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Air shower simulations in a hybrid approach using cascade equations
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A new hybrid approach to air shower simulations is described. At highest energies, each particle is followed
individually using the traditional Monte Carlo method; this initializes a system of cascade equations which are
applicable for energies such that the shower is one dimensional. The cascade equations are solved numerically
down to energies at which lateral spreading becomes significant; then, their output serves as a source function
for a three-dimensional Monte Carlo simulation of the final stage of the shower. This simulation procedure
reproduces the natural fluctuations in the initial stages of the shower, gives accurate lateral distribution func-
tions, and provides detailed information about all low energy particles on an event-by-event basis. It is quite
efficient in computation time.
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[. INTRODUCTION method. Another realization of the hybrid approach is to use
shower libraries in which presimulated longitudinal profiles

The field of highest energy cosmic rays is an excitingare combined to compute the one-dimensional properties of
subject with many open questions: What is the nature of th&ir showerd6,7].
primary cosmic ray? What are the highest energies? What are In a recent papeii8], a new approach to an old idea was
the possible sources or acceleration mechanisms? Is theifroduced: the method of cascade equations, which allows
clustering of events? Is there a Greisen-Zatsepin-Kuz'mirPne to compute longitudinal characteristics of air showers
(GZK) cutoff due to the microwave background? Ongoingnhumerically in a very short time.

(HIRES, AGASA) and future(Auger, OWL, EUSQ cosmic In this paper we introduce the further development of this
ray experiments aim to shed light on these mysteries. approach. Traditional Monte Cari®1C) methods are com-

At these high energies, direct measurement of the primar?ined with cascade equations in a hybrid approach. This al-
cosmic ray is impossib|e due to the low flux, which is 0n|y of lows to construct an efficient model which accounts not only
the order of one event per square kilometer per century at th@r natural fluctuations due to the first interactions but also
highest observed energies. But cosmic rays initiate showeif®r the correct three-dimensional spreading of low-energy
in the atmosphere, a cascade of secondary particles frogecondary particles. In reasonable computing time it is pos-
collisions with air mo|ecu|es] which themselves collide andSib'G to calculate Iongitudinal profiles and lateral distribution
so on. Experiments measure these air showers and recoftinctions with detailed knowledge about particle momenta
struct from their properties information about the primaryand arrival-times, which are reliable on an event-by-event
ray at the beginning of the reaction. basis.

Air shower models are of crucial importance for the re-
construction of t_he energy and primary_ type. The s_traightfor- Il HYBRID APPROACH TO AIR SHOWER MODELING
ward approach is to model each possible interaction of had-
rons, leptons and photons with air molecules, and trace all The solution of one-dimensional cascade equations cannot
secondary particles. At high energies this leads quickly taccount for natural fluctuations or the lateral spread of par-
impractical computation times, since the time grows with theticles. The fluctuations can be, as already suggested, solved
number of particles in the shower and therefore increaseBy doing the first interactions up to a certain fractibof
rapidly with the primary energy. A shower of even'i@V  primary energyE,, in a classical Monte Carlo approach,
has more than 10 particles at its maximum and would take where each collision is treated individually by the chosen
months to compute. The thinning algorithm proposed by Hil-hadronic model. All secondary particles below the critical
las[1] tries to solves this problem: below a fractibp;, of  energyfE, are not followed further on, but taken to be initial
the primary energy only a small sample of the particles isconditions for the hadronic cascade equations.
actually followed in detail, attributing them a higher weight. ~ The one-dimensional cascade equations are only valid for
This procedure introduces artificial fluctuations and one mustarge enough energies that the emission angles of secondaries
compromise between these and computation time. can be neglected, and the whole problem can be treated lon-

Physicists have tried to overcome these difficulties by degitudinally. Therefore the lateral spreading of particles can-
fining systems ofimostly one-dimensiongaltransport equa- not be treated in this approach and we return to the Monte
tions which describe air showef2,3]. The numerical solu- Carlo method for the low energy regime. Bt,;,, the output
tions of these equations can then be combined with a Montef the cascade equations—the number of particles at certain
Carlo simulation in order to account for natural fluctuationsdepths and energies—is used as a source function for the
due to the first interactions and for lateral spread of low-Monte Carlo approach, by creating single particles according
energy particle§4,5]. This is the principle of the hybrid to the source function and following them individually. This
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FIG. 1. Schematic illustration of the hybrid approach using cas-
cade equations.

method is able to reproduce the lateral spread of secondal
particles even though it is neglected for collisions wih
>Emin-
Figure 1 illustrates schematically the hybrid approach.
Throughout this paper, which concentrates on establishin
the validity of the technique, we useGSJET[9] as high

energy hadronic model. Low energy hadrons are treated b

GHEISHA [10]. The electromagnetic part is calculated by the
EG4-code systerill]. The bremsstrahlung araf pair pro-
duction by muons is done using teeANT3.21 codd 12]. At
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whereB,, is the decay constant of hadrordefined by

Bn,
"~ EX

hn(E.X) 2

Bn:mC2h0/C7'n. (3)

Accounting for particles produced at higher energies gives
rise to the following system of hadronic cascade equations

(8]
dhn(E,X) Bn
ax - MEXE T EX
had Wmn E’,E)
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Most important are the functiond/,(E’,E), which are the
energy spectraN/dE of secondary particles of typein a
collision of hadrorm with air moleculesD,,(E’,E) are the
rresponding decay functions. Equatiof) is a typical
transport equation with a source term. The first term with the
minus sign accounts for particles disappearing by collisions
or decays, whereas the source term accounts for production
f secondary particles by collisions or decays of particles at
igher energies. The technique for the solution is explained
&n n detail in Ref.[8] and we discuss in the following only two
ajor changes.
First, the discretized functions

this stage we neglect the Landau-Pomeranchuk-Migdal
(LPM) effect, muon-pair production and photo-nuclear reac-
tions. These effects are essentially negligible for hadron pri-
maries [7,13,14. The program embodying this method are not calculated by fitting the functiok®,, to the energy
which was used for the calculations presented in this papegpectrum given by the hadronic Monte Carlo model, but by
SENECA is available for public usgl5]. direct counting of the number of particles falling in the en-
ergy bin defined by the limits of the integral in E®). This
gives the desired precision as long as the number of simu-
IIl. HADRONIC CASCADE EQUATIONS lated events is high, and avoids introducing systematic errors

In the domain of applicability of the cascade equaﬂonsdue to the fitting procedure. The binning of the discrete en-
the shower is one dimensional and relativistic. Therefore it i€r9ies is
completely specified by,,, whereh,(E,X)dE is the num-
ber of particles of a given specieswith energy in the range
[E,E+dE], at an atmospheric slant deptd [with X

= [ p..(x)dx]. The reaction probability of a particle in the meaningng* logarithmic bins per decade. A typical value is
atmosphere is g|ven by its interaction Iength and decaﬂ.o but as we will see below, a higher value can be preferable

JcE )
Wlmn(E)_f cE Whnn(E',E")dE’ (5

had

Ei=1 GeVx10(~1/ng

length, so for some applications.
Second, the equations are modified to account for an ar-
dh,(E,X) h,(E,X) pitrary atmospheric density, since a real at_mospheric profi_le
d =— - h,(E,X), (1)  is somewhat more complicated than the simple exponential
X M(B)  CTaYpar form. Since the cascade equations are solved in layers

Xi Xir1=X;+AX, ... with, typically,AX=2.5 g/cnt, one
where \,(E) is the mean free pathr, the lifetime of can approximate the density in each layer as
the particle andy its Lorentz factor. By writing paj
= poexp(—h/hg)=X/h,, one can rewrite these equations as =a;+b;X for X;<X=X;,. (6)

P air
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The parameters; andb; can easily be calculated from any in a electromagnetic shower induced by partiti®ef energy
function of the density. Dropping the indices, functi®) E;, traversing a layer of air with thicknegsX of the order

becomes of some g/cri. This means tha¥{j"=V{"(AX) is a func-
tion of layer thicknessAX. In our case we choosaX
dh,(E,X)  h,(E,X)  B,/ho — 2.5 glen
== - ha(E,X) (V) ' ' .
dX M(E)  E(a+bX) Letg"(X) be the number of particles of tymeand energy

which has the solution Ei ata given deptiX. Then,

ha(E,X)=C exp(—X/\)(a+bX)~Bn/ME0 (g) grX+AX)= > glOOVI(AX).
m,j>i
where a=a; and b=b; when X is in the rangeX;<X _ _ _
<X;,,. Defining the corresponding cascade equations ighe functlonVJT“(AX) can be calculated in reasonable time
then straightforward. This generalization allows one not onlyby the showering mode&lcs4 sinceAX is quite small. Once
to implement different atmospheres but also to solve forcalculated,\/ﬂ‘”(AX) is stored as a table, and can be used to
horizontal showers due to neutrino interactions in the atmoealculate efficiently any electromagnetic shower.
sphere.
The initial condition for the cascade equation for a par- V. LOW ENERGY SOURCE FUNCTIONS

ticle of typem and energyE,,, at depthX,, is given by ) ]
We wish to follow particles down to an ener@y,;, be-

hy(E,X=X)=6,md(E—E.). 9 low which they produce a negligible signal in the detector.
— " o . Air showers have a lateral expansion of secondary particles,
The initial cond|t'|c.>n for the cascade' equation is thus in gensg the approach of 1D cascade equations is certainly wrong
eral a superposition of many functions like H§), which  for calculating particles down to lowest energies. Therefore,

accounts for the natural fluctuations. e we employ the cascade equati@E) only to a certain mini-
To recapitulate, down to a certain fractiéPP*=E/2/Ey  mum energyE"2d and EST | for hadronic and electromag-

of the primary energy, all particles are followed with Monte netic showers respectively. These are parameters which are
Carlo method, meaning that each collision is simulated exgetermined empirically as described in the next section. The

plicitly by the underlying event generator. Particles falling cases of electromagnetic and hadronic showers are analo-
below Eya are filled into the initial conditiorn,(E,X). Af-  gous, so we describe the hadronic case for definiteness here.

B had . . . . .
ter all particles abové&;;,, are processed, one can then pro-  Pparticles with energie€<E™Y, produced in collisions

min?

ceed by solving the cascade equations. with E=EN contribute to the source functidi®"*{E, X)

which is the number of produced particles at dejtland

IV. ELECTROMAGNETIC CASCADE MODELING energyE. It obeys the equation
The electromagnetic part of the air shower in R8f.was sourc ,

calculated with the analytic NKG formula. This is advanta- wzz J'Errlmzdth(Er,x) w
geous for the speed of the computation but it has some dis- X m Jghd Am(E")
advantages: one has no detailed knowledge of particle spec-
tra and it introduces inaccuracies since the NKG formula is N BmDmn(E",E) dE’ (10
only an approximation. The Monte Carlo approach can be E’'X ’

used—e.g., thecs4 [11] package provides a detailed Monte
Carlo model for electromagnetic showers in any medium— The first term from Eq(4) is missing because the propa-
but it is very time consuming for higher energies. We there-gation of these will be described by a Monte Carlo method.
fore apply the same approach as for hadronic cascades, by An example of a typical source function of pions for a
defining a system of electromagnetic cascade equationgertical 13° eV proton induced shower is given in Fig. 2,
analogous to Eq4). Because of the fact thaf” and photons  choosing Efa9=10* GeV. The source function is used to
do not decay, the equations simplify greatly by setting theyenerate particles, which are then traced in the Monte Carlo

decay constant® to zero. This basically means that the part of the air shower simulation code. With unlimited com-
showering is independent of altitude if one considers pattputational speed, the number

lengths in units of g/ch This fact allows a further simpli-

fication: First one defines energy bins by had  RSOUCTE X)
Np= im;“f L dEdX
E;=1 GeVx 10~ D/na.em Egut 28
the limits of each bin being of particles would be produced for each speciphowever,
at high energies this is time consuming. Instead, only a cer-
E;10 %5Ndemc E<E;10"05Nd.em tain fraction of the total number of particles is sampled, at-

tributing to each particle a suitable weight larger than 1. A
One definesV{]" as the number of particles of tyme  practical way to define the sampling procedure is to specify
(1=photon, 2=electron/positronin energy binE; generated the total amount of hadronior em energy which is carried
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E dh*""*(E,Xy/dX TABLE |. CPU time comparison for the showers shown in Fig.
3. The showers have been calculated on a 1.266 GHz processor.
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The generalization of the source function method to the

Ener E[Ge\ﬂo 3560 900" 000 . . .
i 1000 766 500 600 00 electromagnetic case is straightforward.
1000057602000 depth X [g/em?]
FIG. 2. An example for a source function of*. Here VI. TESTS AND APPLICATIONS

Eoh®°""°{E, X)/dX is plotted which means the number of produced

particles per logarithmic energy bihin(E) and depthd X. In the ideal case all the methods described here are just of

technical nature, which means that the final result of physical
by the particles followed in the low energy MC calculation. observables of air showers should not depend on whether
Because Computation time is rough|y proportiona| to energythey are calculated with the traditional MC method or with
this procedure allows one to achieve equally good statistic1e hybrid method proposed here, using cascade equations.
independent of the enerdy, of the primary cosmic ray. To Therefore a first step is to check the new technique by com-
be precise, the procedure is the following. The total energyaring the results of the two approaches and the influence of
of hadrons in the low energy regime produced by reaction&he parameter& /s andEg on longitudinal and lateral pro-
with energy greater thaﬁm’i‘g is files. In a second step we show some comparisons to the

CORSIKA model, which can be configured to use the same

ghad h3°U R E, X) external modelsQGSJIET GHEISHA and EGSA.
had _2 min n dEd X X
Elowtot= =~ | _had E—ax EdX Before doing so we show a comparison of the computa-
out tion time necessary to simulate @V proton induced ver-

: - d
with the indexn summing over the particle types. If low tical showers in Tnzible |. The results of the CE usHf
energy particles distributed according to the source functiorr 10° GeV andEj,=10° GeV are compared with a pure
would be generated until their energy totalBf2%,,, the  traditional Monte Carlo method using various thinning levels
weight would be 1. Instead we produce particles until theirftin (fiinEo is the energy below which only one secondary

total energy isE[29<E[2 |, so the weight attributed to each N €ach reaction is followed with probabilitp;=E; /2E;

particle isw=E"4 JEP9>1. With this method, a simple Naving a weightw; = 1/p;). o _
’ The corresponding lateral distribution functidrDF) and

adjustment ofE29 controls the final weight of all particles, _ . b, .
J low 9 P Ehe relative fluctuations can be seen in Fig. 3. The relative
luctuations in each lateral bin are defined by

since the shower of each generated particle is followed in ful
detail with no further thinning. Thus this method also over-
comes a weakness of the normal thinning method, where the

weight itself can fluctuate a lot. /

It can happen that particles with< Eﬁﬂ are produced in o E Wiz
the high energy MC stage, in reactions with particles of an —_— (11
energyE>E"2  Following all of these with weight 1 down oS

to EN2js time consuming and unnecessary for particles with
angle less than about5° with respect to the shower axis.
These are stored in the low energy source function and reayherew; is the weight of particlé. One sees in Fig. 3 that
appear in the computation at the stage when low energy pathe quality of the LDF computed with the CE is somewhere
ticles are created from the source function as discussegetween the thinning levels 16 and 10 7 (approaching the
above. Low energy particles with larger angles are treateghtter for large distancéswhereas the computation time is at
directly in the Monte Carlo part. least 20 times lower as seen in Table I. As the energy of the
Neutral pions have a very short decay length and argyrimary cosmic ray is increased, the CPU time of the CE
therefore treated separately. In the system of cascade equgtays approximately constant if one keeps the same values
tions (4), they appear only as secondary particles and forfor Ef2 and EZT,. This is because most of the time is used
mula (10) is evaluated foE<E[=c. The resultingm®s can  for the low energy Monte Carlo part. In the pure MC
then be fed either into the electromagnetic cascade equationgethod, higher values of the thinning parametgy, can
for E>EQ or into the Monte Carlo part of the code f&r  often be used while maintaining the statistical quality, so the
<E®M. This approach is valid for Ef3%<B,0o=3 improvement factor using the CE grows only slowly at

X 10" eV. higher energies. For instance, a30?° eV, fy,,=10°
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FIG. 3. The lateral distribution function of showers calculated F|g. 4. Comparison of longitudinal and lateral profiles using the
with cascade equations and Monte Carlo using thinning. The botyic and CE approache@ipper and lower figures, respectively
tom figure shows the relative fluctuationgp. CE1 denotes cascade equations with 10 bins per decade, CE3 with

30. There is no noticeable difference in the LDF for different bin-
gives results comparable to the CE approach using the sanmings; these are therefore not shown.

values forE2dandES™ with a time difference of a factor of
about 40. significant error. Similarly, minimizing computation time ar-
gues for a low energy threshoH,,, for both cascades, but
A. Checks on an average shower basis not too low in order to obtain accurate lateral distribution
functions. In the following we are going to analyze the in-

If one applies the cascade equations starting from the pri-
mary energy, an average shower is calculated. In this case tfig€nce of these parameters on the performance of the CE.
initial condition consists just of the primary cosmic ray. We
can compare such a result to the average of many showers 1. Eq
computed by the MC method. Figure 4 shows such a com-
parison for 16° eV proton induced vertical showers. The  The lower thresholdEe™ should be chosen in the region
lateral and longitudinal profiles agree nicely within a smallwhere the electromagnetic shower cannot be treated anymore
error. The shower maximx,,, agree within less than 1%. as one dimensional, and the lateral spread of electrons, pos-
As for the shower siz&,, (number of particles at shower itrons and photons becomes important. Figure 5 shows the
maximum), we achieve 3% accuracy if we use 10 bins perjongitudinal and lateral profiles for different valuesgg, .
decade in the numerical solution, but this can be improved td\s of a threshold of 10 GeV, the profiles do not change
1% by using 30 bins instead. significantly anymore. A very similar approach was used in

The other relevant parameters of the CE &  Ref.[5]. There, a more complicated set of cascade equations
=10* GeV, Egi=10 GeV. The performance of the CE de- was solved which involved also angular deviations from the
pends on these parameters as well as on the binning chosshower axis, and secondary particles below 10 GeV were
for the numerical solution. A fine binning takes a long time followed in a MC method. Here we see that it is sufficient to
to compute, whereas a more rough binning might introduce &eat the problem above 10 GeV in a purely longitudinal way.
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FIG. 6. The dependence of longitudinal and lateral profiles of
muons as a function "3, In the lateral case, the two curves for
EMd=>10* GeV are indistinguishable.

min

FIG. 5. Longitudinal profile of electrons and positrofugper
figure) and the lateral distribution functiofiower figure of elec-
trons and positrondower curve$ and photongupper curvesfor a

photon induced shower and different vaIuesE(ﬁm. In the lateral the pseudo random number generator in the computer pro-

case, the four curves fdEfy>3.16 GeV are indistinguishable.  gram. Figure 7 shows such a comparison for the longitudinal
had and lateral profile of electrons and positrons. The thinning
2. Eqin level for the MC method is 10’. We see a slight sensitivity

Analogously to the lower threshold in the electromagneticof the longitudinal profile to the number of bins used in the
CE, the proper choice of the lower thresh&lff? depends on numerical solution of the cascade equations. The shower
where the one-dimensional assumption is not valid anymorg1axima are at 738, 742, 739, and 740 gicfor the MC
for the hadronic part of the shower. In order to test this wemethod and the 10, 30 and 50 bin solution of the CE, respec-
show in Fig. 6 the longitudinal and lateral and distributiontively. The lateral distribution function is very insensitive to
function of muons, which are direct decay products of pionghe number of bins.
and kaons. A value oEM9=10" GeV provides sufficient
precision for both profiles. C. Statistical properties: Fluctuations

Next, we compare the statistical properties of two sets of
B. Tests on a single shower basis proton induced 1% eV showers calculated with the GEOO
By evolving the high energy part of a shower with the MC Shower$ and MC method500 showers, 10° thinning). In

method, we are able to reproduce the natural fluctuationd;d- 8 one sees the distribution of the shower maxima for the
which are primarily due to the varying depth of the first MC and CE methods. The two distributions agree well. The

interactions. All particles which fall below a threshdl&, th_resholdf, where the CE takes the initial condition from_ the
are used in the initial condition for the CE. In order to showigh energy MC part and computes the shower numerically,
that the CE is solved correctly for an arbitrary initial condi- Was chosen to be 0.001. The influence of the paranieier
tion, we compare to the MC method by computing the highthe fluctuations is shown in Fig. 9, by plottingr
energy part in exactly the same way for both approaches= \/<Xm2 ax>_<xmax>2 againstf. The smaller the value df the
Technically this can be done by choosing the same seed fdurther the initial portions of the shower are followed exactly
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G 100 D. Comparisons with CORSIKA
£
> 1k Finally, we compare some of our resultSIORSIKA simu-
‘@ lations. CORSIKA [13] is a well tested simulation package,
S 0.01 | which can be configured to use the same external models
0.0001 | i
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1x10°® : : £
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FIG. 7. An example of a shower calculated in the same way to %650
down to 0.00E,, using below MC methodtriangles with 10~ 7

thinning or the CE with different binnings.

rather than with the CE. We see that evenffapproaching
unity, the fluctuations seen at sméllare reproduced to a
great extent. This shows that natural fluctuations arise for the
most part from the depth of the first interaction of the cosmic

ray in the atmosphere.
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FIG. 10. Comparison t@orsikA: the shower maximum as a
function of the primary energgtop figure for 30° inclined proton

FIG. 8. Comparison of a shower maximum distribution for and Fe showers and the lateral distribution function for the average

10 eV proton induced showers.

of ten 5x 10'° eV proton induced vertical showefisottom figurg.
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employed here for our hybrid modehiGsJeTfor the high  ther propagation is followed by Monte Carlo simulations.
energy hadronic parGHEISHA, for low energy hadrons and The hybrid approach takes advantage of the fast solutions of
EGH for the electromagnetic part. Figure 10 shows in thethe cascade equations and provides detailed knowledge about
upper panel a comparison of the shower maximum for protoreach low energy particle, such as position, energy and arrival
and iron induced 30° inclined showers. The shower protoriime.
curves agree nicely; the iron curve is slightly higher in our Consistency checks have been made by comparing the
case. This might be due to differences in the computation ofiybrid CE approach to traditional Monte Carlo simulations.
nucleus-nucleus cross sections, which are calculated fromhhe two methods agree nicely within a small error. The lon-
nucleon-nucleon cross sections using the Glauber methoditudinal profiles obtained with the CE approach are some-
We use f'%9=0.001<1/56 which avoids calculating the what sensitive to the binning which enters in the numerical
functions W,,,, for all 56 possible nuclei. The lower panel solution of the CE, if less tha 30 bins per decade are used.
compares the average lateral distributions functions of 5The lateral distribution functions are very stable against
X 10'° eV proton showers. They agree nicely for electronsthese technical parameters.
positrons and photons; compared doRSIKA we produce The hybrid technique introduced here is faster than a tra-
slightly less muons, certainly due to the fact that we neglecglitional MC simulations by at least a factor of 20 af16V.
photo-nuclear reactions at this stage.
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