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Field theoretic approach to structure formation in an anisotropic medium

Minu Joy* and V. C. Kuriakose†
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~Received 17 October 2002; published 25 April 2003!

Considering a real scalar field distribution which is assumed to be locally anisotropic and coupled to a
Bianchi type-I background spacetime, the energy density and pressure associated with the anisotropic matter
field distribution are evaluated. The vanishing of the expectation values of the nondiagonal components ofTmn

allows us to treat the scalar field in complete analogy with the distribution of fluid. The primeval density
perturbations produced by the vacuum fluctuations of the scalar field are considered and the Jeans criterion for
structure formation is obtained. The metric and matter field perturbations are considered and it is found that for
the present anisotropic case the perturbations of the pressure in the radial and tangential directions are different.
The Jeans instability is discussed and the Jeans wave number for the present case is evaluated. It is found that
for the anisotropic case the Jeans length depends on the velocity of the fluctuations in the radial and transverse
directions and thus on the direction of propagation of the perturbations.
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I. INTRODUCTION

Superdense matter may be anisotropic, at least in ce
density ranges. It is of considerable interest to determine
extent to which local anisotropy can alter the structure
massive objects@1#.

Gravity is the dominant force that governs the large sc
dynamics of the universe. The standard theory of cosmol
cal structure formation@2–4# is based on the idea of grav
tational instability @5–7#, according to which small initial
irregularities in the distribution of matter get amplified by t
attractive nature of gravity. Small fluctuations in the dens
result in gravitational instability and gravitational instabili
causes the growth of perturbations in an expanding univ
@8,9#. The structure we observe in the universe today is
end result of the gravitational amplification of small prim
val perturbations@10#.

Jeans considered the problem of the formation of gala
in the universe as a process involving the interplay betw
gravitational attraction and the pressure force acting o
mass of nonrelativistic fluid@8#. Jeans explained that, star
ing from a homogeneous and isotropic fluid, small fluctu
tions in the density and velocity could evolve with time. H
showed that density fluctuations can grow in time if the s
bilizing effect of pressure is much smaller than the tende
of the self-gravity of a density fluctuation to induce collaps
When the pressure inside the perturbed fluid is greater
the self-gravity, the perturbation will propagate like a
acoustic wave. There exists a critical wave number, the Je
wave numberkJ , above which disturbances cannot grow b
only oscillate like acoustic waves.

Chan, Herrera, and Santos@11# studied the role played by
local pressure anisotropy in the onset of instabilities an
has been shown that small anisotropies may drastic
change the stability of the system. Herrera and Santos@12#
studied the Jeans instability criterion for an interstellar g
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which can produce anisotropies during its evolution.
The quantization of linear cosmological fluctuatio

@13,14# is not more complicated than the quantization
matter fields in an external background: it is a straightf
ward application of canonical quantization@15#.

In the present work we consider a distribution of mat
which is assumed to be locally anisotropic. The anisotro
fluid distribution will have different values for the transver
and radial components of pressure. The density perturbat
in such a distribution are studied. We are interested in stu
ing the type of effects that can result from anisotropy. In S
II we consider a real scalar fieldf gravitationally coupled to
an anisotropic Bianchi type-I background spacetime. T
energy-momentum tensor expectation values are calcul
and the energy density and pressure associated with the
isotropic matter field distribution are evaluated. The appli
tion of classical Jeans theory to the scalar field is conditio
by the vanishing of the expectation values of the nondiago
components of the energy-momentum tensor. Vanishing
the expectation values of the nondiagonal components
Tmn allows one to treat the scalar field in complete analo
to the distribution of fluid. The primeval density perturb
tions produced by the vacuum fluctuations of the scalar fi
are considered and the Jeans criterion for structure forma
is obtained in Sec. III. The metric and matter field perturb
tions are considered in Sec. IV and it is found that for t
present anisotropic case the perturbations of pressure in
radial and tangential directions are different. The Jeans in
bility is discussed and the Jeans wave number for the pre
case is evaluated in the next section. The discussions
conclusions are presented in Sec. VI.

II. ENERGY DENSITY AND PRESSURE ASSOCIATED
WITH THE ANISOTROPIC MATTER FIELD

DISTRIBUTION

Consider a real scalar matter field distributionf which is
assumed to be locally anisotropic, gravitationally coupled
a background spacetime and described by the Lagran
density
©2003 The American Physical Society29-1
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L5A2gH 1

2
@gmn]mf]nf2~m21jR!f2#J . ~1!

The stress-energy tensorTmn is

Tmn5]mf]nf2gmnL, ~2!

whereL5(2g)21/2L. In the gravitationally coupled case,

Tmn5~122j!]mf]nf1~2j2 1
2 !g

mn
gab]af]bf

22jf,m,nf12jg
mn

fhf2jGmnf21
m2

2
g

mn
f2.

~3!

Let the scalar fieldf be gravitationally coupled to a~3
11!-dimensional Bianchi type-I background spacetim
which is spatially homogeneous with small anisotropy a
has the line element

ds25dt22(
i 51

3

ai
2~ t !~dxi !2. ~4!

The conformal time transformation is defined as]t
5C1/2]h whereC5(a1a2a3)2/3. Taking the expectation val
ues of the components ofTmn it is found that the nondiagona
terms vanish@16#. This allows one to treat the scalar field
complete analogy to the distribution of fluid. The similari
of the gravitational instabilities of a free scalar field and d
tlike matter was pointed out by Turner@17#. For a perfect
fluid we have the relation@2,3#

^Tmn&5~r2p!umun2pgmn, ~5!

where um5(1,0,0,0), the comoving velocity. The energ
density and pressure associated to the matter field distr
tion are

r5^T0
0& and p52^Ti

i& . ~6!

For anisotropic matter the energy-momentum tenso
Tn

m5diag(r,2pr ,2pu ,2pf). Let us consider the case wit
pu5pf , which we denote byp' , called the tangential pres
sure, andpr the radial pressure. So we can write

pr52^Tr
r& and p'52^Tu

u&52^Tf
f&. ~7!

With the Bianchi type-I background spacetime and from E
stein’s field equation we obtain@16# the set of equations

8pr52F2
Ṙ1Ṙ2

R1R2
1

Ṙ2
2

R2
2G2

3k

R1
2

1
1

r 2 F 1

R1
2

2
1

R2
2G ,

8ppr52F2
R̈2

R2
1

Ṙ2
2

R2
2

1
k

R1
2G1

1

r 2 F 1

R1
2

2
1

R2
2G ,

8pp'52F R̈1

R1
1

R̈2

R2
1

Ṙ1Ṙ2

R1R2
1

k

R1
2G . ~8!
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III. PRIMEVAL DENSITY PERTURBATIONS AND THE
JEANS CRITERION

Some residual fluctuations will always be in the sca
field. The primordial quantum fluctuations of the scalar fie
df(x,t) get amplified and evolve to become classical se
perturbations@3,4,18,19#. Such a primeval perturbation is re
garded as a viable candidate for the origin of large sc
structure. Take the matter in the universe to be a scalar fi
minimally coupled to gravity and described by the Lagran
ian density in Eq.~1!. In the conformal time coordinates th
field equation is

f̈12H̃ḟ2,2f1a2V8~f!50 ~9!

whereV85]V/]f and H̃5ȧ/a using conformal time.
We can split the field into unperturbed and perturbed pa

as

f5f01df. ~10!

Perturbing Eq.~9! and linearizing, we get the equation o
motion for the scalar field perturbations as

~ d̈f!12H̃~ ḋf!2vs
2,2~df!1m2a2~df!50 ~11!

where we have,252k2/a2 andm25V9. vs is the speed of
propagation of the perturbation@13,19,20#. vs

251 for scalar
field matter andvs

25dp/dr for ideal gas matter@19,20#. Ne-
glecting the last term@18–20#, for cosmological perturba-
tions we can rewrite the above equation as

( d̈f)12H̃( ḋf)1
vs

2k2

a2
~df!50. ~12!

The perturbationsdf(x,t) in the scalar field leads to per
turbations in the energy densitydr(x,t). We consider that
the perturbationsdf(x,t) are the only reason for the energ
density perturbationsdr(x,t). So using Eq.~12! we can
write

d̈12H̃ ḋ1
vs

2k2

a2
d50, ~13!

whered5dr/r is the density contrast parameter. Since t
scalar field is coupled to the gravitational background fie
we have to consider the effects of the gravitational field p
tential also. Including the gravitational field potential, th
above equation becomes

d̈12H̃ ḋ5S 4pGr2
vs

2k2

a2 D d. ~14!

The primeval density perturbations satisfy the adiaba
condition@18# for density contrasts. For cosmological pertu
bationsvs is the speed of sound.

The above equation tells us how or whether gravitatio
instability leads to the growth of condensation in the expa
ing universe. The right hand side of the equation shows
9-2
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competing effects of gravity and the pressure gradient fo
At very long wavelengthk→0, the equation reduces to th
zero pressure case. At very short wavelength, largek, the
pressure term dominates andd tends to oscillate as a soun
wave. The pressure and gravity terms balance when
wavelength is equal to the Jeans length given by

lJ5vs~p/Gr!1/2, ~15!

which corresponds to the classical Jeans criterion@2–8# for
the formation of structure in the universe.

IV. METRIC AND MATTER FIELD PERTURBATIONS

To model the universe more realistically the perturbat
in the background metric also is to be included. The per
bation df(x,t) leads to perturbations in the energy dens
dr(x,t) and hence in the metric of spacetime. In this case
is convenient to split the metric into two parts, the first bei
the background metric and the other describing how
background spacetime deviates from the idealized ba
ground model:

gmy5 (0)gmy1dgmy . ~16!

The metric perturbations are of three distinct types: sca
vector, and tensor perturbations. Neither vector nor ten
perturbations exhibit instabilities. Vector perturbations dec
kinematically in an expanding universe, whereas tensor
turbations lead to gravitational waves which do not couple
the energy density and pressure inhomogeneities. Howe
scalar perturbations may lead to growing inhomogenei
@13,18#, which, in turn have an important effect on the d
namics of matter.

The energy-momemtum tensor can also be decompo
into background and perturbed parts:

Tn
m5 (0)Tn

m1dTn
m , ~17!

wheredTn
m is linear in matter and the metric perturbatio

df and dgab . Substituting Eqs.~10! and ~16! into Eq. ~3!
we obtain the background energy-momentum tensor for
minimally coupled case in conformal time as

(0)Th
h5

1

2C
ḟ0

21
1

2 (
i 51

3
1

ai
2 ~] if0!21

m2

2
f0

2 ~18!

and

(0)Ti
i52~] if0!22

1

2C
ḟ0

21
1

2 F(
i 51

3
1

ai
2 ~] if0!2G1

m2

2
f0

2 ,

~19!

and the first-order perurbation as
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dTh
h5

1

C
ḟ0~ ḋf!1

1

2
dghhḟ0

22
1

2C2
dghhḟ0

22
1

2
dgii ~] if0!2

1
1

2C

1

ai
2
dghh~] if0!21

1

ai
2 ~] if0!~] idf!1m2f0df

~20!

and

dTi
i52

1

ai
2 ~] if0!~] idf!2

1

C
ḟ0~ ḋf!2

1

2
dg00ḟ0

2

1
1

2C

1

ai
2
dgii ḟ0

22
1

2
dgii ~] if0!22

1

2

1

ai
4
dgii ~] if0!2

1m2f0df. ~21!

From Eq.~21! it is clear that the perturbation in pressu
is different in different directions anddpr5” dp' . This im-
plies that the velocity of perturbations will be different in th
radial and transverse directions.

V. JEANS INSTABILITY AND JEANS WAVE NUMBER

Any region with very slightly higher density will gravita
tionally attract matter from surrounding regions and there
increase in density. Correspondingly, any regions of den
lower than average will have matter removed by the grav
tional attraction of neighboring regions. So long as the pr
sure forces are negligible an overdense region is expecte
accrete material from its surroundings by the gravitatio
attraction and thus becoming even more dense. The dens
becomes, the more it will accrete, resulting in an instabi
which can ultimately cause the collapse of a fluctuation t
gravitationally bound object. Jeans calculations were don
the context of a static background fluid@5#. The theory of
instabilities of an expanding universe was given by Lifsh
in 1946 @21#. He also concluded that there exists a critic
wave numberkJ above which disturbances cannot grow b
can only oscillate like sound waves.

From the definition of sound velocity of adiabatic pertu
bations we get the expression for velocity perturbations
the radial direction,

vsr

2 5
dpr

dr
, ~22!

and in the tranverse direction,

vs'

2 5
dp'

dr
, ~23!

wheredpr anddp' denote the first-order fluctuation ampl
tudes of the corresponding quantities.

Let us take the scale factor as
9-3
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ai~ t !5t2/3@11bi~xi !#. ~24!

The termbi(xi) causes anisotropy in the scale factors, wh
we take as time independent. The above form of the s
factor gives a direction independent Hubble constant, a
expected in the actual case. Whenbi(xi)50 the above form
leads to the isotropic case. The Hubble constant and de
eration parameter are

H5
ȧ

a
5

2

3t
and q52

ä

a

1

H2
5

1

2
. ~25!

For k50, the spatially flat case@2#,

r5
1

6pGt2
. ~26!

The equation that tells us how or whether gravitational ins
bility leads to the growth of condensation in the expand
universe is given by Eq.~14! and for the present anisotrop
case we can rewrite it as

d̈12H ḋ1~vsi

2 Ki
224pGr!d50, ~27!

whereKi is the physical wave number@3,4# of perturbations
in the i th direction.

For a general specific heat ratiog, the pressure varies a
rg and the speed of sound is

vsr
5S gpr

r D 1/2

5S grg

r D 1/2

}r (g21)/2 ~28!

and

vs'
5S gp'

r D 1/2

5S grg

r D 1/2

}r (g21)/2,

and Eq.~26! implies that

t22}r. ~29!

From Eqs.~28! and ~29! we can find that

vs}t12g ~30!

and Eq.~27! now takes the form

d̈1
4

3t
ḋ1S L2

t2(g21)
2

2

3t2D d50 ~31!

where

L25t2(g21)vsi

2 Ki
2. ~32!

The solutions of Eq.~31! are

d6}t21/6J75/2~3Lt1/3! ~33!
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whereJn(x) are Bessel functions of the first kind. The Bess
function Jn(x) oscillates forx@1. For x,1, both growing
and damped modes are present and the growing modes d
nate over the decaying modes.

The critical conditionx51 gives

t1/3'L. ~34!

Equations~32! and ~34! together imply that

t22;6pGr;vsi

2 Ki
2 , ~35!

which corresponds to the classical Jeans criterion. Thus
get the classical Jeans length for the perturbations in thei th
direction as

lJi
52p/KJi

,

where

KJi

2 ;
6pGr

vsi

2
. ~36!

Equation ~36! shows that the Jeans length depends on
velocity of fluctuations in the radial and tranverse directio
and thus on the direction of wave propagation.

VI. DISCUSSION AND CONCLUSIONS

Chan et al. @11# showed that small anisotropies may,
principle, drastically change the stability of the system. H
rera and Santos@12# showed that for systems with aniso
tropic pressures instabilities may develop for masses of s
eral orders of magnitude smaller than the correspond
Jeans mass for an ideal locally isotropic gas. Khlopov a
co-workers@7# discussed the gravitational instability of a fre
scalar field and a self-interacting scalar field. The Jeans w
number is obtained from the solution of the dispersion re
tion of the perturbations of a scalar field. Jetzer and Scia
considered linear scalar mode perturbations and they
tained an expression for the Jeans wave number starting
the general relativistic wave equations and solving the d
persion relation@22#.

In the present work a scalar field approach to the Je
mass calculation is discussed. We discuss the possibilit
using the Jeans instability mechanism to form se
gravitating configurations from an anisotropic field distrib
tion. We consider the distribution of a matter field which
assumed to be locally anisotropic and is coupled to an an
tropic background space-time. The energy density and p
sure associated with the anisotropic matter field distribut
are evaluated. The vanishing of the expectation values of
nondiagonal components ofTmn allows one to treat the scala
field in complete analogy to the fluid distribution. The pr
meval density perturbations produced by the vacuum fluc
tions of the scalar field are considered and the Jeans crite
for structure formation is obtained. Considering the met
and matter field perturbations, it is found that for the pres
anisotropic case the perturbations of pressure in the ra
and tangential directions are different. This implies that
9-4
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velocity of perturbations will be different in the radial an
tangential directions. The Jeans instability is discussed
the Jeans wave number for the present case is evaluated
found that the Jeans length depends on the velocity of fl
tuations in the radial and transverse directions and thus
the direction of propagation of the fluctuations.
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