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r polarization and model independent extraction ofzVubzÕzVcdz from D\røn and B\røn
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We briefly discuss the predictions of the heavy quark effective theory for the semileptonic decays of a heavy
pseudoscalar to a light one, or to a light vector meson. We point out that measurement of combinations of
differential helicity decay rates at CLEO-c and theB factories can provide a model independent means of
extracting the ratiouVubu/uVcdu. We briefly discuss the corrections to this prediction.
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I. INTRODUCTION AND MOTIVATION

Extraction of the Cabibbo-Kobayashi-Maskawa~CKM!
matrix elementVub is one of the crucial ingredients neede
to determine the source ofCP violation. A number of meth-
ods have been suggested for extraction of this matrix
ment, from both inclusive and exclusive decays. In this
per, we point out that, modulo 1/mc , 1/mb and isospin
corrections, the ratiouVubu/uVcdu can be determined using th
predictions of the heavy quark effective theory~HQET!, and
the measurement of some polarization observables in the
caysD→r,n andB→r,n, in a model independent way.

Among the many measurements that may be done at
proposed CLEO-c are precision studies of the semilepto
decaysD→p,n and D→r,n: it is expected that the ratio
uVcdu/uVcsu can be measured to 1.3%. In particular, the
should be ample statistics to study the polarization of
vector mesons produced in the latter reaction. If this is
case, and if similar measurements can be done at theB fac-
tories, we propose measurements that can provide the a
tised ratio of CKM matrix elements with very small theore
ical errors.

In the next section we briefly discuss the predictions
HQET for these heavy→ light transitions, at leading orde
Section III discusses a number of experimental observa
from these processes, and their dependence on the form
tors describing these semileptonic decays. In that section
also present the observables that allow extraction of the
vertised ratio. In Sec. IV we briefly discuss the 1/mQ correc-
tions, and in Sec. V we present our conclusions.

II. HQET AND FORM FACTORS

The hadronic matrix elements for the decaysD→p,n
andD→r,n are

^p~p!uq̄gmcuD~P!&5 f 1
Dp~P1p!m1 f 2

Dp~P2p!m ,

^p~p!uq̄gmg5cuD~P!&50,

^r~p,e!uq̄gmcuD~P!&5 igDremnabe* n~P1p!a~P2p!b,
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^r~p,e!uq̄gmg5cuD~P!&5 f Drem* 1a1
Dre* •P~P1p!m

1a2
Dre* •P~P2p!m , ~1!

where the light quarkq can be eitheru or d. These decays are
thus described in terms of six independent,a priori unknown
form factors. The terms inf 2 anda2 are unimportant when
the lepton mass is ignored, since

~P2p!m,̄gm~12g5!n,5~kn1k,!m,̄gm~12g5!n,

5m,,̄gm~12g5!n, . ~2!

For the transitions fromB mesons, an analogous set of m
trix elements and form factors are necessary.

Using the Dirac matrix representation of heavy meso
we may treat heavy-to-light transitions using the same tr
formalism that has been applied to heavy-to-heavy tra
tions @1,2#. In the effective theory, a heavy pseudoscalar m
son (D or B), denotedP, traveling with velocityv is repre-
sented as@1,2#

uP~v !&52
1

A2

11v”
2

g5[MP~v !. ~3!

These states are normalized so that

^P~v8!uP~v !&52v0d3~p2p8!. ~4!

The states of QCD and HQET are therefore related by

uP~v !&5AmPuP~v !&, ~5!

wheremP is the mass of the pseudoscalar meson.
For the semileptonic transitions between such a he

meson (P meson! and a light pseudoscalar (p), the matrix
element of interest is@3#

^p~p!uq̄Ghv
(Q)uP~v !&5Tr@g5~j11p” j2!gmMP~v !#, ~6!

wherehv
(Q) is the heavy quark in the effective theory, andq

denotes a light quark (u or d). For the transition to a light
vector (r), the matrix elements are written
©2003 The American Physical Society05-1
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^r~p,«!uq̄Ghv
(Q)uP~v !&5Tr@$~j31p” j4!«* •v

1«” * ~j51p” j6!%GMP~v !#,

~7!

whereG denotes eithergm or gmg5.
The form factorsj i are kinematic functions ofv•p. They

are independent of the mass of the heavy quark, and
therefore universal functions of the kinematic variablev•p.
Thus, they are valid forD→p(r) decays, as well as forB
→p(r) decays. This independence of the quark mass all
us to deduce, in a relatively straightforward manner, the s
ing behavior of the usual form factors that describe th
transitions@4#. More precisely, they allow us to relate th
form factors forD transitions to those forB transitions. The
relationships are

f 1
B ~v•p!5

1

2 S mB

mD
D 1/2F f 1

D ~v•p!S 11
mD

mB
D

1 f 2
D ~v•p!S mD

mB
21D G ,

f 2
B ~v•p!5

1

2 S mB

mD
D 1/2F f 2

D ~v•p!S 11
mD

mB
D

1 f 1
D ~v•p!S mD

mB
21D G ,

f B~v•p!5S mB

mD
D 1/2

f D~v•p!,

gB~v•p!5S mD

mB
D 1/2

gD~v•p!,

a1
B ~v•p!5

1

2 S mD

mB
D 1/2Fa1

D ~v•p!S 11
mD

mB
D

1a2
D ~v•p!S mD

mB
21D G ,

a2
B ~v•p!5

1

2 S mD

mB
D 1/2Fa2

D ~v•p!S 11
mD

mB
D

1a1
D ~v•p!S mD

mB
21D G , ~8!

where f 1
D is the form factor appropriate to theD→p transi-

tion, while f 1
B is the form factor appropriate to theB→p

transition, and quantities on the left-hand sides of Eqs.~8!
are evaluated at the same values ofv•p as those on the
right-hand sides. Omitted from each of Eqs.~8! is a QCD
scaling factor.

We point out here that Krameret al. @5# have looked at
these heavy→ light transitions, but the relationships th
01300
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they obtain among the form factors are not the same as th
discussed elsewhere in the literature@6#. In particular, their
a1

B does not involve an admixture ofa1
D and a2

D , but is
related toa1

D only. In addition, it must be noted that the usu
limiting forms of the matrix element for heavy to heavy tra
sitions are not recoverable from the expressions that t
write down, while this limiting form is recoverable from th
expressions in Eq.~8!.

In the limit of a heavyb quark, the full current of QCD is
replaced by@8#

q̄Gb→q̄Ghv
(b)Fas~mb!

as~m! G26/25

. ~9!

This arises from integrating out theb quark, and matching
the resulting effective theory onto full QCD at the scalemb ,
at one loop level. At the scalemc , we must also integrate ou
the c quark, but there is also the effect due to running b
tween mb and mc . The net effect of this is that the form
factorsj i appropriate to theb→u transitions are related to
those for thec→d transitions by

j i
b→u5j i

c→dFas~mb!

as~mc!
G26/25

. ~10!

III. OBSERVABLES

In the differential decay rate ofD(B)→p,n, terms that
depend on the form factorf 2 are proportional to the mass o
the lepton, and are thus very difficult to extract from expe
ment. Detecting the polarization of the charged lepton off
the only possibility of extracting this form factor, but this
apparently a very remote prospect with muons or electro
Because of the predicted mixing off 1 and f 2 in HQET, it
becomes very difficult to say anything aboutB→p observ-
ables based on information extracted from the correspond
D→p observables. Assumptions about the form off 2 can
be and have been made, but this introduces some mode
pendence into any information extracted.

For the decay to ther, helicity amplitudesH6 and H0
can be defined as

H6~q2!5 f ~q2!6mPkrg~q2!,

H0~q2!5
1

2mrAq2
@~mP

2 2mr
22q2! f ~q2!14mP

2kr
2a1~q2!#,

~11!

where kr is the momentum of the daughterr in the rest
frame of the parent pseudoscalar. In terms of these, the
ferential decay rate is written@7#
5-2
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dG

dq2d cosu,d cosurdx
5

3GF
2 uVqQu2krq2

8~4p!4mP
2 $@~11h cosu,!2uH1~q2!u21~12h cosu,!2uH2~q2!u2#sin2ur

14 sin2u, cos2 uruH0~q2!u222 sin2u, sin2ur cos 2xH1~q2!H2~q2!

14h sinu, sinur cosur cosxH0~q2!@~12h cosu,!H2~q2!2~11h cosu,!H1~q2!#%,

~12!
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where h511 for B decays, and21 for D decays. The
anglesu, , ur andx are explained in Fig. 1.

With sufficient statistics in bothB andD decays, this dif-
ferential decay rate can provide means of extracting the r
uVubu/uVcdu. The differential decay rates into specific helici
states of ther can be written as

dG i

dq2
5

GF
2 uVqQu2

96p3
kr

q2

mP
2

uHi~q2!u2. ~13!

Much of the difficulty of saying anything about the tot
rate in B→r,n, based on measurements ofD→r,n, re-
mains because of the mixing ofa1 and a2 . As with the
decays to pions,a2 is, for the most part, only accessib
through measurement of the polarization of the charged
ton. However, decays to transversely polarizedr mesons are
independent of this form factor, depending only onf andg.

If dG6
D /dq2 can be measured or extracted at CLEO-c, a

dG6
B /dq2 at B factories, the ratio of these two differentia

decay rates, at the same kinematic pointv•p (5Er in the
rest frame of the parent hadron!, depends only on known o
measurable kinematic quantities, as the form factor dep
dence drops out at leading order in HQET. Actually, this
not quite true. This ratio will depend on the form factor ra
r defined as

r ~v•p!5
gD~v•p!

f D~v•p!
, ~14!

but this ratio should be extractable from other observable
the D→r,n decay. More explicitly,

FIG. 1. The angles of Eq.~12!. u, andur are defined in the res
frames of the lepton pair and ther, respectively.x is the angle
between the lepton plane and the hadron plane.
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dG6
B /dq2

dG6
D /dq2

5
uVubu2

uVcdu2

qB
2mD

2

qD
2 mB

2

3
mB /mD1mBmD~kr

B!2r 2~v•p!62mBkr
Br ~v•p!

11mD
2 ~kr

D!2r 2~v•p!62mDkr
Dr ~v•p!

.

~15!

Since the numerator and denominator of this ratio are ev
ated at the same value ofEr , kr

D5kr
B . In the expression

above,

qB
25mB

21mr
222mBv•p, qD

2 5mD
2 1mr

222mDv•p.
~16!

The combinationdG1 /dq21dG2 /dq2 is more easily ac-
cessible in these experiments@as the term proportional to
(11cos2u,)sin2ur in the expression for the decay rate#. The
ratio of this quantity forB decays to that forD decays is

dG1
B /dq21dG2

B /dq2

dG1
D /dq21dG2

D /dq2

5
uVubu2

uVcdu2
qB

2mD
2

qD
2 mB

2

mB /mD1mBmD~kr
B!2r 2~v•p!

11mD
2 ~kr

D!2r 2~v•p!
. ~17!

In addition, the differential ratedG12 /dq2, proportional to
H1(q2)H2(q2), may also be accessible~as the term propor-
tional to cos 2x in the expression for the decay rate!. If this is
measured inB andD decays, the ratio is

dG12
B /dq2

dG12
D /dq2

5
uVubu2

uVcdu2
qB

2mD
2

qD
2 mB

2

mB /mD2mBmD~kr
B!2r 2~v•p!

12mD
2 ~kr

D!2r 2~v•p!
.

~18!

This ratio again depends only on known or measurable k
matic quantities and the form factor ratior (v•p).

Far more intriguing is the ratio of the difference of the
differential helicity decay rates, related to the differential le
ton forward-backward asymmetry, and proportional
cosu, sin2 ur . This ratio takes the form
5-3
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dG1
B /dq22dG2

B /dq2

dG1
D /dq22dG2

D /dq2
52

uVubu2

uVcdu2

qB
2mD

qD
2 mB

, ~19!

where a factor ofkr
B/kr

D has been set to unity, as explaine
above. Inclusion of the lowest order radiative correctio
means that the ratios above must be multiplied by the fa
@as(mb)/as(mc)#212/25.

At leading order, the last ratio of observables is co
pletely independent of any form factor, and so should p
vide a very good means of extracting the ratiouVubu/uVcdu. It
is to be emphasized that implied in Eq.~19! is the fact that
the measurement of the ratio need only be made at a si
value ofv•p.

It must be emphasized what ‘‘completely independent
any form factor’’ means for the model dependence in
extraction of the ratiouVubu/uVcdu. Since model dependenc
in the extraction of this ratio arises from the model dep
dence that is present in the ‘‘parametrization’’ of the for
factors of unknown form and unknown normalization, use
Eq. ~19! yields a truly model independent means of extra
ing the ratiouVubu/uVcdu. This means that, if there were n
1/mQ corrections to Eq.~19!, the model dependence in th
extraction ofuVubu/uVcdu would be reduced to zero.

IV. 1ÕmQ CORRECTIONS AND MODEL DEPENDENCE

In order for these predictions to be of any use, we m
know how robust they are in the face of 1/mQ corrections.
More importantly, it is crucial to know how model depende
the 1/mQ corrections to Eq.~19! are, for instance. In this
section, we briefly examine these corrections for Eq.~19!, as
this prediction is model independent at leading order
HQET.

This equation is understood as having a factor
f B→rgB→r/ f D→rgD→r multiplying it, and this factor is unity
at leading order in HQET. At order 1/mQ , Huanget al. @9#
state that a total of 22 new universal functions are neede
describe the semileptonic decays of a heavy pseudos
meson to a light vector. However, for the purposes of t
analysis, we can do something much simpler. Whatever
form of the 1/mQ corrections, the form factorsf andg can be
written as

f 5AmPS f̃ 01
1

mQ
f̃ 1D ,

g5
1

AmP
S g̃01

1

mQ
g̃1D , ~20!

wheremP is the mass of the heavy pseudoscalar,f̃ 0 and g̃0

are the leading order universal functions, andf̃ 1 and g̃1 are
themselves universal functions, and are the appropriate li
combinations of the 22 universal functions discussed
Huanget al. @9#. Using this, we can then expand the for
factor ratio multiplying Eq.~19! as
01300
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f B→rgB→r

f D→rgD→r
5

@ f̃ 01~1/mb! f̃ 1#@ g̃01~1/mb!g̃1#

@ f̃ 01~1/mc! f̃ 1#@ g̃01~1/mc!g̃1#

511S 1

mb
2

1

mc
D S f̃ 1

f̃ 0

1
g̃1

g̃0
D 1OS 1

mc
2D .

~21!

The prediction of Eq.~19! would then become

dG1
B /dq22dG2

B /dq2

dG1
D /dq22dG2

D /dq2

52
uVubu2

uVcdu2
qB

2mD

qD
2 mB

F11S 1

mb
2

1

mc
D

3S f̃ 1

f̃ 0

1
g̃1

g̃0
D 1OS 1

mc
2D G . ~22!

Using Eqs.~62!–~66! of Isgur, Scora, Grinstein, and Wis
~ISGWII! @10#, our crude and conservative estimate is th
the correction to the leading order prediction is of the ord
of 25%, at the non-recoil point (v•p5mr). Note, however,
that this isnot the number that constrains the model depe
dent uncertainty. What is more interesting is the variation
this number due to model dependence, and this is determ
by the model dependence inf̃ 1 / f̃ 01g̃1 /g̃0. If, in some other
model, this number is 50% larger than the ISGWII numb
this would represent about a 10% change in the value of
ratio f B→rgB→r/ f D→rgD→r, and therefore about a 5% un
certainty in the ratiouVubu/uVcdu. This is much smaller than
the current model dependence inVub , which is of the order
of 20%. Furthermore, our perhaps naive expectations are
the model dependence inf̃ 1 / f̃ 01g̃1 /g̃0 should be much
smaller than the 50% guessed above, meaning that the m
dependence inuVubu/uVcdu should be of the order of a few
percent~e.g., a 10% uncertainty inf̃ 1 / f̃ 01g̃1 /g̃0 leads to
about 1% uncertainty inuVubu/uVcdu). This discussion does
not take into account the uncertainties that arise in the va
chosen for the quark masses, for instance. However, the
portant point here is that the model dependence now oc
not in the leading prediction, but in a potentially small co
rection.

Similar analyses can be performed for the quantities
Eqs. ~14!–~18!. Model dependence in these might be e
pected to be significantly larger than discussed above, ma
because these quantities depend on the form factor ratior, at
leading order.

V. DISCUSSION AND CONCLUSION

We have suggested three measurements that can allow
extraction ofuVubu/uVcdu in an absolutely model independe
manner. However, our results are subject to a numbe
corrections, which we discuss briefly below.

One of the corrections that must be taken into accoun
isospin breaking. For theD mesons, the possible deca
5-4
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modes areD0→r2,1n, andD1→r0,1n, , while the cor-
responding B decay modes areB̄0→r1, n̄, and B2

→r0, n̄, . The predictions given in the previous section im
plicitly assume that the light component of the heavy me
is the same for both theD and B decays. This means tha
comparisons can be made between the decays of theD0 and
those of theB2, or between the decays of theD1 and those
of the B̄0. In each of these comparisons, the daughterr is
different, so some assumption of isospin invariance am
the form factors has to be made. Departures from this inv
ance can be expected to be small. There is also an imp
assumption of isospin invariance in the discussion of
radiative factor of@as(mb)/as(mc)#212/25.

By far the larger corrections are expected to come fr
the 1/mc and 1/mb contributions to the matrix elements o
interest. We have briefly discussed these in the previous
tion, and have suggested that, for the ratiodG1

B /dq2

2dG2
B /dq2/dG1

D /dq22dG2
D /dq2, model dependence in th

universal functions that arise at order 1/mQ should lead to
uncertainty in the extraction ofVub of no more than a few
percent.

We conclude with a comment comparing the method p
posed for extractingVub with other methods, such as th
ratios of differential decay rates to unpolarizedr mesons.
Any such ratio will depend, in general, on the form factorsf,
g anda1 . Since neither these form factors nor their norm
izations are known, models of some sort must be used in
extraction ofVub from such measurements. This introduc
large model dependences, even at leading order in the h
d
M
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quark expansion. As pointed out at the end of the last sect
this is true of the quantities discussed in Eqs.~15!, ~17! and
~18!, for instance.

The quantity proposed in Eq.~19! is different in that there
is no form factor dependence in the leading order predicti
This means that our lack of knowledge of the form factors
leading order does not affect the extraction ofVub from that
expression. Of course, this prediction is subject to 1/mc and
1/mb corrections, which now introduce model dependen
into the extraction@see Eq.~22!#. However, the model depen
dence now appears only in a correction to the leading or
prediction, not in the leading order prediction itself. If th
correction to the leading order prediction is relatively sma
the model dependence in the overall prediction should a
be small. Our estimates are that the model dependence in
extraction ofVub should be reduced to a few percent. It is
be emphasized that this is the estimate of the model un
tainty in the extraction ofVub , not an estimate of the size o
the corrections to the leading order prediction.
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