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Pinning down the kaon form factors in K¿\µ¿nµg decay
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We find that the normal muon polarization in the decayK→mnmg is very sensitive to the values of the kaon
vectorFV and axial-vectorFA form factors. It is shown that the ongoing KEK-E246 experiment can definitely
determine the signs of the sum of the form factors if their difference is fixed from other considerations. This
method can also verify the form factor values and signs obtained from theK1→ l 1n le

1e2 decays. A new
experiment with sensitivity to the normal and transverse muon polarizations of about 1024 will provide a
unique possibility to determine theFV andFA values with a few percent accuracy.
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Quantum chromodynamics~QCD! describes strong pro
cesses at high energies with remarkable precision. Proce
at low energies are usually described by the effective
grangian of the light mesons. The matching of the cor
sponding coupling constants is very involved and is of
replaced simply by the requirement of reasonable fitting
low-energy experimental data.

In this paper, we study the normal muon polarization
the decayK1→m1nmg (Km2g) in order to investigate the
possibility of extracting the values of the vector and axi
vector kaon form factorsFV andFA . Because of the lack o
understanding of the QCD low-energy structure, there is
definite prediction for the values of theFV and FA form
factors: the calculation of them is a model-dependent pro
dure. So, the measurement of these form factors would
vide a possibility to select among various candidates for
correct description of the QCD low-energy limit.

Introducing three unit vectors

eWL5
pW m

upW mu
, eWN5

pW m3~qW 3pW m!

upW m3~qW 3pW m!u
, eWT5

qW 3pW m

uqW 3pW mu
,

with pm andq being the four-momenta ofm1 andg, respec-
tively, one can define the longitudinal (PL), normal (PN)
and transverse (PT) components of the muon polarization
the corresponding contributions to the squared matrix
ment of theKm2g decay,

uM u25r0@11~PLeWL1PNeWN1PTeWT!•jW #,

with jW being a unit vector along the muon spin andr0 is

r0~x,y!5 1
2 e2GF

2 uVusu2~12l!$ f IB~x,y!1 f SD~x,y!

1 f IBSD~x,y!%,
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where the internal bremsstrahlung~IB!, structure dependen
~SD! and interference contributions~IBSD! are given as fol-
lows @1–3#:

f IB5
4mm

2 u f Ku2

lx2 Fx212~12r m!S 12x2
r m

l D G , ~1!

f SD5mK
4 x2F uFV1FAu2

l2

12l S 12x2
r m

l D
1uFV2FAu2~y2l!G , ~2!

f IBSD524mKmm
2 FRe@ f K~FV1FA!* #S 12x2

r m

l D
2Re@ f K~FV2FA!* #

12y1l

l G . ~3!

Here we used the standard notationsl5(x1y212r m)/x,
r m5mm

2 /mK
2 , and x52Eg /mK , y52Em /mK with Eg , Em

being the photon and muon energies in the kaon rest fra
respectively;GF is the Fermi constant,Vus is the correspond-
ing element of the Cabibbo-Kobayashi-Maskawa~CKM!
matrix, f K is the kaon decay constant. In terms of these va
ables the differential decay width reads

dG~jW !5
mK

32~2p!3
uM ~x,y,jW !u2 dx dy.

The normal muon polarizationPN is equal to the following
asymmetry in the partial decay width:

PN5
dG~eWN!2dG~2eWN!

dG~eWN!1dG~2eWN!
[

rN

r0
, ~4!

and at the tree level one has@1–3#
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FIG. 1. PN distribution for dif-
ferent FV1FA and FA2FV . In
the cases of opposite sign of th
sum of the form factors,PN also
has opposite sign at largey value.
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rN~x,y!5e2GF
2 uVusu2

~12l!Aly2l22r m

mKlAy224r m

3H 4mm
3 u f Ku2

lx
~x1y22l!2mK

4 mmlx2

3F uFV1FAu2
l

12l S 12x2
r m

l D1uFV2FAu2G
22mK

3 mmFRe@ f K~FV1FA!* #

3S ~r m2l!~12x2r m!

12l
1lx~12x! D

2Re@ f K~FV2FA!* #~y22r m!G J .

Since in the Standard Model bothr0 andrN are of the same
order,PN is of order one.

Only the absolute values of the sum and difference of
kaon form factors can be determined from the Dalitz p
distribution of theKe2g decay width, since the termf IBSD

@see Eq.~3!# is small. InKm2g both the linear and quadrati
terms inFA andFV contribute at comparable levels, makin
it possible to measure the signs as well as the magnitude
the form factors. Unfortunately, in the region where the l
ear terms grow, the dominant contribution toKm2g ~the IB
term which depends only onf K) also increases, significantl
reducing the sensitivity ofKm2g experiments to these form
factors. In practice, the situation is even worse, since in th
experiments only the absolute value of the sum of the k
form factors has been measured with good accuracy, w
their difference still has only lower and upper bounds@4,5#:
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uFV1FAu50.16560.013, ~5!

20.24,FA2FV,0.04. ~6!

The Dalitz plot distributions ofPN for several values of
the form factors satisfying Eqs.~5! and ~6! are presented in
Fig. 1. One can see that the normal polarization is very s
sitive to the signs ofFV andFA , especially at largey. There
in the case of opposite signs of the sum of the form fact
the PN values also have opposite signs.

Recently, both vector and axial-vector form factors ha
been measured inK1→m1nme1e2 and K1→e1nee

1e2

decays@6#. These decays are generalizations ofKl2g for the
case of a virtual photon in the final state, soFV andFA are
believed to be the same in all these processes. The comb
fit for both four-body decay experiments results in

FV520.11260.018, FA520.03560.020. ~7!

These values are in a good agreement withO(p4) predic-
tions @5,7# of the chiral perturbation theory~ChPT!

FV520.096, FA520.041. ~8!

The distributions ofPN over the Dalitz plot evaluated for th
measured~7! and predicted~8! values of the form factors
exhibit behavior similar to the upper right plot in Fig. 1.

Actually, form factorsFV and FA are not constants, bu
functions of the momentum of the lepton pair,Q2[(pK

2q)25mK
2 (12x). In ChPTQ2-dependence emerges due

higher order corrections, which have not been calculated
These corrections generally decrease the chances to d
mine FV andFA in Kl2g experiments with reasonable prec
sion. TheQ2 dependence can be estimated@7# supposing that
the dominant contribution comes from the exchange of
first strange hadronic vector and axial-vector resonances
massesmV ~the K* mass! andmA ~the K1 mass!
3-2
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FV,A~x!5
FV,A

12
mK

2

mV,A
2 ~12x!

. ~9!

The results from the recentK→ lne1e2 experiment@6# fa-
vor this x dependence over constant form factors. Unfor
nately, the statistics accumulated in this experiment did
allow definite confirmation or rejection ofx dependence. Un
til now Q2 dependence remains unknown theoretically a
new experiments with higher statistics are needed to fi
experimentally.

For the following analysis we need to estimate the leve
statistical precision in the measurement ofPN which can be
achieved in the currently running and forthcoming expe
ments. Generally, with the analyzing power of the detectoa
and the kinematical attenuation factorf, the expected sensi
tivity to PN in some regionR of the Dalitz plot can be
estimated as

dPN~R!.
1

a fANKm2g
~R!

, ~10!

whereNKm2g
(R) is the number ofKm2g events in the region

R. This should be compared to the expected value of
normal muon polarization

PN~R!5

E
R

rN~x,y!dx dy

E
R

r0~x,y!dx dy

. ~11!

The ongoing E246 experiment at KEK@8# dedicated to a
measurement ofPT in the decayK1→p0m1n has only a

FIG. 2. The Dalitz plot withKm2g events accumulated in th
E246 experiment@9#. The region of the Dalitz plot confined by th
solid lines was used for the calculation of thePN values.
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limited sensitivity of about 1022 to bothPT andPN in Km2g
@9#. About 23105 Km2g events~see Fig. 2! are expected to
be accumulated in the region of the Dalitz plot where the
term dominates. Integrating over the region confined by th
solid line in Fig. 2, we obtain

PN~FV1FA50.165,FA2FV520.24!50.360,

PN~FV1FA50.165,FA2FV50.04!50.210,

PN~FV1FA520.165,FA2FV520.24!50.318,

PN~FV1FA520.165,FA2FV50.04!50.166.

With valuesa.0.3 andf .0.65 adopted in the experimen
the statistical sensitivity obtained using Eq.~10! is estimated
to be;1.231022. Hence, the analysis of the E246 data w
determine the signs of the kaon form factors for sure if
difference between theFV andFA values is fixed from other
considerations.

The sensitivity of the E246 experiment to the form fact
values can be estimated from the difference betweenPN val-
ues obtained for experimental form factors~7! and for the
ChPT predictions~8!:

PN~FV520.112,FA520.035!50.145,

PN~FV520.096,FA520.041!50.161.

This yieldsDPN51.631022 which is comparable to the ex
pected statistical error of E246. One can conclude that th
values can be distinguished at the level of about 1s, but only
if the systematic error will be as small as 1%.

We note in passing that the ambiguity associated w
unknownQ2 dependence reduces the sensitivity of the E2
experiment to the form factors, ifQ2 corrections are not
fixed. To deal with this one can, for example, fit the expe
mental data with constantFV,A form factors and with form
factors given by Eq.~9!. If the latter turns out to be more
favorable~as in the case of theK→ lne1e2 experiment@6#!,
then PN should be calculated assuming the same dep
dence. In this case

PN~FV520.112,FA520.035!50.128,

PN~FV520.096,FA520.041!50.147.

A new experiment at the Japanese Hadron Facility~JHF!
@11# in which a statistical sensitivity of&1024 for both PN
andPT in Km2g was proposed in@10#. The main features of
this experiment include a high resolution measurement
neutral particles fromKm3 andKm2g decays, an active muon
polarimeter which provides information about stopp
3-3
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TABLE I. The PN values in several regions of Dalitz plot calculated according to Eq.~11! and their
sensitivity to small changes of the form factor values from the ChPT predictionsFV520.096, FA5

20.041: DPN
1a5PN@(11a31022)(FV1FA),FA2FV#2PN@FV1FA ,FA2FV#; DPN

2a5PN@FV1FA ,(1
1a31022)(FA2FV)#2PN@FV1FA ,FA2FV#, wherea takes values 1.0 and 3.0. The photon energy
Eg.20 MeV and muon energy cutEm.200 MeV are adopted; the values ofdPN are the statistical errors
estimated according to Eq.~10! with a.0.3 andf .0.8 in corresponding regions of the Dalitz plot.

Region PN dPN3105 DPN
11.03105 DPN

21.03105 DPN
13.03105 DPN

23.03105

y.0.9, 0°,u,60° 0.090 4.2 20.88 23.1 22.6 29.2
y.0.9, 60°,u,110° 0.002 4.4 28.8 25.8 226.5 217.5
y,0.9, 0°,u,60° 0.198 6.0 22.3 210.6 26.9 231.9
y,0.9, 60°,u,110° 0.019 7.4 222.2 223.4 266.7 270.2
y.0.9, 110°,u,160° 20.099 8.2 277.9 215.7 2233.9 247.2
y,0.9, 110°,u,160° 20.166 16.6 2121.2 268.3 2364.0 2205.2
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muons~stopping point, momentum!, positron direction, and
also detects photons, and a highly efficient photon veto s
tem covering nearly 4p solid angle. This approach allow
Km2g events for allu angles between photon and muon m
menta to be accumulated due to efficient photon veto de
tion. This system eliminatesKp2 decays which are estimate
to be the main background source at largeu. Thus, the re-
gion of largex andy becomes available for studyingPN . In
this experiment, the number ofKm2g events in the signa
region withEg.20 MeV andEm.200 MeV is estimated to
be about 331010 for a one year running period and bea
intensity of about 107K1/sec. Witha.0.3 andf .0.8 this
would provide a very low statistical errordPT;2.531025

over the entire Dalitz plot. This experiment is expected
control the systematic error at a level comparable to the
tistical uncertainty. However, in the measurement ofPN ,
where expected non-zero values of normal asymmetry co
be a few tens percent, the accuracy will be diminished du
the error associated with the polarimeter analyzing po
and uncertainty in the level of background present inKm2g
events from other kaon decays and accidentals. It is ra
difficult to measurePN with an error less than a few percen
and therefore this restricts the accuracy in extraction of
form factor values. In order to significantly improve the a
curacy for extraction ofFV andFA values we looked at the
relative changes ofPN values in several Dalitz plot regions

Let us evaluate the accuracy which can be obtained forFV
and FA in this experiment. ChangingFV1FA and FA2FV
by 1% and 3% around the ChPT predictions we examine
corresponding effect on the normal polarization for differe
regions of the Dalitz plot. The results are presented in Ta
I. As seen from this table, the behavior ofPN differs dramati-
cally when either the sum or difference of the form factors
changed by 1% from its ChPT value. WhilePN is almost
unchanged for Dalitz regiony.0.9, 0°,u,60°, its values
are very sensitive to small changes in form factors in
regions with largeu ~lines 5 and 6 in Table I!. Statistical
errors ofPN are small enough to clearly distinguish this e
fect. It looks possible that even 1%-deviations of the fo
factors values from the ChPT predictions~8! can be mea-
sured in the experiment@10#.

It is worth noting that thePN value depends on the ratio
FV,A / f K rather than on the form factors themselves. The c
09150
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rent uncertainty in thef K value is also about 1%@5#, thus the
method presented above indeed permits to achieve the s
precision in the measurement ofFV andFA .

Finally, if the Q2 dependence of the form factors is n
fixed theoretically, it reduces the accuracy of the determi
tion of the form factors. Similarly to the experiment@6# one
can fit the data by constant form factors, by form facto
depending onx as in Eq.~9!, or by form factors with poly-
nomial dependence onx with unknown coefficients to be
determined from the best fit. Alternatively,Q2 dependence
may be taken into account by extractingFV andFA for a set
of thePN values obtained by integrating over several narr
bins in x. In any caseQ2 dependence will be fixed to som
extent by one of these procedures. This certainly decre
the sensitivity of the measurements of thePN to the kaon
form factors. Nevertheless, taking into account the large
tistics expected in the proposed experiment one may hop
achieve the accuracy of a few percent in determination ofFV

andFA .
In the analysis presented above, we have demonstr

that the normal muon polarizationPN in Km2g decay is a
very effective observable to pin down the kaon form facto
FV andFA . It was found that the distribution of thePN over
the Dalitz plot is very sensitive to the values of the ka
form factors. The best sensitivity is exhibited in the region
large anglesu between the outgoing muon and photon. T
measurement ofPN with the accuracy of about 1022 pins
down the signs of the form factors while 1024 is required in
order to pin down their values also.

The longitudinalPL and transversePT muon polarizations
are also very sensitive to the values of the kaon form fact
PL arises at the tree level and, though its measurement
high precision in the experiments discussed above is v
difficult, could be used as a cross check observable.PT arises
only at the one-loop level~so-called FSI contribution!, thus
only the signs of the form factors could be determined
sure. In a forthcoming paper we will show that in the pr
posed experiment at JHF, reasonable accuracy could
achieved with statistics expected to be reached of*109

Km2g events at largeu.
It should be noted that the signs of the pion form facto

FV
p andFA

p also have not been measured yet@5#. The experi-
3-4
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mental situation there is similar to kaons, thoughFV
p has a

definite CVC prediction and the pion form factors are e
pected to be almost constant over the whole Dalitz plot
PN value ranges from 0.1 to 1. From the analysis giv
above, we can suggest that the measurement of the le
polarization inp l2g might allow the pion form factors to be
pinned down. This issue will be considered elsewhere.
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