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Electroweak and finite width corrections to top quark decays into transverse
and longitudinal W bosons
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We calculate the electroweak and finite width corrections to the decay of an unpolarized top quark into a
bottom quark and aW-gauge boson where the helicities of theW are specified as longitudinal, transverse plus
and transverse minus. Together with theO(as) corrections these corrections may become relevant for the
determination of the mass of the top quark through angular decay measurements.
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I. INTRODUCTION

Because the Kobayashi-Maskawa~KM ! matrix element
Vtb is very close to 1 the dominating decay mode of the
quark is into the channelt→Xb1W1. The helicity content
of theW boson~transverse plus, transverse minus and lon
tudinal! in this decay can be probed through a measurem
of the shape of the lepton spectrum in the decay of theW
boson as was recently done by the Collider Detector at F
milab ~CDF! Collaboration@1#. Of particular interest is the
size of the longitudinal contribution which encodes the ph
ics of the spontaneous symmetry breaking of electrow
symmetry. The transverse-plus contribution vanishes at
Born term level. Any significant deviation from this valu
would point to sizable radiative corrections or a non-S
(V1A) admixture in the weakt→b current transition.

A first measurement of the helicity content of theW boson
was recently carried through by the CDF Collaboration@1#.
Their result is

GL /G50.9160.37~stat!60.13~syst!, ~1!

whereGL denotes the rates into the longitudinal polarizati
state of theW boson andG is the total rate. The CDF Col
laboration has also quoted a value for the transverse-
contributionG1 /G which was obtained by fixing the longi
tudinal contribution to its standard model~SM! valueGL /G
50.7. They obtained

G1 /G50.1160.15. ~2!

The measured values of the two normalized partial helic
rates are well within SM expectations which, at the Bo
term level, areGL /G'0.70 andG1 /G50. However, the
errors on this measurement are too large to allow for a
nificant test of the SM predictions. The errors will be mu
reduced when larger data samples become available in
future from Fermilab Tevatron run II, and, at a later sta
from the CERN Large Hadron Collider~LHC!. The measure-
ment errors can eventually be reduced to the~1–2!% level
@2#. If such a level of accuracy can in fact be reached i
important to take into account the radiative and finite wid
corrections to the different helicity rates.

The radiative corrections to the top width are rather lar
Relative to themb50 Born term rate they amount to
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28.54% ~QCD one loop! @3–8#, 11.54% ~electroweak one
loop! @3,9,10# and22.05% (22.16%) ~QCD two loop; ap-
proximate! @11# ~ @12#!. The mbÞ0 and finite width correc-
tions reduce the Born width by 0.27%@13–15# ~for mb
54.8 GeV@16#! and 1.55%@17#, respectively. Given the fac
that the radiative and finite width corrections to the total r
are sizable it is important to know also the respective corr
tions to the partial longitudinal and transverse rates. T
QCD one-loop corrections to the partial helicity rates we
given in @13–15#. In this paper we provide the missing on
loop electroweak~EW! corrections and the finite width~FW!
corrections to the partial helicity rates. Note that to lead
order the finite width correction is also a one-loop effect.

The angular decay distribution for the decay procest

→Xb1W1 followed byW1→ l 11n l ~or by W1→q̄1q) is
given by ~see, e.g.@14#!

dG

d cosu
5

3

8
~11cosu!2G11

3

8
~12cosu!2G2

1
3

4
sin2u GL , ~3!

where G1 , G2 and GL denote the partial rates int
transverse-plus, transverse-minus and longitudinalW bosons.
Integrating over cosu one recovers the total rate

G5G11G21GL . ~4!

One can also define a forward-backward asymmetry
considering the rate in the forward hemisphereGF and in the
backward hemisphereGB . The forward-backward asymme
try AFB is then given by

AFB5
GF2GB

GF1GB
5

3

4

G12G2

G11G21GL
. ~5!

The angular decay distribution is described in casc
fashion, i.e. the polar angleu is measured in theW rest frame
where the lepton pair or the quark pair emerges back to b
The angleu denotes the polar angle between the originalW1

momentum direction and the antileptonl 1 ~or the antiquark
q̄) in the W rest frame. The various contributions in Eq.~3!
are reflected in the shape of the lepton energy spectrum
the rest frame of the top quark. From the angular factors
©2003 The American Physical Society01-1
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Eq. ~3! it is clear that the contribution ofG1 makes the
lepton spectrum harder whileG2 softens the spectrum wher
the hardness or softness is gauged relative to the longitud
contribution. The only surviving contribution in the forwar
direction u50 comes fromG1 . The fact thatG1 is pre-
dicted to be quite small implies that the lepton spectrum w
be soft. The CDF measurement of the helicity content of
W1 in top decays was in fact done by fitting the values of
helicity rates to the shape of the lepton’s energy spectru

The Born term contributions to the normalized helic
rates are given byG1 /G050, G2 /G05(2x2)/(112x2)
(50.297) andGL /G051/(112x2)(50.703), whereG0 is
the total Born term rate andx5mW /mt ~see, e.g.@14#!. Nu-
merical values for the normalized helicity rates have be
added in parentheses usingmt5175 GeV and mW
580.419 GeV.

We begin with the electroweak one-loop corrections. Th
consist of the four tree diagram contributions shown in Fig
and the one-loop contributions which are too numerous to
depicted in this paper. In the Feynman–’t Hooft gauge o
has to calculate 18 different massive one-loop three-p
functions as well as the many massive one-loop two-po
functions needed in the renormalization program. We h
recalculated all one-loop contributions analytically and ha
checked them numerically with the help of aXLOOPS/GINAC

package that automatically calculates one-loop three-p
~pt•k!~q•k! ~pb•k!~q•k!
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functions@18#. Our one-loop results agree with the results
@3#. The results are too lengthy to be reproduced here
analytical form. Analytical results will be given in a forth
coming publication@19#.

The tree-graph contributionst→b1W11g are deter-
mined in terms of the current transition matrix elementMm

5^b,guJmut&. Upon squaring the current transition matr
element one obtains the hadron tensorHmn5MmM n†. We
have calculated the hadron tensor in the Feynman–’t Ho
gauge and obtain

FIG. 1. Born and electroweak tree-graph contributions tot→b
1W1 (g). x1 denotes the charged Goldstone boson.
Hmn5e2
~pt•k!~pb•k!

~q•k!2 S Qt

pt•k
2

Qb

pb•kD 2H 2
pt•k

pb•k
@mb

2~kmpt
n1knpt

m2k•ptg
mn!1 i ~eabmnpb•pt2eabgnpb

mpt,g

1eabgmpb
npt,g!kapb,b2 i ~eabmnk•pt2eabgnkmpt,g1eabgmknpt,g!kapb,b#1

pb•k

pt•k
@mt

2~kmpb
n1knpb

m2k•pbgmn

2 i eabmnkapb,b!2~pt•k!~pt
mpb

n1pt
npb

m2pt•pbgmn2 i eabmnpt,apb,b!1~pt•k!~kmpb
n1knpb

m2k•pbgmn

2 i eabmnkapb,b!#2~pt•pb!~kmpb
n1knpb

m2k•pbgmn2 i eabmnkapb,b!1~pt•pb!~kmpt
n1knpt

m2k•ptg
mn!1~k•pt!

3~~pb1k!mpt
n1~pb1k!npt

m1~pb1k!•ptg
mn!2~k•pb!~2pt

mpt
n2mt

2gmn!1~k•pt!~2pb
mpb

n2mb
2gmn!2 i ~eabmnk•pt

1eabgmknpt,g2eabgnkmpt,g!pb,apt,b1 i ~eabmnmt
21eabgmpt

npt,g2eabgnpt
mpt,g!kapb,bJ 1

1

2
BmnDSPF, ~6!
f

the

inal
the
where

Bmn52~pt
mpb

n1pt
npb

m2pb•ptg
mn1 i emnabpb,apt,b! ~7!

is the Born term contribution and the soft photon factorDSPF
is given by

DSPF52e2S Qt
2mt

2

~pt•k!2
1

Qb
2mb

2

~pb•k!2
1

QW
2 mW

2

~q•k!2
2

2QtQbpt•pb

~pt•k!~pb•k!

2
2QtQWpt•q

1
2QbQWpb•qD . ~8!
Qt52/3, Qb521/3 andQW51 are the electric charges o
the top quark, the bottom quark and theW boson, respec-
tively, in units of the elementary chargee. The momenta of
the top quark, the bottom quark, the gauge boson and
photon are denoted bypt , pb , q and k, respectively. From
momentum conservation one haspt5pb1q1k. For conve-
nience and generality we have keptmbÞ0 in Eq. ~6!. It is
noteworthy that by settingQt5Qb51, QW50, e25gs

2 , and
by multiplying by the color factorNCCF54 one recovers the
QCD tree graph contribution treated, e.g. in@15#.

The transverse-plus, transverse-minus and longitud
components of the hadron tensor can be obtained with
help of the projectors (PU1L

mn 2PL
mn1PF

mn)/2, (PU1L
mn 2PL

mn
1-2
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2PF
mn)/2 andPL

mn @14,15#, respectively, where

PU1L
mn 52gmn1

qmqn

mW
2

, ~9!

PL
mn5

mW
2

mt
2

1

uqW u2 S pt
m2

pt•q

mW
2

qmD S pt
n2

pt•q

mW
2

qnD ~10!

and

PF
mn52

1

mt

1

uqW u
i emnabpt,aqb . ~11!

The three components of the hadron tensor are then
grated over two-dimensional phase space. The infrared
collinear singularities are regularized with the help of
~small! photon and bottom quark mass, respectively. T
logarithms of the auxiliary photon and bottom quark mas
can be seen to cancel against the corresponding logari
from the one-loop contributions in all three helicity comp
nents. Details of the calculation will be published elsewh
@19#.

We use the so-calledGF-renormalization scheme for th
electroweak corrections whereGF , MW andMZ are used as
input parameters@3,9#. The GF scheme is the appropriat
renormalization scheme for processes with mass sc
which are much larger thanMW as in the present case. Th
radiative corrections are substantially larger in the so-ca
a scheme wherea, GF andMZ are used as input paramete
@3,9#. In our numerical results we shall also prese
a-scheme results along with the numericalGF-scheme re-
sults.

Before we present our numerical results on the el
troweak corrections we briefly discuss the finite width c
rections to the Born term rates. The finite width correctio
are obtained by replacing theq2 integration over thed func-
tion d(q22mW

2 ) by an integration over the Breit-Wigne
resonance curve where the integration is done within
phase space limits 0,q2,mt

2 . The necessary replacement
given by

E
0

mt
2

dq2d~q22mW
2 !→E

0

mt
2

dq2
mWGW

p

1

~q22mW
2 !21mW

2 GW
2

~12!

whereGW is the width of theW boson (GW52.12 GeV).
We are now in the position to present our numerical

sults. Including the QCD one-loop correctionsDG i(QCD)
taken from @14#, the electroweak one-loop correction
DG i(EW)1 and the finite width correctionsDG i(FW)

1Since our numerical results are normalized to the Born term
the~small! renormalization of the KM matrix elementVtb @10# does
not affect our numerical results. We setmH5115 GeV. Our results
are only very weakly dependent on the Higgs boson mass.
09150
e-
nd

e
s

ms

e

es

d

t

-
-
s

e

-

5G i(FW)2G i(zero width) calculated in this paper, and th
mbÞ0 corrections to the partial Born term ratesDG i(mb
Þ0) @14# we write

G i5G i~Born!1DG i~QCD!1DG i~EW!

1DG i~FW!1DG i~mbÞ0!. ~13!

It is convenient to normalize the partial rates to the to
Born term rateG0. The normalized partial rates will be de

noted by a hat. Thus we writeĜ i5G i /G0 ( i 51,2,L). For
the transverse-minus and longitudinal rates we factor out

normalized partial Born ratesĜ i and write (i 52,L)

Ĝ i5Ĝ i~Born!@11d i~QCD!1d i~EW!

1d i~FW!1dG i~mbÞ0!# ~14!

whered i5G0 DG i /G i(Born). Writing the result in this way
helps to quickly assess the percentage changes brought a
by the various corrections.

Numerically one has

Ĝ250.297@120.0656~QCD!10.0206~EW!

20.0197~FW!20.00172~mbÞ0!# ~15!

te

FIG. 2. Top mass dependences of the ratiosGL /G and G2 /G.
Full line: Born term. Dashed line: Corrections including~QCD!,
electroweak~EW; GF scheme!, finite-width ~FW! and (mbÞ0)
Born term corrections.
1-3
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50.297~120.0664! ~16!

and

ĜL50.703@120.0951~QCD!10.0132~EW!

20.0138~FW!20.00357~mbÞ0!# ~17!

50.703~120.0993!. ~18!

It is quite remarkable that the electroweak corrections ten
cancel the finite width corrections in both cases.

In the case of the transverse-plus rate the partial B
term rate cannot be factored out because of the fact
G1(Born) is zero. In this case we present our numeri
result in the form

Ĝ15DĜ1~QCD!1DĜ1~EW!1DĜ1~mbÞ0!, ~19!

Ĝ150.000927~QCD!10.0000745~EW!

10.000358~mbÞ0!

50.00136. ~20!

Note that the finite width correction is zero in this cas

Numerically the correction toĜ1 is only O(0.1%). If top
quark decays reveal a violation of the SM (V2A) current
structure that exceeds the 1% level, the violations must h

a non-SM origin. Due to the fact thatĜ1 is so small the
forward-backward asymmetryAFB is dominantly determined

by Ĝ2 and ĜL . We findAFB520.2270.
To conclude our numerical discussion we also list o

numerical results for the electroweak corrections in thea
scheme. In the notation of Eqs.~15!, ~17!, ~20! we obtain
electroweak corrections of 0.0545(EW), 0.0474(EW) a
6.881025~EW! which are'62% larger than the correspond
ing corrections in theGF scheme.
po
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In Fig. 2 we show the top mass dependence of the r
GL /G and G2 /G. The Born term and the corrected curv
are practically straight line curves. Since the electroweak
the finite width effects practically cancel the curves are v
close to the QCD corrected curves presented in@14,15#. The
horizontal displacement of the respective curves
'3.5 GeV and'3.0 GeV forGL /G andG2 /G. One would
thus make the corresponding mistakes in the top mass d
mination from a measurement of the angular structure fu
tions if the Born term curves were used instead of the c
rected curves. If we takemt5175 GeV as a central value
1% relative error on the structure function measurem
would allow us to determine the top quark mass w
'3 GeV and'1.2 GeV accuracy, depending on wheth
the angular measurement was done on the longitudinal~L! or
transverse-minus (2) mode. The latter result also holds tru
for the forward-backward asymmetryAFB since the
transverse-plus rate is negligible.

In summary, we have calculated the electroweak radia
and finite width corrections to the three diagonal struct
functions that occur in the polar angle distribution of t
decayt→b1W1 (→ l 11n l). These will be relevant for a
determination of the top quark mass. We have not taken
account possible effects coming from the finite width of t
top quark. These should be smaller than those calculated
for the W width becauseG t,GW . Also there can be QED
and QCD cross-talk between the production and decay
cesses that could spoil the factorization-based angular d
pattern discussed in this paper. Both of these effects des
further studies.
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@10# A. Barroso, L. Brücher, and R. Santos, Phys. Rev. D62,

096003~2000!.
rt

.

@11# A. Czarnecki and K. Melnikov, Nucl. Phys.B544, 520~1999!.
@12# K.G. Chetyrkin, R. Harlander, T. Seidensticker, and M. Ste

hauser, Phys. Rev. D60, 114015~1999!.
@13# M. Fischer, S. Groote, J.G. Ko¨rner, B. Lampe, and M.C.

Mauser, Phys. Lett. B451, 406 ~1999!.
@14# M. Fischer, S. Groote, J.G. Ko¨rner, and M.C. Mauser, Phys

Rev. D63, 031501~2001!.
@15# M. Fischer, S. Groote, J.G. Ko¨rner, and M.C. Mauser, Phys

Rev. D65, 054036~2002!.
@16# A.A. Penin and A.A. Pivovarov, Nucl. Phys.B549, 217

~1999!; Phys. Lett. B443, 264 ~1998!.
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