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Sagnac interferometer as a speed-meter-type, quantum-nondemolition gravitational-wave detector
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According to quantum measurement theorgpéed metefs—devices that measure the momentum, or
speed, of free test masses—are immune to the standard quantuniSi@iij. It is shown that a Sagnac-
interferometer gravitational-wave detector is a speed meter and therefore in principle it can beat the SQL by
large amounts over a wide band of frequencies. It is shown, further, that, when one ignores optical losses, a
signal-recycled Sagnac interferometer with Fabry-Perot arm cavities has precisely the same performance, for
the same circulating light power, as the Michelson speed-meter interferometer recently invented and studied by
Purdue and the author. The influence of optical losses is not studied, but it is plausible that they be fairly
unimportant for the Sagnac interferometer, as for other speed meters. With squeezed (sgpeere factor
e 2R=0.1) injected into its dark port, the recycled Sagnac interferometer can beat the SQL by a/ftor
=3 over the frequency band 10 B4 <150 Hz using the same circulating power-820 kW as is to be used
by the (quantum limitedl second-generation Advanced LIGO interferometers—if other noise sources are made
sufficiently small. It is concluded that the Sagnac optical configuration, with signal recycling and squeezed-
vacuum injection, is an attractive candidate for third-generation interferometric gravitational-wave detectors
(LIGO-IIl and EURO.
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[. INTRODUCTION the more mature Michelson topology to the Sagnac topology,
becausdi) the technical advantages provided by the Sagnac
After decades of planning and development, an array ofopology (e.g., simpler control system required, high toler-
large-scale laser interferometric gravitational-wave detectorance to reflectivity imbalance between the arrhave not
(interferometers for short consisting of the Laser Interfer- been able to overcome its disadvantageg., low tolerance
ometer Gravitational-wave ObservatofiZIGO), VIRGO, to beamsplitter reflectivity error and beamsplitten) iif—9],
GEO and TAMA[1], is gradually becoming operative, tar- and (ii) the shot-noise limitedsensitivities of ideal Sagnac
geted at gravitational waves in the high-frequency bandnterferometers have not exhibited any interesting features
(10-1G Hz). Michelson-type laser interferometry is used in with astrophysical distinction that cannot be equally realized
these detectors to monitor gravitational-wave-inducedy signal-recycled Michelson interferometgif]. Neverthe-
changes in the separations of mirror-endowed test massdess, a sustained research effort is still being made on the
More specifically, a laser beam is split in two by a 50/50Sagnac topology, aimed at third generation gravitational-
beamsplitter, and the two beams are sent into the two armsave detectorgsbeyond Advanced LIGD In particular, an
(which may contain Fabry-Perot cavitjeand then brought all-reflective optical system suitable for the Sagnac is being
back together and interfered, yielding a signal that senses thdeveloped 11], with the promise of being able to cope with
difference of the two arm lengths. Although it is plausible the very high laser powers that may be needed in the third
that gravitational waves will be detected, for the first time ingeneration, by avoiding high-intensity light from passing
history, by these initial interferometers, a significant upgradehrough the substrate. At the same time, all-reflective optics
of them must probably be made before a rich program otlso provides the flexibility of using non-transparent sub-
observational gravitational-wave astrophysics can be carriestrate materials that have superior thermal properties, e.g.,
out[2]. In the planned upgrade of the LIGO interferometerssilicon.
(Advanced LIGQtentatively scheduled to begin operations In this paper, a theoretical study of the idealized noise
in 2008[3]), the Michelson topology will still be used, as performance of Sagnac-based interferometers at high laser
also is probably the case for Advanced LIGO's internationalpowers is carried out. It is shown that, by contrast with the

counterparts, for example the Japanese LQ@ET previously studied low-power regime, tliglea) Sagnac in-
An alternative to the Michelson topology, the Sagnac to-terferometer might be significantly better at high powers than
pology, originally invented in 1913 for rotation sensiffg, its ideal Michelson counterparts, and thus is an attractive

can also be used for gravitational-wave detection, if the lightandidate for third-generation interferometric gravitational-

circumscribes zero ard&,7]. In a Sagnac interferometer, as wave detectors, e.g., LIGO-IIl and EURQ2)].

in a Michelson interferometer, a laser beam is split in two, In advanced gravitational-wave interferometers, the laser

but each of the two beams travels successively through bothower is increased to lower the shot noise. However, at these

arms, though in the opposite ordén opposite directions  higher light powers, the photons in the arms exert stronger

When the two beams are finally recombined, a signal sensrandom forces on the test masses, thereby inducing stronger

tive to thetime-dependent pauf the arm-length difference radiation-pressure noise At high enough laser powers

is obtained. (above about 850 kW in Advanced LIGOthe radiation-
Until now, there has been little motivation to switch from pressure noise can become larger than the shot noise and
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dominate a significant part of the noise spectrwsually at y N ETM
all frequencies below the noise-curve minimuis was first
pointed out by Braginsky in the 196(043,14, a balance
between the two noises gives rise to a standard quantun
limit (SQL). As was later realized, again by Braginsky
[13,14], the SQL can be circumvented by clever designs,
which he named quantum nondemolitiG@ND) schemes.

The advanced LIGO interferometers were originally ™
planned to operate near or at the S{3], but it was later = Az =
shown by Buonanno and Chen that they can actually beat thi “@Tﬁ cilEG E
SQL by a moderate amount over a modest frequency band ﬁ» \
due to a change in interferometer dynanjit§—17 induced PRM BS £ (2)
by detuned signal-recyclingl8,19. Laser i BE

Generations beyond Advanced LIGO, however, will have gl it IT™ TETM
to beat the SQL by significant amounts over a broad fre- =t SRM
qguency band; i.e., they must tsrongly QND Currently pﬂq
existing schemes for strongly QND interferometers with PD

Michelson topology include(i) The use of two additional
kilometer-scale optical filters to perform frequency-  FiG. 1. Schematic plot of a Sagnac interferometer with optical
dependent homodyne detectif20] at the output of a con- delay lines in the arms.

ventional Michelson interferometer, as invented and ana-

lyzed by Kizmble, Lfevin, Matsko, Thorne and Vyatchanir; particular, a signal-recycled Sagnac interferometer with ring
(KLMTV)) [21]. (Reference[21] can be used as a general qyities in its arms has exactly the same performance as the

start?ng_point for th_e quantum-mechanical analysis of QNDy;ichelson speed meters of RE25], aside frompresumably
gravitational-wave interferometergii) The speed-meter in- minor) differences due to optical losses.

terferometer, originally invented by Braginsky and Khalili This ; ; . ;

. . paper is organized as follows: in Sec. Il we derive
[22], developed by _Braglnsky, K_haI|I|, quodetsky and e input-output relation of signal-recycled Sagnac interfer-
Thorne[23], and later incorporated into the Michelson topol- i aters, with either optical delay lines or ring-shaped Fabry-

ogy by Purdue and Chei24,24. In Its _Mlchel_son form, the - perot cavities in the arms, showing that they are indeed mea-
speed meter uses at least one additional kilometer-scale OQDring the relative speed of test masses. In Sec. Ill, we
tical cavity to m%asu(rje fthe relatlveb m%mentum of the free testy yate the noise spectral density of ideal Sagnac interfer-
MasSes over a broad frequency band. . ometers, obtaining comparable performances to the Michel-
The speed meter is motivated, theoretically, by the fackyn gpeed meters. In Sec. IV, we discuss some technical is-
that the momentum of a free test mass QD observable g ,o5 that deserve further investigation. Finally, Sec. V

(27,28, ie., ri]t can be measured continuously to arbitraryg,mmarizes our conclusions. The Appendix contains details
accuracy without being limited by the SQL. This fact can bej, the calculations of the input-output relation of a single

understood by noticing that the momentum of a free mass igyierferometer arm, which might contain an optical delay line
a conserved quantity. In a continuous measurement on freg; 4 ring cavity

mass momentum, the measurement-induced kicks on dis-
placement, its canonical conjugate, will not affect its future
values. In this way, there can in principle be vanishing back- Il. THE SAGNAC AS A SPEED METER, AND ITS
action noise in such a measurement. Practically, QND INPUT-OUTPUT RELATIONS
schemes based on a Michelson speed meter can exhibit
broadband QND performances using only one additional
kilometer-scale cavity, by contrast with the two additional Two well-known variants of Sagnac interferometers are
cavities needed for QND schemes based on a conventionahown in Figs. 1 and 2, which uses optical delay lines
Michelson interferometera position meter. Michelson—  (henceforth abbreviated as Dlr ring-shaped Fabry-Perot
speed-meter-based QND schemes are also less susceptiblecavities(henceforth abbreviated as FRormed by input test-
optical losses than those based on Michelson position metersass mirrorgITMs) and end test-mass mirrofETMs) (the
(Sec. V of[25]). ring cavity has an additional perfect mirjpin the arms to
Surprisingly, so far as we are aware nobody has previenhance signal strength. A power-recycling mir(®RM)
ously noticed that, because the Sagnac interferometer is seand a signal-recycling mirraiSRM) are also use{,18], in
sitive only to thetime-dependent paxf the arm-length dif- order to enhance further the circulating power inside the
ference, it is automatically a speed meter. Moreover, as warms, and to modify and improve the frequency response of
shall see in this paper, with the help efgnal-recycling the interferometer.
[18,19, i.e., by putting one additional mirror at its dark out-  As a brief historical note, the ideas of using optical delay
put port, a Sagnac interferometer can be optimized to have lines and Fabry-Perot cavities in arms were due to Wei6k
comparable performance to a Michelson speed matigh-  and Drevel6], respectively. These two signal-recycled Sag-
out the need for any additional kilometer-scale cavitigs  nac configurations can be traced back equivalently to the two

A. The Sagnac optical configuration
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—~ETM end mirrors, we have for the phase gained by the R and L
beams after traveling from the bright entry port through the
two arms to the dark exit port:

Opr~Xn(1) +Xe(t+ Torm),

Op~Xe(t) + Xn(t+ Tam).

alN
z T:Z bRNm \m ETM The amplitude of the dark-port output is proportional to the
PRM ° Vi iAlﬂ% phase difference of the two beams at the beamsplitter:
Laser BRE . \
— -
7 g8 ai? Opr— L~ [Xn(1) = XN(t+ Tarm) | = [Xe(t) = Xe(t+ 7am) ]
N (1)
weths SRM
Pﬂq As a consequence, the Sagnac interferometrotisensitive
PD to any time-independent displacement of the test masses. By

expanding Eq(1) in powers ofr,,, we see that, at frequen-

FIG. 2. Schematic plot of a Sagnac interferometer with ringcies much smaller than 4y,,,, the speedof the test-mass
cavities in the arms. motion is measured, and at higher frequencies, a mixture of
the speed and its time derivatives is measured—as also is the

original designs of Drever, as shown in Figs. 9 and 10 of Refca@S€ in other speed met¢@2,24,23. .

[6]. These original Sagnac designs by Drever were intended In reality, the storage timerym is determined by the
to explain the idea of what is currently known as signal re-ound-trip time of light inside the arm,L2c, times the num-
cycling, instead of the zero-area Sagnac topology itseifPer of round trips the light makes before leaving the arm,

However, the currently widely-used signal-recycling which can either be fixeq by the geometry of the optical
schemes were invented by Medfs] based on the idea of d€lay lines, or be determineth an average sensey the

Drever, but much simplified. In this paper we have adoptedPut Power transmissivitf the arm cavity(average number
the the signal-recycling scheme of Meers. of bounces~=2/T). Although a smaller storage time can give

In both variants shown in Figs. 1 and 2, the carrier light® broader bandwidth, the sensitivity achieved with a fixed

enters the interferometer from the left péaiso called the ~amount of optical power will also be lower. It is therefore
“bright port” ) of the beamsplittefBS). The light gets split advisable to put ]zf@,m in the middle of interested frequency
in two and travels into the two arms in opposite orders; weSPECtrum, which is around <100 Hz for earth-based
denote by R the beam that enters the NéNharm first and gr_avnatlonal-wavg interferometers. For the ITIGO facility
the East(E) arm second, and by L that which enters E firstWith L=4 km, this corresponds to the requirement of a
and N second. As the mirrors are all held fixed at their equi80-Pounce optical delay line, or an input power transmissiv-
librium positions, the carrier R and L beams, upon arrivingity of around 3%.

again at the beamsplitter, will combine in such a way that no

lights exits to the port below the beamsplittéhe “dark C. Input-output relations without a signal-recycling mirror
port”). Similarly, any vacuum fluctuations that enter the in-
terferometer at the bright port along with the carrier light
will also be suppressed in the dark-port output. Only vacuu . ; . . .
fluctuations thgg entered the intergerometgr fromythe darlger've thequuantum mechamoaput-output relatlons_—Le.,
port can leave the interferometer through the dark port. As ye shall der_|ve equations for the_ quantum meqhanlcal dark-
result, the dark port is decoupled from the bright port, as in ort output fieldq in terms of the inputvacuun) fields p at

Michelson interferometer. This fact is crucial to the L~:uppres-vcr?i %airrl: tﬁort r?gcg at t::et bright rp_ort(ﬁgethﬁgsr. \%tatri]dn)zl
sion of laser noise in the dark-port output. c €e O€s not appearqna & gravitational-

wave strainh. Here we have denoted bgfN-RELN.LE the
input sideband fields of the R and L beams at the N and E
arms, and byRNRELNLE the output sideband fields. For the
When the end mirrors of the two arms are allowed tomoment, we shall ignore the existence of the signal-recycling
move, they phase modulate the carrier light, generating sidemirror (SRM); and throughout we shall ignore the power-
band fields. Only antisymmetric, non-static changes in theecycling mirror(PRM) since(as for Michelson topologigs
arm lengths can contribute to the dark-port output; this is at merely serves to provide a larger input power at the beam-
result of the cancellation at the beamsplitter, and the fact thadplitter and has no other significance for the interferometer’s
the two beams pass through the two arms in opposite ordequantum noise.
A more detailed but still rough exploration of this point re-  In this paper, we shall use the Caves-Schumaker two-
veals the Sagnac's role as a speed-meter interferometer: photon formalism[29] (briefly introduced in Sec. IIA of
Denoting byr,, the (average storage time of light in the KLMTV ), which breaks the time-domain sideband fields, at
arms and byxy g the time-dependent displacements of theany given spatial location, into the following form,

As a foundation for evaluating the performances of Sag-
ac interferometers in the high-power regime, we shall now

B. The Sagnac’s speed-meter behavior
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TABLE I. Expressions for¥ ;m, Kam, ¥ sagnac@Nd Ksagnacin the DL (optical delay ling and FP(ring-
shaped Fabry-Perot cavitgases. Heray is the carrier frequency, the speed of lightl. the arm lengthm
the mirror massl the circulating power in the arm# the number of bounces inside the optical delay line,
andT, R the power transmissivity and reflectivity of the ring-cavity ITM, with-R=1.

DL FP
1+VyR QL
W arm BQL/e arctar(—\/—tan—)
1-yR ¢
© 81w (sinBQL/c)2 8l.wo ( T
o mBQ2c2| sinQL/c mO2c2 | 1— 2 Rcog20L/c)+R
1+VyR QL
W sagnac 2BQL/c+ /2 2arcta \/—tan— + 72
1-yR ¢
321w Si(BQL/c) P 32 wo | (1+ VR)TsinQL/c) [
Ksagnac ( c )3 (BQL/c)(BsinL/c) mQ2c2| 1-2/Rcog20L/c)+R
mLcl —;
LB
Arhwg _ b|1J = eZi\Pf"””alfl ) (7)
E(t)= e LEa(D)codwot) + Ex(t)sin(wot) ], 2
b'= eV ag ~ Ko a3’ +a1")]
where w is the carrier frequencyd is the cross sectional N T
i i : 2K ~
area of the beam. Herg, (t) are slowly varying fields + e Vam am 5 xJGW/L. )

called the cosinéor amplitude and sine(or phase quadra- hsoL

tures. These quadratures fields can be thought of as ampli-

tude or phase modulations on a carrier field of the formHerel =L, R stands for either one of the two beams, and
Dcos(ot). The quadrature fields can be expanded as =E, N stands for either one of the two arms. The quantity

§<§3W is the gravitational-wave induced displacement of the

Eyo(t)= fﬂc@(al £ 0tyal grioty 3y  Jth ETM (in frequency domain L is the arm length. The
’ o 27 7 ’ standard quantum limit is given by
in terms of the quadrature operatarsy(}). A more general 8%
quadrature operator can be constructed faym: hsoL= m 9)
agp=a,cosb +a,sind. (4)

wherem is the mass of the ITM and the ETM. Expressions

The set of propagation equations common to both of oufor ¥, and K., in the cases of DL and FP, are given in
Sagnac configuratior{svith either delay linegDL) or ring-  the Appendix[Egs. (A17), (A18), (A28) and (A29)] and
shaped Fabry-Perot caviti¢BP) inside the armbare: (i) at  summarized in Table 1. Combining Eq&)—(8), we obtain

the beamsplitter, 1. in terms of the input fields and the dimensionless
B LN _ pRE gravitational-wave straifiin frequency domain h [also us-
Ry 2P e 2P B _ LT TGW_TGWy 1.
=, af=——, qg=——+; (5 ing h=(xg"—xy )/LI:
V2 V2 V2
. q,=e*Vsagnap,, (10
and(ii) when the beams leave one arm and enter the other,
aREZpRN  gLN_pLE 6) gy =e?Vsaomagp, — Ksagnab1)
_ V2K
The above equation®) and(6) are for both quadratures. By + el Vsagnac——S29N8R (11
writing down these equations, we assume the distances be- SQL
tween the BS and ITMs to be small, and also integer mul- . h
tiples of the laser wavelength. wit
The input-output relations for the arms, i.e., thea re-
lations, are evaluated in the Appendir an manner analo- W gagnae= 2V amt Z, (12)
gous to that of KLMTV for Michelson configuratiopsfor 2
the distinct cases of DL and FP. The results can be put into
the following simple form: Ksagna& A 4 SIPW 4. (13
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Expressions foW sgnac@nd Ksagnacin the DL and FP cases
can be obtained by inserting Eq#17), (A18), (A28) and
(A29) into Egs.(12) and(13), with results summarized again

in Table I. Indeed, as mentioned at the beginning of this

section, the bright-port input field does not appear in the
dark-port output quadratureg ».
The input-output relation$10) and (11) have the same

general form as those of a conventional Michelson interfer-

ometer, Eq.(16) of [21], and those of a Michelson speed
meter, Eqs(27) of [24] or Egs.(12) of [25]. In particular, as
discussed in the Appendix, the output phase quadratyre
[Eq. (10)] is a sum of three terms: the shot noi§iest term),
the radiation-pressure noisdsecond terrmnh and the
gravitational-wave signa(third term), while the output am-
plitude quadratureg; [Eq. (11)] contains only shot noise.

D. Influence of signal recycling on the input-output relations

PHYSICAL REVIEW D 67, 122004 (2003

(@)

0.2

0.1 10

FIG. 3. The coupling constants,g..£) for non-signal-
recycled DL[in solid line, Eq.(15) with p=0, 7=1] and FPJin
dashed line, Eq(17) with §=2QJ Sagnac interferometers, in ar-
bitrary (logarithmig units, with ) measured in units of,_ (DL

Since the input-output relations of Sagnac interferometersas¢ and (), (FP casg respectively.
have the same form as those of a conventional Michelson

interferometer, the quantum noise of signal-recycled Sagnac
interferometers can be obtained easily using the prescriptions

of Refs.[15,16]. For simplicity, we shall restrict the signal-

recycling cavity to be either resonant with the carrier fre-

guency(“tuned SR”) or anti-resonan(‘tuned RSE"), leav-

ing the detuned case for future investigations. In these cases,
the dynamics of the interferometer are not modified by the
signal recycling, and the input-output relation has the same

form as Eqs(10) and(11), with Kgagnadeplaced bysee Sec.
[IIC of Ref. [15])

7_2

Ksagnac SR 2’Csagnao (14

1- 2pcosqusagna6" p

and V¥ g gnacreplaced by a quantit¥ g,gnac spvhose value is
not of interest to us. Herg and 7 are the(amplitude reflec-
tivity and transmissivity of the signal-recycling mirror, with
peR, >0 andp®+ ?=1. Expressions foksagnac srCaN
be obtained by using results in Table I.

Using the fact thaf)L/c<<1 (for earth-based interferom-
eters in the high-frequency band3>1 (for the DL cas¢
andT<1 (for the FP case we can obtain some approximate
formulas forks,gnac sfWhich also apply to the non-SR case,
with p—0 and7—1): in the DL case

- v
sagnac SR m LC?’%L 1+2pcog4Q/ yp )+ P2
sin(Q/ yp0) |4
SiEyo) (19
QfypL
with
o 16
Yo" gL (10

and in the FP case

. 16| c®Wo o

FP
’Csagnac SR mLc (92—95)24—5292’ (17)
with
T\1-p T
6=2|1+5 T, PP Qs=|1+ 5 vee, (18
where
Tc
YePT 7 (19

Interestingly, Eq.(17) is identical to Egs(22) and (23) of
Ref.[25], with substitutiongthis paper— Purdue and Chen

| .— W (circulating powey, Q,— € (sloshing frequencgy
5— 6 (extraction ratgp (0— w (sideband frequengy and
KErgnac s k- As we shall explain further in the following
sections, the coupling constamts,gnac sr alone (besides
hsoL, which depends om andL) will determine the quan-
tum noise of the interferometer. This means that a signal-
recycled Sagnac interferometer with ring cavities in its arms
is equivalent in performance to the Michelson speed meters
proposed in Refd.24,25 (if we ignore the influence of op-
tical losses and other noise sources

E. Frequency dependence of coupling constants,
and Sagnac interferometers as speed meters

As can be seen both analytically in Eq$7) and(18) and
graphically in Fig. 3, the coupling constakit,4n,0f a Sag-
nac interferometer without signal recyclinge., 7=1, p
=0) approaches a constant@s-0, which also turns out to
be its maximum. This fact, combined with the input-output
relation(11), suggests that the second output quadraiyiie
indeed sensitive to the speed of the interferometer induced
by the gravitational wave, since at low frequencies

g,(signal part=QVK(Q=0)xWecmomentum. (20)
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FIG. 4. The coupling constanty,g.ac sk(2) for signal-recycled DL[left panel, Eq.(15)] and FP[right panel, Eq.(17)] Sagnac
interferometers, in arbitrarglinear units, with Q0 measured in units ofp_ (DL case and() (FP casg respectively. For DL: cases with
p=0 (solid curve, 0.1 (dotted curve¢ and 0.2(dashed curveare plotted. For FP cases wifl* 2() (solid curve, \/EQS (dotted curve and
Q. (dashed curveare plotted, corresponding =0, 0.172, and 0.333.

(A more detailed discussion of the link betweg&hand a The noise spectral density associated with the input-
speed meter’s performance is given in Sec. IlIA of R28]; output relationg10) and (11) can be obtained in a manner
that discussion, in the framework of a Michelson speedanalogous to that of Sec. IV of KLMTV or Sec. Il of Ref.
meter, is equally valid for a Sagnac speed meWwihen sig- [25]. The result is

nal recycling is added, the shape 6{()) can be adjusted

for optimization purposes; examples are shown in Fig. 4. S = (cotP — Ksagnac s+ 1

2Ksagnac SR

h3aL- (22)

lll. NOISE SPECTRAL DENSITY _ _ _ _
As is also discussed in Ref23-25, the optimal quadrature

In this section, we shall assume that homodyne detectiof observe is the one with
can be carried out on anifrequency-independenguadra-
ture, COtD = K pa= MaxCsagnac sk2); (23
Q

Og = (,c08Db + qg,sind. (21
for this quadrature the noise spectral density is
Homodyne detection is essential for QND interferometers, if
they are to beat the SQL by substantial amounts; the addi- [ (Kimax— Ksagnac sk +1
tional noise associated with heterodyne detection schemes Sh=
can seriously limit an interferometer’s ability to beat the SQL

2oL 24
2’Csagnac SR sQL ( )

[30,31. In the left panel of Fig. 5, we plot the noise spectral density
T LA T P S L | T LI A AT

>: 105 E,E 105

N F B

T g T o

e S

2 1 2 1

€ €

2 2

0 Il L I B | Il L M B 0 1 L P B | 1 " M B
‘]10 20 50 100 200 500 1000 ']10 20 50 100 200 500 1000
f (Hz) f (Hz)

FIG. 5. The noise spectral densffpr the optimized quadrature, see EB3)] of non-signal-recycled Dileft pane) and FP(right pane)
Sagnac interferometef&q. (24), settingp=0 and 7=1], assumingl .=8.2 MW andm=40 kg. [By injecting squeezed vacuufwith
squeeze factoe™ 2R) into the dark port, one can reduteby a factore?®~10.] For DL: cases with3=40 (dotted curvég 60 (solid curve
and 80(dashed curveare plotted. For FP: cases wifh,= 27X 200 Hz(dotted curve, 27X 220 Hz(solid curve and 27X 240 Hz(dashed
curve are plotted. The noise curves for the fiducial speed m@tegray) and the SQL(dark straight linesare also plotted in both panels
for comparison.
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FIG. 6. The solid curves are the noise spectral densities of signal-recyclét:fDpane) and FP(right panel Sagnac interferometers
[Eq. (24)], assumingl ,.=8.2 MW andm=40 kg. [By injecting squeezed vacuum into the dark port, one can retiubg a factore®®
~10.] For DL, we takeB=60, p=0.12; for FP, we také),=27X 173 Hz andd=27X 200 Hz, which correspond t6=0.0564 andp
=0.268. The corresponding non-recycled noise curves are also shown, as dashed curves. The noise curve of the fiducial Michelson speed
meter is plotted in gray in the left panel and is identical to the solid, signal-recycled FP Sagnac noise curve in the right panel; the standard
guantum limit is shown as dark straight lines.

of a delay-line Sagnac interferometesthout signal recy- has the same noise spectral density as the fiducial Michelson
cling, with m=40 kg and .=8.2 MW (the characteristic cir- speed metef.The two noise curves agree perfectly, appear-
culating power used for the Michelson speed meter in Refsng as the solid curve in the panglhe corresponding non-
[24,25), and with B=40, 60, 80[corresponding to powers recycled noise curvéwith p=0) is also plottedthe dashed
in a single beam equal to 102.5 kW, 68.3 kW and 51.3 kW,curve for comparison.
respectively; see EqA9); these powers can be lowered by As conceived by Cave$28] and discussed in Refs.
injecting squeezed vacuum into the dark port, as we shall21,25, injecting squeezed vacuum into the dark port can
discuss below The noise spectral density of the fiducial lower the required circulating power. For example, as dis-
Michelson speed meter of Refg4,25, with the samé . and  cussed in Sec. IVA of Ref25], for speed meters with input-
m, and (in their notation Q=27Xx173 Hz, =27  output relations with the form of Eqg10) and (11), the
X 200 Hz, is also plotted for comparison. In the right panel,circulating power can be lowered by the squeeze factor
we plot the noise spectral density of a ring-cavity Sagnae 2R, while maintaining the same performance. In the
interferometemithoutsignal recycling, with the sammand  LIGO-IIl era, it is reasonable to expeet 2R~0.1[21], so
l., and with ygp=27X200 Hz, 2rX220 Hz and Z  the circulating powers cited above can be lowered by a factor
X 240 Hz. As one can see in the two panels, both configu~10. The resulting fiducial circulating power,|
rations of non-recycled Sagnac interferometers exhibit=8.2 MW/10=820 kW is about the same as planned for the
broadband QND performance, with the beating of the SQLsecond-generation Advanced LIGO interferometers.
concentrated at low frequencies. Finally, for signal-recycled FP Sagnac interferometers,
Signal recycling allows us to improve and optimize thesince they are equivalent to the Michelson speed meters of
Sagnac interferometers so they have similar performance toRef. [25], one can further improve the high-frequency per-
Michelson speed meter; i.e., so they beat the SQL by dormance by performing frequency-dependent homodyne de-
roughly constant factor over a substantially broader fretection with the aid of two kilometer-scale optical filters at
quency band than without signal recycling. In particular,the dark-port output; see Sec. IVB [#5].
since the spectral densit{22) only depends onk, and
K& hgnac sdiS the same as that of a Michelson speed meter, the
signal-recycled Sagnac interferometers with ring cavities
will have the same performance as the Michelson speed We shall now comment on three technical issues that
meters. In Fig. 6, we give one example for each of the DLmight affect significantly the performances of Sagnac speed-
and FP configurations. In the left panel we plot the noiseameter interferometers:
spectral density for a signal-recycled DL Sagnac writh Optical lossesSo far in this paper, we have regarded all
=40 kg, 1.=8.2 MW, B=60 (and thereforel,=68 kW) interferometers as ideal; most importantly, we have ignored
and p=0.12 (dark solid curvg, compared with that of the optical losses. As has been shown by several studies of the
corresponding non-recyclegp£0) interferometer(dashed Michelson cas¢21,25, optical losses can sometimes be the
curve, and that of the fiducial Michelson speed mdigmray limiting factor on the sensitivity of a QND interferometer.
solid curve. In the right panel we plot the the noise spectralHowever, as shown in Reff25], Michelson speed meters are
density of a signal-recycled FP Sagnac interferometer withess susceptible toptical losses than Michelson position
T=0.0564,p=0.268, corresponding t6),=27x173 Hz, meters[even though the losses may be enhanced by the
and §=2mXx200 Hz [from Eq. (18)]. This interferometer larger number of optical surfaces on which to scatter or ab-

IV. DISCUSSION OF TECHNICAL ISSUES
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sorb, and by the fact that the coupling const#iff)) re-  Thorne for useful discussions, encouragements on writing
mains finite as)— 0 rather than growing to infinily It is  this paper, and detailed comments and modifications to the
plausible that this feature will be retained, at least for opticamanuscript. | also thank Albrecht Riger for his painstaking
losses associated with the individual optical elements, angroofreading of the manuscript and many useful comments.
with the readout scheme, but rigorous calculations are yet tdhis research was supported in part by NSF grant PHY-
be carried out. Moreover, the losses due to the use of diffradc3099568, and by the Barbara and David Groce Fund of the
tive optics and polarization techniques in some Sagnac corSan Diego Foundation.
figurations[11] deserve serious study.

High power through the beam splittéks we saw at the APPENDIX: INPUT-OUTPUT RELATIONS
end of Sec. lll, for FP Sagnac interferometers, in order to FOR THE ARMS
optimize the shape of the noise curve, the required values of
the power transmissivity of the ITM can become as large as Since the north and east arms are identical, we need only
0.05, which may require optical powers at the level of tens onalyze one of them. For concreteness, we study the East
kilowatts through the beamsplittefeven when squeezed arm. In Appendix B of Ref[21], KLMTV derived the input-
vacuum is injected into the dark pgrthis may pose a prob- output relation for a simple FP cavity, using the same Caves-
lem for implementation. In Michelson speed meters, aSchumaker quadrature formalisi®9] as we use here. The
resonant-side-band-extraction technique can be used fioput-output relations for optical delay-line arms and ring
greatly reduce the power through the beamsplitter withoutavities can be derived analogously:
affecting the interferometer’s performance, but it is not clear
whether an analogous trick exists for Sagnac interferometers. 1. Optical delay line (DL )

Susceptibi_lity_ to mirror tilt ar_1d imperfection_in the low- Following the procedure of KLMTV, we initially suppose
laser-power limit, the Sagnac interferometer is known 10 b&pa¢ the ITM is not movingits motion will be accounted for

more susceptible to mirror tilting than are Michelson inter-|ate0 and we denote the displacement of the ETMxbjt).
ferometers, but less susceptible to geometric impen‘ection‘s)upp’Ose the R beam has an electric field amplitude
of mirrors [9]. A study of these susceptibilities needs to be

carried out in the context of high laser power, in order to see EREINt)=[D+ EﬁE i“(t)]cogﬂopr EZRE i”(t)sinwot
whether they pose any serious difficulty in the implementa- (A1)

tion of Sagnac speed meters. ) ) _
at the location where it enters the E arm; hBres the(clas-

V. CONCLUSIONS sica) carrier amplitude andef5"(t) are the sideband

. . . . adrature fields
In this paper, a quantum-mechanical study of |deallzeciqu ure

Sagnac interferometers, including radiation-pressure effects, _— Arhwg [ +=dQ RE it

has been carried out. As was already known, Sagnac inter- Ez; ()= TI E[al,ze "+h.cl,

ferometers are sensitive only to the time varying part of the 0
; : ; . (A2)

antisymmetric mode of mirror displacement. It was a short

and trivial step, in this paper, to demonstrate that this meanwith “h.c.” meaning “Hermitian conjugate.” The output

a Sagnac interferometer measures the test masses’ relatigeam after3 bounces is delayed by

speed or momentum and therefore is a speed meter with

QND capabilities. Detailed computations revealed that, as At=2BL/c+2[xg(t—L/c)+xg(t—3L/c)

for other speed meters, a broad-band QND performance can + o xet—(2B—1)L/0)], (A3)

be obtained, when frequency-independent homodyne detec-

tion is performed at the dark port. Signal recycling can beso

employed to further optimize the noise spectrum so it is

RE ou _eREin/;+ _
comparable to that of a Michelson speed meterexactly E () =E""t-At)

the same, for Sagnac configurations with ring cavities in the ~[D+ERE"(t—2BL/c)]coswot
armg; and, by contrast with the Michelson, this can be _
achieved without the need for any additional kilometer-scale +ESE "(t—2BL/c)sinwet
FP cavity.[In the case of frequency-dependent homodyne 5
detection with the aid of two kilometer-scale filter cavities, 2woD
the Sagnac speed meter still needs one less optical cavity + C ,Zl xe(t—(2k=1)L/c). (Ad)
than its Michelson counterpaltlf further technical issues,
including those related to optical losséSec. IV), can be Comparing with
resolved, the Sagnac optical topology will be a strong candi-
date for third-generation gravitational-wave interferometers, ERE o) = HWﬁ%JMQ[bREeiQ%Lh.C.]
such as LIGO-IIl and EURO. 12 Ac Jo 2m-7h ’
(AS5)
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b3 "= e?B0t/cag" - - 4 sinBQL/c| . [afE+ait
2 2 Xe=XSW— . /—Zﬁwolb(W iBOL/c %
209 [ 21y (SINBOLIC) o0/ 7 mQ*c sieaLre
"¢ Vo sinoLric € € (A7) (A13)
- This, when combined with EqA7), yields
where xg is the Fourier transform okg(t). Herely is the
power of the beam, bRE= g?1BOL/caRE
2 : 2 RE LE
b:D Ac (A8) 16,00 SINBOL/C\® 061/ @1 Ta1
8w ’ mQ2c2\ sinQL/c 2
which is related to the total circulating power by @ 21y, [sinBQL/c W (A14)
¢ Vhawg sinQlL/c |7E -
'b‘ﬁs' (A9) The second term on the right-hand side is the radiation-

pressure noise.
The physical meanings of Eq&\6) and(A7) can be roughly In reality, the ITM’s, the beamsplitter, and the connection
explained as follows(i) the gravitational-wave signal em- mirror will also move under the radiation-pressure foficet
bodied if&E is only present in the secoridhasg quadrature, they arenot influenced by gravitational Wav}a_sWhen B
bRE, of the output sideband field, i.e., in the second term of> 1 @ndQ2L/c<1, only the ITM need be taken into account,
the right-hand side of Eq(A7); (ii) the first term on the in addlt'lon to the ETM, qnd Fhe effect is just a doupllng of
right-hand sides of Eq¥A6) and (A7) represents the shot the radiation pressure noise in _&’A14). Hence we arrive a_t
noise, which originates from the quantum fluctuations of thd'® complete input-output relation for the East arm, put into
input field. Obviously, the relation@6) and(A7) also apply & More compact forntsimilar to those in KLMTV[21]):
to the L beam, with the change of superscript R to L.

RE_ 2iV RE
Next we must study the motion of the end mirror, which is by =e”"oLa; ", (A15)
influenced by both the passing gravitational wave and the - RE RE . LE
radiation-pressure force: by=e?"o[a5c— Kp (af"+a]")]
o N2KpL =
. v GW
Xe=XEW+xEA,  Xga=—Fp. (A10) e TR, (A16)
Here xg, is the displacement induced by the radiation-"here
pressure force, or thback actionof the measurement pro- _
cess, which eventually gives rise to thaediation-pressure WpL=BQLlc, (A17)
noise.The radiation-pressure fordesp comes from both the
L and R beams: _ 16lhw [ SiNBQL/C|?
B bL— m\()zc2 sinQQL/c
A _
_ 7 RE ing4 _ _ 2
Fre(t)= 5 kgl {[ERE (t—(2k—1)L/c)] 8l (SBOLIC|? e
_mBQZCZ sinQL/c ( )

+[ELEn(t—(2k—1)L/c)]?}. (A11)

However, we are only interested in thactuatingand low- The input-output relation for the L beam can be obtained by

frequencypart (in the gravitational-wave banaf the force, exchanging RE and LE in Eq§A15) and (A16).

which comes from the beating of the sideband fields against
the carrier: 2. Ring-shaped Fabry-Perot cavity(FP)

Again, let us consider the East arm. Suppose again ini-
tially that only the ETM is allowed to movéamotions of the
other two ring-cavity—mirrors will be accounted for Igter
_ Then the input-output relations for the fields immediately

+EE"(t—(2k—1)L/c)]. (A12)  inside the ITM can be obtained easily from the results for
optical delay line$Egs.(A15)—(A18), with a factor 1/2 mul-
Combining Eqs(A10) and(A12) and transforming into the tiplying the radiation-pressure noise term, since again as a
frequency domain, we obtain the Fourier transform of thefirst step we are only allowing the ETM to moje
mirror displacement in the GW frequency bdmdte that Eq. .
(A8) is used agaih BRE=g OL/CARE, (A19)

DA L _
FRE(D)= > k; [ERE Nt—(2k—1)L/c)
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BZRE:eZIQL/C AZRE_ICEB)E]. 2
N2kt
+el e ————\2%e L,
SQL
where
B=1__ 8|Cw0
Pt ma2c?’

As before, the input-output relation for the L beam is ob-

tained by exchanging RE and LE. The fields outsid
are related to these fields by

RE RE RE
by;=— \/—6‘1,2+ TB13,
LE LE LE
byo=— \/—al,2+ TB132,

HereT andR are the power transmissivity and refle

ATS=Taf5+ VRB}

ALE= (TalE+ (RBLS.

PHYSICAL REVIEW D 67, 122004 (2003

the right-hand side of EqA25) represents the radiation-
pressure noise, and the third term on the right-hand side of
Eq. (A25) is the gravitational-wave signal. Again, other op-
tical elements besides the ETM can also be influenced by the
radiation-pressure force; but wh@r<1, we need only con-
sider the radiation-pressure force on the ITM and the other
cavity mirror near the ITM, in addition to the ETM. Suppose
all three sides of the ring cavity are on resonance with the
carrier frequency. Then it is obvious that, at leading order in
QL/c andT, the momentum fluxes carried by the beams at
the locations of the three mirrorgo and from within the
cavity) are the same. However, since the in-cavity light is
e the ITMincident on the two near mirrors at 45°, the motions of each
of them induced by the radiation pressure ig2.that of the
ITM, and are in the directions normal to their surfaces. Also
because their motion directions are again 45° to the propa-
gation direction of the beams, the resulting radiation-
pressure noise is reduced by an additiong21/In the end,

the net radiation-pressure noise due to the two near mirrors is
equal to that due to the end mirror. Doubling the radiation-
pressure noise in EGA25), we obtain the input-output rela-
tion of the ring cavity, which we put into a form similar to
ctivity of that of the optical delay line:

(A20)

(A21)

E
20
(A22)

(A23)

the ITM, T+R=1. Combining Eqs(A19)-(A23), we ob-

tain bfE=e? VrralE, (A26)
RE_ e? e~ R RE bRE=e?Vr aXF— K ro(afF+alF)]
bRE= ——_~_ aRE (A24)
1_e2|QL/c\/§ T,
. +el Vet T oXEW) (A27)
bRE_ e2|QL/c_\/§ soL
2 1_ezim_/c\/§ with
e THE? =+ af" LR o
2 1—2\/§COE{ZQLIC)+R 2 Wep= argl_eziT\/ﬁ:arCta'( mtanT )
eiQL/c\/f Q/Cgfl _ (A28)
+ = 2%e/L. (A25)
1_e2I LC\/ﬁ hSQL T 8|Cw0
Kep= )
As before, the first terms on the right-hand sides of Egs. "\ 1-2JReos2L/c+R/ mQ2c?
(A24) and(A25) represent the shot noise, the second term on (A29)
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