PHYSICAL REVIEW D 67, 122003 (2003

Implementation of time-delay interferometry for LISA
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We discuss the baseline optical configuration for the Laser Interferometer Space AthttS#amission, in
which the lasers are not free-running, but rather one of them is used as the main frequency reference generator
(the mastej and the remaining five aslaves these being phase-locked to the magtbe master-slave
configuration. Under the condition that the frequency fluctuations due to the optical transponders can be made
negligible with respect to the secondary LISA noise soufoegnly proof-mass and shot noigewe show that
the entire space of interferometric combinations LISA can generate when operated with six independent lasers
(the one-way methodcan also be constructed with theaster-slavesystem design. The corresponding hard-
ware trade-off analysis for these two optical designs is presented, which indicates that the two sets of systems
needed for implementing thene-way methgdand themaster-slave configuratiorare essentially identical.
Either operational mode could therefore be implemented without major implications on the hardware configu-
ration. We then derive the required accuracies of armlength knowledge, time synchronization of the onboard
clocks, sampling times and time-shifts needed for effectively implementing time-delay interferometry for
LISA. We find that an armlength accuracy of about 16 meters, a synchronization accuracy of about 50 ns, and
the time jitter due to a presently existing space qualified clock will allow the suppression of the frequency
fluctuations of the lasers below to the level identified by the secondary noise sources. A new procedure for
sampling the data in such a way to avoid the problem of having time shifts that are not integer multiples of the
sampling time is also introduced, addressing one of the concerns about the implementation of time-delay

interferometry.
DOI: 10.1103/PhysRevD.67.122003 PACS nuni®er04.80.Nn, 07.60.Ly, 95.55.Ym
[. INTRODUCTION into the heterodyned measurements, while leaving effects

due to passing gravitational waves.

LISA, the Laser Interferometer Space Antenna, is a three- The analysis presented [2] relied on the assumptions
spacecraft deep space mission, jointly proposed to the Ndhat (i) the frequency offsets of any pair of independent la-
tional Aeronautics and Space AdministratiQNASA) and  sers(assumed there to bee300 MHz) could be observed
the European Space Agen@¥SA). The LISA scientific ob-  within the detection bandwidths of the photo receivers where
jective is to detect and study low-frequency cosmic gravitathe one-way Doppler measurements are performed,(iand
tional radiation by observing phase differences of lasethe telemetry data rate needed by two of the three spacecraft
beams interchanged between drag-free spacddraft to transmit their measured one-way Doppler data to the third

_Modeling each spacecraft with two optical benches, carspacecraf(where the interferometric combinations are syn-
rying independent lasers, frequency generafeadled ul-  (hesizeg is adequate. Although the technology LISA will be
trastable oscillator8JSO)], beam splitters and photo receiv- gpe tg use should make possible the implementation of time-
ers, the measured eighteen time series of frequency shiffg, |,y interferometryTDI) as discussed if2], the possibility
(six obtamed_from the six one-way laser beams betwe_e f optimizing the design of the optical layout, while at the
spacecraft pairs, six from the beams between the two Opt'c%ame time minimizing the number of Doppler data needed

benches on each of the three spacecraft, and six more fro%r constructing the entire space of interferometric observ-

modulation of the laser beams with USO dateere previ-
ously analyzed by Tintet al. [2]. There it was shown that ables, was not analyzed there. Here we extend those results
o a different optical configuration, in which one of the six

there exist several combinations of these eighteen obsery- . . N
ables which exactly cancel the otherwise overwhelming@Sers i the provider of the frequency referefaleeit time-

phase noise of the lasers, the phase fluctuations due to ti§layed for the other five via phase-locking. Thraaster-
noninertial motions of the six optical benches, and the phasglaveoptical design could provide potential advantages, such

fluctuations introduced by the three ultrastable oscillator§S smaller frequency offsets between beams from pairs of
different lasers, hardware redundancy, reliability, and can re-

sult in a smaller number of measured data. An outline of the

*Also at Space Radiation Laboratory, California Institute of Tech-Paper is given below.
nology, Pasadena, CA 91125. Electronic address: Massimo.Tinto@ In Sec. Il we summarize TDI, the data processing tech-
jpl.nasa.gov nigue needed for removing the frequency fluctuations of the
"Electronic address: Daniel.A.Shaddock@jpl.nasa.gov six lasers used by LISA, and other noises. In order to show
tAlso at LIGO Laboratory, California Institute of Technology, that the entire space of interferometric observables LISA can
Pasadena, CA 91125. Electronic address: jsylvest@ligo.caltech.edienerate can also be reconstructed by using a master-slave
$Electronic address: John.W.Armstrong@jpl.nasa.gov optical configuration, we consider the simple case of space-
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menting TDI with LISA. Our comments and conclusions are
finally presented in Sec. VI.

Il. TIME-DELAY INTERFEROMETRY

The description of TDI for LISA is greatly simplified if
we adopt the notation shown in Fig. 1, where the overall
geometry of the LISA detector is defined. The spacecraft are
" —s4, L 3 labeled 1, 2, 3 and distances between pairs of spacecraft are
L., L,, L3, with L; being opposite spacecraftUnit vectors

FIG. 1. Schematic LISA configuration. Each spacecraft is equi-between spacecraft aﬁg oriented as indicated in Fig. 1. We
distant from the point O, in the plane of the spacecraft. Unit vectorssimilarly index the phase difference data to be analyzgg:
n; point between spacecraft pairs with the indicated orientation. Afs the phase difference time series measured at reception at
each vertex spacecraft there are two optical ben@tesoted 1, 1, spacecraft 1 with transmission from spacecrafa@ngl ;).
etc), as indicated. Similarly, s, is the phase difference series derived from re-

ception at spacecraft 1 with transmission from spacecraft 3.

craft that are stationary with respect to each other. AfterThe other four one-way phase difference time series from
showing that the entire space of interferometric observablegignals exchanged between the spacecraft are obtained by
can be obtained by properly combining four generatorscyclic permutation of the indices:-22—3—1. We also
(a,B,7,0), we then derive the expressions for the four gen-adopt a useful notation for delayed data streams:,
erators corresponding to the master-slave optical configura= Sai(t—L2), Sz 257 Sai(t—L,—L3) =Sz 32 etc. (we take
tion. By imposing some of the one-way measurements entethe speed of light=1 for the analysis Six more phase
ing into (a,B,7,{) to be zero(the so calledlocking difference series result from laser beams exchanged between
conditions, we show that the expressions for these generaadjacent optical benches within each spacecraft; these are
tors can be written in terms of the one-way and two-waysimilarly indexed asrj; (i,j=1,2,3;i#]).
Doppler measurements corresponding to the locking con- The proof-mass-plus-optical-bench assemblies for LISA
figuration we analyzed. Section Ill and Appendix A provide aspacecraft number 1 are shown schematically in Fig. 2. We
theoretical derivation and estimation of the magnitude of théake the left-hand optical bench to be bench number 1, while
phase noise expected to be generated by an optical transpdhe right-hand bench is*L The photo receivers that generate
der. In Sec. IV we analyze and compare the hardware rethe datas,;, s3;, 75;, andrg; at spacecraft 1 are shown. The
quirements needed for implementing both optical designsphase fluctuations of the laser on optical bench;($); on
while in Sec. V we turn to the estimation of the armlengthoptical bench 1 it is p} (t) and these are independéitte
and time synchronization accuracies, as well as time-shiftasers are for the moment not “locked” to each other, and
and sampling time precisions needed for successfully impleboth are referenced to their own independent frequency sta-

tos/c2 tos/c3

FIG. 2. Schematic diagram
of proof-masses-plus-optical-
benches for a LISA spacecratft.
The left-hand bench, 1, reads out
the phase signals;; and3;,. The
right hand bench, %, analogously
reads ous,; andr,;. The random
displacements of the two proof
masses and two optical benches
are indicated(lower casesd; for

the proof masses, upper ca§e
for the optical benches
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bilizing device. We extend the cyclic terminology so that at ing at the right-bench lasept , 51), bounced once off the
vertexi(i=1,2,3) the random displacerrlent vecters of theright proof mass Ef), and directed through the fibEincur-

two proof masses are respectively denogd) and 57 (t),  ring phase shiffu,(t)], to the left bench, where it is mixed
and the random displacemenfserhaps several orders of with laser light ;). Similarly the right bench records the
magnitude greatgrof their optical benches are correspond- phase differences,; and 7,;. The laser noises, the gravita-
ingly denotedA;(t) and A¥(t). As pointed out in[3], the  tional wave signals, the optical path noises, and proof-mass
analysis doesiot assume that pairs of optical benches are@nd bench noises, enter into the four data streams recorded at

rigidly connected, |.eAi¢Ai , in general. The present LISA vertex 1 according to the following expressidas:

design shows optical fibers transmitting signals both ways Sp1=5% +Szpt path+p —p*

between adjacent benches. We ignore time-delay effects for

these signals and will simply denote jpy(t) the phase fluc- +wo[2n,- & — Ny A —ny-Ag ], 1)
tuations upon transmission through the fibers of the laser

beams with frequencies;, and v . The u;(t) phase shifts To1=P1— PF +2voN5- (51— Ap) + g, 2)
within a given spacecraft might not be the same for large

frequency differences;— v . For the envisioned frequency Sa1=S91+ S0 Py p% —py

differenceqa few hundred megahejthowever, the remain- A

ing fluctuations due to the optical fiber can be negle¢tdd + o[ —2n3- 8+ N3 Ay +ng- A% 4, ()
It is also assumed that the phase noise added by the fibers is

independent of the direction of light propagation through T31=PF —P1—2voN,- (& —A¥) + . (4)
them.

Figure 2 endeavors to make the detailed light paths foEight other relations, for the readouts at vertices 2 and 3, are
these observations clear. An outgoing light beam transmitte@iven by cyclic permutation of the indices in Ed4)—(4).
to a distant spacecraft is routed from the laser on the local The gravitational wave phase signal components,
optical bench using mirrors and beam splitters; this beans{ ", i,j=1,2,3, in Eqs(1) and(3) are given by integrating
does not interact with the local proof mass. Conversely, amvith respect to time the equatiori$), (2) of Ref. [5] that
incominglight beam from a distant spacecraft is bounced offrelate metric perturbations to frequency shifts. The optical
the local proof mass before being reflected onto the photpath phase noise contributiorﬁ?"j,pt' Path \which include shot
receiver where it is mixed with light from the laser on that noise from the low signal-to-noise rati@8NR) in the links
same optical bench. The inter-spacecraft phase data are deetween the distant spacecraft, can be derived from the cor-
notedssz; ands;; in Fig. 2. Beams between adjacent optical responding term given if8]. The 7;; measurements will be
benches within a single spacecraft are bounced off proofade with high SNR so that for them the shot noise is neg-
masses in the opposite way. Light to toensmittedfrom the  ligible.
laser on an optical bench fgst bounced off the proof mass The laser-noise-free combinations of phase data can
it encloses and then directed to the other optical bench. Uporeadily be obtained from those given 8] for frequency
reception it doesotinteract with the proof mass there, but is data. We use the same notatioXsY, Z, «, B, v, ¢, etc., but
directly mixed with local laser light, and again down con-the reader should keep in mind that here these are phase
verted. These data are denoted and 7,4 in Fig. 2. measurements.

The terms in the following equations for tisg and 7;; The phase fluctuations;; , 7, i,j=1,2,3, are the fun-
phase measurements can now be developed from Figs. 1 addmental measurements needed to synthesize all the inter-
2, and they are for the particular LISA configuration in which ferometric observables unaffected by laser and optical bench
all the lasers have the same nominal frequengyand the noises. If we assume for the moment these phase measure-
spacecraft are stationary with respect to each other. Thments to be continuous functions of time, the three arm-
analysis covering the configuration with lasers of differentlengths to be perfectly known and constant, and the three
frequencies and spacecraft moving relative to each other wadocks onboard the spacecraft to be perfectly synchronized,
done in[2], and we refer the reader to that paper. then it is possible to cancel out exactly the phase fluctuations

Consider thes;;(t) process(Eqg. (3)] below. The photo due to the six lasers and six optical benches by properly
receiver on the left bench of spacecraft 1, whigh the time-shifting and linearly combining the twelve measure-
spacecraft frameexperiences a time-varying displacementmentss;;, 7;;, i,j=1,2,3. The simplest such combination,

A,, measures the phase differensg by first mixing the the totally symmetrized Sagnac respogseises all the data
beam from the distant optical bench # directionns, and  Of Fig- 2 symmetrically

laser phase noisg5 and optical bench motioﬁ’z‘ that have

1
_ {=S335=Sp33t S133~ S31,1F S21,1~ S12,21 2 [ (723~ T13) 10
been delayed by propagation alohg, after one bounce off

1
the proof mass &,), with the local laser ligh{with phase + (7317 720) 23% (7127 732) 12l + 2[ (723~ 719) 3
noise p;). Since for this simplified configuration no fre- + (791~ T21) 1+ (710~ T30) o], (5)
guency offsets are present, there is of course no need for any ' ’
heterodyne conversion. and its transfer functions to instrumental noises and gravita-

In Eq. (4) the 73, measurement results from light originat- tional waves are given if8] and[5] respectively. In particu-
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lar, { has a “six-pulse response” to gravitational radiation, locking schemes, the one chosen minimizes the number of
i.e. ad-function gravitational wave signal produces six dis-locking conditions between the master and any given slave.
tinct pulses in{ [5], which are located with relative times Furthermore, locking schemes relying on more than one
depending on the arrival direction of the wave and the detecmaster could be implemented, but we will not address those
tor configuration. in this paper. We will also assume the spacecraft to be sta-

Together with, three more interferometric combinations, tionary relative to each other. This assumption simplifies the
(a,B,v), jointly generate the entire space of interferometricanalysis, and does not affect the validity of the general result
combinationg3,5,6]. Their expressions in terms of the mea- [8]. Under this assumption, the frequency provided by the

surementss;; , 7;; are as follows: master laser 1 can be used as input reference for the slaved
lasers. In other words the slaves will then have the same
=Sy~ 531+ S13 2~ S12,31 S32,12~ S23,13 center frequency as the master, and their phase fluctuations
Y[ (g 719) o+ (Tas— T13) 15+ (Ta1— Ta1) (7 will be related to the fluctuations of the master laser as well
2lifes f18/27 1723 118/137 1Pl T2 81 as any other fluctuations introduced into the received light
— 751 1031 (T10— T32) 3+ (T12— T32) 12, (6)  beam prior to reception and locking.

In order to understand the topology of the beams as the
with 8, andy derived by permuting the spacecraft indices invarious slaves are locked to the master, let us follow the light
a. Like in the case off, a é-function gravitational wave paths from the master laser; 1to the slaves, as shown in
produces six pulses ia, 3, andy. In Egs.(5) and(6) itis  Fig. 3. Let us start first with the light beam that is bounced
important to notice that the; measurements from each off the back of the proof-mass*1 This beam is then directed
spacecraft always enter into the interferometric measureto the other bench, 1, where it is used as the input frequency
ments as differences taken at the same time. This propertgference for the laser there, and the measuremgnts
naturally suggests a locking configuration that makes thesade. Light is then retransmitted back to benchwhere
differences equal to zero, as we will show in the next sectionthe measurement,; is performed. Since the phase of the

We remind the reader that the four interferometric re-laser 1 is locked to that of the master, the relative phase
sponses ¢, 8,7, {) satisfy the following relationship: fluctuationst3; can be adjusted as follows:

(=g ar—agt Bo—Bast Y3~ Va2 (7) T31= T21» (12

Jointly they also give the expressions of the interferometriGynere we have assumed the noise introduced by phase-
combinations derived ifi3,5]: the Unequal-arm Michelson |5cking to be negligible(on this point see the theoretical
(X,Y,Z), the Beacon(P,Q,R, the Monitor (E,F,G, and the  gerivations in Sec. IIl and Appendix A Similarly, light
Relay (U,V,W) responses beams from lasers 1 and lare transmitted to the lasers on
the benches 2 and 3 respectively, where the lasers are

Xa= @z B vatd, ®  locked to the incoming beams. From benches @nd 3
P=({—a 9 beams are transmitted to the lasers on benches 2 and 3
L respectively, where again locking is performed similarly to
E=a—¢ (10 what is done onboard spacecraft 1. Finally, along arm 1, only
1 two one-way relative phase measurements can be performed
U=y, 8 (11) as it is easy to see. Since for the moment we have assumed a
=vy,-B,

configuration with stationary spacecraft, the optical configu-

with the remaining expressions obtained from E@&-(11) ratiqn descripgd above can be Franslated into thg following
locking conditionson some relative phase fluctuation mea-

by permutation of the spacecraft indices. All these interfero-
metric combinations have been shown to add robustness &fements:

the mission with respect to failures of subsystems, and po-

tential design, implementation, or cost advantages]. T31= To1, T13= T23, T3o=T12, Sp3=S3=0. (13

Locking conditions The locking conditions define specific relationships among
The space of all possible interferometric combinationsin® ;?hashe fluctugpons from various noise sources. As an ex-
can be generated by properly time shifting and linearly com@mPle, the conditions
bining the four combinationsd,3,v,{), as given above.
Although they have been derived by applying TDI to the T31= 721, Sp3=0, (14)

twelve one-way Doppler data, in what follows we will show

that they can also be written in terms of properly selecteqmply the following relationships among the laser phase fluc-
and time shifted two-way and one-way Doppler measurey,ations, the proof-mass noises, the gravitational wave sig-

ments. These can be generated by phase locking five of ”Wal, and the two bench noises onboard spacecraft 1:
six lasers to one of them, as it is described below.

Assume, without loss of generality, the laser on benth 1 . N L A o
to be the master. Although there are several other possible P1=P1tvonz- (61—Ag)+wvony- (67 —AT), (19

122003-4



IMPLEMENTATION OF TIME-DELAY INTERFEROMETRY . .. PHYSICAL REVIEW D67, 122003 (2003

\
Bench 3* \
\

{} \
\
\
[ N
\
\
———————————————————————— 7 \
/ \
2
Bench3 ,/
/
/
/
/
g; Ty /
/
)/ FIG. 3. Simplified optical lay-
7 out of the LISA interferometer,
B st showing all the optical benches,
A proof masses and lasers.
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\ / "
P|\\ ‘P
0=sg¥+stPatfy p* g metric combinations LISA will be able to generate is smaller
' by a factor of three than the number of measurements needed
+ vl —2np- 83+ Ny Agt+ny- AT, (16)  when only one-way data are used.

once (@5.,B10.:Y10.:{10.) are constructed according to
with similar expressions following from the other locking the expressions given in Eq&l7)—(20), all the other inter-
conditions given in Eq(13). ferometric combinations can be derived by applying the
If we now substitute the locking conditions into the ex- identities given in Egs.(8)—(11). As an example, it is
pressions for &,8,v,{), we obtain their expressions in straightforward to show that Eq8) implies the following

terms of the remaining measurements expression for the unequal-arm Michelson combinakg:
$10.= 5133 S31,11 S21,17 S12,2, 17 Xio.= [S217 S31] —[ 21,33~ S31,22], (21
Qo =Sp1— S317 S137~ S12.3, (18  which coincides with the expression fof derived for the
first time in[7], in terms of the two-way Doppler measure-
Bio.= —S12F S21,3T S1323~ S31.12: (19  ments from the two LISA arms.
As a final comment, we have analyzed also several lock-
Yio.=S13~ S31,21 S21.13~ S12,23: (20)  ing configurations needed when the spacecraft are moving

relative to each other. We have found that there exist tech-

where the datag,, S;3) are one-way, andsg;, S3;) are  niques, when locking is implemented, which are similar to
effectively two-way Doppler measurements due to locking. the one analyzed ii2] for removing the noise of the onboard

The verification that the combinations ultrastable oscillators from the phase measurements. The
(a10.+B10.:%10.+410.) €Xactly cancel the laser phase fluctua-conclusions derived above for the case of stationary space-
tions as well as the fluctuations due to the mechanical vibraeraft are therefore general, and an analysis covering locking
tions of the optical benches, can be performed by substituiconfigurations with moving spacecraft is availablg 8.
ing the locked phase procesdssich as Eqs(15) and (16)]

into the expressions fors(,,S13,S,1,S31) [which are given IIl. PHASE LOCKING PERFORMANCE
by Egs.(1) and(3) and their permutatiofsand by further
replacing them into Eqg17)—(20). The locking conditions given in Eq193) reflect the as-

The main result of implementing locking is quantitatively sumption that the noise due to the optical transponders is
shown by Eqgs.(17)—(20) in that the number of measure- negligible. In this section we analyze the noise added by the
ments needed for constructing the entire space of interfergarocess of locking the phase of the local laser to the phase of
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a) b)
Na(s) pL(s)

Controller Actuator Laser Controlled Controller Actuator FIG. 4. (a) Block d|ag ram of

G(s) H A® }—4—)———{ L) phase locking control system
showing transfer functions and
M(s) }——(—f—{ R(s)

noise contributions of various sys-
Nu(s) Ng(s) Np(s)

Distant Laser
- (Reference Signal)
ps(s)

tem components(b) Simplified
control system block diagram.

the received light. This noise will be in addition to the optical function, L(s), is a passive low pass filter with a pole at
path and USO noises, which we consider separately. several GHz(and so can be ignored in this discussione

A block diagram of the phase locking control system isconclude that the block diagram in Fig@# now simplifies
shown in Fig. 4a). The system consists of a photoreceiver,to that shown in Fig. @), with the closed loop output now
phasemeter, controller, actuator and lasere Sec. IV for a given by
description of these subsystemEach of these subsystems
can be characterized by its transfer function and, when it PcL=PL+AG[Nt+ps—pcL]
applies, by a noise contributid®]. The main inputs to the  pL+AGIN+pg]

system are the phase noise of the local laggfs), and the —PeL= (24)
phase fluctuations of the signal beam from the distant space- 1+AG

craft, pg(s) (with s=o+iw being the Laplace variableThe

closed loop output is the phase noise of the retransmitted PL

From the block diagram shown in Fig(a}, it is easy to
see that the closed loop output phagg (s) can be written  The quantityN,(s) is the total noise at the input to the con-
in terms of the free-running laser phase noipg(s), the troller and is given by
input signal phase fluctuationgg(s), and the various feed-
back components’ transfer functions and noises shown in Nt=Npy+MNg+Np. (26)
Fig. 4, as follows:
Equation(25) shows that phase locking will drive the phase

PcL=PL+L{NA+AG[Ny+M(Ng of the local laserp¢, (), to that of the received laseg(s),
with an error introduced by two terms. The first term is the
+R{No+ps=peLh1}- (22 total measurement noise in the phase measurerhg(s),

which is in turn determined by the detection noise, photore-
ceiver noise and phasemeter ndisee Eq(26)]. Recall that
PL+L{Ng+AG[Ny+M(Ng+R{Np+psh) T} the detection noisep(s), is the fundamental error in the
pPcL= 1+ LAGMR , measureme_nt of the relat|v_e phase of the t_wo beams fo_r the
23) LISA detection system. A rigorous calculation of this noise
source, included in Appendix A, shows that its root power

where we have denoted witlix(s), Ny (s), andNA(s) the  Spectral density is equal to 1 ucycle/yHz at the output of
noises due to the photoreceiver, phasemeter, and actuator 82 phase meteNg(s) is the electronic noise of the photo-
spectively. The detection nois&ly(s) is the error in the receiver at the beat note frequency. Referenced to the output
measurement of the relative phase of the two beams. Thigf the phasemeter this will be well below theuicycle/\Hz
noise is the fundamental limit to the phase measurement prdevel. A phasemeter noise floor ef1 ucycle/\JHz has been
cess for the LISA detection systefsee Appendix A Since set as a requirement for the phasemeter noise. This level of
the link from the phasemeter to the controller will be digital, performance has already been demonstrgt&¢l1 over the
the controller noise will be due only to the finite precision of frequency range of interet mHz to 1 H3 albeit with het-
the digital phase information. We thus assume this noise terodyne frequencies of a few kilohertz. Given these esti-
be negligible and do not include it in this analysis. mates of the individual noise sources, a total measurement
Since (i) the productM(s)R(s)=1 (the phase at the error,N(s) of less than 2ucyclesA/Hz is expected.
phasemeter output ought to be equal to the phase at the input The second source of error in E&5) represents the finite
point of the photoreceiver(ii) the contribution of the actua- suppression of the free running laser noise. This term is in-
tor noise to the output, (s)N4(s), is much smaller than the versely proportional to the loop gain and so can be reduced
noise from the free-running lasdthe free running laser by increasing the gain. Very high gains should be possible
noise is measured with the actuators attached and thus intrimith LISA as the frequencies of interest are very 169,
sically contains this noise soup¢end(iii) the laser transfer ~10 Hz and lower. A free-running laser frequency noise of

This equation can be solved fpg,
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1 MHz/\/Hz at 1 mHz corresponds to a phase noise ofduadrature phasemeter has several potential advantages over
10° cycles/\/H_z. A total loop gain of 1# is therefore re- @ full-range phasemeter including lower noise, higher speed
quired to suppress the contribution of laser frequency nois@peration, increased reliability and lower power consump-
down to 1 ucycle/\JHz. At low frequencies the laser phase tion. However, it is restricted in usefulness to closed loop
is altered by changing the temperature of the laser crystaRperation only and is therefore not suitable for use in the
This actuator has a typicgVoltage to frequendygain of 5  one-way method. A single-quadrature phasemeter could po-
GHz/V or 5x 10* cyclesh/Hz at 1 mHz. Thus a controller tentially be used in the master-slaves configuration where
gain of 200 V/cycle is needed. This gain requirement couldone laser is phase locked to another with a fixed phase shift
be eased by “prestabilizing” the laser frequency, for example(see Sec. IV E
by locking to a low finesse cavity or other frequency refer- A full-range phasemeter has an output that is linearly pro-
ence. Initial results from bench top experimeft&,13 in-  portional to phase over the entire ranger to 7. An ex-
dicate that loop gains of the order of?Ghould be achiev- ample of a full-range phasemeter is a zero-crossing time in-
able, and hence that prestabilization may not be necessaryterval analyzer. As we show in Sec. V E, phasemeters used in
The master-slave configuration phase locking requiremergn open-loop configuration must have a dynamic range of at
should be that the noise introduced by the locking process igast~ 10° at 0.1 mHz.
insignificant compared to the 2@cycle/\/Hz of optical path
noise allocated in the LISA noise budgé{. As the analysis C. Controller
above has shown, phase locking is limited only by the mea- ) ,
surement noiséassuming adequate gaiThis measurement _A c_ontroller takes the signal from e|t_h_er a freq_uency_ sta-
noise is common to both the one-way and the master-sla\)é'“zam” system or ph_asemeter, amplifies and filters it ap-
schemes and so, given adequate gain of the phase |Ockir%oprlately, and feeds it back to the frequency/phase actua-

loop, there will be no difference in the performance of thetors of a laser. A controller is needed to frequency lock a
two systems. laser to a frequency reference or to phase lock one laser to

another. In practice the frequency locking and phase locking

controllers will differ by a pole in the controller transfer

function and by a gain factor. Depending on the sophistica-
In this section we compare the hardware needed by thtion of its design, a controller could potentially be reconfig-

two implementations of TDI discussed in the previous secured in-flight to perform either function.

tions. The discussion will focus on the minimum hardware

requirements and will not fully consider redundancy or fall- D. Photoreceivers

back options. We will consider LISA as composed of several

basic subsystems, and compare the type and quantity of tf{ﬁ

components required by each scheme.

IV. HARDWARE REQUIREMENTS

Each scheme requires twelve photoreceivers to measure
e interference from the front and back of the proof masses.
The photoreceiver unit will consist of a photodiode and low-
noise electronic amplifiers. Although the photoreceivers for
LISA will contain quadrant photodiodes for alignment sens-

Both schemes rely on a sufficiently high laser frequencying, this is irrelevant for the following discussion which as-
stability. This is because the cancellation of laser frequencgumes that single element photodiodes are used.
noise via TDI is not exact due to finite accuracy of the arm
length knowledge, finite timing accuracy, imperfect clock E. Requirements for the master-slave configuration
synchronization, and sampling time jitters. The frequency Table | summarizes the svstem components needed on
stabilization system could be composed of either an optical . yS P .
X o -~ _"each optical bench. The quantities shown represent the mini-
cavity, a gas cell, or a combination of both. The output is an . . ;
. . . mum requirements with no redundancy included. In the
error signal proportional to the difference between the laser . . .
master-slave configuration scheme one master laser is fre-
frequency and the resonance frequency of the reference. As- - .
. . L quency stabilized to its own frequency reference. All other
suming that an optical cavity is used as the frequency referl'asers are phase locked in a chain to this master laser, as
ence with a Pound-Drever-Hall lockind4] readout, the fre- > P ; - '
S . . . described in Sec. Il A. For this reason the minimum system
guency stabilization system will consist of an electro-optic

: ) . requirement is only one frequency stabilization system.
phase modulator, an optical cavity, a photoreceiver, a double- - L

. . owever, the capability of stabilizing other lasers to a local
balanced mixer, and a low pass fil{d5].

stabilization system should be included for redundancy
against failure of the master’s stabilizing device. Providing
each laser with a frequency stabilization system would pro-
A phasemeter is a device capable of measuring the phaséde a high level of redundancy and maintain compatibility
of a photoreceiver output relative to the local USO. Onewith the one-way mode of operation.
could distinguish between two types of phasemeter: single- The master-slave configuration will require at least four
quadrature phasemeters, denoted (®M and full-range full-range phasemeters for the main signal read out photore-
phasemeters, denoted PRL An example of a single- ceivers,s,;, S3;, Sip ands;z. Full-range phasemeters will
guadrature phasemeter is a mixer. It will have only a limitedalso be required for measuring the signals derived from the
linear range as the output is generally sinusoidal. A singleback side of the proof masses; , as the lasers on adjacent

A. Laser frequency stabilization system

B. Phasemeter
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TABLE |. Comparison of minimum system components required for each scheme. FS: frequency stabi-
lization system, PNB): single-quadrature phasemeter, @\ full-range phasemeter, PR: photoreceiver.

Spacecraft/Bench Master-Slave Configuration One-Way Method

SC 1* 1FS, 2 PR, 2 PNF), 1 Controller 1FS, 2 PR, 2 P(#), 1 Controller
SC1 2 PR, 2 PNF), 1 Controller 1FS, 2 PR, 2 P(#), 1 Controller
SC 2 2 PR, 1 PMF), 1 PM(S), 1 Controller 1FS, 2 PR, 2 P(#), 1 Controller
SC2 2 PR, 2 PNF), 1 Controller 1FS, 2 PR, 2 P(#), 1 Controller
SC 3* 2 PR, 2 PMF), 1 Controller 1FS, 2 PR, 2 P(#), 1 Controller
SC3 2 PR, 1 PNF), 1 PM(S), 1 Controller 1FS, 2 PR, 2 P(¥), 1 Controller

benches are locked by suppressing the difference of thshould be monitored to ensure proper operation of the phase
phasemeter outputsy;; —7,;=0. If just one of these locking systems One potential concern with the master-
phasemeter outputs were used for phase locking then slave configuration is in the nonlocal nature of the control
single-quadrature phasemeter could be utilized. However, theystem, that is to say the main phase input to the control loop
noise in the optical fiber linking the benches,, would then  comes from the light from the distant spacecraft. The ampli-
be imposed on the phase of the slave laser. Although thitude and phase of this beam could be adversely affected by
noise would be removed by including the second detector imany factors such as spacecraft alignment. Although this
the time-delay interferometry processing, this would imposewill also affect the quality of the one-way measurements, it
unnecessary requirements on the stability of the fiber link taould be more detrimental to the master-slave configuration.
prevent increasing the slave laser’s frequency noise. FurtheFor example, the signal intensity could become so low to
more, by suppressing the difference of these phasemeter owtause loss of phase lock entirely. Furthermore, because all
puts, we do not need to record this information for processthe slaves are linked to the master by the phase-locking
ing, as only the difference of the phasemeter outputs appeachain, if one phase-locking link is disrupted then all down-
in the TDI equationgsee for example, Eqg5) and (6)]. stream links may also be lost. The severity of this nonlocal
Single-quadrature phasemeters could potentially be used awontrol problem depends on how often lock will be dis-
the remaining two photoreceivers where phase locking of theupted, and the difficulty of lock reacquisition.

beams returning to spacecraft 4= s3,=0) is performed.

This is a relatively minor simplification, as suitable full- F. Requirements for the one-way method

range phasemeters must be developed for the remaining ten

photoreceivers. If the phase locking hierarchy must be reor- The one-way method (_empk_nys a very symmetric conflg_u—
dered, for example due to a frequency stabilization syste ation consisting of three identical spacecraft each containing

failure, then full-range phasemeters will also be required atve identical optical benches. The components needed on

these positions. Finally, implementing full-range phaseme—each optical bench are shown in the right hand column of

ters at all photoreceiver outputs will maintain compatibility Table . The six lasers are frequency stabllized 1o their six
with the one-way method. For these reasons we will drop th&espective frequency references. The phases of the beat notes

(F) or (S) suffix for the phasemeters and assume that onlff each local laser with the lasers from the adjacent space-
full-range phasemeters are used craft and bench are measured by full-range phasemeters to

Table Il summarizes the total number of components reProvide twelve data streams. The data from the phasemeters

quired and the number of data streams to be recorded bg\the back of the proof masses on adjacent benches can be

each scheme. Using the master-slave configuration only fo ‘;’.“b'”gd beftcl)qre tbf'?g re%orde;:i dW,'[thotJt loss ,[Of generah(tjy. d
data streams remain to be measured (S, Si» ands;3) as IS reduces the fotal number of data streams 1o be recorde

all other variables have been suppressed to effectively zet%r.]d processed to nine, as shown in Table Il. However, as we

will show in Sec. V C the number of data streams to be
and therefore do not need to be recordeithough they exchanged between spacecraft will be the same for the one-

. . way and master-slaves configuration.
TABLE Il. Summary of minimum system components required From Tables | and Il it is clear that the one-way and

for each scheme. FS: frequency stabilization system, PM: phasemgs 1o slaves configurations are almost identical in terms of
ter, PR: photorecz_alver, Observables: number of data streams fhe quantity of components required. However, there are sev-
quired for processing. eral more subtle differences in the hardware requirements of
the two schemes. A disadvantage of the one-way method is
that the laser frequencies may differ by as much as

Subsystem Master-Slave Configuration One-Way Method

FS 1 6 +300 MHz if high finesse cavities are used as the frequency
PR 12 12 references. This maximum frequency offset is determined by
PM 12 12 the free spectral range of the reference cavity, where a cavity
Controllers 6 6 with a round trip optical path of 0.5 m has been assumed.
Observables 4 9 This large frequency offset will place greater demands on the

photoreceivers’ bandwidth than the master-slave configura-

122003-8



IMPLEMENTATION OF TIME-DELAY INTERFEROMETRY . .. PHYSICAL REVIEW D67, 122003 (2003

tion where frequency offsets can be kept to the minimunracy and/or precision needed will be performed by assuming
dictated by the Doppler shiftdess than+=10 MHz). Not all the remaining errors to be equal to zero. Our estimates,
only does the high heterodyne frequency place strict requiretherefore, will provide only an order of magnitude estimate
ments on the photodetector bandwidth, but also on the banaf the accuracies and/or precisions needed for successfully
width stability. For example, assume that photoreceivers witimplementing TDI.

a bandwidth off,,~1 GHz are used for the main signal

readouts. Although a heterodyne frequerfgy, of 300 MHz

is within the 1 GHz photoreceiver bandwidth there will be a A. Armlength accuracy

0.05 cycle phase delay at this frequeritlye phase shift is The TDI combinations described in the previous sections

equal to —arctanfn/fpy) radians for a simple single-pole g\ on the assumption of knowing the armlengths suffi-
type frequency respc_m};df the be}ndV\_ndth of a photodetec- ciently accurately to suppress laser noise well below other
tor changes, then this phase shift will also change in a wa

Noises. Si the th lengths will be k ly withi
that is indistinguishable from the effects of a gravitational thoésaesciglgg §L? iﬁale ;rgn rzggecsti\vl\glybfhen:;’:/wgglra)t/igvr: O]ln
wave. A simple calculation shows that a bandwidth chang b . ’ o
of a mere 0.023%or 230 kH2 would introduce a phase ?he laser frequency fluctuations from the combinations

signal of 10u.cyclesh/Hz for information at 300 MHz. If the (e,3,7,4) will no longer be exact. In order to estimate the

heterodyne frequency is kept to 10 MHz or less, then a phc)r_nagnitude of the laser fluctuations remaining in these data

toreceiver bandwidth Change of more than 06%)6 MHz) sets, let us definéi , 1=1,2,3 to be the estimated armlen.gths
would be needed to produce a A@yclesh/Hz phase shift. Of LISA. They are related to therue armlengthsL,, i
In Sec. Il it was shown that a total loop gain of#@t 1 =1,2,3, and the accuraciedl;, i=1,2,3 through the fol-

mHz is required to ensure that the phase locking loop perowing expressions:

forms correctly. Using the one-way method the phase lock- ~

ing loops are replaced by frequency locking to the reference Li=Li+6L;, i=123. (27
cavity. The frequency stabilization system is expected to be

limited by fluctuations in length of the cavity at a level of the

order of 10 HzA/Hz at 1 mHz. Under this condition no ad- In what follows we will treat the three armlengths, i
vantage is gained by suppressing the measured laser noisel,2,3 as constants equal to 16.7 light seconds. We will
below this level and so a loop gain 6f10° should suffice.  derive later on the time scale during which such an assump-
The one-way method therefore requires a controller gain ofion is valid. We will also assume to know with infinite ac-
only 2x10 7 Volts/cycle at 1 mHz compared to the 200 curacies and precisions all the remaining physical quantities

Volts/cycle needed for the master-slave configuration. needed to successfully synthesize the TDI generators.
If we now substitute Eq(27) into Eq. (5), and expand it
V. ACCURACY AND PRECISION REQUIREMENTS to first order inéL;, it is easy to derive the following ap-

proximate expression fafr(t), which now will show a non-

The limitations on the effectiveness of the TDI technique, Lo o
gero contribution from the laser noises:

either when the one-way or the master-slave configuration i
implemented, come not only from all the secondary noise

sources affecting the measuremesi{s; , i,j=1,2,3(such R ) -

as proof-mass and optical path nojsbat most importantly L()={(t) +[p213— P312l6L1

from the finite accuracy and precision of the quantities . - : -

needed to synthesize the laser-noise free observables them- +[P312~ P13l OLo+[P123— P2sldls,  (28)

selves. In order to synthesize the four generators of the space
of all interferometric combinations, we neéd to know the
distances between the three pairs of spacectiaftto syn-  where the “” denotes time derivative. Time-delay interfer-
chronize the clocks onboard the three spacecraft, which aremetry can be considered effective if the magnitude of the
used in the data acquisition and digitization procésis;to  remaining fluctuations from the lasers is smaller than the
be able to apply time-delays that are not integer multiples ofluctuations due to the other noise sources entering(ih,
the sampling time of the digitized phase measureméivs; namely proof mass and optical path noises. This requirement
to minimize the effects of the jitter of the sampling times implies a limit in the accuracies of the measured armlengths.
themselves; andv) to have sufficiently high dynamic range Let us assume the six laser phase fluctuations to be un-
in the digitized data in order to be able to recover the gravicorrelated to each other, their one-sided power spectral den-
tational wave signal after removing the laser noise. sities to be equal, the three armlengths to differ by a few
In the following subsections we will assume the secondpercent, and the three armlength accuracies also to be equal.
ary random processes to be due to the proof masses and tBg requiring the magnitude of the remaining laser noises to
optical path noiseg3]. We will estimate the minimum values be smaller than the secondary noise sources, it is straightfor-
of the accuracies and precisions of the physical quantitiesvard to derive, from Eq(28) and the expressions for the
listed above that allow the suppression of the laser frequencyroof mass and optical path noises entering if{t) given in
fluctuations below the level identified by the secondary nois¢3], the following constraint on the common armlength ac-
sources. For each physical quantity the estimate of the acceuracy| 6L |:
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optical pat — — 10 _1
1oL, = —— S Nf)=4.1x10"% cycleg Hz (32)
4= 2xf
4 sirf(arfL)SProot masg ) 4 goptical path g (wheref is in Hz), we find that the right-hand-side of the
) e . inequality given by Eq(29) reaches its minimum of about

Sp(f) 16 meters at the Fourier frequendy,,=1.0x10 * Hz,

(29 over the assumed (16,1) Hz LISA band. This implies that,
_ if the armlength knowledggsL ;| can be made smaller than
HereS,, SS'O‘” mass Sgp“ca' Path are the one-sided power 16 meters, the magnitude of the residual laser noise affecting
spectral densities of the phase fluctuations of a stabilizethe { combination will be below that identified by the sec-
laser, a single proof mass, and a single-link optical path reendary noises. This reflects the fact that the armlength accu-
spectively[3]. If we take them to be equal to the following racy is a decreasing function of the frequency. For instance,

functions of the Fourier frequendy[2,3]: at 10 3 Hz the armlength accuracy goes up by almost an
order of magnitude to about 155 meters.
Sp(f)=2.3x10"1f ¥+ 1.4 A perturbative analysis similar to the one described above
can be performed for the remaining generataersd, y). We
X 107°%F 275 cycleg Hz %, (30) b 99 )

find that the corresponding inequality for the armlength ac-

; curacy required for thex combination,|sL,|, is equal to
Sprootmastf)=5.8x10 2% "* cycles Hz'!,  (31) [37]

1 [8 sir(3fL)+ 16 sirf(wfL)]S) " M%) +6 SiPUiea! Patiy )

oLal= 5t 6 Sy(1) :

(33

with similar inequalities also holding fgg andy. Equation  Eq. (34) it is easy to derive the variation of each armlength,
(33) implies a minimum of the function on the right-hand- for exampleAL;(t), as a function of the timeand the time
side equal to about 31 meters at the Fourier frequengy  scaledt during which it takes place
=1.0x10" % Hz, while at 102 Hz the armlength accuracy
goes up to 180 meters.

Armlength accuracies significantly smaller than the level AL(t)=V{%sin
derived above can be achieved by implementing laser rang-
ing measurements along the three LISA afrhg and we do
not expect this to be a limitation for TDI.

2 71"[) st (35
Tio)

Equation (35 implies that a variation in armlengthAL,
. ; ) L . ~10 m can take place during different time scales, depend-
In relation to the accuracies derived above, it is interestin . o -

ng on when during the mission this change takes place. For

to calculate the time scales during which the armlengths wil . .
change by an amount equal to the accuracies themselve@Stance, ift<T, , we find that the armlength; changes by

This identifies the minimum time required before updatingmoge3 than its accuracy~(10 meter} after a t|me_5t:2.3

the armlength values in the TDI combinations. < 10" sec. If howevert=T, J4, the armle.ngth will change
It has been calculated by Folknert al. [16] that the rela- by the same amount after onft=10 sec instead.

tive longitudinal speeds between the three pairs of space-

craft, during approximately the first year of the LISA mis- B. Clock synchronization accuracy

sion, can be written in the following approximate form: The effectiveness of the TDI data combinations requires

the clocks onboard the three spacecraft to be synchronized.
)(i D=(1,2: (13; (2,3, Since the clqcks wi!l be synchronized with a finite accuracy,
the laser noises will no longer cancel out exactly and the
(34)  fraction of the laser frequency fluctuations that will remain
) into the TDI combinations will be proportional to the mag-
where we have denoted with (},21,3),(2,3) the three pos- pjtude of the synchronization accuracy. In order to identify
sible spacecraft pair§/() is a constant velocity, anti; ; is  the minimum level of off-synchronization among the clocks
the period for the pairi(j). In Ref.[16] it has also been that can be tolerated, we will proceed by treating one of the
shown that the LISA trajectory can be selected in such a wayhree clockgsay the clock onboard spacecraftak the mas-
that two of the three arms’ rates of change are essentiallyer clock defining the time for LISA, and the other two to be
equal during the first year of the mission. Following Ref. synchronized to it. The relativistiSagnagtime-delay effect
[16], we will assumeV{%=V{°)# VP, with V%=1 m/s,  due to the fact that the LISA trajectory is a combination of
V=13 m/s,T; ;= T1 5~4 months, and’, ~1 year. From  two rotations, each with a period of one year, will have to be

[ 2t
Viyj(t)=Vi(3)S|n(?
i
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accounted for in the synchronization procedure. This is avhich shows the following nonzero contribution from the
procedure well known in the field of time-transfer, and welaser noises:

refer the reader to the appropriate literature for discussions

on this point[17]. Here we will disregard this relativistic

effect, and assume it can be compensated for with an accu- {()=L(t) +[P125~ P3 12T P315~ P2,13] Otz
racy better than the actual synchronization accuracy we de- - - - .
riveybelow, Y Y +[P213~ Pl 23t P31~ P312l Ots. (39

Let us denote byst,, Sts, the time accuraciegtime-
offsetg for the clocks onboard spacecraft 2 and 3 respecBy requiring again the magnitude of the remaining fluctua-
tively. If t is the time onboard spacecraft 1, then what istions from the lasers to be smaller than the fluctuations due
believed to be time onboard spacecraft 2 and 3 is actually to the other(secondary noise sources affecting(t), it is

equal to the following times: possible to derive an upper limit for the accuracies of the
. synchronization of the clocks. If we assume again the six
ty=t+6ty, (36) laser phase fluctuations to be uncorrelated to each other, their
. one-sided power spectral densities to be equal, the three arm-
ty=t+ St3. (37 lengths to differ by a few percent, and the two time-offsets’

magnitudes to be equal, by requiring the magnitude of the
If we now substitute Eq¢36) and(37) into Eq.(5) for , for  remaining laser noises to be smaller than the secondary noise
instance, and expand it to first orderdty, i=2,3, itis easy sources it is easy to derive the following constraint on the
to derive the following approximate expression foft), time synchronization accuragyt,|:

1 \/12 Sin?'(’JTfL)ngOf manf)_i_?’Sgptlcal patrtf)
2xf 4S,(f) )

|6t = (39
with S,,, Spro°f mass goptical path again as given in Eq$30)—(32).

We find that the right-hand-side of the inequality given by Ef) reaches its minimum of about 47 ns at the Fourier
frequencyf,i,=1.0<10 % Hz. In other words, clocks synchronized at a level of accuracy better than 47 ns will imply a
residual laser noise that is smaller than the secondary noise sources entering ihtoihkination.

An analysis similar to the one described above can be performed for the remaining generghosg .(For them we find
that the corresponding inequality for the accuracy in the synchronization of the clocks is now equal to

1 \/[4 Sirf(37fL)+8 sirf(wfL)]Spro° M2t f) + 3 SopUicalPati £)
2f 48,(f) :

FAES (40

with equal expressions holding also f8rand y. The func-  combinations transmitted to Earth. Thus, both implementa-
tion on the right-hand-side of E¢40) has a minimum equal tions of TDI discussed in this papéthe one-way method
to 88 ns at the Fourier frequendy,i,=1.0x10"* Hz. As  and the master-slave configuratiorquire phase measure-
for the armlength accuracies, also the timing accuracy rements data to be exchanged among the spacecraft in order to
quirements become less stringent at higher frequencies. Aynthesize the four generators of the space of all interfero-
10"° Hz, for instance, the timing accuracy fgrand@, 8,y metric combinations. Although it is clear that the master-
goes up to 446 and 500 ns respectively. slave configuration implies a smaller number of measure-
As a final note, a 50 ns accuracy translates into a 15 metepents than that required by the one-way method, the actual
armlength accuracy, which we argued earlier to be easilyymber of data that will need to be exchanged among the
achievable by the use of laser ranging. We therefore expe@pacecraft can be made to be exactly the same for both,
the synchronization of the three clocks to be achievable ghaking their inter-spacecraft telemetry requirements identi-
the levels derived above. cal. This can easily be understood by rewriting the four gen-
erators @,f,v,{) in the following forms:

C. Telemetered signals and their sampling

, o {=[S21.1~ S04l + 5[ (731~ 720) 1+ (731~ T21) 23]
To reduce the LISA-to-Earth telemetry requirements, it is .
expected that the normal operational mode will not telemeter +[S32,27 S12.2l + 2[ (712~ 732) 2 (T12— 732 13l
the phase time series to the ground directly. Rather, we ex- _ 1 _ _
pect the TDI observables to be computed at the LISA array, FS135™ S2aal ¥ 2L (723~ 713) 5 (7257 713) 12,
and then only thdrelatively low data ratelaser-noise-free (42
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@=[Sp1— S31]+ 5[ (a1~ To1) + (T3~ 721) 124 —Lg,n/fs—L;—Ls, where f¢~10 Hz is the sampling fre-
1 uency, anch=0,1,2 ... (and similarly fors;,,s;3 ands
FlSs2127 S12.al + 2L(7127 732) 5 (7127 732) 12] \c/]ve ca)r/1 obtain the entire data at th)é reqllfirelj timeg?these
+[S132~ S231d 5[ (723~ 713) 2+ (723~ T13) 13]. being limited only by the timing precision of the phaseme-
ters, the time synchronization accuracies of the clocks, and
42 the armlength accuracies. This scheme requires sampling
each signal four times at a sampling frequefy Hz) much
Equations(41) and (42 show that each generator can be smaller than what would be needed if sampling the data to
formed by summing three different linear combinations ofthe granularity required by the TDI combinations. Of course
the data, each involving phase measurements performed ofyy correctly sample at 10 Hz we must first ensure that the

board only a specific spacecraft. As an example, let us assignal frequency bandwidth is less than 5 Hz to avoid alias-
sume without loss of generality thd@twill be synthesized ing problems.

onboard spacecraft 1. This means that Spacecraft 2 and 3 will In practice' the times at which every Samp|e from a given

simply need to telemeter to spacecraft 1 the particular comsignal is taken could be adjusted every¢l/in order to
binations of the measurements they have made, which entgfotect the quality of the laser noise cancellation against
into the ¢ combination. Since the space of all the interfero-drifting armlengths. This requires an adequate model of the

metric combinations can be constructed by using four genspacecraft orbits, which could be updated as needed from
erators @,B,7,{) we conclude that spacecraft 2 and 3 will spacecraft ranging data.

each have to telemeter to spacecraft 1 four uniquely defined
combinations of the measurements they have performed.

The time-delay interferometric combinations require use D. Sampling time jitter
of phase measurements that are time-shifted with enough ac-
curacy to bring the laser phase noise below the seconda

noise sources. The required time resolution in the t|me—sh|ft%0 the intrinsic timing jitters of the digitizing system§SOs

should be equal to about50 ns for shifts tens of seconds in i P .
size. This is because the correct sample of the shifted dal and phasemetexsWithin the digitizing system, the USO is

should be as accurate as the armlength accuracy itself. It ¢ (ypected to be the dominant source of time jittering in the

be shown that performing the time-shifting, on data sample%%mpled data. Presently eX|st|'ng., space qualified, .USO can
. 9 . , achieve an Allan standard deviation of about 1¥for inte-
at ~10 Hz, by using digital interpolation filters, does not

provide the required accuracy to effectively cancel the Iase?rratlon times from 1 to 10000 sec. This timing stability

phase noisetsee Appendix B for a detailed calculatjon anslates into a timg jitter of "?‘b.°“t 16.3 Sec overa period_
An alternative approacki8] for achieving a timing accu- of 1 sec. A perturbative analysis including the three sampling

racy of at least 50 ns would be to sample each measuremeﬁrtne jitters due to the three clocks shows that any laser phase

at ~20 MHz or higher and store-2.0X10° samples in a uctuations remaining in the four TDI generators will also be

ring buffer for obtaining the data points of this measuremengroportlonal to the sampling time jitters. Since the latter are

at the needed times. The phasemeter would then avera $proximately four orders of mqgni_tude smalle_r than _the
these measurements .over a fixed time peqmihaps a tenth & mllength and clocks synchronlzatllon accuracies Qerlved
. ; earlier, we conclude that the magnitude of laser noise re-
of a secongicentered around the sampled times at which the_. . L : ;
Sidual into the TDI combinations due to the sampling time
phase measurements are needed. The data are then S%ors can be made negligible
changed among the spacecraft and the TDI combinations afe glgible.
formed.

This method can however be further refined by actually
sampling every phase difference a few times, each time at As shown in Fig. 5, the maximum of the ratio of the laser
~10 Hz, but with a delay between the start time of everynoise and of the secondary noises phase fluctuation ampli-
sampled version of the same phase difference. That is, weides occurs at the lower end of the LISA bandwidth, and is
envision triggering the phasemeter such that the time series 10'° at 0.1 mHz. This corresponds to the minimum dy-
are sampled at the times required to form the TDI combinanamic range for the phasemeters to correctly measure the
tions. In this case the limitation of the finite sampling time in laser fluctuations and the weaker signals simultaneously. An
the determination of the delayed phase measurement is reditional safety factor of- 10 should be sufficient to avoid
placed by the timing precision of the phase measurementsaturation if the noises are well described by Gaussian sta-
which can be many orders of magnitude smaller than theistics.
smallest sampling time of the phasemeter, as we will show In terms of requirements on the digital signal processing
below. subsystem, this dynamic range implies that approximately 36

As a concrete example, theyg ,Bi0.,7i0.,10.) basis in  bits are needed when combining the signals in TDI, only to
the master-slave configuration requires measurementsridge the gap between laser frequency noise and the other
{S21,521.1:521,3:521,13:531,531,1,S31,2:S31,13 from spacecraft noises and gravitational wave signals. More bits might be
1, measurement$s;,,S1,2,5123,S1223 from spacecraft 2, necessary to provide enough information to efficiently filter
and measuremen{s;3,S13,513.3,513 29 from spacecraft 3. the data when extracting weak gravitational wave signals
By sampling the data,, at the timesn/f,,n/fs—L,,n/fg  embedded into noise.

] The sampling times of all the measurements needed for
%’ynthesizing the TDI combinations will not be constant, due

E. Data digitization and bit-accuracy requirement
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ol ] laser noise having spectral density
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armlength has been assumed to be
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|

(&)
T
1

log,o(noise spectral density, cycles? Hz™")

|
o

log,o(frequency, Hz)

VI. SUMMARY AND CONCLUSIONS accuracies, as well as a determination of the precision re-
quirement on the sampling time jitter, have also been de-

meﬁti% onlﬁﬁ:}g\é?aa?ﬂg;'esr;;ggfeﬁm ilcgzrﬂgz Loée'r:np:::rived. We found that an armlength accuracy of about 16
9 y y P meters, a synchronization accuracy of about 50 ns, and the

232%%%20?:2%?;5;}5 Qfa \g/g?ar?:r(;\?ilggt?ﬁ:a tgﬁtir:aazﬁgia\éeme jitter due to a pre_sently existing ultrastable ospillator
interferometric combinations identical to that derived by us—WIII allow the suppression .Of th.e. frequency fluctuations c.)f
ing the one-way scheme. This was done under the assumthe lasers below the level identified by the second.ary noise
. 4 . . 'Bources. A new procedure for sampling the data in such a
tion that the noise from the optical transponders was negli-

gible. Our analysis of the phase-locking control systemsway to avoid the problem of having time shifts that are not

forming the optical transponders shows that this is a Va”dnteger multiples of the sampling time was also presented,
9! pucal P . addressing one of the concerns about the implementation of
assumption, indicating that the noise introduced can be e

pected to be~1 pcycle/VHz. )%me—delay interferometry.

A comparison of the hardware required for each scheme
shows that the subsystems needed are almost identical, with
the only difference being the number of frequency stabiliza- we would like to thank Dr. Alex Abramovici for useful
tion systems. This difference is perhaps not significant whe@iscussions on phase locking control systems, and Dr. Frank
redundancy options are considered. The main disadvantage Estabrook for several stimulating conversations. This re-
of the one-way method is that the laser frequencies might bgearch was performed at the Jet Propulsion Laboratory, Cali-
offset by several hundred megahertz, given the currently erfornia Institute of Technology, under contract with the Na-
visioned optical-cavity-based frequency stabilization systional Aeronautics and Space Administration.
tems. This places challenging constraints on the photore-
ceiver bandwidth and_band\_/vidth stability. On the other hand, APPENDIX A: EUNDAMENTAL LIMIT OF THE LISA
the master-slave configuration has no such problem, allowing PHASE TRANSPONDER
the beat-note on the photoreceiver to be the minimum deter-
mined by the Doppler shift. However, there may be concerns The following is a derivation of the noise added by the
with the nonlocal nature of the phase locking system, sinceptical phase measurement. This calculation only considers
its performance could be influenced, for example, by pointhoise added by the detection system, it does not include the
ing stability (which also has implications on lock acquisi- 20 ucyclesh/Hz due to the optical-path noise, and it is
tion). Further studies on these issues should be performed.purely quantum mechanicfl9]. The reason for performing

Given the similarities between the two schemes, in printhe calculation in quantum mechanical terms is to highlight
ciple either operational mode could be implemented withouthat the measurement process itself does not add shot noise
major implications on the hardware configuration. Ultimatelyand that, in principle, a perfect phase measurement of the
detailed engineering studies will identify the preferred ap-field could be made.
proach. Let us consider the optical configuration shown in Fig.

A derivation of the armlengths and clocks synchronization6(b), which is equivalent to the optical arrangement for the

ACKNOWLEDGMENTS
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a) b) a=a+da, (A1)
laser B
(distant spacecraft) 6— B " 56 (AZ)
laser A d In Egs.(A1) and(A2) we definex and 3 to be real numbers.

(local spacecraft)

We will assume throughout these calculations thatsb
<a,B and so terms that are of second order in these quan-
tities will be ignored. This approximation holds even for the

laser A

(local spacecraft) ha low intensities found in the LISA interferometer.

i In an offset phase locking system the fiélis offset from
proof laser B field a by a radial frequency,,. In this case EqgA1) and
mass (distant spacecraft) (AZ) become

a=a+da (A3)

FIG. 6. (a) Simplified optical arrangement for phase locking in . ) o
LISA. (b) Equivalent optical layout for modeling purposesis the b= B '+ she ', (A4)
intensity reflectivity of the beam splitter. .
The annihilation operator for the field at the photoreceiwer,

LISA interferometerfFig. 6@]. Let the annihilation opera- Will contain some fraction o& andb,

tors for the local and distant lasers heandb respectively. c=\1—ea+ \eb. (A5)

We can represent these operators as the sum of an average

(complex number component and an operator component The photoreceiver measures a quantity proportional to the
representing the field fluctuations of zero mean values: photon number of this field,

n.=c'c,
cfe=(1—e)[a?+ a(sa+ sah) ]+ € B2+ B(sb+ sb1) ]+ Ve V1 — e aB(d“pt+ e 1ont) + a( Shel“bt+ shTe 1wnt)
+ B(bae '+ sald n)] (A6)
=(1—e)[?+ a(sa+ sa")]+ e B2+ B(Sb+ bT) ]+ 2V eV1— e{[ aB+ a(sh+ sbT) + B(sa+ sat)]coq wyt)
+[a(isb—ish") — B(i sa—isa’)sin(wpt)}. (A7)

To simplify the notation, we define the quadrature operators which represent the fluctuations in the ampfitiden(d phase
(6X~) quadratures of the operatoasandb,

oX=(sa+sah), (A8)
SXp =(8b+ sb), (A9)
oX; =i(sa—sah), (A10)
8X, =i(sb—sb"). (A11)

Each of these quantities is an observable of unit variance for a coherentidégtiézed laser Substituting these expressions
into Eq. (A7) we obtain,

cle=(1-e)[a?+ adX] 1+ € B2+ BoX 1+ 2\ eV1— e[ (aB+ adX, + BSX])cog wpt) + (adX, — BSX;)sin(wpt)].
(A12)
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This equation contains three terms which can now be identnder the operational configuration of perfect phase locking,
tified. The first two terms arise from the intensities of fiedds We can substitute into the equation above the expression for

and b respectively. These terms are noninterferometric in®Xa 9iven in Eq.(A14)

nature and contain the intensity fluctuations of the individual

input beams scaled by the efficiency of coupling to the pho- Xy :( Je o \/E) 55(5
toreceiver(beam splitter ratip The third term represents the B

interference between the two fields and provides a beat note

_ g+ g+
at frequencywy,, the difference frequency of the two fields. V1=eadXy,, —€Xp,,

This beat note itself has two parts, an intensity noise part + 283 + YN (AL7)
oscillating as cog{,t), and a phase difference part oscillating
as sinfyt). Since the power of the laser (@roportional toa?) will be a

The phase difference can be obtained, for example, byactor of ~1C® larger than the power of laser @roportional
using a mixer to demodulate the beat note down to zergy, $?), and also tha((5%;)2)~1, i.e. the signal laser in-

Mathematically, this is a multiplication by siaft). Terms  (ansity is approximately shot noise limited at the heterodyne

with a cosine multiplier will only exhibit higher harmonics frequency, we find that EqAL7) can be approximated as
whereas terms with a sine multiplier will be mixed down 10 ¢5|ows: ’

base band frequencies.

After low-pass filtering the mixer output, we obtain the J1—esx:
i H H . o N a,w
following expression for the error signal: OXg = E JEaxg+ . b (A18)
(1-e) ., € . ) . . . . .
Ve=—F—adX,, + 586Xy, The quantity of interest is the phase fluctuations in radi-
2 b2 b ans. To compare the phase fluctuations between the two
+ ﬁﬂ(aaxg—ﬂax;), (A13) fields we need to normalize the phase quadrature operator by

the square root of the average photon number. dsothis
where we have ignored the noise of the oscillator used in th&1eans dividing by/ea
mixing process. The quantitiéé, , andX, , are the am-

plitude quadrature operators evaluated at the offset fre- Spp= % (A19)
qguency. The factor of 1/2 in the coefficients of these terms B

arises as we have only taken the sine component of the in- -

tensity noise at the heterodyne frequency. For heterodyne Xy \1—€ Maw,

frequencies of 10 MHz and greater the intensity noise is shot Opg= B + 2Je B (A20)

noise limited thug (X ,,)*)~((X;,,)*)~1. The important

point is that the error signal is proportional to the intensity Thus the phase of the incoming beam will differ from the
noise of each beam and the relative phase noise of the twjghase of the outgoing beam by the following amount:
lasers.

Assuming perfect phase locking, the error sighal is Ji—€ 55(;,%
driven to zero by actuating on the phaseaof SettingV, S¢a— Sbp= 2Je B (A21)
=0 we find that the controller will attempt to force the phase
quadrature fluctuations to be, while the root-mean-squared value of the phase error can be
A . written as
Xy == 5Xp L e, | Ve (A14) (16%3.0,2)
=— 68X, + + . — e {10X5 0
"B 2B 2Vi-e R Sl R #22)
¢ 4e nb

Ultimately, what is of interest is the difference between o
the phases of the fields anda. The annihilation operator Heren,= 7 is the average number of photons in the weak
for the outgoing beand, is also made up of a linear com- signal laser, and|5X, ,, |?) is the variance of the local os-

bination ofa andb cillator intensity fluctuations relative to the variance of quan-
tum noise. Thus the error depends on two parameters, the
d=\Jea— 1—eb (A15) beam splitter ratio and the intensity noise of the local oscil-

lator. Assuming the local laser intensity is shot noise limited
At the modulation frequency and a beam splitter ratio of ap-
proximately 100:1 é=0.99) gives a phase error with a stan-
dard deviationo,, of approximately 5% of the shot noise

~ . limit or less than 1,ucyc|e/\/H_z error. This error is therefore
OXgq = \/;5X;_ V1—e€dX, . (A16) much less than the 2fcyclesi/Hz optical path noise.

which implies the following phase quadrature fluctuations o
d, 6Xy :
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If necessary, this source of error could be removed bycated version of the Shannon formula. This digital filter
altering the detection system to add a second detector allownight not be the best one for all signals, but it should be
ing subtraction and consequent cancellation of the intensitgufficiently close to the optimal filter. The estimated function
noise of the local oscillator laser. Cancellation factors of 100s given by
are readily achievable, albeit with a slight increase in system
complexity, effectively removing this error contribution en- N

tirely. gN(t):n:ZN gln+ng] sindfs¢—n—ngy), (B1)

APPENDIX B: INTERPOLATION ERROR

FOR GENERATING SHIETED DATA POINTS for a digital filter of length N+1, and where sin)

=sin(mX)/7x. The estimation error igy(t) =g(t) —gn(t).

Let g(t) be the true signal. It is sampled at intervals Changing the sampling frequency will not improve the
=1/f5, wherefg is the sampling frequency, to produce the function estimator for a fixed digital filter size: a lower sam-
discrete datg[n]=g(t+n/fs), n=---,—-1,0,3 ... .Con-  pling frequency would be insufficient to represent the high

sider the problem of estimatirg(t) at some time which falls frequency signal components, and a higher sampling fre-
in between two sampling times, i.e. at tinhavhere 0<|t guency would reduce the size of the interval over which the
—ng/fg<At, for ny the value oft/At rounded to the near- function is sampled to build the estimator.

est integer. It is well known that for an infinitely long dataset, Assumingg(t) to be a wide sense stationary stochastic
this estimation can be done without error using the Shannoprocess [21] with autocorrelation functionRy(|t;—t5|)
formula[20], assuming that the signal has zero power above=Ry(t;,t;) =E[g(t;)g(t2)] (E[] denotes the expectation
the Nyquist frequency f¢/2). The error in the estimation value, it follows that the autocorrelation function of the es-
with a finite digital filter can be approximated using a trun-timation error is equal to

N

I’H— I’]l—m—n2 . .
Rey(tu,t) =Ry(ti—to)+ 2 Ry . sing(f st; —n—ny)sing f st,—m—n,)
== S
N N
—n;N Ry(ty—n/fs— nzlfs)sianstz—n—nz)—n;N Ry(ta—n/fs—ny/fosind ft; —n—ny), (B2)

wheren; (ny) is the value oft; /At (t,/At) rounded to the ~ The Fourier transform oRg (7) gives an estimate of the
nearest integer. This equation shows teg{t) is not wide  spectrum of the noise induced by the digital filters interpola-
sense stationary; however, it is wide sense cyclo-stationaryion errors. In particularRg, (0) is the broadband standard
sinceRe, (t1,t2) =Re (t1+MAt,t,+mAt) for every integer  geviation of the noise.

m. This is just a consequence of the error varying quasiperi- Takingg(t) to be a laser phase noise with a power spec-
odically with the interpolation time; it is zero whématches tral density that scales like ff, and restricting attention to

a sample time, maximum at the middle between two sampl¢he frequency range 0.1 mHZ <1 Hz, one can calculate
times, etc. numerically thaRg (O)IR (0)=9X% 10‘7forN 10. There-

A fair estimate of the estimation error magnitude can bergre 4 filter WlthN 10 is good enough only to produce a
obtained by considering the stochastic prooggt) =ey(t  broadband error on the shifted time series that B orders
+6), where# is a random variable uniformly distributed in of magnitude smaller than the laser phase noise amplitude.
[0.At]. ey(t) is wide sense stationary, and its autocorrelationChangingN in the numerical integrations shows ttig (0)

function is[21] scales roughly like M. This implies that it would be impos-
At sible to use digital filters on a slowly sampled time series to
Re (7)=f f R, (t+7,t)dt. (B3) achie\_/e t_he levels of noise cancellation required by the TDI
N combinations.
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