ~1996!.
@27# S. Hananyet al., Astrophys. J. Lett.545, L5 ~2000!.
@28# C.B. Netterfieldet al., Astrophys. J.571, 604 ~2002!.
@29# P.F. Scottet al., astro-ph/0205380.
@30# O. Lahavet al., Mon. Not. R. Astron. Soc.333, 961L ~2002!.
@31# W.L. Freedmanet al., Astrophys. J.553, 47 ~2001!.
@32# S. Burles, K.M. Nollett, and M.S. Turner, Astrophys. J. Le

552, L1 ~2001!.
@33# A.J.S. Hamilton, Astrophys. J. Lett.385, L5 ~1992!.
@34# J.A. Peakcocket al., Nature~London! 401, 169 ~2001!.
@35# L. Verdeet al., Mon. Not. R. Astron. Soc.335, 432 ~2001!.
@36# V. Sahni, T.D. Saini, A.A. Starobinsky, and U. Alam, JET

Lett. 77, 201 ~2003!.
@37# V. Gorini, A. Kamenshchik, and U. Moschella, Phys. Rev.

67, 063509~2003!.
@38# A.B. Balakin, D. Pavo´n, D. Schwarz, and W. Zimdahl

astro-ph/0302150.
5-8


