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From NÄ1 to NÄ2 supersymmetries in 2¿1 dimensions
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Starting fromN51 scalar and vector supermultiplets in 211 dimensions, we construct superfields which
constitute Lagrangians invariant underN52 supersymmetries. We first recover theN52 supersymmetric
Abelian-Higgs model and then theN52 pure super Yang-Mills model. The conditions for this elevation are
consistent with previous results found by other authors.
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N52 supersymmetry in 211 dimensions had been stud
ied @1# in order to investigate the supersymmetrization of
instantons effects which lead to a linear confinement@2#.
Since then, systematic studies ofN52 supersymmetry in
211 dimensions have been done in@3# where exact results
were obtained, such as superpotentials and topologie
moduli spaces in various cases.

These exact results can be derived sinceN52 supersym-
metry in 211 dimensions can be obtained by dimensio
reduction ofN51 supersymmetry in 311 dimensions@4#
and thus has similar properties, such as non-renormaliza
theorems. These theorems are not present forN51 super-
symmetry in 211 dimensions and it is thus interesting
study its elevation toN52. In this context, it was shown tha
the presence of topologically conserved currents leads
centrally extendedN52 supersymmetry, the central charg
of the superalebra being the topological charge@5#. In @6#,
the N51 supersymmetric Abelian-Higgs model was cons
ered and it was shown that the on-shell Lagrangian can
extended to theN52 Abelian-Higgs model if a relation is
imposed between the gauge coupling and the Higgs s
coupling. Such a condition is in general expected in aN
52 invariant theory built out ofN51 Lagrangians@7#. An-
other example of extension was given in@8# where N51
supersymmetries of composite operators was elevated
N52 Abelian model, up to irrelevant operators. In this wo
the coupling of matter to the gauge field was obtained w
higher order composites, simulating the dynamical gene
tion of the N52 supersymmetry that would occur after a
appropriate functional integration of a gauge field coupled
the originalN51 supermultiplets.

We propose here another illustration of the supersym
try extension, with the superfield construction ofN52
Lagrangians in terms ofN51 scalar and vector superfield
The N51 superspace in 211 dimensions contains only on
real two-component Grassmann coordinateu and the invari-
ant actions are integrals over superspace which invo
* d2u. The Lagrangians are constructed out of superfie
which mix the originalN51 superfields in such a way that
N51 supersymmetric transformation on the original sup
fields leaves theN52 Lagrangians invariant.
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We first consider the pureU(1) case and then add matte
so as to construct the Abelian Higgs model, using a Fay
Iliopoulos term. We finally make a superfield constructi
for the N52 pure Yang-Mills Lagrangian. As will be seen
the present contruction exhibits naturally the conditio
found in @5# and @6# for the elevation of aN51 to aN52
supersymmetry.

The gamma matrices are given byg05s2,g15 is1,g2

5 is3, where s1,s2,s3 are the Pauli matrices, such th
gmn5diag(1,21,21) and @gm,gn#522i emnrgr . We have
the following usual properties, valid for any 2-compone
complex spinorsh,z:

hz5haza5zh and hgmz52zgmh. ~1!

The 2-component real spinoru, Grassmann coordinate in th
superspace, satisfies the properties

~uh!~uz!52
1

2
u2~hz!

ugmu50

ugmgnu52u2gmn

~2!
ugmgngru52 iu2emnr

ugmgngrgsu52u2~gmngrs1gmrgns2gmsgnr!,

E d2u u251.

In 211 dimensions, theN51 scalar superfield and th
N51 vector superfield in the Wess-Zumino gauge are
spectively given by

F5r1~uj!1
1

2
u2D

~3!

Va5 i ~A” u!a1
1

2
u2xa ,

where all the fields are real. To form anN52 supermultiplet,
we define the complex gauginol5j1 ix. The two fermi-
onic degrees of freedom then balance the two bosonic o
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sinceAm has one degree of freedom@9#. The ~complex! sca-
lar superfieldG containing these degrees of freedom is

G5F1 iD aVa

5r1~ul!1
1

2
u2D21 i ]mAn~ugmgnu!, ~4!

where the superderivative isDa5]a1 i (]”u)a @11#. We will
see that the elevation of the supersymmetry is possible u
a gauge condition which affects the superfieldG and the
relevant fundamental superfield is, actually,

DbG52lb2Dub2 i ]mAn~gngmu!b1 i ~]”ru!b

1 i ~u]ml!~gmu!b. ~5!

With the properties~2!, it is easy to see that

E d2uDbGDbḠ52
1

2
FmnFmn1 i l̄]”l1]mr]mr1D2

1~]mAm!21surface term, ~6!

where the surface term is]m(l̄gml) and Fmn5]mAn

2]nAm . If the gauge condition]mAm50 is imposed, we
find then theN52 Abelian gauge kinetic term. This gaug
condition was found in@5# where the authors explain tha
they need to choose a gauge in which the vector super
satisfiesDaVa50 so as to construct a superfield containing
topological current and two supercurrents which are at
origin of theN52 structure. This condition implies then fo
the gauge field component that]mAm50, whereAm is given
the role of the topologically conserved current. It is th
natural that we find here the same condition, which should
independent of the dynamics. Indeed, it was explicitly sho
for the CP1 model in @5# and will be found again for the
non-Abelian dynamics in the present article. Note here t
with the conditionDaVa50, the superfieldG reduces toF,
showing that the fundamental superfield is actuallyDbG,
which is not affected by this gauge condition, as can be s
with Eq. ~5!.

Disregarding the surface term, the expectedN52 La-
grangian is then expressed in terms of the originalN51
superfields as follows:

Lgauge5
1

2 E d2uDbGDbḠ

52
1

4
FmnFmn1

i

2
l̄]”l1

1

2
]mr]mr1

1

2
D2. ~7!

Matter is included with a complexN51 scalar superfield
Q:

Q5f1~uc!1
1

2
u2F. ~8!

So as to avoid the generation of parity violating terms in
quantum corrections, we can introduce an even numbe
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superfields@3#, but we do not consider this problem her
The interested reader can find a review of supersymme
Chern-Simons theories in@10#. We remind that aN51 scalar
superfield in 211 dimensions cannot be chiral: sinceu is
real, the chirality conditionDaQ50 would constraint the
space-time dependence of the component fieldsf,c,F @11#.

The derivatives of the fields are obtained with the high
component ofDaQDaQ̄ which reads

DaQDaQ̄uu25u2~]mf]mf1 i c̄]”c1FF̄1surface term!,
~9!

where the surface term is]m(c̄]mc). The coupling to the
gauge multiplet is obtained with the highest components
the following superfields:

DaQVaQ̄uu252
1

2
u2
„f̄~cx!2f̄Am]mf1 i c̄A” c…

QFQ̄uu25
1

2
u2~ff̄D2fc̄j2f̄cj1rfF̄

1rf̄F2rc̄c! ~10!

QVaVaQ̄uu252u2ff̄AmAm ,

such that the matter Lagrangian is

Lmatter5
1

2 E d2u$~Da2 igVa!Q~Da1 igVa!Q̄

12gQFQ̄%

5
i

2
c̄D” c1

1

2
DmfDmf̄2

g

2
~fcl̄1f̄cl!

2
g

2
rc̄c1

g

2
ff̄D1

1

2
FF̄1

g

2
rfF̄

1
g

2
rf̄F, ~11!

where g is a dimensionfull gauge coupling andDm5]m
1 igAm . The Lagrangian~11! was found in@4# as a conse-
quence of the dimensional reduction of aN51 theory in
311 dimensions. It was also derived in@12# where theN
52 Lagrangian is expressed withN51 superfields. In both
these works, the authors start fromN52, and do not elevate
an initial N51 Lagrangian toN52; hence they do not find
any constraint. The reader can find in@13# a discussion of the
relation betweenN51, N52 andN54 supersymmetries in
111, 211 and 311 dimensions.

We can recover the scalar interactions if we write t
Lagrangians~7! and~11! on-shell. We write for this the equa
tions of motion of the auxiliary fieldsD andF:
7-2
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F̄1grf̄50
~12!

D1
g

2
ff̄50,

such that the terms depending on the auxiliary fields lea
the following potential:

~Lgauge1Lmatter!pot5
1

2
D21

g

2
ff̄D1

1

2
FF̄1

g

2
rf̄F

1
g

2
rfF̄

52
g2

2
r2ff̄2

g2

8
~ff̄!2. ~13!

The Abelian Higgs model is obtained by adding a Fay
Iliopoulos term which in the present context is

LF.I .52
g

2
f0

2 E d2u~G1Ḡ!52gf0
2 E d2uF

52
g

2
f0

2D, ~14!

wheref0 is a real parameter. The addition of this term to t
Lagrangian leads to the following equation of motion for t
auxiliary field D:

D1
g

2
ff̄2

g

2
f0

250, ~15!

such that we obtain the expected gauge-symmetry brea
potential

~Lgauge1Lmatter1LF.I .!pot52
g2

2
r2ff̄2

g2

8
~ff̄2f0

2!2.

~16!

Note that the Higgs self-coupling isg2/8, what was found in
@6# as a consistency condition for the elevation of theN51
on-shell Lagrangian toN52. The result~16! shows that the
moduli space contains a Higgs branch only, where
vacuum expectation values of the scalar fields satisfy

^ff̄&5f0
2 and ^r&50. ~17!

The extension to a non-Abelian gauge group necessit
the introduction of quadratic superfields to generate the
teractions. We will considerSU(N) dynamics, with structure
constantsf abc and coupling constantg. A non-Abelian super-
multiplet contains gauginos and scalars in the adjoint rep
sentation, so that the starting point is the set of scalar
vectorN51 superfields
10501
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Fa5ra1~uja!1
1

2
u2Da

~18!

Va
a5 i ~A” au!a1

1

2
u2xa

a ,

wherea51, . . . ,N221 is the gauge indice. We then intro
duce the complex superfields

Ga5Fa1 iD aVa
a , ~19!

and, as in the Abelian case, the derivatives of the compon
fields are obtained with the termDbGaDbḠa, provided that
the gauge condition]mAm

a 50 holds, which shows again tha
the fundamental superfield is actuallyDbGa and notGa. To
generate the interactions of the superpartners, we will ad
DbGa linear combinations of the following two superfield

GbVcb, Db~VbaVa
c !, ~20!

and the remaining terms for the covariant derivatives
obtained with the products

f abcDbḠaGbVb
c uu25u2f abcS 2rbjaxc

1
1

2
~ i l̄bA” cla1c.c.!22rb]mraAm

c D
f abcf adeGbVcbḠdVb

e uu2

5 f abcf adeu2rbrdAm
c Aem. ~21!

The term~21! also generates the Yukawa interactions sin

2rbjaxc5rb~ i l̄alc1c.c.!. ~22!

The non-Abelian gauge kinetic term is obtained with t
products

f abcDbḠaDb~VbaVa
c !uu2

52 f abc~]mAn
a!Ar

bAs
c ~ugmgngrgsu!

f abcf adeDb~VbaVa
c !Db~VbaVa

c !uu2

5 f abcf adeAm
b An

cAr
dAs

e~ugmgngrgsu!, ~23!

since we have, using the properties~2! and f abc1 f acb50,

f abc E d2u~]mAn
a!Ar

bAs
c ~ugmgngrgsu!

5 f abc~]mAm
a !An

bAcn1 f abcAm
b An

c~]mAan2]nAam!,

~24!

and
7-3
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f abcf adeE d2uAm
b An

cAr
dAs

e~ugmgngrgsu!

52 f abcf adeAm
b AdmAn

cAen. ~25!

With the gauge condition]mAm
a 50, the first term in the

right-hand side of Eq.~24! vanishes and only the expecte
term remains. Gathering these results, we find that the ex
sion to anN52 pure super-Yang-Mills Lagrangian is give
by

LY.M .5
1

2 E d2uUDbGa1g fabcS GbVcb1
i

2
Db~VbaVa

c ! D U2

52
1

4
FamnFmn

a 1
i

2
l̄aD” la1

1

2
DmraDmra

2
g

2
f abc~ irbl̄alc1c.c.!1

1

2
DaDa, ~26!
J.

a

10501
n-

where Fmn
a 5]mAn

a2]nAm
a 1g fabcAm

b An
c and Dm(•••)a

5]m(•••)a1g fabcAm
b (•••)c.

To conclude, let us stress the central point of these res
Whereas the elevation of aN51 to aN52 supersymmetry
was shown explicitely for theCP1 model in @5# and for the
Abelian Higgs model in@6#, we do not start here with any
specific dynamics but instead build directlyN52 off-shell
Lagrangians withN51 superfields. This allows us to gene
ate different dynamics and we generalize the elevation t
N52 non-Abelian theory. Clearly, one could consider w
the same method otherN52 dynamics.

Finally, this work might be used in the context of effectiv
models for high-temperature~planar! superconductivity@14#,
where the initialN51 supermultiplets are built out of com
posites of spinons and holons in the spin-charge separa
framework.

This work is supported by the Leverhulme Trust~U.K.!
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