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Model of the universe including dark energy accounted for by both a quintessence field
and a „negative… cosmological constant
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~Received 9 July 2002; revised manuscript received 27 January 2003; published 17 April 2003!

In this work we present a model of the universe in which dark energy is modeled explicitly with both a
dynamical quintessence field and a cosmological constant. Our results confirm the possibility of a future
collapsing universe~for a given region of the parameter space!, which is necessary for a consistent formulation
of both string and quantum field theories. The predictions of this model for distance modulus of supernovae are
similar to those of the standardLCDM model.
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I. INTRODUCTION

From 1998 to date several important discoveries in
astrophysical sciences have been made, which have g
rise to the so-called new cosmology@1,2#. Among its more
important facts we may cite that the universe expands in
accelerated way@3,4#, and the first Doppler peak in the co
mic microwave background is strongly consistent with a
universe whose density is the critical one@5#, while several
independent observations indicate that matter energy de
is about one-third of the aforementioned critical dens
@6,7#. The last two facts imply that some unknown comp
nent of the universe ‘‘was missing’’; it is called dark energ
and it represents nearly two-thirds of the energy density
the universe. The leading candidates to be identified w
dark energy involve fundamental physics and include a c
mological constant~vacuum energy!, a rolling scalar field
~quintessence!, and a network of light, frustrated topologic
defects@8#.

On the other hand, an eternally accelerating unive
seems to be at odds with string theory, because of the im
sibility of formulating theS matrix. In de Sitter space th
presence of an event horizon, signifying causally disc
nected regions of space, implies the absence of asymp
particle states which are needed to define transition am
tudes @9,10#. This objection against accelerated expans
also applies to quantum field theory@11#.

Because of the above there is renewed interest in ex
nential quintessence, because in several scenarios expo
tial potentials can reproduce the present acceleration and
dict future deceleration, so again string theory has w
defined asymptotic states@10,12#. It is worthwhile noticing
that exponential quintessence had been so far overloo
because of fine-tuning arguments, but several authors h
recently pointed out that the degree of fine-tuning neede
these scenarios is no more than in others usually acce
@10,12–14#.
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The cosmological constant can be incorporated into
quintessence potential as a constant which shifts the pote
value, especially the value of the minimum of the potent
where the quintessence field rolls towards. Conversely,
height of the minimum of the potential can also be regard
as a part of the cosmological constant. Usually, for sepa
ing them, the possible nonzero height of the minimum of
potential is incorporated into the cosmological constant a
then set to be zero. The cosmological constant can be
vided by various kinds of matter, such as the vacuum ene
of quantum fields and the potential energy of classical fie
and may also be originated in the intrinsic geometry. So
there is no sufficient reason to set the cosmological cons
~or the height of the minimum of the quintessence potent!
to zero @15#. In particular, some mechanisms to generate
negative cosmological constant have been pointed
@16,17#.

The goal of this paper is to present a model of the u
verse in which the dark energy component is accounted
by both a quintessence field and a negative cosmolog
constant. The quintessence field accounts for the pre
stage of accelerated expansion of the universe. Meanw
the inclusion of a negative cosmological constant warra
that the present stage of accelerated expansion will be, e
tually, followed by a period of collapse into a final cosm
logical singularity~AdS universe!.

II. MODEL

Our scenario is a further generalization of that origina
proposed by Rubano and Scudellaro@13# ~also studied by us
in Ref. @18#!. We consider a model consisting of a thre
component cosmological fluid: matter, scalar field~quintes-
sence with an exponential potential!, and a negative cosmo
logical constant. We point out that we model dark ene
with both the quintessence field and the negative cosmol
cal constant, resulting in a positive effective cosmologi
constant, in agreement with experimental data@19#. ‘‘Mat-
ter’’ means barionic1 cold dark matter, with no pressure
and the scalar field is minimally coupled and noninteract
with matter, so the action is

S5E d4x A2gS c2

16pG
~R22L!1Lf1LmD , ~2.1!
©2003 The American Physical Society01-1
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whereL is the cosmological constant,Lm is the Lagrangian
for the matter degrees of freedom, and the Lagrangian for
quintessence field is given by

Lf52
1

2
f ,nf ,n2V~f!. ~2.2!

This model cannot be used from the very beginning of
universe, but only since decoupling of radiation and du
Thus we do not take into account inflation, creation of m
ter, nucleosynthesis, etc. We apply the same techniqu
adimensional variables we used in Ref.@18# ~this allows us
to determine the integration constants without additional
sumptions!. We use the dimensionless time variablet
5H0t, where t is the cosmological time andH0 is the
present value of the Hubble parameter. In this casea(t)
5a(t)/a(0) is the scale factor. Then we have that, at pres
(t50),

a~0!51,

ȧ~0!51,

H~0!51. ~2.3!

Considering a homogeneous and isotropic universe,
using the experimental fact of a spatially flat universe@20#,
the field equations derivable from Eq.~2.1! are

S ȧ

a
D 2

5
2

9
s2S D̄

a3
1

1

2
ḟ21V̄~f!1

3

2

L̄

s2D , ~2.4!

2
ä

a
1S ȧ

a
D 2

52
2

3
s2S 1

2
ḟ22V̄~f!2

3

2

L̄

s2D , ~2.5!

and

f̈13
ȧ

a
ḟ1V̄8~f!50, ~2.6!

where the dot means derivative in respect tot and

V̄~f!5B̄2e2sf, ~2.7!

X̄5
X

H0
2

S except for D̄5
D

a0
3H0

2
5

rm0

H0
2 D , ~2.8!

s25
12pG

c2
, ~2.9!

with rm0
—the present density of matter andB2—a generic

constant. We stress that the particular choice of Eq.~2.9! for
s allows for general exact integrations of equations. Inde
this choice has been used in the context of inflationary the
08350
e

e
t.
-
of

s-

nt

nd

d,
ry

@21–24#, and in the Rubano-Scudellaro model@13,18#. Ap-
plying the Noether symmetry approach@25,21,22,26#, it can
be shown that the new variables we should introduce to s
plify the field equations are the same used in Ref.@13#:

a35uv, ~2.10!

and

f52
1

s
lnS u

v D . ~2.11!

In these variables the field Eqs.~2.4!–~2.6! may be writ-
ten as the following pair of equations~from now on we use
the energy densityVL instead of the cosmological consta
L̄):

ü5
9VL

4
u, ~2.12!

and

v̈5
9VL

4
v1s2B̄2u. ~2.13!

The solutions of Eqs.~2.12! and ~2.13! are found to be

u~t!5u1sin~1.5A2VLt!1u2cos~1.5A2VLt!,
~2.14!

and

v~t!5S v22
s2B̄2

9VL
u22

s2B̄2

3A2VL

u1t D cos~1.5A2VLt!

1S v12
s2B̄2

9VL
u11

s2B̄2

3A2VL

u2t D sin~1.5A2VLt!,

~2.15!

whereu1 , u2 , v1, andv2 are the integration constants.
In finding the integration constants we use Eqs.~2.3! and

field equations evaluated att50, introducing the decelera
tion parameter of the universeq0. Finally, using Vm0

1VQ0
1VL51, the above integration constants can be w

ten in the following way:

u2
(6)56A3~22q021.5Vm0

23VL!

2s2B̄2
, ~2.16!

v2
(6)5

11
s2B̄2

9 VL
u2

2

u2
(6)

, ~2.17!

u1[6]
(6) 5

$A32@6#A11q021.5Vm0%

A23VL

u2
(6) , ~2.18!

and
1-2
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v1[6]
(6) 5

22A2VLv2
(6)u1[6]

(6)

A2VLu2
(6)

, ~2.19!

respectively. The subscript null indicates present values,
we recall thatV i are component densities~in units of the
critical density;m stands for matter,Q for quintessence field
andL for the cosmological constant!.

III. ANALYSIS OF RESULTS

We see from the expressions for the constants that
solution has four branches. We used the ‘‘all-pluses’’ bran
in which the upper plus signs are preferred over the low
minus ones.

Since A11q021.5Vm0
should be real, the following

constrain on the present value of the deceleration param
follows: q0>2111.5Vm0

. It can be noticed that the con
stants~and, consequently, the solutions! depend on four pa-
rameters:Vm0

, VL , q0, andB̄2. s2 is fixed, and from now

on we assign the value 3/2. In this normalization, toda
value of the critical density of the universerc0

59H(0)2/2 s253. In general, the experimental values f
Vm0

andq0 are model dependent, because these magnitu
are not directly measured~though Turner and Riess hav
developed a model-independent test for past decelera
@27#!. We choseVm0

50.3 andq0520.44, perfectly accept
able for most available models. Though we made calcu
tions for several values ofVL in the range20.01–20.30,
for simplicity we present results for20.15, bearing in mind
that they change little for other values. ConcerningB̄2, it
was shown analytically that the relevant cosmological m
nitudes we studied in this paper are independent of it. Tha
the case of the scale factor, the Hubble and deceleration
rameters, and the energy density, pressure, and state pa
eter of the quintessence field. However, it can be ea
shown thatB̄2 can be of the order of the critical density o
the universe@14#. From Eqs.~2.3!, ~2.10!, ~2.14!, and~2.15!
there can also be shown a relation between this param
and today’s value of the scalar fieldf0:

f052
1

s
ln

22q021.5Vm0
23VL

B̄2
. ~3.1!

The above considerations lead us to choose for subseq
calculationsB̄251, which just means a determined rescali
in f0. We postpone for further work the question of wheth
we need finely tuned initial conditions to get a determin
value off0.

Figure 1 shows the evolution of the scale factor forVL

520.15. For the above values of the other parameters,
obtained a collapsing universe, no matter what the value
VL . We also saw that with the decrease~modular increase!
of VL , the time of collapse diminishes.

Figure 2 shows the behavior of the deceleration param
as function of the redshiftz. In agreement with Turner an
Riess@27# and other authors, this figure shows that the
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celeration is a relatively recent phenomenon, being the tr
sition from the decelerated phase to the accelerated on
redshift near 0.5. However, as follows from Fig. 1, accele
tion is not eternal: in the futureq.0 again, which gives rise
to the collapse. Figure 3 shows the energy densities of ma
and dark energy~quintessence field plus cosmological co
stant, i.e., effective quintessence!. In the literature it is
widely accepted that using an exponential potential leads
dark energy density which scales like matter, which implie
constant ratio of quintessence to matter energy density
least in the matter domination regime@28,29,13#. But this is
a consequence of assuming the state parameterv of dark
energy almost perfectly constant, which in our case is
from being true, as seen in Fig. 3. We appreciate that ma
dominates in a redshift interval by 0.4–1.6, which is rough
consistent with the decelerated universe shown in Fig. 2.
higher redshifts dark energy dominates, but Fig. 4~state pa-
rameter of effective quintessence versus redshift! shows that
in that epoch its state parameter is positive. This points
past epoch in the evolution when gravity of the dark ene
was attractive, which is consistent with the deceleration,
with the increase of the deceleration parameter at higher
shifts ~given the fact that then both matter and dark ene
have attractive gravity!.

Now we proceed to make a first indirect check of o
model with the supernovae observations, in the same wa

FIG. 1. This plot of scale factor versus time shows a collaps
universe.

FIG. 2. The acceleration is a rather recent phenomenon, as
be seen in this graphic of deceleration parameter versus redsh
1-3
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is done in Ref.@13#. From these observations, we can ha
the distance modulusd of each supernova, which is the di
ference between its apparent and absolute magnitudesm
andM, respectively!:

d5m2M . ~3.2!

On the other hand, the distance modulus is related to
luminosity distancedL(z), through

d~z!55 log10dL~z!125. ~3.3!

The luminosity distance~in Mpc! can be calculated fo
each model, once the expression for the Hubble param
H(z) is known:

dL~z!53000~11z!E
0

z dz8

H~z8!
. ~3.4!

Having the expressions forH(z) of both the cold dark
matter model with a cosmological constant (LCDM) and
our model, we used Eqs.~3.4! and ~3.3! to plot distance
modulusd(z) versus redshiftz. So, in Fig. 5 we just compare
the predictions of our model with those of theLCDM one.
We observe that towards higher redshifts, the relative de
tions grow up to near 2% atz51. Possible causes are th

FIG. 3. Matter energy density dominates in a redshift inter
from 0.4 to 1.6~roughly!.

FIG. 4. The state parameter of dark energy~quintessence field
plus cosmological constant! is far from being constant.
08350
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different dynamics in the energy densities budget in th
two models~as seen in Fig. 3, in our model matter domin
tion becomes greater as one runs fromz50.4 back toz
51), and the abrupt change in the state parameter of d
energy in this interval, as seen in Fig. 4~in LCDM modelv
is constant!. In fact, supernovae observations are though
be useful to determine the value ofv for dark energy, but
there is considerable controversy concerning the possib
of doing this @30,31#. Indeed, it is known that luminosity
distance has small sensitivity respect to the variation of
state parameterv(z) of dark energy, because the comple
integral relation between these magnitudes smears out
differences. For instance, in Ref.@30# it is shown how nine
different models of dark energy give similar predictions f
luminosity distance~but also see Ref.@31#!. Anyway, it is
known that, after proper fitting, the standardLCDM model
makes satisfactory predictions for theobserveddistance
moduli of the supernovae, which means that, in the con
of this qualitative discussion, we have a first indication th
our model will also do that. We made a rough prelimina
calculation with one of the other branches and also got m
mum differences withLCDM model predictions near 2% a
z51. Thus we guess that the integral relation~3.4! @and
probably the logarithmic one~3.3!# could smooth the differ-
ent ‘‘initial’’ expressions forH(z) that every model supply
into ‘‘final’’ similar predictions for luminosity distances an
distance moduli. Anyway, we postpone this issue for furth
work, in the context of the comparison with the real data

IV. CONCLUSIONS

In a recent paper@15# it was pointed out that the ultimat
fate of the evolution of our universe is much more sensit
to the presence of the cosmological constant than any o
matter content. In particular, the universe with a negat
cosmological constant will always collapse eventually, ev
though the cosmological constant may be nearly zero
undetectable at all at the present time. Our results suppor
very general assertions of Ref.@15#, we have shown that for

l FIG. 5. The predictions of our model andLCDM model for
distance moduli of supernovae are quite similar, the maximum r
tive deviations are of about 2%.
1-4
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a determined region of the parameter space, the univ
collapses. This also favors the consistent formulation
string and quantum field theories, as explained in the In
duction. The predictions of our model for distance mod
from the supernovae are very similar to those made by
standardLCDM model. So far, we have investigated one
the several possible branches of the solution, leaving for
future the investigation of the others. We have also reser
for future work the careful examination of this universe ne
d
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its beginning~i.e., just after the decoupling of matter an
radiation!.
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