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Thermal pions at a finite isospin chemical potential

Marcelo Loewe and Cristia´n Villavicencio
Facultad de Fı´sica, Pontificia Universidad Cato´lica de Chile, Casilla 306, Santiago 22, Chile
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The density corrections, in terms of the isospin chemical potentialm I , to the mass of the pions are studied
in the framework of the SU(2) low-energy effective chiral Lagrangian. The pion decay constantf p(T,m I) is
also analyzed. As a function of temperature form I50, the mass remains quite stable, starting to grow for very
high values ofT, confirming previous results. However, there are interesting corrections to the mass when both
effects~temperature and chemical potential! are simultaneously present. At zero temperature thep6 should
condensate whenm I57mp . This is no longer valid at finiteT. The mass ofp0 acquires also a nontrivial
dependence onm I due to the finite temperature.
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Pions play a special role in the dynamics of hot hadro
matter since they are the lightest hadrons. Therefore,
quite important to understand not only the temperature
pendence of the pions’ Green functions but also their beh
ior as a function of density, through the chemical potent
The dependence of the pion mass and decay constan
temperaturemp(T), f p(T) has been studied in a variety o
frameworks, such as thermal QCD sum rules@1#, chiral per-
turbation theory~low temperature expansion! @2#, the linear
sigma model@3,4#, mean field approximation@5,6#, virial
expansion@7,8#, etc. In fact, pion propagation at finite tem
perature has been calculated at two loops in the frame
chiral perturbation theory@9,10#. There seems to be a reaso
able agreement thatmp(T) is essentially independent ofT,
except possibly near the critical temperatureTc where
mp(T) increases withT and thatf p(T) vanishes for the criti-
cal temperature.

The introduction of in-medium processes via an isos
chemical potential has been studied at zero temperature@11–
13# in both phases (um I u"mp) at the tree level. The problem
with both temperature and density has been worked out
the baryonic chemical potential with chiral perturbati
theory@14#. It is also possible to find a certain region of th
stable pion gas in which the pion number is locally co
served@15#.

Usually, there are two procedures to extract the inform
tion of mp and f p in the frame of chiral perturbation theory
The first one is to compute the axial-axial correlator wh
provides us with the decay constant and the mass correc
@2,9,16#,

E d4xeipx^0uAm
a ~x!An

b~0!u0&5dab
pmpn f p

2

p22mp
2

. ~1!

In the second method, radiative corrections to the propa
tors are considered together with the realization of PC
~partial conservation of axial vector current!, ^0uAm

a upb(p)&
5 ipmdabf p , making then use of appropriate counterterm
The use of counterterms is not necessary in the axial-a
correlator method. We have checked that both methods
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the same answers. Let us proceed in the frame of the SU
chiral perturbation theory. The most general chiral invaria
expression for a QCD-extended Lagrangian,@16,17# under
the presence of external Hermitian-matrix auxiliary field
has the form

LQCD~s,p,vm ,am!5LQCD
0 1q̄gm~vm1g5am!q

2q̄~s2 ig5p!q, ~2!

wherevm , am , s, andp are vector, axial, scalar, and pse
doscalar fields. The vector current is given by

Jm
a 5 1

2 q̄gmtaq. ~3!

When v,a,p50 ands5M , M5diag(mu ,md) being the
mass matrix, we obtain the usual QCD Lagrangian. This p
cedure is formal, in the sense that we reproduce the u
QCD Lagrangian with current masses. However, we wo
like to notice that a scalar field in chiral Lagrangian mod
the spontaneous break of chiral symmetry through a non
nishing vacuum expectation value. In this sense if we ta
for s5M , these masses should be actually constituent qu
masses, while in the QCD Lagrangian we have curr
masses. Nevertheless, this is a formal step which tries on
motivate what follows in the context of effective pion La
grangian.

The effective action with finite isospin chemical potent
is given by

LQCD
I 5LQCD~M ,0,0,0!1maumJm

a 5LQCD~M ,0,mum,0!
~4!

where ma5(0,0,m I) is the third isospin component,m
5mata/2, andum is the four-velocity between the observ
and the thermal heat bath. This is required in order to
scribe this system in a covariant way, where the Lore
invariance is broken since the thermal heat bath represen
privileged frame of reference.
©2003 The American Physical Society34-1
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Proceeding in the same way, now in the low-energy
scription where only pion degrees of freedom are releva
let us consider the most general chiral invariant Lagrang
ordered in a series of powers of the external momentum.
will start with theO(p2) chiral Lagrangian

L25
f 2

4
Tr@~DmU !†DmU1U†x1x†U#, ~5!

with

DmU5]mU2 i @vm ,U#2 i $am ,U%,

x52B~s1 ip !,

U5Ū1/2~eipata/ f !Ū1/2. ~6!

Ū is the vacuum expectation value of the fieldU andB in the
previous equation is an arbitrary constant which will be fix
when the mass is identified setting (mu1md)B5m2. The
most generalO(p4) chiral Lagrangian has the form

L45a1$Tr@~DmU !†DmU#%21a2Tr@~DmU !†DnU#

3Tr@~DmU !†DnU#1a3~Tr@xU†1Ux†# !21a4

3Tr@~DmU !†DmU#Tr@xU†1Ux†#

1a5@LmnURmnU†#1 ia6Tr@LmnDmU~DnU !†

1Rmn~DmU !†DnU#1a7~Tr@xU†2Ux†# !2

1a8Tr@xU†xU†1Ux†Ux†#

1a9Tr@LmnLmn1RmnRmn#1a10Tr@x†x#, ~7!

with

Lmn5]ml n2]nl m1 i @ l m ,l n#, l m5vm2am ,

Rmn5]mr n2]nr m1 i @r m ,r n#, r m5vm1am . ~8!

The different coupling constantsa i in the previous ex-
pression are related to the couplings introduced in@18#. Here
we use the prescription of@19#.

The effective action with finite chemical potential
terms of pion degrees of freedom has the same form as
~4!, where the different external fields are defined in Eq.~6!.
In this paper we will consider one loop corrections, up to
fourth order in the fields, to the LagrangianL2 and the free
part, i.e., the tree level part ofL4 with renormalized fields.
This procedure is standard@16,20#. We will concentrate on
the phase wherem I,mp , where the vacuum expectatio
valueŪ51. The interacting partL4 involves higher powers
in the momentum of the pion fields. The constantsa i present
in L4 are known from decay and scattering measureme
Therefore, we have the following LagrangiansLi , j :
07403
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L2,25
1

2
@~]p0!22m2p0

2#1u] Ipu22m2upu2,

L2,45
1

4!

m2

f 2
p0

41
1

6 f 2
@24u] Ipu2upu21~]upu2!2

1m2~ upu2!2#1
1

6 f 2
@22u] Ipu2p0

2

22~]p0!2upu21]p0
2]upu21m2p0

2upu2#,

L4,252
m2

f 2 F l 4u] Ipu22m2~ l 31 l 4!upu21
1

2
l 4~]p0!2

2
1

2
m2~ l 31 l 42eud

2 l 7!p0
2G ~9!

with l i the original parameters of Gasser and Leutwyle
SU(2) Lagrangian,

l 458a4 ,

l 3516a318a828a4 ,

l 75216a728a8 , ~10!

where the subindices (i , j ) in the Lagrangian denote th
order in powers of momentum and fields, respectively, a

] I 6[]6 im Iu.

This definition of the covariant derivative is natural, since w
know @21,22# that the chemical potential is introduced as t
zero component of an external ‘‘gauge’’ field. In the previo
expression,

upu2[p1p2, u] Ipu25~] Ip!1~] Ip!2 .

We will neglecteud
2 5(mu2md)2/(mu1md)2 because it only

shifts in a small quantity the neutral pion mass and we
interested in the thermal and density evolution of the mas

For renormalizing with counterterms we introduce the f
lowing decomposition:

Le f f5L2,21L2,4
r 1L 4,2

r ,

L2,25L 2,2
r 1dL, ~11!

where ther index denotes the Lagrangian with renormaliz
fields.

Settingp05AZ0p0
r andp65AZ6p6

r in L2,2, we have

dL5 1
2 dZo

@~]p0
r !22m2~p0

r !2#1dZ6
@] Ip

r u22m2up r u2#

~12!

with dZi
5Zi21.

First, let us consider the temperature and density cor
tions to the pion propagator. Since our calculation will be
4-2
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the one loop level, we do not need the full formalism
thermo-field dynamics, including thermal ghosts and ma
propagators. The propagator

D6~x!5D~x;6m I !1Db~x;6m I ! ~13!

for charged pions at the tree level will be given by an ext
sion, for a nonvanishing chemical potential, of the w
known Dolan-Jackiw propagators for scalar fields@21#. Note
that since there is no chemical potential associated with
neutral pion, the thermal propagatorD0 will be the usual one

D0~x!5D~x;0!1Db~x;0!, ~14!

where, in momentum space

D~k;6m I !5
i

k6
2 2m21 i e

,

Db~k;6m I !52pnB~ ukuu!d~k6
2 2m2!, ~15!

with

k6[k7m Iu, nB~x!5
1

ebx21

the shifted momentum and the Bose-Einstein factor.
We will use the modified minimal subtraction schem

and we renormalize as usual atT50, since the thermal cor
rections are finite. The self-energy for charged and neu
pions including the counterterms has the form

S6~p!5@A62dZ6
#p6

2 2@A68 2dZ6
#m21A69 up6 ,

S0~p!5@A02dZ0
#p22@A082dZ0

#m2 ~16!

with

A65
1

3 f 2
@D6~0!1D0~0!#22

m2

f 2
l 4 ,

A68 5
1

6 f 2
@2D6~0!2D0~0!#22

m2

f 2
~ l 31 l 4!,

A69 5
2

f 2
u]D6~0!,

A05
2

3 f 2
D6~0!2

m2

f 2
l 4 ,

A085
1

6 f 2
@3D0~0!22D6~0!#2

m2

f 2
~ l 31 l 4!.

~17!

Our prescription to fix the countertermdZ6
is to impose

that S does not depend onp2, so,dZi
5Ai . In this way, the

renormalized propagators will take the form
07403
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r ~p!215p6

2 2A69 up62m2@12A68 1A6#,

iD0
r ~p!215p22m2@12A081A0#, ~18!

wherea i terms absorb the divergences

l i5
g i

32p2 F l̄ i1 ln
4pm2

L2
2

2

d24
2g11G ~19!

in which theg i terms are tabulated@16,20#, L being a scale
factor.

We identify mp1 and mp2 from the solution of
D6

r (p)21up5050 in the frame where the heat bath is at re

@u5(1,0)#. We get the well known result forT5m I50,

mp5m~12ap l̄ 3/4! ~20!

is identified with the physical mass.ap5(mp/4p f p)2 is the
perturbative term that fixes the scale of energies in the the
~for energies below 4p f p) so we neglect theO(g2) factors.
This allows us to setm'mp in all radiative corrections~and
also f ' f p). The procedure is the same formp0.

It is important to remark that radiative corrections w
leave a dependence on the chemical potential for the p
mass only for finite values of temperature. In a strict sen
this procedure does not allow us to say anything new for
eventual chemical potential dependence of the massesT
50 ~cold matter! which is already included inL2. In this
case,T50, we have to follow the usual procedure@11,12#,
of computing the minimum of the effective potential inL2
when the chemical potential is taken into account, witho
considering radiative corrections. This enables us to iden
a phase structure where a nontrivial vacuum appears
higher values ofm I , um I u.mp characterized by the appea
ance of a condensate^p2&. ~The opposite occurs for nega
tive values of the chemical potential, where the vacuum s
is a condensatêp1&.! At T50 whenm I5mp , the mass of
p2 vanishes.

For finite T andm I , we find the following expression fo
the masses:

mp6~T,m I !5mp@11apI 06~m I /mp24apJ!#,

mp0~T,m I !5mp@11ap~2I 2I 0!#, ~21!

with

I 5E
1

`

dxAx221@nB~mpx2m I !1nB~mpx1m I !#,

J5E
1

`

dx xAx221@nB~mpx2m I !2nB~mpx1m I !#,

I 05I ~m I50!. ~22!

Note that our convention for the chemical potential sign
contrary to the one adopted in the paper by Kogut and T
blan @12#, who extended previous results by Son and Step
nov @11#.
4-3



es

ra
ca
th
i
l

-

re

f
is
e

ith
pi

de
he

s
es,

M. LOEWE AND C. VILLAVICENCIO PHYSICAL REVIEW D 67, 074034 ~2003!
If the chemical potential of the charged pions vanish
i.e., for symmetric matter, at finiteT we get the well known
result for mp(T) due to chiral perturbation theory@2#; see
also@3#. However, due to radiative corrections to the neut
pion propagator, its mass will acquire a nontrivial chemi
potential dependence for finite values of temperature. In
approach where the minimum of the effective potential
calculated~for finite m I andT50), the mass of the neutra
pion remains constant.

We show in Fig. 1 a tridimensional picture for the behav
ior of the mass of the neutral pion. Note that whenm I50,
mp0

(T)5mp6(T).
From Fig. 2 we see that at zero temperature, we ag

with the usual prediction,mp
15mp1m I . In fact, at zero

temperaturep1 should condensate whenm I52mp ~the in-
verse situation occurs forp2). Now, this situation changes i
temperature starts to increase. The condensation point d
pears atm I52mp ; in m I5mp the mass starts to decreas
For smallT ~for example, inside an neutron star!, this effect
is negligible.

In connection with the behavior off p(T,m I) when m I
,mp , we have make used of PCAC, which provides us w
a relation between the renormalized propagator and the
decay constant.

The axial vector current is obtained as the functional
rivative of the action with respect toam

a , with am5am
a ta/2,

Am
a 5

dS
dam

a
~M ,0,mum,0!. ~23!

FIG. 1. mp0 as a function ofT andm I in units of mp .

FIG. 2. mp1 as a function ofm I for a fixedT.
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The axial vector current is

A(1,1)m
6 52 f ~]m

I p!6,

A(1,3)m
6 5

2

3 f
$p0@p0~]m

I p!62p6]mp0#

1p6@p7~]m
I p!62p6~]m

I p!7#%,

A(3,1)m
6 52

m2

f
2l 4~]m

I p!6,

A(1,1)m
0 52 f ]mp0,

A(1,3)m
0 5

2

3 f
$2upu2]mp02p0]mupu2%,

A(3,1)m
0 52

m2

f
2l 4]mp0. ~24!

Now, the effective axial current atO(p3) will be

Am
i [A(1,1)m

i 1A(1,3)m
ir 1A(3,1)m

ir 5AZiA(1,1)m
ir 1A(1,3)m

ir 1A(3,1)m
ir

~25!

with i 5$6,0%. We will take

AZi5A11dZi
.11 1

2 dZi
1O~dZi

2 !.

The values of thedZi
are the same as those obtained in t

mass renormalization.
After taking into account the different tadpole diagram

which correct the coupling of the current to one pion stat
we find

FIG. 3. f p0
as a function ofT for a fixedm I .

FIG. 4. f p6 as a function ofT for a fixedm I .
4-4
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^0uAm
6up7~p!&5 ip6m@ f p2 f 2ap~ I 1I 0!#6 ium f ap8J,

^0uAm
0 up0~p!&5 ipm@ f p2 f 4apI #, ~26!

with

f p5 f ~11ap l̄ 4!. ~27!

Now, we can setf . f p , m.mp in all O(ap) terms, since
any correction will be of orderap

2 ~including ap); then we
define the effective decay constant as the part proportion
pm , so

f p6~T,m I ![ f p@122ap~ I 1I 0!#,

f p0~T,m I ![ f p@124apI #. ~28!

FIG. 5. T,m I phase diagram for pion condensation.
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For m I50 we agree with the well known results of Gass
and Leutwyler@2#. For an increasing finite chemical poten
tial, the f p(T) couplings decrease faster~Figs. 3 and 4!. This
effect is enhanced forf p0

(T) and is related to the fact tha
f p0

(T)only receives radiative corrections from charged pi
tadpoles.

In heavy ion collisions, a finite value ofm I means that, at
least locally, we would expect more pions with defini
charge than in the symmetric case. According to this pictu
the production rate of dileptons from pion annihilatio
should be suppressed. Probably, the detection of such kin
effects will demand a higher center-of-mass energy.

In order to explore the region whereum I u.mp , associated
with a new phase where the condensates occur, we nee
redefine our fields as fluctuations around the configura
corresponding to a minima of the effective potential inL2.
At present we are working on it, but it is possible to extrap
late, forT!mp andm I;mp , the condensation point in suc
a way that we actually remain in the first phase. Howev
the curve in them I-T plane that separates both phases is o
reliable in the parameters region mentioned before, wher
the thermal factors in Eq.~22! we have taken the approxima
tion nB(mpx6m I). exp@2b(mpx6mI)#. A complete analy-
sis of the phase can be found in@23#. The phase diagram is
shown in Fig. 5 in accordance with@11#. However, for higher
values ofm I changes abruptly and our approximation is
longer valid.
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