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Perturbative renormalization factors in domain-wall QCD with improved gauge actions
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We evaluate the renormalization factors of the domain-wall fermion system with various improved gauge
actions at the one-loop level. The renormalization factors are calculated for the quark wave function, quark
mass, bilinear quark operators, and three- and four-quark operators in the modified minimal subtk&8)ion (
scheme with dimensional reduction as well as with the naive dimensional regularization. We also present
detailed results in mean field improved perturbation theory.
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I. INTRODUCTION is consistent with the realization of exact chiral symmetry.

We can conclude that chiral symmetry is much better real-

The domain-wall fermion formalisiil—3] offers the pos- ized with the RG action than with the plaquette gauge action.

sibility of realizing full chiral symmetry at finite lattice spac- It is quite reasonable to adopt a combination of the domain-

ing when the explicit chiral symmetry breaking term is sup-wall fermion and RG improved gauge action for computa-
pressed exponentially in the fifth dimensional lendik. tional simulation.

This property is understood in terms of the overlap formal- In this paper we evaluate the renormalization factors that
ism [4] or the Ginsparg-Wilson relatiof5,6]. are needed to convert the lattice quantities to the continuum
However, the realization of the exact chiral symmetry inones for the domain-wall fermion system with various im-
the Ng— o limit is nontrivial. In Ref.[3] it is shown that the ~Proved gauge actions. We calculate the renormalization fac-
explicit breaking term in the axial Ward-TakahaghT)  tors of the quark wave function, quark mass, bilinear quark
identity vanishes exponentially iN5 only when the eigen- operators, the three- and four-quark operators in the modified
values of the transfer matrix in the fifth direction are strictly minimal subtraction [1S) scheme mainly with dimensional
less than unity. The exact chiral symmetry cannot be realizeffduction(DRED), and give the relation between DRED and

even in theNs—o limit if the largest eigenvalue of the the naive dimensional regularizatioNDR). Since the
transfer matrix becomes unity. Recent studis17] of the domain-wall heightM (the mass in the five-dimensional

chiral properties in quenched domain-wall QCD seem to re:([)hneeorr%ursetczxelso raﬂ;;r:aage? 4 ai‘g]d'trgl\?eguagr{{t%;?g;eﬁ'ggf'
veal that this is the case for the strong coupling regionf . ploy m P Per y

. S . L or reliable calculation of the renormalization factors. We
around the lattice spacirej “~~1 GeV. By investigating the

axial Ward-Takahashi identity it is found that a nonzero chi—WIII explain this point in detail,

| breaki . . imi This paper is organized as follows. In Sec. Il we present
ral symmetry breaking term remains even in Mg~ limit  +no 5ction and the corresponding Feynman rules. In Sec. 11l

[11,12, and this residual quark mass extracted by the axialye giscuss the general form of the quantum correction and
WT identity becomes much larger than the physioal  introduce the mean field improvement in order to treat the
quark masses at a reasonable sizégf-20 for numerical  problem of the additive quantum correctionNb Our main
simulation. o _ _ result is given in Sec. IV. The finite part of the renormaliza-

_ The chiral property is improved in the weak coupling re-tjon factor is evaluated numerically in Sec. V. We explain
gion arounda™*~2 GeV. The value of the residual quark how to use the mean field improved resuilts for various renor-
mass in the axial WT identity is much smaller than in themajization factors in Sec. VI. We close the paper with a brief
strong coupling region. However, it is still not clear for the symmary and comments in Sec. VII.
standard plaquette gauge action whether chiral symmetry is |n this paper we take th& U(N) gauge group with the
broken slightly but explicithy{11] or whether the symmetry gauge coupling g and the second CasimirCp
breaking term vanishes exponentially Ny but the decay —(N2—1)/2N. We setN=3 in the numerical calculations
rate is smal[12]. On the other hand, for the renormalization for three- and four-quark renormalization factors. The physi-
group(RG) improved gauge actiofi3], it was found in Ref. 5| quantities are expressed in lattice units and the lattice
[11] that the value of the residual mass is much smaller thaRpacinga is suppressed unless necessary.
that for the plaquette action, and furthermore the residual
guark mass decays exponentiallyNig up to Ns= 24, which

II. ACTION AND FEYNMAN RULES

*On leave from Institute of Theoretical Physics, Kanazawa Uni- We employ the Shamir domain-wall fermion actiffh3]
versity, Ishikawa 920-1192, Japan. given by
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(DBW2) [15] for the RG improved gauge action, as well as

= > , $(X,5)Dpw (X,S;y,8") ¢h(y,S") c;=c,=c3=0 (plaquett¢ and c;=—1/12¢,=c3=0 (Sy-
XSY.8 manzik [16,17. With these choices of parameters the RG
_ improved gauge action is expected to realize smooth gauge
+§ ma(x)q(x), (1) field fluctuations approximating those in the continuum limit
better than with the unimproved plaquette action.
D ‘v §')=D*(X.y) 5. < + D5(s,5') Weak coupling perturbation theory is developed by writ-
ow 1(X,8Y,8") =D7(x.y) 85 s (5,57) 8y ing the link variable in terms of the gauge potential
+(M _5)5x,y53,s’ ) (2)
1.
1 nyﬂ=ex+gAM X+ =u (8
DAY= 2 ST+ ,)Us s iy 2
“
T ) and expanding in terms of the gauge coupling. We adopt a
(1= v Uy 0yl 3 covariant gauge fixing with a gauge parametedefined by
PR52,S’ (S:l), 1 1 2
— a -
D5(s,s’)=1{ PrOst15 T PLbs—15 (1<S<Ns) (4 SGF_E 2a ViAu| X+ oM ©
PLoN -1 (s=Ns),

whereV,f,.=(f,,,—f,).
wherex )y are four-dimensional Space- -time coordinates, and The free part of the gluon action in momentum space
s,s’ are fifth-dimensional or “flavor” indices, bounded as takes the form

1=<s,s’'<Nj with the free boundary condition at both ends.

In this paper we will take th&s—< limit and omit terms 177 d% 1\, .
suppressed exponentially Ms. Pg, is the projection ma- SO: — E Aa(k) GLu(k)— (1— —)k k,
trix Pry = (1= vs)/2, mis the physical quark mass, and the -7 (2m)

domain-wall height is a parameter of the theory, which we
set as BXM <2 in order to realize the massless fermion at
the tree level. The quark mass term and quark operators for
our calculation are constructed with the four-dimensional”
quark field defined on the edges of the fifth dimensional

XAN(—K), (10

wher

space Gk =kukt 3 (k8= Ku Ok, (11
q(x)=Pri(x,1) + PLih(X,Ns),
— — — with
q(x)=(X,Ns) Prt ¢h(x,1)P,_. ©)
For the gauge part of the action we employ the following k =2 Sink_f‘, (12)
form in four dimensions: . 2

1 andq,, is defined as
Sgluonzg Co 2 Tru pitCy E TrUrtg

plaquette rectangle ~ ~ ~
U= (1= 8,,)[ 1= (c1— cy—ca) (K3, + kD) — (co+ Cg)K?].
+6> Tlgytcs > TrlUpgl,  (6) (13
chair parallelogram

The gluon propagator can be written as
where the first term represents the standard plaquette action,

and the remaining terms are six-link loops formed by a 1 —
X2 rectangle, a bent42 rectangle(chair), and a three- D (k)= k)~ k k +E (k,, Ky W)k(,A(,,,
dimensional parallelogram. The coefficiemts, . . . ,c3 sat-
isfy the normalization condition k k
Y72
—(1-a) L= (14)

The RG improved gauge action is defined by setting the

parameters to the value suggested by an approximate renor- =(R2)‘2[(1—AM)RMRV+ 5ME RiAW}
malization group analysis. In the following we will adopt the o
following choices:c;=—0.331¢,=c3=0 (Ilwasak) andc, Kk
=—0.27¢,+c3=—0.04 (lwasaki) [13]; c;=—0.252¢, —(1—a)-22,

+c3=—0.17 (Wilson) [14]; and ¢;=—1.40686¢,=C3=0 (k?)2

(19
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whereA ,, is a function ofg,,, andRM; for its form we refer _ 1

to the original literatur¢13,16. In this paper we will adopt A= 2Wsinh(a)’ (22)
the Feynman gaugex=1) without loss of generality, since

the renormalization factors for the physical quantities such as F=1—e"W—m2(1-We %), 23)

guark mass, bilinear quark operators, and three- and four-
quark operators do not depend on the choice of the gauge
fixing condition. _
X . W=1-M+ 1—cosp,). 24

For the fermion part we need the following three types of EM: ( Pu) 24
propagators in domain-wall QCD. One is the propagator
which connects general flavor indices, WhenW becomes negative the fermion propagator is given
with the replacemeng™*— —e™?,

Ng . .
B r . _ _ The second one is the propagator that connects the physi-
S(P)st= u; (Z1yusinp, + W+ mM7)s,Gr(u,D)Pr cal quark field and the fermion field of general flavor index,
Ng - 1
+uzl (—iy, sinpﬂ+w++mM+)SuGL(u,t)PL, (a(p)y(—p,s))= E[W“ sinmp,—m(1—We )]

(16) X(e—a(NS—S)PR+ e—a(s—l)PL)

where the mass matrix is 1 . ) _
+ E{m[wﬂsmp#—m(l—We 9]

-W 1
~W —Fle *(e” * Vpg+e «Ns9p ),
+ __
W= S E (25)
~-W B 1
(w(p,s)a(—p))=g (e "M 9P +e " Dpg)
-W
B 1 -WwW X[iy,sinp,—m(1-We %)]
Ws,t: . . 1 (17)
o + E(e*“(sfl)P
1 —-W F L
1 +e *MNs=9Ippye~{m[iy, sinp,,
+ __ -
M _(1 ) M _< ) (18) -m(1-We *)]—F}, (26)
andGg,_ is given by and the third one is the two-point function of the physical

quark field,

A
Gr(s,H)==[—(1—m?)(1-We *)e*"2Ns*s+)_ (1 —m?) o
F — —iy,sinp,+(1-We “)m

Se(p)=(a(p)q(—p))= T (1-eW) rmA(1l—We &

X(1-We")e «(*Y

2
—2W sinh a)m(e®("Ns*s71 4 ga(=Ns=s+1))] @7
+Ae st (19) In the continuum limit the physical quark propagator be-
comes
A
Gu(s,)=g[—(1—m?)(1-Wer)e~Nster-2) (1-wp)
Sy(p)= (28)

ip+(1-w2)m’
_(1_m2)(1_We—a)ea(—s—t+2) [6 ( 0)
—2W sinh a)m(e*("Ns+s71 4 ga(=Ns=s+1))] Here we notice that the overall factor—w3 with wy=1
—M appears in the quark wave function and mass.

The following two interaction vertices concern the one-
loop correction:

+Ae st (20)

1+W2+ ) sirp,
"

cosha) = (21) Tu(kP)s= =19 T 7, V1, (k,p) + V1, (k,p) 185,

2|w| ' (29
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Z,MV(k p)st 29 2{Ta Tb}[)’,uvly,(k p)

+V1,(k,p)18,, 04, (30
where
_ 1
Vlﬂ(k,p)=cos§(— K,tP,), (31
- 1
Viu(k,p)=i S|n§(—kﬂ+ PL)- (32

In this paper we calculate the one-loop correction to the SqR(p)E; (a(p)¢(=p.5)R(S)=S4(P),

Green'’s functions constructed with physical quark fiech

When we carry out the perturbative calculation we first no-
tice that the external line propagator is expanded in terms of SyL(p

the external momentump,, and quark masm as

(a(P)#—p,9)— 1_W2 ( ¢
_ps))—— o
a(p)¢(—p T
(33
ya(—p) (R SR
(#(p.s)a(—p))—| R(s)~L(s 1) 5 (—wDm’
(34
where
L(s) =W} IPe+wS VP)), (35)
R(s)= (WS VPp+w's 9P ). (36)

The fifth dimensional indices,t are summed with this
L(s),R(s) and the following form of the propagators con-
cerns in the loop integral:

SRR<p>Es§1 R(S)S(p)sR(t)

. . 1 me ¢ —_—

=—iy,sinp,= _—(1—w0e’“)2 +(Wo—W)Ggr

1 omter (37)
Fl-we @

sLL<p>ES§1 L(S)S(p)si(t)=Srr(p), (39)

SRL<p)ES§l R(S)S(p)siL(t)=—i7y, sinp,G,

m 1-We ¢

(39)

_E(l—woe‘“)z’

PHYSICAL REVIEW D 67, 094502 (2003

0

sLR<p>ES§l L(s)S(p)sR(t)=—iy, sinp,Gr

me 2%(1-We¥)

F1-we 2’ 40

0

Siq(P) EE

F(l—woe“))
X[imy,sinp,—(1-We")],

><w<p,s>E<—p>>=(

(41

o0

(42

)zgl (a(p)¥(—p,s))L(s)

1 1
=———[iy,Sinp,—m(1-W(p)e™ )],
e e FLI7SnPu—m(L-W(p)e~)]
(43
Srd(P)= 2, R(S)(#(P,5)a(~P))=Squ(P) (44)
where
& 1 sinhay—sinha
L™ 2W sinha | 2wg sinha(coshay— cosha)
(1 2)1 1-We ¢ (a5)
J— _m _—'
F (1-wee )2
& 1 sinhay—sinha
R™ 2Wsinha | 2w, sinhag(cosha— cosha)
- 2)1 e 2%(1-We") )
m e —
F(1-wee 9?2 |

Ill. MEAN FIELD IMPROVEMENT

Before evaluating the one-loop correction we discuss the
mean field improvement in this section. In the domain-wall
formalism the renormalization factor of anquark operator
O, has the generic form

ONS(1) =Z O 1/a), (47)

Z=(1-wj) "22,"°Zq (48)
whereZ,, represents the quantum correction to the normal-

ization factor 1—w§ of the physical quark fieldq,a and
Zo, is the vertex correction t®,,. Here we notice that,, is

written in the form

094502-4
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2wy g°Ce

1-wZ 1672 "

Z,=1+ (49)

As is known in perturbative calculatiori48] the one-loop
correction inZ,, becomes huge for some choice Mdf be-
cause of the tadpole contribution Xy, and division with 1
—w3. This reflects the fact that the one-loop correction to th
domain-wall heightM is additive rather than multiplicative
[19]. Rewriting it in the multiplicative form

9°Ce

1—-| wp—
( 0 1672

2
EW) —(1-wj)Z, (50)

can be done only wheg?<1 since the correctioy.,, con-
tains the tadpole contribution and becomes I4f.

To carry out this rewriting reliably, we adopt the mean

field improvement as follows:

2

2
9°Cr
1-| wo— ——=3
( ° 162"
2 2
C
=1- WO+92CF2TMF+M(_2W_ 167722TM|:)
1672
2
9°Ck 5
—1—|wgt4(1l—u)+ (—20—1672Typ)
1672
2
9°Cr
=1—| wyF+ 6772(—EW—167r22TMF)
wy g°Ce

:[1—(W34F)2]( 1+ —1—(Wg/":)2 @

X (St 167r22TM,:))

=[1-(wgH2]Zy". (51)

Twue is the one-loop correction to the mean field factor de
fined by
-
u=1—gZCF$+-~-, (52)

whereu= P¥* with P being the plaquette. In the second line

of Eq. (51) we have replaced the perturbative correction

g2CrTyr to the domain-wall height with the nonperturbative

value 2(1-u), according to the standard procedure of mean
field improved perturbation theory. On the other hand, the

perturbative value is still used fat\", since the mean field
improved value,,+ 16722T),r becomes small enough.

The procedure for the mean field improvement for the

renormalization factor of the generalquark operatorO,,

becomes as follows. We factor out the mean field contribu-

tion perturbatively from the vertex correctiofy, and re-
place it with the nonperturbative one:

PHYSICAL REVIEW D67, 094502 (2003

2~ N 2~ N
Zo,=|1-9 CFZTMF Zo, 19 CFZTMF

N un/2

n
Zo, t 92CFZTMF (53)

where u=P* is evaluated numerically. This leads to the
Sewriting of the total renormalization factor @,,,

Z_>ZMF:[1_(Wl(\)/IF)Z]ntZ(ZwF)7n/2unlzzglrl1:, (54)

where
wyF=wo+4(1-u), (55)
MF
W
MF_ 0 2
w = Zulwg-wtF+ Wgﬂp)zg CeTue- (56)

Note that the difference between the mean field improved
renormalization factor and the unimproved one is of higher
order in the perturbative expansion. The renormalization fac-
tors of the quark wave function, the quark mass, and the
n-quark operator are shifted as

1
27" =Zalwy-utF+ 5 9°CeTue, (57)
1
Zi = Zmlwy-w¥F~ 5 9°CeTue, (58)
n
ngz Zon|w0:wg"F+ ZQZCFTMF : (59

Now we have a short comment on the derivation g .
The one-loop correction is given by expanding the plaquette
value in the gauge coupling and executing the momentum
integral:
P=1-0?Cr2Tye=1—g?Cr2(T+ 8T), (60)
whereT is the tadpole contribution andT is the remaining
_contribution,

T= kaW(k), (61
1
5T=—fk E[cosk,,DM(k)+cosk,LD,,V(k)]
+25|n?sm§DW(k) , (62

with u,v unsummed ange # v. Here, the momentum inte-

Jk f—w d’ﬂk

After numerical integration we get

(63
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(1/8 (plaquette,
0.0525664 (lwasaki, c;=-0.331, c,=c3=0),
0.0191580 (DBW2, c;=—1.40686, c,=c3=0),
=1 0.0915657 (Symanzik, c,=-1/12, c,=c3=0), 649
0.0552016 (lwasaki, c¢;=-—0.27, c,+c3=—0.04),
| 0.0482425 (Wilson, c¢;=-0.252, c,+c3=—0.17).

Here, please notice that the finite part, and the tadpole factoFye, which is defined through the plaquefe are gauge
independent.

The mean field improved factor can also be defined by perturbative evaluation of the link vé&8gable this case the
averaged link variable is written in terms &fand the gauge dependent péiity,,ge

1
u:<UM(n)>:1_CF92§[T_(1_Q)5TgaugJ- (65

The gauge dependent term is independent of the choice of gauge action,
0T gauge= 0.0387334. (66)

T is given by

(0.1549334 (plaquette,

0.0947597 (lwasaki, c;=-0.331, c,=c3=0),

0.0624262 (DBW2, c¢;=—1.40686, c,=c3=0),

T=) 01282908 (Symanzik, c,=—1/12, c,=c,=0), &7
0.0973746 (lwasaki, c,;=-—0.27, c,+c3=—0.04),

| 0.0916234 (Wilson, c;=-0.252, C,+Cy=—0.17).

As a third choice, one may define the mean field improved facthirough the critical hopping paramet€. of the Wilson
fermion action as

_ =1-C 21T 68
u= 8KC_ - Fg z Kcv ( )
where[20]
( 0.162858 (plaquette,
0.082555 (lwasaki, c¢;=-0.331, c,=c3=0),
T 0.036483 (DBW2, c,=-—1.40686, c,=c3=0), 69
Ke™) 0.128057 (Symanzik, c¢,;=-1/12, c,=c3=0), €9
0.086167 (lwasaki, c¢;=-0.27, c,+c3=—0.09,
| 0.078169 (Wilson, c¢;=-0.252, c,+c3=-0.17).
|
IV. ONE-LOOP RENORMALIZATION FACTORS Moin the MS scheme with dimensional reduction or naive

In this section we derive the renormalization factors at thedimensional regularization. The difference between NDR
one-loop level for the quark wave function, the quark massand DRED resides only in the finite parts of the renormal-
the bilinear quark operators, and the three- and four- quanzatlon factors in the continuum. The finite parts on the lat-
operators in the form of momentum integrals. The loop intedice are derived with mean field improvement. Hereafter we
gral is evaluated numerically in the next section. Matching ofsuppress the index “MF” in quantities unless confusion may
the lattice and continuum operators is carried out at the scalarise.

094502-6



PERTURBATIVE RENORMALIZATION FACTORS IN . .. PHYSICAL REVIEW D67, 094502 (2003

A. Quark propagator

O[St 3272 Tyel, (79
0

MF _

The one-loop correction to the physical quark propagator Zw =
is given by two diagrams. The contribution from the tadpole
diagram is given by

Sw= 16772| —2T+4(1-w))

* 1—w?2
Grac= > —0( L(s)— VV: R(s)

S1ip+(1—wj)m 2

y f (T4=T3)Se+ T1(G( | =0+ Grlm=0)
k G} .

X V3D (— p,pwabf Mk)(R(s) L(s) °V”v5)

0 (80
% 1_Wg (70) The quark wave function renormalization factor is given by
ip+(1—-wm’ )
- 9 _ 2 MF
The contribution from the rising sun diagram is written as Zo=1+ 167,.2CF[ log(na)"+2;71, (8Y)
. — WG ¢ T

- - 0 MF_ MS_s 4 1y2-ME 82

t21|¢+(1 w3)m He f =T Ra 16 o ®2
><<—p,p—k)suo—k)SNEV(—(p—k>,p>6abD,w<k> 1 1

3=~ 5(DRED),5(NDR), (83

R(t)—L(t) (71)

Woi p ) 1-w}
1-w3/ip+(1-w2)m’ T 1-w2

21=16772§+167r2f ——5{G|m=0(—2T,
Making use of the summation formul#37)—(44) and fol- Kkl Go

lowing the calculation in Ref[18], we obtain the “full”

quark propagator at the one-loop level on the lattice and in +2T5=cTy)
the continuum with théVlS scheme as follows: +Grlmeol — 2(Wo—W)(T,—T3) —CTs)
_ (1-w2)Z,u~ 1z + 10275~ 4T %) + FR(— 2(wo— W) TF
(Gaiay = 2 o~ (72)
ip+(1—wg)ZyMig/ (UZ) 2 O(m>—k?) )
_4Sﬁ]}+ > [~ |Og . (84)
VS (k%)
2
<qMSqMS> i+ Mz /ZMS’ (73 The quark mass renormalization factor becomes
MS
2
where the mean field improvement is used on the lattice. 7 =1+ 9 Ce[—3 |09(Ma)2+ZMF] (85)
Comparing these two expressions for the quark propagator, " 6m? m
we obtain the following relations:
S MS Tur
Aws= (1=wg) ~ 22, " H(uZ) 0, (74 Zm =(35°-32) = (3153 - 167 —~, (86)
12 -1 _
mMS (1 WO)Zmeu mlata (75) EQAS: _ 4(DRED), _ Z(NDR), (87)
where
1
7,775/ 7 76) 3,=4X% 16772“E[T4F§L+2T1Fm—T3F;R]
’ 0
— 7S Zlat o(m*—k?
m=Zm 1Zm- 7 G AT o )] ~4logn?. (89
The explicit forms for theZ factors are given below. The
renormalization factor for +wg is written as Here T is the tadpole factof61) and Ty is given in Eq.
, (60). No sum is taken fo3. We have used the following
Z,=1+ 9 C,:Z , (79) §horthand notationss, =sink,, 2 =cosk,,, sm(k /2)
1672 c,=cosk,/2), c=%,c,, Go= k s —ZMSM, E#sﬂ,
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— 1 shy—sh 1-We @ B_ 22 222N 7 22 2N A &2
= — T=ss+4scEA s—sEA s,
GL|m=0 2WSh_2WOSh)(ChO—Ch) Fo(l—woe_“)z ) 2 B BB m BuSu B m BuSu (102)
(89
i _(a2y2
& 1 shy—sh g 2 Ts=(s9)% (103
RIm=0~" - )
2Wsh| 2wg shy(chh—ch)  (1—-we™ )2 Ay ~p
_ (90 T4:% C2AL.S, (104
Se=(Wo—W)Gglm=o0, (92) oy
F ( 0 ) R|m 0 TSZE C”CiA”VS]Z}, (105)
y7a%
P ch | —
fi=|7— =98] Gilm-0 -
W sh AL=06,,1TA,,. (100
9s 1 1+shysh—chych Some fundamental quantities are given by
+
2Wsh2wgshy  (chy—ch)?
W=1-M+4(1-u)—-r> (1—c,),
1 1 r-sh—Wgs(ch—W) ©
+ Wsh g2 —a\2
F2lhoo  (1—wge ) Wo=1—M+4(1-u), (107)
gg 1-We * wee “ 92 1+ W2+ g2
Wsh  Fo  (1—wee 93’ chzcosﬂa)ZT,
cgtr(ch—Ww) _ 14wy
9=~ Wsn (93 chy=coshag) = Pwg ! (108
5 ( r ch )~| sh=sinh(a), shy=sinh«g). (109
fe=|— =05|Grlm-=
ROlw  sh¥F)=Rim=0 Here we notice that the domain-wall height is shifted by the
nonperturbative mean field improvement faatdn this sec-
9s 1 1+shysh—chych _ o . ME . .
tion, which is essential foz, as seen in the previous sec-
2Wsh2woshy  (chy—ch)® tion.
-2«
+ ! - 9s€ (94) B. Bilinear operators
Ws _ —a\3'’
(1=wee ) We consider the local bilinear operators constructed with
— physical quark fields,
FA=(Wo—W)fE+rGrlm-o. (95 _
Or=aqlq, (110
e h
Frn= — s, (96) wnere
Fo(l—wgpe™ @)
L 1—We™* 1 The one-loop correction to the bilinear quark operators is
Fm - _ ’ (97) . .
Fo o (1—wpe )2 evaluated in the same way as in Rgi8]. The operator
matching relation is given by
Fo=1-We", 98 MS 15—
0 8 OFS(w)=(1-wd) "2, 'uz;(ua) Of\(Lfa), (112
LR e 2 where the renormalization factor is given by
Fo=—"———5 (99
(1_WOe ) 2 ho(T
ze=1+ L (D ) 2.4 2MF
) T LI og(ua)“+zp |,
Ti= 5887, (100 (113
~p o MF_ _MS__ |at+16 ZM 11
Tf==25%s3, (101 zr =zp —zp +16m°—-, (114
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ho(T') =4(VA),16(SP),0(T), (119 wis. (N=2)(N—1) (127
_ _ o N '
ZVS(DRED) =V¥S—1/2=1/2(VA),7/2(SP),— 1/(T),
(116 N+1
_ . Vo= N [(N=2)V\a+Vspl,
MS __\/MS _
ZV'S(NDR) =VM/°+1/2=0(VA),5/2(SP),1/2T),
(117 . >
UMSZW, (128
lat ha(I') 2 2 N
Z2'=Vr+3,= 7 log m°+ 167°l p+2 4,
\Y; — (N=2)(N+2
(118 vl=NVVA—£, vgﬂszw, (129
N N
| :”; e 2T —ZiT 2
' k (l—Woe_a)ng * FO ' UVp= —NN_:LVSP, Ug/l_s——4(N_1l\)l(N+l), (130)
Xr|  ho(T') 6(m*—k?) .
F2 4 (K2)2 ] (119 Sp=v}s. (131

Here we notice that the finite part on the lattice can be writ-
(T). ten in terms of the one-loop correction to bilinear operators.
(120 The relation to the NDR is given in Sec. IVF.

4T,—T,8°

Xr=T45%(SP),T,(VA), 3

D. Three-quark operators (DRED)
C. Four-quark operators (DRED)

) ) We consider the three-quark operators relevant to the pro-
We consider the followingA S=2 four-quark operators: 4, decay(PD) amplitude

oi=é[@v;qz)@y;qnr@y;qo@y;qz)]. (Opp);=*1(A9)*T'x(A2)"I[Tv(da)]5, (132
(123 v.vhere?= —q'C ™! with C=1,v, is a charge conjugated
01= ~ Cr@:7;00) (@7 + @ T 5Py o acis on the Difac Spiner space epresening
X(@Tayiq“)’ (122 : )'/I'Yk]éﬁt;)yp&:zgt)(l)xr) ﬁét}éﬁrylg relation for the three-quark opera-
tors is given as follows in th&1S scheme with DRED:

1 _ _
02=7=(017502) (dz¥r0a) + (91 T4 02) —
2N ’ : OFS(1) = (1-W3) 322, %2u32Z o pa) O 1/a),

133
X(qa Ty} da), (123 (133
where the renormalization factors are
where 'y —yMPLR The operator matching relation be-
tween the lattice and the continuum in thES scheme with gz 3
DRED is given by Zpp=1+ —— . Spp— 2CF)Iog(,ua) +z0,
OlfS(1) = (1-W}) ~2Z,, 2u%Z,p(na) Ot (1/a), (134
(124
M b ept = c S¥S_5 ) +167°C 3Tur
where the renormalization factor is given by ZPD Upb~ UPD F( 1) TYFT,
(135)
2
g
zAr:1+P[(ér—2(:F)|og(,m)2+zEfFF , (125 N4 1 N4+ 1
& Upp= W[ZVVA"‘VSP]' UPD Opp= 65 5N
(136

=M+ 2C(SVS—3 ) + 1672CE Tye
(126)
E. Renormalization factor for Bk and Bp

The following quantities are important fé&r mesons. One

N—1
=—[(N+2)V\n,—V . .
ve=—y I Wn=Vsel, is the K mesonB parameteBy , defined by

094502-9



AOKI et al. PHYSICAL REVIEW D 67, 094502 (2003

(K|s¥,(1— y5)dsy,(1— y5)d|K) 137 zsg NDR) =z DRED) - 1, (146
K= )
8 _
3(KIs7,7500)(0]s,.vsd[K) z1(NDR) =z{(DRED) + 1. (147
The renormalization factors for the four-quark operators are
which is needed to extract the Cabibbo-Kobayashi-Maskawgg|5teq by zad trqu P
(CKM) matrix from experiments, and the other is the matrix
element divided by the pseudoscalar density, z,(NDR)=z, (DRED) -3, (149
_(K[s7,4(1— ys)dsy, (1= y5)d[K) z (NDR)=z_(DRED)+2, (149

. . (139

<K|§75d|0><0|g3’5d|K>

z,(DRED) 0 5/6 8
which can be used to measure the violation of the chiral z;(NDR)= 0 2,(DRED) | t| 1 —813]
symmetry, since it should vanish at,—0 in the presence 2

of chiral symmetry. Thes andd quark fields defining these (150
guantities are the boundary fields given by Eg).and these . )
parameters are written in terms of the four-quark operatof he relation for the three-quark operator is
O, and bilinear quark operatof3, ,Op in the previous sub- _
section. The renormalization factors Bg andBp are given zpp(NDR) = zpp( DRED) + 2/3. (151
by the ratio of those fo0., andOx, Op: Finally, we have the relations f@, andBp:
w2\ —27-2
2o (na)= (1—wp) ZWZZ+(Ma) _Zi(pa) zg, (NDR) = z5 (DRED) - 5/3, (152
« (1-Wo) ?Z,*Zp(pa)®  Zp(na)?
) zg (NDR) =z (DRED) - 1/3. (153
—14 9 [—4log(ua)+zy], (139
2 K Here we take the color factd= 3 for three- and four-quark
operators an®y ,Bp .
PR (1-wg)?2,°Z (pa)  Z.(na)
B\ M) = o = V. NUMERICAL RESULTS
P (1-Wo) °Z,%Zp(pa)®  Zp(pa)?
5 The finite parts of the renormalization factors in the pre-
B 9 ME vious section are numerically calculated. The necessary mo-
=1+ 16#2[ 20 Iog(,ua)+zBP], (140 mentum integration is approximated by a discrete surf
with L=64. For three- and four-quark operators and the pa-
where rametersBy ,Bp the color factor is set ttN=3. In Tables
I-XIV, the numerical values in DRED schemes without
z'é”£=z’\+"F—2Csz"F, (141)  mean field MF) improvement are given. The numerical error
is estimated by varyind. from 64 to 60.
ZI\B/I::ZI\+/IF_2CFZI\|;IF. (142 The renormalization factors with the MF improvement

From the explicit notation of Eq$114) and(126), the mean

field improvement factofTye is canceled out irgg" and

zg . The remaining effect of the mean field improvement is

to shift the domain-wall heightl.

F. DRED and NDR

defined in the previous section are given by the shift in the
domain-wall height and subtraction of the tadpole fadtgg
as follows:

In this subsection we list the relation between NDR and

DRED in theMS scheme. The relations for the quark wave

function and the quark mass are given by

z,(NDR)=z,(DRED) + 1, (143
Z(NDR) =z,,(DRED) +1. (144)

The relations for the bilinear quark operators are
2, (NDR) =z, (DRED) — 1/2, (145

S0 =g w + (1677) 2Ty, (154
MF 2:L
22 :ZZ|W0:W'(\)AF+167T ETMF, (155)
MF 21
Zm :Zm|w0:W3"F_ 16 ETMFa (156)
MF 21
2" =Zp|yy- i+ 16725 Tye,  T=VA,SP.T,
(157
zX§=z4F|W0:WgnF+16n20FTMF, I==+,12,
(159
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TABLE |. Results for plaquette actiorc{=c,=c3=0) without mean field improvement.

M  z,(DRED)  z,(DRED) S, zyA(DRED) zgp(DRED)  z;(DRED)

0.10 —13.6613(11) 13.4795(33) —51.048195 —17.4958220(51) —13.4795(33) — 18.8346(11)
0.20 —13.5109(11) 14.1140(34) —50.744997 —17.347925(44) —14.1140(35) —18.4259(11)
0.30 —13.3838(11) 14.6225(33) —50.488509 —17.223679(14) —14.6226(32) —18.0907(11)
0.40 —13.2739(11) 15.0721(33) —50.266419 —17.116789(15) —15.0720(34) —17.7984(11)
0.50 —13.1781(11) 15.4919(33) —50.072616 —17.024360(22) —15.4919(34) —17.5352(11)
0.60 —13.0948(11) 15.8983(33) —49.903778 —16.944705(23) —15.8983(34) —17.2935(11)
0.70 —13.0230(11) 16.3026(33) —49.758186 —16.876992(13) —16.3025(33) —17.0685(11)
0.80 —12.9625(11) 16.7136(33) —49.635208 — 16.8209860(89) —16.7136(33) — 16.8568(11)
0.90 —12.9133(11) 17.1392(34) —49.535083 —16.776780(31) —17.1392(34) —16.6560(11)
1.00 —12.8760(11) 17.5872(33) —49.458848 —16.7449780(33) —17.5872(34) —16.4642(11)
1.10 —12.8513(11) 18.0673(24) —49.408369 —16.72701(44) —18.0682(15) —16.2799(11)
1.20 —12.8408(11) 18.5869(31) —49.386472 —16.72314(12) —18.5871(28) —16.1018(11)
1.30 —12.8464(11) 19.1603(32) —49.397179 —16.736511(32) —19.1604(32) —15.9285(11)
1.40 —12.8708(11) 19.8031(32) —49.446110 —16.769859(40) —19.8032(31) —15.7587(11)
1.50 —12.9179(11) 20.5366(34) —49.541138 —16.827118(41) —20.5366(35) —15.5906(11)
1.60 —12.9932(11) 21.3919(34) —49.693506 —16.914213(47) —21.3918(35) —15.4217(11)
1.70 —13.1050(11) 22.4162(34) —49.919841 —17.039647(50) —22.4162(35) —15.2475(11)
1.80 —13.2661(11) 23.6896(34) —50.246184 —17.216692(56) —23.6895(35) —15.0591(11)
1.90 —13.4989(11) 25.3751(33) —50.717592 —17.468473(10) —25.3751(33) —14.8329(11)

TABLE Il. Results for plaquette actiofcontinued without mean field improvement.

M z. (DRED) z_(DRED) z,(DRED) 2,(DRED) Zpo( DRED)
0.10  —49.3331(22) —41.3005(44)  —47.9943(11) —35.9454(87)  —32.3141(22)
020  —48.4171(22)  —41.9492(47)  —47.3391(10)  —37.6374(92)  —32.5399(24)
030  —47.6639(22) —42.4617(43) —46.7968(11) —38.9935(86)  —32.7133(21)
0.40  —47.0079(22) —42.9184(45)  —46.3264(11)  —40.1921(89)  —32.8704(23)
050  —46.4200(22) —43.3550(45) —45.9091(11)  —41.3117(90)  —33.0271(23)
0.60  —45.8835(22) —43.7907(45) —45.5347(11)  —42.3955(90)  —33.1918(23)
0.70  —453883(22) —44.2394(45)  —45.1968(11)  —43.4734(89)  —33.3710(22)
0.80  —44.9276(22) —44.7128(43) —44.8918(11) —44.5696(87)  —33.5704(22)
0.90  —44.4965(22) —452213(46) —44.6173(10) —457044(91)  —33.7952(23)
1.00  —44.0918(22) —45.7763(45) —44.3725(11)  —46.8993(89)  —34.0514(22)
110  —43.7112(25)  —46.3936(15) —44.1583(18)  —48.1819(41)  —34.34815(44)
120  —43.3524(23)  —47.0803(36) —43.9737(13) —49.5656(75)  —34.6889(17)
1.30  —43.0148(22) —47.8626(42) —43.8227(12)  —51.0944(84)  —35.0890(21)
140  —42.6974(22) —48.7641(41) —43.7085(12)  —52.8086(84)  —35.5620(20)
150  —42.3993(22)  —49.8183(47) —43.6358(10) —54.7642(92)  —36.1272(24)
160  —42.1195(22) —51.0747(47) —43.6120(10) —57.0448(93)  —36.8135(24)
170  —41.8547(22) —52.6077(47) —43.6469(10) —59.7764(93)  —37.6636(24)
1.80  —41.5960(22) —54.5416(48) —43.7536(10) —63.1721(94)  —38.7486(24)
190  —41.3115(22) —57.1248(43) —43.9471(11) —67.6669(87)  —40.2080(22)
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TABLE lll. Results for Iwasaki actiond; = —0.331, c,+c3=0) without mean field improvement.

M  z,DRED)  z,(DRED) S zy,A(DRED) zgp(DRED)  z;(DRED)

0.10 —5.1519(11) 3.9209(33) —25.740748 —8.9630147(50) —3.9210(33) —10.6437(11)
0.20 —5.0193(11) 4.5020(34) —25.489672 —8.831595(44) —4.5020(35) —10.2748(11)
0.30 —4.9093(11) 4.9536(33) —25.282889 —8.723012(14) —4.9537(32) —9.9795(11)
0.40 —4.8158(11) 5.3423(33) —25.107854 —8.630858(15) —5.3423(34) —9.7270(11)
0.50 —4.7354(11) 5.6970(33) —24.958176 —8.552108(22) —5.6970(34) —9.5038(11)
0.60 —4.6665(11) 6.0333(33) —24.830209 —8.484921(23) —6.0333(34) —9.3021(11)
0.70 —4.6079(11) 6.3618(33) —24.721839 —8.428287(13) —6.3617(33) —9.1171(11)
0.80 —4.5593(11) 6.6907(33) —24.631970 —8.3817624(90) —6.6907(33) —8.9455(11)
0.90 —4.5204(11) 7.0268(34) —24.560281 —8.345189(31) —7.0268(34) —8.7847(11)
1.00 —4.4915(11) 7.3770(33) —24.507131 -8.3188721(34) —7.3769(34) —8.6328(11)
1.10 —4.4731(11) 7.7494(24) —24.473568 —8.30388(44) —7.7503(15) —8.4884(11)
1.20 —4.4664(11) 8.1501(31) —24.461408 —8.30004(12) —8.1503(28) —8.3500(11)
1.30 —4.4727(11) 8.5912(32) —24.473426 —8.309968(32) —8.5913(32) —8.2162(11)
1.40 —4.4943(11) 9.0860(32) —24.513680 —8.335718(40) —9.0861(31) —8.0856(11)
150 —4.5343(11) 9.6525(34) —24.588063 —8.380390(41) —9.6525(35) —7.9564(11)
1.60 —4.5974(11) 10.3179(34) —24.705264 —8.448839(47) —10.3179(35) —7.8258(11)
1.70 —4.6905(11) 11.1243(34) —24.878568 —8.548181(50) —11.1243(35) —7.6895(11)
1.80 —4.8249(11) 12.1447(34) —25.129527 —8.689852(56) —12.1446(35) —7.5383(11)
1.90 —5.0209(11) 13.5324(33) —25.497027 —8.8944944(96) —13.5324(33) —7.3485(11)

TABLE V. Results for Iwasaki actioricontinued without mean field improvement.

M z. (DRED) z_(DRED) 2,(DRED) 2,(DRED) Zpo( DRED)
010  —27.2627(22) —17.1786(44) —25.5821(11) —10.4559(87)  —14.5647(22)
020  —26.4373(22) —17.7781(47)  —24.9941(10) —12.0053(92)  —14.7768(24)
030  —257743(22) —18.2356(43) —24.5178(11) —13.2097(86)  —14.9331(21)
0.40  —252080(22) —18.6309(45) —24.1118(11) —14.2462(89)  —15.0693(23)
050  —24.7090(22) —18.9988(45) —23.7573(11) —15.1919(90)  —15.2008(23)
0.60  —24.2609(22) —19.3576(45) —23.4437(11) —16.0887(90)  —15.3354(23)
0.70  —23.8531(22) —19.7200(45) —23.1643(11) —16.9646(89)  —15.4789(22)
0.80  —23.4788(22) —20.0966(43) —22.9151(11) —17.8418(87)  —15.6361(22)
0.90  —23.1328(22) —20.4959(46) —22.6933(10) —18.7380(91)  —15.8114(23)
1.00  —22.8116(22) —20.9278(45)  —22.4976(11) —19.6719(89)  —16.0098(22)
110  —22.5127(25)  —21.4056(15) —22.3282(18)  —20.6676(41)  —16.23873(44)
120  —22.2333(23)  —21.9338(36) —22.1834(13) —21.7341(75)  —16.5002(17)
130  —21.9723(22) -225351(42) —22.0661(12) —22.9102(84)  —16.8075(21)
140  —21.7283(22)  —23.2291(41) —21.9785(12)  —24.2296(84)  —17.1717(20)
150  —21.4996(22)  —24.0438(47) —21.9237(10) —25.7400(92)  —17.6088(24)
1.60  —21.2842(22)  —25.0223(47) —21.9072(10)  —27.5144(93)  —18.1437(24)
170  —21.0777(22)  —26.2300(47) —21.9364(10) —29.6648(93)  —18.8138(24)
1.80  —20.8698(22)  —27.7793(48)  —22.0213(10) —32.3857(94)  —19.6829(24)
190  —20.6267(22)  —29.9025(43) —22.1727(11) —36.0864(87)  —20.8809(22)
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TABLE V. Results for DBW2 action ;= —1.407¢,+ c3=0) without mean field improvement.

M  z,(DRED)  z,(DRED) Sy zyA(DRED) zyp(DRED)  z;(DRED)
0.10 0.0152(11) —2.8238(33) —11.263725 —3.78359680(17)  2.8237(33) —5.9860(11)
0.20 0.1190(11) —2.3223(33) —11.080847 —3.680251(25) 2.3223(34) —5.6811(11)
0.30 0.2020(11) —1.9518(33) —10.936985 —3.597872(14) 1.9518(32) —5.4478(11)
0.40 0.2704(11) —1.6464(33) —10.819677 —3.529968(15) 1.6464(34) —5.2554(11)
0.50 0.3276(11) —1.3779(33) —10.722539 —3.473412(22) 1.3780(34) —5.0905(11)
0.60 0.3754(11) —1.1315(33) —10.641842 —3.426237(23) 1.1315(34) —4.9455(11)
0.70 0.4151(11) —0.8974(33) —10.575304 —3.387277(13) 0.8975(33) —4.8155(11)
0.80 0.4474(11) —0.6685(33) —10.521558 - 3.3558918(89) 0.6685(33) —4.6974(11)
0.90 0.4725(11) —0.4390(34) —10.479897 —3.331683(31) 0.4390(34) —4.5886(11)
1.00 0.4905(11) —0.2034(33) —10.450158 - 3.3146548(66) 0.2034(33) —4.4873(11)
1.10 0.5012(11)  0.0449(24) —10.432689 - 3.30550(44) —0.0458(15) —4.3921(11)
1.20 0.5041(11)  0.3098(31) —10.428393 —3.30357(12) —0.3100(28) —4.3014(11)
1.30 0.4981(11)  0.6012(32) —10.438846 —3.310878(32) —0.6013(32) —4.2141(11)
1.40 0.4818(11)  0.9290(33) —10.466525 —3.328712(19) —0.9291(32) —4.1286(11)
150 0.4531(11)  1.3075(34) —10.515219 -3.359169(41) —1.3075(35) —4.0431(11)
1.60 0.4085(11)  1.7584(34) —10.590776 —3.405778(31) —1.7583(34) —3.9549(11)
1.70  0.3427(11)  2.3164(34) —10.702549 —3.473869(50) —2.3164(35) —3.8597(11)
1.80 0.2469(11)  3.0445(34) —10.866515 —3.572405(65) —3.0444(36) —3.7484(11)

1.90 0.1041(11)  4.0811(33) —11.113350 —3.7185036(95) —4.0811(33) —3.5976(11)

TABLE VI. Results for DBW2 action(continued without mean field improvement.

M z. (DRED) z_(DRED) z,(DRED) 2,(DRED) Zpp(DRED)
0.10  —14.4945(22) ~1.2798(44)  —12.2920(11) 7.5299(88) —3.1623(22)
020  —13.8157(22) ~1.8106(46)  —11.8149(11) 6.1928(91) —3.3588(23)
030  —13.2941(22) —2.1948(43)  —11.4442(11) 5.2047(86)  —3.4960(21)
040  —12.8642(22) —2.5114(45)  —11.1387(11) 4.3904(89) —3.6090(23)
050  —12.4967(22) —2.7939(45)  —10.8796(11) 3.6746(90) —3.7126(23)
060  —12.1752(22) —3.0596(45)  —10.6559(11) 3.0174(90) —3.8140(23)
070  —11.8892(22) —3.3197(45)  —10.4610(11) 2.3933(89) —3.9180(22)
0.80  —11.6320(22) —-3.5832(43)  —10.2905(11) 1.7827(87) —4.0289(22)
0.90  —11.3983(22) ~3.8569(46)  —10.1414(10) 1.1706(91) —4.1496(23)
1.00  —11.1844(23) —4.1484(45)  —10.0118(11) 0.5424(89) —4.2839(22)
1.10  —10.9878(25) —4.4684(15) —9.9012(18) —-0.1222(41)  —4.43787(44)
1.20  —10.8052(23) —4.8181(36) —9.8074(13) ~0.8267(75)  —4.6114(17)
1.30  —10.6354(22) —5.2162(42) ~9.7322(12) —~1.6034(84)  —4.8154(21)
140  —10.4763(22) —5.6771(43) —9.6764(11) —2.4777(86)  —5.0577(21)
150  —10.3256(22) —6.2222(47) —9.6417(10) —~3.4866(92)  —5.3505(24)
1.60  —10.1804(22) —6.8855(46) —9.6312(10) ~4.6888(91)  —5.7132(23)
1.70  —10.0353(22) —7.7203(47) —9.6495(10) —-6.1770(93)  —6.1761(24)
1.80 —9.8784(22) —8.8225(48) —9.70240(99) —8.1185(95)  —6.7928(25)
1.90 —~9.6743(22)  —10.3995(43) —9.7951(11) —10.8830(87)  —7.6788(22)
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TABLE VII. Results for Symanzik actiong; = —1/12¢,+c3;=0) without mean field improvement.

M  z,(DRED)  z,(DRED) S, zy,A(DRED) zgp(DRED)  z;(DRED)

0.10 —10.0458(11) 9.5240(33) —40.074665 —13.8700910(49) —9.5240(33) —15.3188(11)
0.20 —9.9009(11) 10.1413(33)—39.788806 —13.727114(24) —10.1412(34) —14.9224(11)
0.30 —9.7791(11) 10.6311(33)—39.548978 —13.6075270(18) —10.6311(33) —14.5997(11)
0.40 —9.6743(11) 11.0606(33) —39.342775 —13.505042(27) —11.0606(34) —14.3199(11)
0.50 —9.5834(11) 11.4588(33)—39.163976 —13.416707(22) —11.4588(34) —14.0693(11)
0.60 —9.5046(11) 11.8418(33)—39.009135 —13.340761(24) —11.8417(34) —13.8404(11)
0.70  —9.4370(11) 12.2205(33) —38.876383 —13.276319(19) —12.2204(34) —13.6283(11)
0.80 —9.3803(11) 12.6037(33)—38.764914 —13.2230850(32) —12.6037(33) —13.4296(11)
0.90 —9.3344(11) 12.9987(34) —38.674758 —13.181049(45) —12.9987(35) —13.2418(11)
1.00 —9.2998(11) 13.4134(33) —38.606702 —13.150747(12) —13.4134(33) —13.0632(11)
110 —9.2773(11) 13.8565(24) —38.562312 —13.13344(45) —13.8574(15) —12.8921(11)
120 —9.2681(11) 14.3350(31) —38.544048 —13.12925(12) —14.3352(28) —12.7273(11)
1.30 —9.2740(11) 14.8627(32) —38.555483 —13.141156(36) —14.8628(31) —12.5673(11)
140 —9.2976(11) 15.4541(34) —38.601678 —13.171563(56) — 15.4540(35) —12.4107(11)
150 —9.3426(11) 16.1298(34) —38.689808 —13.224355(40) —16.1298(35) —12.2559(11)
1.60 —9.4141(11) 16.9193(32) —38.830222 —13.304914(22) —16.9193(32) —12.1001(11)
1.70  —9.5200(11) 17.8679(34) —39.038393 —13.421179(55) —17.8679(35) —11.9390(11)
1.80 —9.6726(11) 19.0538(34) —39.338831 —13.586004(38) —19.0537(34) —11.7634(11)
1.90 —9.8936(11) 20.6363(34) —39.774527 —13.821470(50) —20.6362(35) —11.5499(11)

TABLE VIII. Results for Symanzik actioricontinued without mean field improvement.

M z. (DRED) z_(DRED) 2,(DRED) 2,(DRED) Zpo( DRED)
0.10  —39.8843(22) —31.1922(44) —38.4356(11) —25.3974(88)  —24.8428(22)
020  —38.9962(22) —31.8245(45) —37.8009(11) —27.0433(90)  —25.0636(23)
0.30  —38.2710(22) —32.3182(44) —37.2789(11) —28.3497(88)  —25.2308(22)
0.40  —37.6431(22) —32.7541(46) —36.8283(11) —29.4948(91)  —25.3804(23)
050  —37.0832(22) —33.1673(45) —36.4305(11) —30.5568(90)  —25.5281(23)
0.60  —36.5747(22) —33.5767(46) —36.0750(11) —31.5780(90)  —25.6822(23)
0.70  —36.1074(22) —33.9957(45) —35.7555(11) —32.5878(90)  —25.8487(23)
0.80  —35.6745(22) —34.4357(44) —35.4680(11) —33.6097(87)  —26.0332(22)
0.90  —35.2710(22) —34.9063(47) —35.2102(10) —34.6632(93)  —26.2405(24)
100  —34.8936(22) —35.4188(44) —34.9811(11) —35.7690(88)  —26.4766(22)
110  —34.5399(25) —35.9878(14) —34.7812(19) —36.9530(40)  —26.74952(39)
120  —34.2073(23) —36.6193(36) —34.6093(13) —38.2273(75)  —27.0625(17)
1.30  —33.8953(22) —37.3386(41) —34.4692(12) —39.6342(84)  —27.4301(21)
140  -33.6025(22) —38.1675(48) —34.3633(10) —41.2108(94)  —27.8648(24)
150  —33.3280(22) —39.1388(47) —34.2965(10) —43.0127(92)  —28.3857(24)
160  —33.0701(22) —40.2990(42)  —34.2750(11) —45.1183(85)  —29.0194(21)
170  —32.8254(22) —41.7187(48) —34.3076(10) —47.6476(94)  —29.8068(24)
1.80  —32.5842(22) —43.5197(46) —34.4068(10) —50.8100(92)  —30.8172(23)
190  —32.3141(22) —45.9435(47) —34.5857(10) —55.0298(93)  —32.1861(24)
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TABLE IX. Results for lwasaki (c;=—0.27¢,+ c3= —0.04) without mean field improvement.

M  z,(DRED)  z,(DRED) S zy,(DRED) zgp(DRED)  z;(DRED)
0.10 —5.5333(11) 4.3931(33) —26.877090 —9.34607970(10) —4.3932(33) —10.9970(11)
0.20 —5.3988(11) 4.9788(34) —26.621656 —9.212870(42)  —4.9787(35) —10.6242(11)
0.30 —5.2871(11) 5.4350(33) —26.410767 —9.1025605(18) —5.4350(33) —10.3251(11)
0.40 —5.1918(11) 5.8288(33) —26.231888 —9.008800(27)  —5.8287(34) —10.0688(11)
0.50 —5.1098(11) 6.1888(33) —26.078645 —8.928565(23)  —6.1887(34) —9.8418(11)
0.60 —5.0394(11) 6.5307(33) —25.947409 —8.860006(25)  —6.5307(34) —9.6364(11)
0.70 —4.9794(11) 6.8653(33) —25.836093 —8.802140(19)  —6.8652(34) —9.4478(11)
0.80 —4.9295(11) 7.2007(33) —25.743629 —8.7545520(32) —7.2007(33) —9.2725(11)
0.90 —4.8895(11) 7.5439(34) —25.669734 —8.717095(45)  —7.5439(35) —9.1082(11)
1.00 —4.8597(11) 7.9020(33) —25.614815 —8.6901393(17) —7.9020(33) —8.9529(11)
110 —4.8407(11) 8.2830(24) —25.579975 —8.67475(45) —8.2840(15) —8.8050(11)
120 —4.8336(11) 8.6931(31) —25.567106 —8.67079(12) —8.6934(28) —8.6633(11)
1.30 —4.8399(11) 9.1449(32) —25.579077 —8.680961(36)  —9.1450(31) —8.5263(11)
140 —4.8618(11) 9.6514(34) —25.620062 —8.707290(34)  —9.6514(34) —8.3926(11)

150 —4.9025(11) 10.2316(34) —25.696112 —8.753199(41) —10.2316(35) —8.2604(11)
1.60 —4.9669(11) 10.9127(33) —25.816120 —8.8234763(60) —10.9127(33) —8.1271(11)
1.70 —5.0619(11) 11.7369(34) —25.993647 —8.925293(55) —11.7369(35) —7.9881(11)
1.80 —5.1991(11) 12.7785(34) —26.250625 —9.070482(29) —12.7785(34) —7.8345(11)
1.90 —5.3990(11) 14.1913(34) —26.626481 —9.279741(50) —14.1912(35) —7.6426(11)

TABLE X. Results for lwasakKi (continued without mean field improvement.

M z. (DRED) z_(DRED) 2,(DRED) 2,(DRED) Zpo( DRED)
0.10  —28.2248(22)  —18.3190(44)  —26.5738(11) —11.7151(88)  —15.3902(22)
020  —27.3904(22) —18.9221(47) —25.9790(10) —13.2766(92)  —15.6030(24)
0.30  —26.7185(22)  —19.3835(44)  —25.4960(11)  —14.4934(88)  —15.7601(22)
0.40  —26.1435(22) —19.7833(46)  —25.0835(11) —15.5432(91)  —15.8975(23)
050  —25.6361(22) —20.1564(45) —24.7228(11) —16.5032(90)  —16.0306(23)
0.60  —251796(22) —20.5209(46) —24.4031(11) —17.4151(90) —16.1671(23)
0.70  —24.7637(22)  —20.8898(45)  —24.1180(11)  —18.3072(90)  —16.3130(23)
0.80  —24.3814(22) —21.2737(44) —23.8634(11) —19.2019(87) —16.4732(22)
0.90  —24.0277(22) —21.6813(47) —23.6366(10) —20.1171(93)  —16.6521(24)
1.00  —23.6991(22)  —22.1228(44)  —23.4364(11) —21.0720(88)  —16.8548(22)
110  —23.3932(25) —22.6116(14) —23.2629(19)  —22.0906(40)  —17.08897(39)
120  —23.1071(23) —23.1522(36) —23.1146(13) —23.1823(75)  —17.3566(17)
130  —22.8399(22)  —23.7679(41)  —22.9945(12)  —24.3867(84)  —17.6713(21)
140  —22.5901(22)  —24.4782(46)  —22.9047(10)  —25.7370(91)  —18.0440(23)
150  —22.3563(22) —25.3130(47) —22.8491(10) —27.2842(92)  —18.4920(24)
1.60  —22.1364(22)  —26.3149(44)  —22.8329(11)  —29.1006(87)  —19.0398(22)
170  —21.9264(22)  —27.5496(48)  —22.8636(10) —31.2983(94)  —19.7250(24)
1.80  —21.7160(22)  —29.1319(46)  —22.9520(10) —34.0759(91)  —20.6130(23)
190  —21.4717(22)  —31.2945(47)  —23.1088(10) —37.8431(93)  —21.8338(24)
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TABLE XI. Results for Wilson action¢;= —0.252¢,+ c3= —0.17) without mean field improvement.

M  z,(DRED) z,(DRED) S zy;a(DRED) zgp(DRED)  z;(DRED)
0.10 —4.6207(11) 3.3530(33) —24.357346 —8.432682000(89) —3.3530(33) —10.1259(11)
0.20 —4.4878(11) 3.9318(34) —24.107889 —8.301041(42) —3.9318(35) —9.7575(11)
0.30 —4.3775(11) 4.3809(33) —23.902639 —8.1922005(19)  —4.3810(33) —9.4626(11)
0.40 —4.2836(11) 4.7672(33) —23.729040 —8.099802(27) ~4.7671(34) —9.2107(11)
0.50 —4.2030(11) 5.1193(33) —23.580691 —8.020813(22) ~5.1193(34) —8.9880(11)
0.60 —4.1337(11) 5.4529(33) —23.453933 —7.953375(25) —5.4529(34) —8.7869(11)
0.70 —4.0748(11) 5.7786(33) —23.346639 —7.896494(19) —5.7786(34) —8.6025(11)
0.80 —4.0257(11) 6.1046(33) —23.257697 —7.8497439(31)  —6.1046(33) —8.4314(11)
0.90 —3.9865(11) 6.4378(34) —23.186769 —7.812963(45) —6.4377(35) —8.2714(11)
1.00 —3.9572(11) 6.7850(33) —23.134195 —7.7865037(17)  —6.7850(33) —8.1204(11)
1.10 —3.9386(11) 7.1543(24) —23.100997 —7.77141(45) —7.1552(15) —7.9768(11)
1.20 —3.9316(11) 7.5517(31) —23.088966 —7.76753(12) —7.5519(28) —7.8394(11)
1.30 —3.9377(11) 7.9895(32) —23.100847 —7.777532(36) —7.9896(31) —7.7068(11)
140 —3.9593(11) 8.4808(34) —23.140662 — 7.803408(34) —8.4807(34) —7.5776(11)
150 —3.9993(11) 9.0441(34) —23.214259 — 7.848538(40) —9.0440(35) —7.4500(11)
1.60 —4.0626(11) 9.7062(33) —23.330281 —7.9176562(61)  —9.7063(33) —7.3215(11)
1.70 —4.1561(11) 10.5091(34) —23.501949 —8.017864(55)  —10.5091(35) —7.1875(11)
1.80 —4.2912(11) 11.5264(34) —23.750743 —8.160901(29)  —11.5264(34) —7.0391(11)
1.90 —4.4883(11) 12.9109(34) —24.115456 —8.367330(50)  —12.9108(35) -—6.8528(11)

TABLE XIl. Results for Wilson actioncontinued without mean field improvement.

M z.(DRED) z_(DRED) z,(DRED) 2,(DRED) Zpp(DRED)
0.10  —25.8736(22) —15.7143(44) —24.1804(11)  —8.9414(88)  —13.4789(22)
020  —25.0489(22) —16.3104(47) —23.5925(10) —10.4847(92)  —13.6892(24)
0.30  —24.3867(22) —16.7642(44) —23.1163(11) —11.6826(88)  —13.8436(22)
0.40  —23.8212(22) —17.1559(46) —22.7104(11) —12.7124(91) —13.9778(23)
050  —23.3232(22) —17.5201(45) —22.3560(11) —13.6514(90) —14.1073(23)
0.60  —22.8760(22) —17.8750(46) —22.0425(11) —14.5410(90)  —14.2398(23)
0.70  —22.4693(22) —18.2334(45) —21.7633(11) —15.4095(90)  —14.3810(23)
0.80  —22.0961(22) —18.6058(44) —21.5144(11) —16.2790(87) —14.5361(22)
0.90  —21.7514(22) —19.0009(47) —21.2930(10) —17.1673(93)  —14.7091(24)
1.00  —21.4317(22) —19.4286(44) —21.0979(11) —18.0932(88)  —14.9053(22)
110  —21.1346(25) —19.9022(14)  —20.9292(19) —19.0806(40)  —15.13203(39)
1.20  —20.8572(23) —20.4259(36)  —20.7853(13)  —20.1384(75) —15.3913(17)
1.30  —20.5987(22) —21.0229(41) —20.6694(12) —21.3057(84)  —15.6965(21)
140  —20.3575(22) —21.7122(46) —20.5833(10) —22.6153(91) —16.0584(23)
150  —20.1324(22) —22.5234(47) —20.5309(10) —24.1174(92)  —16.4941(24)
1.60  —19.9213(22) —23.4986(44) —20.5175(11) —25.8834(87) —17.0277(22)
1.70  —19.7201(22) —24.7026(48)  —20.5506(10)  —28.0243(94) —17.6966(24)
1.80  —19.5188(22) —26.2497(46)  —20.6406(10) —30.7369(91)  —18.5654(23)
1.90  —19.2839(22) —28.3709(47)  —20.7984(10)  —34.4289(93)  —19.7637(24)
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TABLE XIlI. Values of Zg, and Zg, for plaguette, Iwasaki, and DBW2 gauge actions.

Plaquette Iwasaki DBW?2
M 25 (DRED)  zg (DRED) 75 (DRED)  zg (DRED) 2z (DRED)  zg (DRED)

0.10 —2.6775(21) —13.388(11) —3.3614(22) —16.807(11) —4.4049(22) —22.024(11)
0.20 —2.1559(22) —10.780(11) —2.8864(23) —14.432(11) —4.0017(22) —20.009(11)
0.30 —1.7341(22) —8.670(11) —2.5129(22) —12.565(11) —3.6998(22) —18.499(11)
0.40 —1.3632(23) —6.816(11) —2.1924(23) —10.962(11) —3.4509(22) —17.255(11)
050 —1.0217(23) —5.108(11) —1.9034(22) —9.517(11) —3.2342(22) —16.171(11)
0.60 —0.6976(22) —3.488(11) —1.6344(22) —8.172(11) —3.0385(22) —15.193(11)
0.70 —0.3830(23) —1.915(11) —1.3777(22) —6.889(11) —2.8565(22) —14.283(11)
0.80 —0.0716(22) —0.358(11) —1.1274(22) —5.637(11) —2.6829(21) —13.415(11)

0.90  0.2416(22) 1.208(11) —0.8789(22) —4.395(11) —2.5138(23) —12.569(11)
1.00  0.5615(22) 2.808(11) —0.6279(22) —3.140(11) —2.3454(23) —11.727(11)
1.10  0.8941(14) 4.4707(66) —0.3690(13) —1.8451(65) —2.1731(13) - 10.8656(66)
1.20  1.2427(19) 6.2133(98) —0.0998(19) —0.4992(98) —1.9957(20) —9.9785(98)
1.30  1.6159(22) 8.080(11) 0.1876(21) 0.938(11) —1.8064(21) —9.032(11)
140  2.0223(21)  10.111(11) 0.5003(21) 2.501(11)—1.5997(21) —7.999(11)
150  2.4730(22)  12.365(11) 0.8481(22) 4.240(11)-1.3678(23) —6.839(11)
1.60  2.9851(23)  14.925(11) 1.2460(23) 6.230(11)—1.0983(23)  —5.492(11)
1.70  3.5843(23)  17.922(11) 1.7174(23) 8.587(11)—0.7717(23) —3.858(12)
1.80  4.3152(23)  21.576(12) 2.3032(23)  11.516(12)—0.3520(24) —1.760(12)
1.90  5.2711(22)  26.355(11) 3.0019(22)  15.460(11) 0.2418(21) 1.209(11)

TABLE XIV. Values of zz andzg  for Symanzik, Iwasaki and Wilson gauge actions.

Symanzik Iwasaki Wilson
M zg (DRED)  zg (DRED)  zg (DRED) 75 (DRED)  zg (DRED)  zz (DRED)

0.10 —2.8974(22) —14.487(11) —3.3019(22) —16.510(11) —3.3864(21) —16.932(11)
0.20 —2.3906(23) —11.953(11) —2.8228(23) —14.114(11) —2.9128(22) -—14.564(11)
0.30 —1.9843(22) —9.921(11) —2.4450(22) —12.225(11) —2.5408(22) —12.704(11)
0.40 —1.6297(23) —8.148(11) —2.1201(23) —10.600(11) —2.2218(23) —11.109(11)
050 —1.3053(23) —6.526(11) —1.8266(23) —9.133(11) —1.9344(23) —9.672(11)
0.60 —0.9993(22) —4.997(11) —1.5529(23) —7.764(11) —1.6670(23) —8.335(11)
0.70 —0.7039(22) —3.520(11) —1.2913(23) —6.456(11) —1.4119(22) —7.060(11)
0.80 —0.4130(22) —2.065(11) —1.0359(22) —5.180(11) —1.1634(22) —5.817(11)
0.90 —0.1216(23) -0.608(11) —0.7821(23) —3.911(11) —0.9168(23) —4.584(11)

1.00  0.1751(22) 0.875(11) —0.5254(22) —2.627(11) —0.6677(22) —3.339(11)

110  0.4826(13) 2.4131(65) —0.2605(13) —1.3026(64) —0.4108(13) —2.0540(65)
1.20  0.8040(19) 4.0200(97)  0.0150(20) 0.0752(98) 0.1438(20)  —0.7188(98)
1.30  1.1478(21) 5.739(11) 0.3094(21) 1.547(11) 0.1414(21) 0.707(11)
140  1.5216(24) 7.608(12) 0.6294(22) 3.147(11) 0.4515(23) 2.258(11)
150  1.9369(23) 9.685(11) 0.9856(23) 4.928(11) 0.7970(23) 3.985(11)
1.60  2.4096(22)  12.048(11) 1.3928(22) 6.964(11) 1.1924(22) 5.962(11)
170  2.9645(23)  14.822(11) 1.8744(23) 9.372(12) 1.6608(23) 8.304(12)
1.80  3.6452(22)  18.226(11) 2.4720(22)  12.360(11) 2.2436(23)  11.218(11)
1.90  4.5431(23)  22.716(12) 3.2743(23)  16.371(11) 3.0290(23)  15.145(11)
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TABLE XV. Fit parametersy; andb; of P(plaquettg as a function of? for the plaquette¢; =0) and RG
improved €,=—0.331) gauge actions. Fit parametersRgfectangular for the latter are also included.

Action 02 ay a, as a, b,

Plaguette 1.07143 P —1.223045) 0.267892) —0.002525) 0.023132) —0.889706
Iwasaki  2.74348 P  —0.4464263) 0.04481883) —0.0014248) 0.0002032¢6) —0.3062260
R —0.5712592) 0.10041026) —0.00744073) 0.000419077) —0.3023588

e ,. 3 with the values oftg; g3 defined by
ZPD:ZPD|w0:wg"F+167T CFZTMFv (159 L
R1= =TrU = 1—Ccg9%+0O(g%), (163
wherew,=1—M and the nonperturbatively shiftady is 3 e
defined by 1
_ = 1 2 4

WgAle_W0+4(1_U) (160) R2= 3TrUchr 1 Cr20 +O(g )1 (1649

1

VI. TOOLKIT FOR THE MEAN FIELD IMPROVED R3= “TrU = 1— cong®+ O(g 16

PERTURBATION THEORY 3 e reg”+ 007, (169

In this section, we explain step by step how to calculatevhereR1, R2 andR3 are the expectation value of the rect-
the renormalization factors in the mean field improved perangular, chair, and parallelogram loops, respectively.
turbation theory, using our numerical results from the previ- At strong coupling, such thag®>g?2,, one had better
ous section. We assuntguenchegldomain-wall QCD with  yse the measured value Bf instead of Eq(161).
the plaquette or improved gauge actions. Therefore we have (2) One then calculates the mean field improﬁ?ﬁ cou-

two parameters, the bare gauge coupling considrt6/3 pling QZ—(M) at the scalex from g2 andP as
and the domain-wall height, in addition to the improved MS

coefficientc; andc,+cs. 1 P 22
(1) First of all, one determines the tadpole factotUsu- 5 = — +dg+c,+ ——log(ua), (166
ally u is determined from the measured plaquette value such Os(m) 16w

thatu= P4 From the existing data for the plaquette values , _ _
at severalg for the plaguette and RG improvedvasaki whered,, taken from Refs[22-24), is also given in Table

gauge actions® may be parametrized as a functiongd XVI. According to_the philosophy of the mean field improve-
ment, an alternative formula seems more natural for the RG

1+a,0%+a,g%+a50°+ a,g° improved gauge actiofR5]:
P= :

> (161
1+b,g 1 coP+8cR1+ 1602R2+803R3+d

2 9

> -
In Table XV the coefficients; andb, are given[21], where Ois(#) g
02 is the maximum value of the coupling used in the fit.

The fits are constrained to satisfy the relation thgtb, +(Co- Cp+8Cy- Cryt 162 Cro+8C3° Cra)

—ay, where 2
+ log(ua). (167
P=1-c,g%+0(g" (162 1672
at the leading order of perturbation theory. The valuepf (3) One replaces the domain-wall heigtit with M =M

for various gauge actions is given in Table XVI, together—4(1—u).

TABLE XVI. Values of the perturbative quantitiess, d
various gauge actions.

g Cri» T, T_TMF‘ and TKC_TMF for the

ACIIOH Cl C3 Cp dg CRl CR2 CR3 T TfTMF TKciTMF

Plaquette 0 0 1/3 —0.4682 0.5747 0.5228 0.5687 0.1549334 0.0299334 0.037858
Iwasaki —0.331 0 0.1401 0.1053 0.2689 0.2223 0.2465 0.0947597 0.0421939 0.029989
DBW2 —1.40686 0 0.0511 0.5317 0.1040 0.0818 0.0921 0.0624262 0.0432682 0.017325
Symanzik —1/12 0 0.2440-0.2361 0.4417 0.3846 0.4215 0.1282908 0.0367251 0.036492

Iwasaki —0.27 —0.04 0.1471 0.2797 0.2342 0.2611 0.0973746 0.042173 0.030965
Wilson —0.252 —-0.17 0.1286 0.1196 0.2439 0.2070 0.2352 0.0916234 0.0433809 0.029927
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TABLE XVII. Values of parameters; in the interpolation ofS,, as a function ofw,=1—M for the
various gauge actions.

Action 32 Tye a 3272Tye+ag a; a, ag a,

Plaquette 39.4784 —49.4658 —9.9874 —0.6944 —1.1452 0.6262 —0.7525
lwasaki 16.6019 —24.5135 —7.9116 —0.4815 —0.8488 0.4240 —0.6429
DBW2 6.0506 —10.4557 —4.4051 —-0.2676 —0.5018 0.2253 —-0.5031
Symanzik 28.9190 —38.6134 —9.6945 —0.6187 —1.0446 0.5540 -0.7151
lwasaki 17.4342 —25.6212 —8.1870 —-0.4978 —0.8724 0.4394 —0.6522
Wilson 15.2363 —23.1406 —7.9043 —-0.4766 —0.8385 0.4192 -0.6411

TABLE XVIII. Values of parametersa; in the interpolation ofZy" as a function ofvo=1—M for the
various gauge actions.

Action 8m?Tyr+ag a, a, ag a, as ag
DRED NDR

Plaquette —3.0098 —2.0098 —-0.3399 -0.5657 0.3061 -—-0.3727

Iwasaki —0.3442 0.6558 —0.2618 —0.4624 0.2316 -0.3340
DBW2 2.0037 3.0037 —0.1402 —-0.3846 0.0291 -0.0280 0.1037 —0.1933
Symanzik —2.0735 -1.0735 —-0.3142 —-0.5337 0.2815 -0.3601
Iwasaki —0.5033 0.4968 —0.2700 —0.4733 0.2393 -0.3381
Wilson —0.1504 0.8497 —-0.2652 —0.4638 0.2348 -0.3359

TABLE XIX. Values of parameters; in the interpolation ofzmF as a function ofwo=1fl\~/| for the
various gauge actions.

Action —87?Tye+ag a; a, ag a, as ag a; ag
DRED NDR

Plaquette  7.7341 8.7341-4.2837 1.2934—2.8593 1.1943

Iwasaki 3.2278  4.2278-3.7023 1.1366—0.4148 0.0823—2.0294 0.7181

DBW2 —1.7148 —0.7148 —2.3699 0.5504—-1.4802 0.5480 1.2331-0.4451 —2.0512 0.6116
Symanzik  6.1997  7.1997-3.9326 1.1268-—2.7623 1.1360

Iwasaki 3.5447 4.5447-3.7840 1.1757-0.4348 0.0914-2.0383 0.7237

Wilson 29771 3.9771-3.6712 1.1320-0.4158 0.0839—-2.0303 0.7184
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TABLE XX. Values of parameters; in the interpolation 01'2%"F as a function ofvy=1—M for the various gauge actions.

Action r 8w Tye+ag a, a, as a, as ag a; ag
DRED NDR
Plaquette VA —-6.8787 —7.3787 —0.2734 —0.6126 0.3087 —0.3509
SP —7.7341 -—-8.7341 4.2837 —1.2934 2.8593 —1.1943
T —6.5954 —-55954 —-1.8023 —0.3587 —0.5198 —-0.1198
lwasaki VA —4.1714 -4.6714 —-0.2264 —0.4920 0.2233 —-0.3074
SP —-3.2278 —4.2278 3.7023 —1.1366 0.4148 —-0.0823 2.0294 -0.7181
T —-4,4831 —3.4831 —1.4031 -0.3538 -—-0.5281 —-0.1163
DBW?2 VA —1.8047 -—-2.3047 -0.1441 -0.3251 0.1256 —-0.2512
SP 1.7148 0.7148 2.3699 —0.5504 1.4802 —-0.5480 —1.2331 0.4451 2.0512 —0.6116
T —2.9755 —1.9755 -0.9049 -0.2829 -0.5213 -0.1143
Symanzik VA —5.9247 —-6.4247 —-0.2582 —-0.5351 0.2744 —-0.3822
SP —6.1997 -—7.1997 3.9326 —1.1268 2.7623 —1.1360
T —5.8342 —-4.8342 —-1.6704 -0.3620 —-0.5230 -0.1181
lwasaki VA  —4.3349 —-4.8349 -—0.2408 —0.4888 0.2500 —0.3438
SP —3.5447 —4.5447 3.7840 —1.1757 0.4348 —-0.0914 2.0383 —0.7237
T —4.5939 —-3.5939 -—-1.4375 -0.3578 —-0.5263 —-0.1169
Wilson VA —3.9808 —4.4808 —0.2365 —0.4791 0.2454 —-0.3416
SP —-29771 -3.9771 3.6712 -1.1320 0.4158 —0.0839 2.0303 —-0.7184
T —4.3105 —-3.3105 —1.3949 -0.3590 -—-0.5231 -—-0.1186

TABLE XXI. Values of parameters; in the interpolation oZ}'" as a function ofvo=1—M for the various gauge actions.

Action zZ, 1672CTye+ ag a; a, as a, as ag a; ag
DRED NDR
Plaquette z, —17.7755 -20.7755 —3.7921 -1.1211 -0.8227 0.4906
z_  —19.5095 -—17.5095 5.3566 —2.4018 42146 —2.2148
z, —18.0616 —17.2283 —2.2711 —1.3464 0.0227 —0.7684
z, —20.6543 —23.3210 11.4490 —3.3084 7.5830 —3.3158
Iwasaki z, —11.7462 -—-14.7462 —2.9621 -1.0310 -0.8968 -—0.4536
zZ_ —9.9090 —7.9090 4.0754 —1.6247 3.6731 —1.9229
z; —11.4375 -10.6042 —1.7924 -1.1399 -0.1300 -0.6906
z, —8.6739 —11.3406 8.7611 —2.0690 6.7288 —2.8579
DBW2 z, —7.1531 -—10.1531 —1.9103 -—0.7789 —0.9496 —0.4094
z —0.1218 1.8782 2.9921 —1.1429 1.9992 —-1.2779 -—-1.4973 1.1634 2.7409 —1.2539
z, —5.9855 —5.1522 —1.1556 —0.7930 —0.2895 —0.5888
Z, 4.5663 1.89963 6.3348 —1.3762 3.8436 —1.8212 —3.0864 1.7158 5.3507 —1.8910
Symanzik z, —15.6167 -—18.6167 —3.5212 —-1.1030 -—0.8459 —0.4747
z_ —16.1930 —14.1930 4.8941 -2.1210 4.0731 —2.1206
z; —15.7093 -—-14.8760 —2.1204 -—-1.2884 -0.0254 -—0.7338
z, —16.5657 —19.2324 10.5000 —2.8547 7.3568 —3.1659
Iwasaki z, —12.0779 -15.0779 —3.0365 —1.0404 -0.8846 —0.4650
z —10.5214 —8.5214 4.1523 —1.8581 3.7568 —1.7758
z; —11.8187 -—10.9854 —1.8391 -1.1732 -0.1092 -0.6892
z, —9.4850 —12.1517 8.9385 —2.3597 6.8666 —2.7263
Wilson z, —11.2758 —14.2758 —2.9482 —1.0361 -0.8815 —0.4672
zZ_ —9.2925  —7.2925 4.0099 —1.7896 3.7136 —1.7537
z; —10.9454 -10.1121 -1.7894 -—-1.1583 -0.1136 -—0.6872
z, —7.9715 -10.6382 8.6425 —2.2482 6.7932 —2.6882
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TABLE XXII. Values of parameters; in the interpolation ofz’g,"g as a function ofwo=1—M for the
various gauge actions.

Action 12m2Ce T+ a, a; a, as ay, as ag
DRED NDR

Plaquette —14.3397 —13.6730 2.4915 -—-1.6054 2.3230 -—1.3567

lwasaki —7.7345 —7.0678 1.8824 —1.1368 1.9949 -—-1.1805

DBW2 —1.2816 —0.6149 1.2163 -—-0.6239 1.5858 -—0.9385

Symanzik —12.0114 —11.3447 25984 -1.8575 0.5655 -0.1570 1.5948 —-0.8303
lwasaki —8.1512 —7.4845 19133 —1.2459 2.0505 -1.1324

Wilson —7.3006 —6.6339 1.8448 —1.2045 2.0260 —1.1205

TABLE XXIIl. Values of parameters,; in the interpolation ot’g"E'P(DRED) as a function ofv,=1— M for the various gauge actions.

Action ag a, a, as a, as ag a; ag ag
Plaquette By 0.5620 —3.2600 0.5721 -0.6662 0.3607 —1.4980 —0.1876 2.1054 0.3137 —1.7541
Bp 2.8090 -—-16.2960 2.8702 -—-3.3753 1.7750 -—7.3424 —0.9065 10.3304 1.5573 —8.6802
lwasaki By —0.6274 —2.5482 0.3314 -0.5474 0.3056 —1.4760 —0.2045 2.1211  0.3091 —1.7546
Bp —3.1382 —12.7364 1.6692 —2.7886 1.4842 -—7.2027 -—0.9620 10.3672 1.5174 —8.6625
DBW?2 By —2.3449 —1.7033 0.1284 -0.3989 0.2266 —1.4279 —0.2110 2.1224  0.2867 —1.7398
Bp —11.7253 —8.5119 0.6501 -—2.0474 11082 -6.9618 —1.0262 10.3788 1.4224 —8.5939
Symanzik By 0.1755 —3.0186 0.4835 —-0.6220 0.3433 —-1.5024 -0.1967 2.1251 0.3153 —1.7602
Bp 0.8768 —15.0883 2.4285 -—-3.1641 1.6727 -—7.3202 -—0.9141 10.3648 1.5397 —8.6818
lwasaki By —0.5250 —2.6062 0.3490 -—-0.5562 0.3107 —1.4839 —0.2043 2.1274 0.3111 —-1.7577
Bp —2.6257 —13.0268 1.7564 -—2.8306 1.5053 —-7.2390 -—0.9447 10.3860 1.5150 —8.6712
Wilson By —0.6673 —2.5283 0.3268 —-0.5469 0.3049 -—-1.4727 —0.2047 2.1159 0.3097 —1.7515
Bp —3.3370 -—12.6378 1.6453 —-2.7764 14763 —7.2135 -—0.9484 10.3706 1.5099 —8.6595

TABLE XXIV. Top: Values of zZ’®(DRED) as a function of\, together with interpolated values and
relative errors. Bottom: Values of parametegsandb; in the interpolation oZ”*{DRED) as a function of
WO: 1—- m .

M  Z’*IDRED) Interpolation Relative error M zP*(DRED) Interpolation Relative error

0.10 1.5441) 1.514 0.019 1.10 1.173) 1.191 0.011
0.20 —0.1311) —0.105 —0.195 1.20 1.64@) 1.654 0.004
0.30 —0.4481) —0.443 —0.012 1.30 2.24@) 2.243 0.001
0.40 —0.4641) —0.475 —0.024 1.40 3.043) 3.030 0.004
0.50 —0.3671) —0.384 —0.045 1.50 4.16Q) 4.147 0.004
0.60 —0.2131) —0.225 —0.057 1.60 5.868) 5.856 0.002
0.70 —0.0191) —0.022 —0.163 1.70 8.75Q) 8.768 0.001
0.80 0.2111) 0.217 0.030 1.80 14.721) 14.742 0.001
0.90 0.4801) 0.493 0.028 190 33.3%D 33.339 0.001
1.00 0.7971) 0.813 0.020

Action ag a; a, as ay b, b, bs b,
All 0.8132 —-3.4681 2.3612 —0.8213 2.0186 -—0.0127 -—0.6956 0.0054 -0.3216
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TABLE XXV. Values of parameters,; in the interpolation ofzi"j"F(DRED) as a function ofvy=1—M for the various gauge actions.

Action Z;; 16m2CrTye+ag a; a, as as as ag as ag
Plaquette  z;; —18.6311 0.7719 —1.8154 1.7127 —1.3019

Zsg —18.0616 —2.2711 —1.3464 0.0227 -0.7684

Ze —20.6543 11.4490 -3.3084 7.5830 —3.3158
lwasaki Z11 —10.8167 0.5467 —1.3795 1.4045 —1.1395

Zss —11.4375 —-1.7924 —-1.1399 -0.1300 -—0.6906

Zgg —8.6739 8.7611 —2.0690 6.7288 —2.8579
DBW2 Z1 —3.6286 0.6247 —1.1155 -0.3311 —0.1293 1.3053 —0.5945

Zsg —5.9855 —1.1556 —0.7930 —0.2895 —0.5888

Zgg 4.5663 6.3348 —1.3762 3.8436 —1.8212 —3.0864 1.7158 5.3507 —1.8910
Symanzik  zj, —15.8928 0.6820 —1.6663 1.6158 —1.2490

Zsg —15.7093 —2.1204 —-1.2884 —0.0254 —0.7338

Zgg —16.5657 10.5000 —2.8547 7.3568 —3.1659
Iwasaki Zy —11.3034 0.5562 —1.4186 14431 -—1.1581

Zsg —11.8187 —-1.8391 -1.1732 -0.1092 -0.6892

Zee —9.4850 8.9385 —2.3597 6.8666 —2.7263
Wilson Zy —10.2878 0.5290 —1.3824 1.4235 —1.1480

Zss —10.9454 —1.7894 —-1.1583 -—0.1136 —0.6872

Zge —7.9715 8.6425 —2.2482 6.7932 —2.6882
Action z; ag a; a, as ay as ag az ag ag
Plaquette  z;, 0.8427 —4.8888 0.8613 —1.0126 0.5315 -2.2025 —0.2703 3.0984 0.4663 —2.6036
Iwasaki z,, —0.9415 —3.8209 0.5009 -0.8372 0.4442 -2.1582 —-0.2866 3.1060 0.4541 -—2.5966
DBW2 z;, —35176 —2.5536 0.1952 —0.6143 0.3317 -—2.0881 —0.3064 3.1126 0.4259 —2.5776
Symanzik  zj, 0.2631 —4.5265 0.7285 -—0.9498 0.5018 -2.1934 -0.2742 3.1050 0.4618 -2.6022
Iwasaki z;, —0.7877 —3.9080 0.5269 —0.8502 0.4517 -—-2.1672 —0.2835 3.1087 0.4545 —2.5978
Wilson z;, —1.0011 —3.7913 0.4935 -0.8332 0.4434 -—-2.1629 —0.2853 3.1093 0.4533 —2.5969

TABLE XXVI. The renormalization factors for the quark mass and axial current for the DBW2 gauge

action atB=1.04u=a '=2.0 GeVM = 1.7 for various prescriptions to determig% and the mean link

valueu.

Coupling Jirs Mizs(NDR) /Mg AVS(NDR)/AZ
u=P¥ u=(8K) ' u=P™  u=(8Ky)*!

Eq. (166) 1.411 0.964 1.136 1.014 0.851

Eq. (167) 1.948 0.983 1.125 0.985 0.849

Three-loop (A gcp=240 MeV) 2.567 1.005 1.113 0.954 0.845
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(4) Wave function renormalization factors are given by

rs=[(1-W3)Zy] YAUZ) V0, (169
92_
Zy=1+ —>Ce2lF, (169
2w,
M= =[S+ 327 Ty ], (170
1-wp
92_
Z,=1+ — 2 log(na) + 27, 17
2 162 Cel—2log(pa)+z; ] (179
F MS_ 2TMF
=3°=3,+167 5 172

wherewy,=1—M. We parametrize.,,+ 32m2Tyr and 3"
as follows:

EW+ 32’772TM|:: 32’772TM|:+ a.0+ a1W0+ a2WS+ a3W8

4

+aWi=32mT et > awh, (173
i=0
4, 6
zszsszMp+i§) awl). (174)

PHYSICAL REVIEW D67, 094502 (2003

oMS= — — 7. (na)O, 178

r (1-wdZ, Zp(pa) (178
92_

Zp=1+ —— Ce[h(I)log(pa) + 2}, (179
1672

46,8
7" =z{/5— 7+ 1672 MF—SW TMF+2 awo, (180

where h(I')=0(VA),6(SP),—2(T). The values ofa; are
given in Table XX.

(7) The renormalization factors for the four-quark opera-
tors are given by

2

u
0)S= —————7{J (na)OF, (181)
[(1-wg)Z,]?
s Jiis
7= 5,1 14+ —5[ 5, log( na) + 2 MS s
13 =01 16172[ 1log(na) +2z™ ] SU1
(182
=My + 2C(SVS—3 1) + 1672Cr Tye
4,8
=1672CeTyet >, aw)) (183
i=0
where |=+,—,1,2, 8,=—4, 5_=8, 8,=—2, 5,—16,

andv,;=0 for all I andJ exceptv,=8 andv,;=1 in the

The relative errors of these and the following interpolationsNDR scheme. The values af are given in Table XXI.
are less than a few percent except at points where the value is (8) The renormalization factor for the three-quark opera-

near zero. We have collected the values of parametefier
3., in Table XVII and those fozy" in Table XVIII. Here we
have two remarkszy" depends on the details of tHdS
scheme, NDR and DRED, and hence both resultaoére
given; and the interpolation @, by the fourth polynomial of

tor is given by

Wy is not accurate enough for the DBW2 gauge action, so we 2

also employ the sixth polynomial afj.
(5) The mass renormalization factor is given by

I
Mis= (1= W8) ZyZn—, (179
e
Zy=1+ ——Ce[ — 6 logpua) + 2471, (176
6m
SMF MS__ MS__ zTMF
m = (25°=2,)—(27°—2%)— 167 -
4,6,8
= -8 Tyt >, awl. (177
=0

The values ofg; are given in Table XIX.

(6) The renormalization factors for the bilinear operators

are given by

o 32
oMS= — 7, (na)oOlL, (184
PD [(1_W3)ZW]3/2 pp( 1) PD
ZPD: (185)
MS 3 MS
ZPD Upp—™ UPD+ CF(E 21)
2 3 2
+16’7T CFZTMF:127T CFTMF
4.6
+, awh. (186)
i=0

The values ofg; are given in Table XXII.
(9) The renormalization factors f@x andBp are given

by

Z.(pa) _ i
Za(ua)? 1672

[—4log(pa)+ z ]
(187

Zg, (pa)=
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9
: 1
z8, =217 —2C¢z{ = 2, awp, (189 Qt=Qu+ Qo 15 (Qs+ Qs), (199
Z.(pa) G S
pa S W
Zg,(na)= ———— =1+ [ ~20log ua)+ 2], 2, awp
Zo(pa)? 167 e E— (194
(189 ' .
1+2 b|WIO
9 i=1
zg”Ff:z“fF—chzMFzgo a;w)). (190

where C(Q) =1, C(Q3)=2, C(Q4)=C(Qe)=3, C(Qy)
. i =—1, andC(Q;) =0 for otheri. The renormalization factor
The values ofy; are given in Table XXIII.

h livation f for 1 « zP"is independent of the gauge action. Furthermore, it does
(10) The renormalization factors for four-quar operatorsnot depend ori for DRED, but

with AS=1 are defined as

= Zﬁ?fin,&l& N ) - Zipe D ED) +1/4, (195)
MS DR)=
o= {DR

[Z3QP'+ZP* Q& ], (19D

[(1-wp)Z,]? 2890, < - §NDR) = ZP*Y DRED) + 5/4. (196)
wherei,j=1,2,...,10. Therenormalization factor for the

, P Numerical values foeP*\DRED) are given in Table XXIV,
penguin operators is given §26]

together with interpolated values and relative errors defined
2 by (zP*"-interpolation) £P*". The values of; andb; for the
Vs . . ) .
ZPr= —=C(Q)[ -2 log(pa)2+2P%", (192 interpolation are also given in Table XXIV.
48 For other renormalization factors, we have

¢

1 2 MF .
1+ 16 > Owgl 2 log(ma) + 237 1, i=1,2,3,4,9,10,
T
Z3=ux{ 1+ —— gl —2 log(pua)+ 24 ], i=57, (197
us
1 2 MF .
1+ PQM—S[].GlOg,LLa)'FZGG , i=6,8,
\ T
r 2
J|: ZgM_S[_eloq/'La)—’—ZlMZF 1 (Ilj):(112)1(314)1(9110)1
167
26 log ua) + 2 (i,))=(56.(7.8)
z8={ 16m2 " 560 ’ R (198
1 2 _MF -
1677ng_5265 , (i,j)=(6,9,(8,7),
\ 0. others,
|
where 438 '
ZMF ZMF 4,6 ZgAGF: Zg/”:'i‘ Vo= 16772C|:TM|:+ |20 aiWIO, (201)
ZVF= % = 16m2Ce Tye+ ;0 aw), (199
4 _ ZIXIF_ZMF 9 A
20 = 2"~ v = 16m°Ce Ty + 20 awp, (200 My =—— = |Eo awp, (202
i= =
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MF_ _MF
Z; —Z; tup—Up

o= 3 , (203
ZgASF: _3U 21- (204)

The values ofy; are given in Table XXV. Note that

ze¢ (DRED) = — z)J (DRED), (205
v1,(DRED)=v,,(DRED)=0, (206)
and that

1
z;1(NDR) = z,,(DRED) — > (207)

1
26§ NDR) = 255 DRED) ~ &, (208)

5

5
2:ANDR)=2,,(DRED) ~ 5, (210

7 7

256(NDR):Z56(DRED)_ EZ _le(DRED)_ E, (211)
Zes(NDR) = zgs( DRED) — 3= — 3. (212

If one uses the measured averaged link variable ufor
instead of P=u'4 one should replacd e in the above
formulas with

Twe—T— (1~ @) 8T gaugo (213

where « is the gauge paramete¥T 4, 4= 0.0387334 for all
gauge actions, andl is given in Table XVI. Similarly, in the
case of using the critical hopping parameferof the Wilson
fermion for u, one should make the replacement thgi:

=Tk, whereTKc—TMF is given also in Table XVI.

PHYSICAL REVIEW D67, 094502 (2003

If one setu=1 andT,==0 in the above steps, one can
obtain the renormalization factors in the ordinary perturba-
tion theory without MF improvement.

As an example, we show the renormalization factors for
the quark mas§l75 and axial currentl78 in Table XXVI
for the DBW2 gauge action g8=1.04M=1.7 [27]. The
gf,l—s(,u= 1/a=2.0 GeV)’s are obtained using the mean field
improved relationg(166),(167) and the three-loop running
coupling constants of the continuum theory withgcp
=240 MeV, which are gf,l—s= 1.411,1.948,2.567, respec-
tively. [Note thatP=0.7276(1) andR1=0.52213).] The
mean link valueu=(U ,) is determined from either the mea-
sured plaquette value=P**=0.9236 or the criticaK pa-
rameteru= (8K.) “1=0.852). Therenormalization factors
depend mildly on the value Q:jf,l—s, while they move more
than 10% on changing the method determining the tadpole
factor. The values obtained froi, are closer to those cal-
culated using the nonperturbative technidules the same
parameters if28].

VII. CONCLUSION

In this paper we evaluated renormalization factors at the
one-loop level for the quark wave function, quark mass, bi-
linear quark operators, and four- and three-quark operators
perturbatively. We showed that the mean field improvement,
by which the large additive quantum correction to the
domain-wall height is nonperturbatively estimated, makes
the perturbative evaluations more reliable. We explained how
to obtain the numerical values for the renormalization factors
in the MF improved perturbation theory in detail.
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mys(NDR)/mi,= 1.40(2)(7) AYS(NDR)/A'=0.84072).
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