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Compact stars with color superconducting quark matter
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We study compact stars that contain quark matter. We look at the effect of color superconductivity in the
quark matter on the nuclear-quark matter transition density, mass-radius relationship, and the density discon-
tinuity at the boundary between nuclear and quark matter. We find that color superconducting quark matter will
occur in compact stars at values of the bag constant where ordinary quark matter would not be allowed. We are
able to construct ‘‘hybrid’’ stars with a color superconducting quark matter interior and nuclear matter surface,
with masses in the range 1.3– 1.6M ( and radii 8–11 km. Our results are consistent with recent mass-radius
limits based on absorption lines from EXO0748-676.
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I. INTRODUCTION

If matter is compressed far enough beyond nuclear d
sity then there is a transition from nuclear matter to qu
matter. It is becoming widely accepted that quark matter w
typically be in a color-superconducting phase@1–5#, in
which the quarks near the Fermi surface form Cooper p
which condense, breaking the color gauge symmetry~for re-
views, see Ref.@6#!. The pairing pattern favored at suffi
ciently high density is the color-flavor locked~CFL! phase in
which up-down, down-strange, and up-strange Cooper p
all form, allowing quarks of all three colors and all thre
flavors to pair@5#.

One of the most likely locations for quark matter in natu
is the interior of compact stars, where pressure due to gra
drives the density above nuclear density, and the tempera
is low compared with nuclear or quark energy scales. Vari
possible signatures of color superconductivity in comp
stars have been studied, mostly focusing on transport p
erties~for a recent review, see Ref.@7#!. Although the effect
of unpaired quark matter on the compact star mass-ra
relationship is an active area of research@8–10#, the conse-
quences of color superconducting quark matter have not
been investigated.

The contribution of color superconductivity with gapD to
the pressurep of quark matter is of orderm2D2, which is
dominated by the leading orderm4 contribution from the
Fermi sea. However, quark matter must also pay a fr
energy cost, the bag constantB, relative to the confined
vacuum:

p;
3

4p2 m41
3

p2 D2m22B. ~1.1!

If the bag constant is large enough so that nuclear matter
quark matter have comparable pressures at some density
occurs in compact stars, then the superconducting gapD may
have a large effect on the equation of state and hence on
mass-radius relationship of a compact star. A similar ob
vation has been used recently to show that the region
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model space where strange quark matter is absolutely st
is influenced by superconductivity@11#.

In this paper we study the gross structure of comp
stars, taking into account the possibility of a CFL quar
paired phase of quark matter, as well as unpaired quark m
ter ~UQM!. We treat the quark matter as a Fermi sea of f
quarks with an additional contribution to the pressure fro
the formation of the CFL condensate. We treat the nucl
matter as consisting only of protons, neutrons, and electr
and either obtain the nuclear equation of state from the W
lecka model of nuclear interactions, or use the Akm
Pandharipande-Ravenhall 1998~APR98! equation of state
@12#.

In order to find the effects of color superconductivity, w
allow all the phases to compete with each other, selecting
highest pressure phase at each value of the quark chem
potential. If local electrical neutrality is imposed, this lea
to sharp interfaces between the different phases. If a glob
neutral interpenetration of two charged phases is allow
this leads to mixed phases. We study both possibilities.
survey the parameter space of the quark matter, coverin
range of values of the bag constantB, the strange quark mas
ms , and the color superconducting gapD. In Sec. II we
explain our calculation of the equations of state for nucl
and quark matter. In Sec. III we obtain the resultant ma
radius relationships, paying particular attention to the ma
mum masses that can be obtained. Section IV presents
conclusions.

II. EQUATIONS OF STATE

For nuclear matter we use the Walecka equation of st
which allows us to calculate the pressure for any qu
chemical potentialm and electron chemical potentialme , and
hence to construct mixed phases. In Sec. III C we will a
show results for the APR98 equation of state, which is o
tained using nonrelativistic variational methods starting fro
a Hamiltonian that reproduces known nucleon-nucleon s
tering data. For nuclear matter at very low densities we
the tabulated Negele-Vautherin@13# and Baym-Pethick-
©2003 The American Physical Society24-1
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Sutherland@14# equations of state.

A. Walecka equation of state

We use the Walecka model as described in@15# and cali-
brated in@16#. The free energy density is

Vnuclear~mn ,me!5
1

p2 S E
0

kFn
dkk2

„«n~k!2mn…

1E
0

kFp
dkk2

„«p~k!2mp…D
1

1

2
~ms

2s22mv
2 v22mr

2r2!

1U~s!2
me

4

12p2 , ~2.1!

where

«n~k!5Ak21mN*
21gvNv2

1

2
grNr, ~2.2!

«p~k!5Ak21mN*
21gvNv1

1

2
grNr, ~2.3!

are the neutron and proton single particle energies in
mean field approximation. The corresponding Fermi m
mentakFn andkFp , which minimize the free energy at fixe
baryon and electron chemical potentials, are given by solv

«n~kFn!5mn ,
~2.4!

«p~kFp!5mp ,

where weak interaction equilibrium setsmp5mn2me , and

ms
2s5gsN„ns~kFn!1ns~kFp!…2

dU

ds
,

mv
2 v5gvN„n~kFn!1n~kFp!…, ~2.5!

mr
2r5

1

2
gr„n~kFp!2n~kFn!….

The nucleon number densityn and scalar densityns for
nucleons with Fermi momentumkF are

n~kF!5
1

p2 E
0

kF
dkk25

kF
3

3p2 ,

~2.6!

ns~kF!5
1

p2 E
0

kF
dkk2

mN*

Ak21mN*
2

,

where

mN* 5mN2gsNs ~2.7!
07402
e
-

g

is the nucleon effective mass, which is reduced compare
the free nucleon massmN due to the scalar fields, taken to
havems5600 MeV. The scalar self-interaction term is

U~s!5
b

3
mN~gsNs!31

c

4
~gsNs!4, ~2.8!

whereb andc are dimensionless coupling constants. The fi
coupling constants,gsN , gvN , grN , b, andc, are chosen as
in Ref. @16# to reproduce five empirical properties of nucle
matter at saturation density: the saturation density itsel
n050.16 fm23; the binding energy per nucleon is 16 MeV
the nuclear compression modulus is 240 MeV; the nucle
effective mass at saturation density is 0.78mN ; and the sym-
metry energy is 32.5 MeV.

The charge density in nuclear matter is

Qnuclear5
]Vnuclear

]me
~2.9!

which is just the number density of protons minus that
electrons. In bulk matter one requiresQnuclear50, but not in
mixed phases~Sec. II E!.

B. Unpaired quark matter equation of state

In noninteracting unpaired quark matter~UQM!, and ne-
glecting the light quark masses, the free energy density

VUQM~m,me!5
3

p2 E
0

nu
p2~p2mu!dp1

3

p2

3E
0

nd
p2~p2md!dp1

3

p2

3E
0

ns
p2~Ap21ms

22ms!dp, ~2.10!

where the Fermi momenta are

nu
25mu

22mu
2, where mu5m2

2

3
me ,

nd
25md

22md
2, where md5m1

1

3
me , ~2.11!

ns
25ms

22ms
2, where ms5m2

1

3
me .

Differentiating with respect tome , we obtain the charge den
sity

QUQM5
2m2me

p2 2
2m

3p2 S me
21

3

4
ms

2D2
ms

2me

6p2

1OFms
4

m
,
ms

4me

m2 G . ~2.12!
4-2



in

te
s
s
e
or
a
F

i
xc
e
fo

r-

n in
Be-
rk
ight
-

to

-

-
e

iring
gap
ly,
ill

his
n of
uld

rks
w-
del
nal
ure
ntial

e

a-

use
pi-
the

er,
s-
ten-

e
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C. CFL quark matter equation of state

We describe the CFL phase using the free energy

VCFL~m,me!5VCFL
quarks~m!1VCFL

GB ~m,me!1Velectrons~me!.
~2.13!

The contribution to Eq.~2.13! from the quarks is@6,17#

VCFL
quarks5

6

p2 E
0

n

p2~p2m!dp1
3

p2

3E
0

n

p2~Ap21ms
22m!dp2

3D2m2

p2 1B,

~2.14!

where the quark number densities arenu5nd5ns5(n3

12D2m)/p2 and the common Fermi momentum is

n52m2Am21
ms

2

3
. ~2.15!

The first two terms give the free energy of the noninteract
quarks, while the third term is the lowest order~in powers of
D/m! contribution from the formation of the CFL condensa

The contribution to Eq.~2.13! from the Goldstone boson
arising due to breaking of chiral symmetry in the CFL pha
is denotedVCFL

GB (m,me). The effective theory describing th
octet of mesons has been studied extensively in earlier w
@18#. When the electron chemical potential exceeds the m
of the lightest negatively charged meson, which in the C
phase is thep2, these mesons condense@19,20#. The free
energy in this case is given by

VCFL
GB ~m,me!52

1

2
f p

2 me
2S 12

mp
2

~me!
2D 2

, ~2.16!

where the parameters are@18#

f p
2 5

~2128 ln 2!m2

36p2 , mp2
2

5
3D2

p2f p
2 ms~mu1md!.

~2.17!

Finally, the contribution to Eq.~2.13! from electrons is

Velectrons~me!52
me

4

12p2 . ~2.18!

Unlike the UQM phase, in the CFL phase there is a gap
the quark excitation spectrum, and the lightest charged e
tations correspond to pions and kaons. The charge susc
bility in this phase is determined by the effective theory
these collective modes. The electric charge density~carried
by the pion condensate! induced by a electron chemical pa
ticle is given by@20#

QCFL52 f p
2 meF12

mp
4

me
4 G . ~2.19!
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Meson condensation can occur in the CFL phase eve
the absence of an electric charge chemical potential.
daque and Schaefer@19# have shown that the strange qua
mass introduces a stress on the CFL state and that m
result in the condensation ofK0 mesons. Condensation oc
curs whenms

2/2m>mK0, wheremK0 is the mass of theK0

meson in the CFL phase. The free energy due
K0-condensed phase is

VCFL
GB ~m!52

1

2
f p

2
ms

4

4m2 S 12
4m2mK0

2

ms
4 D 2

, ~2.20!

where the kaon mass@18#

mK0
2

5
3D2

p2f p
2 mu~md1ms!. ~2.21!

From Eq. ~2.20! we see that the free energy due toK0

condensation is an orderms
4 effect and thereby small com

pared to theD2m2 contribution to the free energy forD
;100 MeV. For this reason we neglectK0 condensation in
this study.

D. Is color superconductivity important for bulk structure?

We see from Eq.~2.14! that color superconductivity con
tributesO(m2D2) to the free energy, which is small relativ
to the kinetic energy density which isO(m4). This well-
known suppression is a consequence of the fact that pa
is a Fermi surface phenomena and the superconducting
is usually small compared to the chemical potential. Naive
this would lead us to conclude to that superconductivity w
not greatly affect the equation of state of quark matter. If t
were true, we should expect that the mass-radius relatio
neutron stars containing superconducting quark matter wo
be nearly identical to those constructed in earlier wo
wherein the role of superconductivity was neglected. Ho
ever, the situation is more complicated. In the bag mo
description of quark matter, the free energy gets an additio
contribution due to the bag constant. The kinetic press
and bag pressure cancel when the quark chemical pote
has value

m05S 4p2B

3 D 1/4

1OS ms
2

m D . ~2.22!

Thus, for a givenB, there is a narrow window in quark
chemical potential in which the pairing contribution to th
pressure is dominant. In the vicinity ofm0 , superconductiv-
ity will therefore make a significant contribution to the equ
tion of state of quark matter. ForB1/4 in the range 150–200
MeV (B566– 210 MeV/fm3), we find m0.320– 400 MeV.
This is an interesting range of chemical potentials beca
the phase transition from nuclear matter to quark matter ty
cally occurs here. Further, and perhaps more importantly,
pairing contribution to the pressure of CFL quark matt
PD53D2m2/p2, can be comparable or larger than the pre
sure in the nuclear phase at the same baryon chemical po
tial. Superconductivity will thereby significantly influenc
4-3
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TABLE I. Properties of the nuclear-quark phase transition for various bag constantsB and color-
superconducting gaps. Nuclear matter is treated using the Walecka model. The size of the gap has a
cant effect on the pressure at which the phase transition occurs and the densities of the two phases

Bag constant CFL Chemical Transition Nuclear CFL
B1/4 B gap potential pressure density density

~MeV! ~MeV/fm3! ~MeV! ~MeV! ~MeV/fm3! ~nsat) (nsat)

190 169.6 0 422.5 111.5 3.464 5.833
190 169.6 50 408.2 88.68 3.158 5.405
190 169.6 100 365.4 33.79 2.149 4.295
170 108.7 0 352.6 21.62 1.805 3.297
170 108.7 50 338.4 10.77 1.382 3.033
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the critical chemical potential at which the transition fro
nuclear to quark matter occurs. This is clear from Fig.
where the transition from NM to QM occurs at a much low
pressure for CFL QM (a→b) than for unpaired QM (c
→d). The critical chemical potential for the transition fo
different values of the bag constant and the superconduc
gap are shown in Table I.

E. Mixed phases

In the preceding discussion we have enforced local cha
neutrality in the nuclear and quark phases. We have
glected the possibility of having a mixed phase, at finiteme ,
containing positively charged nuclear matter coexisting w
negatively charged CFL matter@21#. Such a possibility was
considered in Ref.@22# where the bulk free energy differenc
between the homogeneous phases and the heteroge
mixed phase was calculated. The free energy difference
tween the homogeneous phase and the mixed phase
found to be quite small. If one accounted for the additio
surface energy cost in the mixed phase, it was found
even modest values of the surface tension,sNM-CFL
;30 MeV/fm2 were sufficient to disfavor the mixed phas
Nonetheless, we consider this possibility in this work for tw
reasons. First, the surface tension between the nuclear m
and CFL matter is poorly known. Second, in the case
unpaired quark matter, allowing for a mixed phase has b
shown to significantly affect the equation of state over a w
range of pressures and consequently modify the mass-ra
relation. This indicates that the superconducting case w
rants investigation.

The procedure to construct the mixed phase betw
nuclear matter and CFL matter was outlined in Refs.@21,22#.
We follow the same prescription here but briefly note so
salient features which distinguish the nuclear-CFL mix
phase from the mixed phase between nuclear matter and
paired quark matter. The volume fraction of the nuclear a
quark phases in the mixed phase is determined by the
quirement of global charge neutrality. Denoting the cha
density of the nuclear phase byQnuclearand the charge den
sity of the CFL phase asQCFL , the volume fraction of the
CFL phase is

x5
VCFL

V
5

Qnuclear

Qnuclear2QCFL
. ~2.23!
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The energy density of the mixed phase is the volum
weighted average of the individual energy densities and
given bye5xeCFL1(12x)enuclear. From Eq.~2.23!, we see
that, if at fixed electron chemical potential the negati
charge density of the quark phase is large its volume frac
will be correspondingly smaller. This is important becau
the charge susceptibilities of the normal and superconduc
phases are quite distinct. In the normal phase it is eas
furnish electric charge since there is no gap in the spect
for quarks. The electric charge densities of the nuclear ma
~Walecka!, unpaired quark matter, and CFL quark mat
phases are given in Eqs.~2.9!, ~2.12!, and~2.19!.

For typical quark and electron chemical potentials e
countered in the neutron star context one finds that
charge density in the normal phase is significantly larger.
example, when m5400 MeV, ms5150 MeV, me

5100 MeV andmK530 MeV, the charge density in the no
mal phaseQUQM520.32 fm23, while in the CFL phase
QCFL520.09 fm23 ~note that neutral CFL QM hasme50
@17#, so the charge density in CFL is due to thep2 density
induced byme). From the preceding arguments this impli
that the volume fraction of the CFL phase in the mixed ph
will be significantly larger. For the same reason, although
pairing contribution to the free energy itself is small, th
equation of state of the CFL-nuclear mixed phase is con
erably softer.

The equation of state for the CFL-nuclear and UQM
nuclear mixed phases are shown in Fig. 1. We see tha
sharp transitions occur, then the occurrence of color su
conductivity leads to higher energy density at low press
because the NM→CFL transition (a→b) occurs at lower
pressure than NM→unpaired (c→d), but lower energy den-
sity at high pressure, because CFL has a lower energy
sity than unpaired QM. On the other hand, if mixed pha
occur, then color superconductivity leads to a higher ene
density up to high pressures, since the NM1CFL mixed
phase (A→B) and CFL phase that follows it both hav
higher energy density than the NM1unpaired mixed phase
(C→D) over a wide range of pressures.

A mixed phase involving CFL and UQM is also allowe
in principle. Such a mixed phase is characterized by
negatively-charged CFL phase coexisting with a positive
charged UQM phase. We find that such a mixed phase
lower free energy~even in the absence of surface and Co
4-4
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lomb effects! only if the negatively charged mesons~kaons!
condense in the CFL phase. This requires thatme>mK . On
the other hand, the UQM phase is positively charged o
whenme<ms

2/4m. Further, the difference in free energy b
tween this phase and the pure CFL phase is only of orderms

4

and it does not greatly affect the equation of state. For th
reasons we do not consider such a mixed phase in our s
of the structure of the compact star. Nonetheless, the e
tence of such a mixed phase might have important con
quences for transport and cooling phenomena especial
pure quark stars.

III. COMPACT STAR STRUCTURE

To determine the mass and radius of the compact ob
for a given value of the central pressure, we must solve
Tolman-Oppenheimer-Volkov~TOV! equations@23#,

dP

dr
5

2GM~r !e~P!

r 2c2 S 11
P

e D S 11
4pr 3P

M ~r !c2D
3S 12

2GM~r !

rc2 D 21

,

~3.1!
dM~r !

dr
54p2e~P!,

whereP5P(r ) and the equation of state specifiese(P), i.e.,
the energy density as a function of the pressure, andM (r ) is
the total energy enclosed within radiusr. For a given central
pressure,P(r 50), the above equations can be easily in
grated out to the surface of the star, whereP50, to obtain
the mass and radius of the object. By varying the cen
pressure it is possible to obtain the mass radius relation
dicted for a given model description of the matter equat

FIG. 1. The equation of state for Walecka nuclear matter
quark matter withB1/45185 MeV (B5153 MeV/fm3) and ms

5200 MeV. We show normal unpaired quark matter~thin lines!
and color flavor locked superconducting quark matter withD
5100 MeV ~thick lines!. We show neutral phases with sharp tra
sitions ~solid curves! and mixed phases~dashed curves!. Differ-
ences between the Walecka model equation of state and the AP
equation of state can be inferred from the figure inset.
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of state. The focus of this section is to employ the equati
of state described in the previous section and deduce
corresponding mass-radius relationship.

A. M-R relationship for uniform stars

First, we review the mass-radius relationship for t
simple cases of stars made of pure nuclear matter or p
quark matter. The two solid curves in Fig. 2 are for pu
nuclear matter stars. They follow from solving the TO
equation at high bag constant, so quark matter is highly
favored and does not occur. There is one for each of the
nuclear equations of state that we use in this paper: the
lecka model~Sec. II A! and the APR98 tabulation@12#. They
are roughly similar, showing the characteristic sharp rise
mass atR'10– 15 km as the NM equation of state harde
around nuclear saturation density. They also show sim
maximum masses of about 2M ( , at central densities of 5 to
10 times nuclear saturation density. Despite these similar
there are, as can be seen in the inset of Fig. 1, quantita
differences. The APR98 equation of state is on average so
at low density and stiffer at high density compared to t
mean field model. For a detailed discussion of how differ
nuclear equations of state affect the mass-radius relation
of neutron stars, see Ref.@25#.

For comparison, Fig. 2 also shows~dashed line! the M-R
curve for quark matter with no pairing (D50) at a low bag
constant (B1/45145 MeV,B558 MeV/fm3) where three-
flavor quark matter is favored over nuclear matter all the w
down to zero pressure, but two-flavor quark matter is l
favorable than nuclear matter at low pressure. The maxim
mass is very sensitive to the bag constant, so the fact that
curve also shows a maximum at around 2M ( is coincidental.
~The mass and radius scale as 1/AB @15#.! Not all the values
of M and R that lie on the curves are stable. The family
stable configurations is generated by increasing the cen
pressure, and obtaining an increasing mass. As soon a
maximum of M (pcentral) is attained, further increases i
pcentral, apparently yielding lighter stars, will in fact mov
onto the unstable branch. This means that the the parts o
M-R curves to the left of the maxima in Figs. 2 and 3 corr

d

98

FIG. 2. Mass-radius relationships for pure nuclear matter~NM!
with Walecka and APR98 equations of state, and for unpaired qu
matter withB1/45145 MeV. The straight dashed line indicates t
constraint obtained by recent measurements of the redshift of s
tral lines from EXO0748-676@24#. This constraint requires mode
equations of state to intersect the lineM /R'0.15 (M ( /km).
4-5
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M. ALFORD AND S. REDDY PHYSICAL REVIEW D67, 074024 ~2003!
spond to stars that are hydrodynamically unstable to colla
to a black hole.

B. M-R relationship for hybrid and color-superconducting
stars

The main purpose of this paper is to explore the effec
quark pairing on theM-R relationship at values of the ba
constant that are consistent with nuclear phenomenol
Figure 3 shows the mass-radius curve for a plausible mo
of dense matter: the Walecka nuclear equation of state,
quark matter with physically reasonable values of the b
constant B1/45180 MeV (B5137 MeV/fm3) and strange
quark massms5200 MeV @15#. Curves for unpaired (D
50) and color-superconducting (D5100 MeV) quark mat-
ter are shown. At these values the stars are typically ‘‘
brid,’’ containing both quark matter and nuclear matter. T
solid lines in Fig. 3 correspond to stars that either have
QM at all, or a sharp transition between NM and QM: t
core is made of quark matter, which is the favored phas
high pressure, and at some radius there is a transitio

FIG. 3. Mass-radius relationships at fixed bag constantB1/4

5180 MeV andms5200 MeV, for unpaired (D50) and color-
superconducting (D5100 MeV) quark matter. The mixed phas
~dashed! and the sharp interface curves are shown. The line lab
‘‘Cottam et al.’’ indicates the constraint obtained by recent me
surements of the redshift on three spectral lines from EXO0748-
@24#. The dots labeledr0 and 2r0 on the nuclear matter mass-radiu
curve indicate that the central density at these locations corres
to nuclear and twice nuclear saturation density, respectively.
top panel uses the Walecka equation of state for nuclear matter
the lower panel uses APR98~in which case we only consider th
sharp-interface scenario!.
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nuclear matter, which is favored at low pressure. The tra
tion pressure is sensitive toD, for reasons discussed earlie
The dashed lines are for stars that contain a mixed NM-Q
phase. In all cases we see that light, large stars consis
tirely of nuclear matter. When the star becomes hea
enough, the central pressure rises to a level where QM, e
in a mixed phase or in its pure form, occurs in the core.
can be seen from the figure the transition density is v
sensitive toD.

The profiles of the maximum mass superconducting s
for different values of the bag constant,D5100 MeV and
ms5200 MeV, are shown in Fig. 4. ForB1/45185 MeV re-
sults for the sharp interface@denoted as~s!# and the mixed
phase@denoted as~m!# scenario are shown. Here the max
mum masses correspond to 1.33M ( and 1.35M ( , respec-
tively. The maximum mass forB1/45175 MeV and B1/4

5170 MeV are Mmax51.44M ( and Mmax51.52M ( , re-
spectively. Figure 4 shows that the typical density discon
nuity in the sharp interface scenario is'3ro . It also shows
that for smaller values ofB, the NM
QM phase transition
occurs very close to the surface of the star~at lower density
as discussed earlier!. The denser exterior regions of thes
stars~despite a less dense inner core! are primarily respon-
sible for the increase in the maximum mass observed as
decreasesB.

Figure 4 indicates that in the mixed phase scenario th
are no discontinuities in the density profile of the star. Ho
ever, this is not true in general. It is interesting to note t
even when mixed phases are allowed, there can still be
continuities in energy density within them. In a small ran
of parameters, we find stars that have a crust of nuclear m
ter surrounding a mixed NM-QM core, but the mixed pha
has an outer part which is a mixture of unpaired QM w
NM, and an inner part that is a mixture of CFL QM wit
NM. At the interface between the two there is a density d
continuity within the mixed phase.1

1The inclusion of additional phases, such as the two flavor su
conducting~2SC! phase, might modify this conclusion.

d
-
6

nd
e
nd

FIG. 4. Profile of the maximum mass star for bag const
B1/45185, 175, 170 MeV withms5200 MeV andD5100 MeV.
The mixed phase~dashed! and the sharp interface curves are show
The Walecka model was used to describe the nuclear part of
equation of state.
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FIG. 5. The maximum star
mass~in solar masses! attained as
a function of color superconduct
ing gapD. The upper plots are for
B1/45185 MeV, the lower plots
are for B1/45165 MeV. The left
plots are for nuclear matter de
scribed by the Walecka model~in
which case a mixed phase can b
constructed!. The right plots are
for the APR98 nuclear equation o
state for which we have only con
structed locally neutral phases
Curves for strange quark mas
ms5150 and 300 MeV are shown
The solid lines give the radius o
stars with QM only~to the right of
the dot!, or a QM core surrounded
by NM ~to the left of the dot!. The
dotted lines show the heavies
pure NM star that occurs at th
given gapD. The dashed lines are
for stars that include a mixed
phase.
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The results shown in Figs. 3 and 4 indicate several
neric trends.

~1! The stability of stars containing pure QM but witho
a QM-NM mixed phase~i.e., a sharp-interface scenario! de-
pends on the transition density. Color superconductivity
a favorable effect on the stability of these objects since
lowers the transition density and stiffens the equation of s
relative to UQM.

~2! In general, mixed phase stars are more likely to
stable since the equation of state~or adiabatic index! changes
smoothly in this case. For example, atD50 the uniform
phase stars become unstable as soon as quark matter
troduced~the D50 line slopes down to the left, showing
decreasing mass as the central pressure rises! whereas the
mixed phase~dashed line! gives a stable branch leading to
maximum massMmax'1.5M ( .

~3! For largeD there is very little difference between th
sharp interface and mixed phase mass-radius curves. Th
because the volume fraction of the CFL grows very rapi
within the nuclear-CFL mixed phase as discussed earlie
Sec. II E. Consequently, the extent of the mixed phase
reduced and the equation of state with in this region m
closely resembles the pure CFL equation of state as is
dent from Fig. 1.

~4! Although there are visible differences between t
mass-radius curves of the stars with UQM or CFL mat
depending on whether one employs the Walecka or
APR98 equation of state, the maximum mass and co
sponding radius of such a star is fairly independent of
nuclear equation of state. This is because the nuclear p
contributes very little to the total mass of these stars. Th
features of the mass-radius relation will be more compreh
sively studied in Sec. III C.
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~5! If the transition to superconducting quark matter
constrained to occur at or above nuclear density the m
mum mass of these stars is'1.4M ( . It is possible to obtain
larger masses ('1.6M () if the transition is allowed to occu
at lower density. We elaborate further on this in the sub
quent section.

C. Color superconductivity and the maximum mass

In bag model treatments of quark matter, the bag const
strange quark mass, and the color superconducting gap
unknown parameters. In this paper we take a reason
range of values forB andms , and study the dependence o
D of observable features of compact stars such as their m
and radius. The resultant predictions can then be use
constrain the CFL color superconducting gap. In Fig. 5
show how the maximum star mass~obtained by varying the
central pressure! depends on color superconducting gapD
for two different bag constants and two different stran
quark masses.

For each value of the bag constant and strange quark m
there are two or three curves ofMmax vs D. The solid curve
is for stars with some quark matter, paired or unpaired
them. The prominent dot on the curve separates the p
quark stars~to the right, at higher gap! from the stars with a
QM core and a NM crust or mantle~to the left, at lower gap!.
The dotted curve indicates the heaviest pure NM star. T
depends on the gap becauseD affects the point in theM-R
plot at which quark matter appears. For example, for
equations of state used in the top panel of Fig. 3, the m
mum NM mass would be 0.8M ( ~radius 13.8 km!, since that
is where QM first appears, and the star ceases to be pure
For the Walecka model that we used, the maximum poss
NM mass is about 2.04M ( . For the APR98 equation o
4-7



r

.

d

n-

f
k

-

s

a

M. ALFORD AND S. REDDY PHYSICAL REVIEW D67, 074024 ~2003!
FIG. 6. The radius of the sta
~in km! when it attains its maxi-
mum mass as plotted in Fig. 5
The upper plots are forB1/4

5185 MeV; the lower plots are
for B1/45165 MeV. The left plots
are for nuclear matter describe
by the Walecka model~in which
case a mixed phase can be co
structed!. The right plots are for
the APR98 nuclear equation o
state. Curves for strange quar
massms5150 and 300 MeV are
shown. The solid lines give the ra
dius of stars with QM only~to the
right of the dot!, or a QM core
surrounded by NM~to the left of
the dot!. The dotted lines show the
heaviest pure NM star that occur
at the given gapD. The dashed
lines are for stars that include
mixed phase.
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state, the maximum possible NM mass is about 2.20M ( . In
general, a large gap favors quark matter, causing the hea
pure NM star to become lighter.

~1! Large bag constant, B1/45185 MeV, B
5153 MeV/fm3 ~upper two panels in Fig. 5!.

~a! Pure NM stars still occur, but their maximum ma
drops as the gap grows~dotted lines in Fig. 5! as the unstable
QM branch cuts off the NM branch.

~b! Stars with a QM core and NM surface separated b
sharp interface~solid lines to the left of dots! become stable
at gapD;50– 120 MeV, depending onms . These stars have
massM&1.5M ( .

~c! Stars with a NM-QM mixed phase core and NM su
face ~dashed lines! occur at lower values of the gap, an
masses up to around 1.7M ( are possible if the strange qua
is heavy enough.

~d! Pure QM stars~solid lines to the right of dots! occur at
very large gaps.

~2! Small bag constant, B1/45165 MeV, B
596 MeV/fm3 ~lower two panels in Fig. 5!.

~a! Pure NM stars are again cut off by the QM branch
~b! Stars with a QM core and NM surface separated b

sharp interface~solid lines to the left of dots! have masses up
to about 1.6M ( . For light strange quarksms'150 MeV,
color superconductivity increases the maximum mass
tained by the stars, but from a lower starting point atD50.

~c! Stars with a NM-QM mixed phase core and NM su
face ~dashed lines! also have masses up to around 1.6M ( if
the strange quark is heavy enough.

~d! All QM-containing stars with mass greater than abo
1.6M ( are pure quark stars~solid lines to the right of dots!.

Our overall conclusion is that in this range of values
the bag constant, turning on color superconductivity allo
hybrid stars to occur with masses up to around 1.6M ( . In
07402
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Sec. IV we will discuss in more detail whether this is com
patible with recent observational data, and how it should
used to interpret future observational data.

D. Color superconductivity and compactness

By comparing theD5100 MeV curves of Fig. 3 with the
UQM curve in Fig. 2, we see that superconductivity only h
a moderate effect on the radius of the star. In Fig. 6
investigate this issue more comprehensively, by plotting
radii of the stars whose masses appeared in Fig. 5, i.e.
radius of the heaviest star at each value ofD for each equa-
tion of state. This confirms that color superconductivity do
not affect the radii very strongly, but at low to medium ga
D&100 MeV it tends to reduce them. This means that
creasingD is not simply equivalent to decreasing the ba
constant, in which case the mass and radius grow togethe
1/AB. By comparing Fig. 5 with Fig. 6 we see that when t
maximum mass grows withD, the radius either decreases,
grows much more slowly. Overall, the stars that contain Q
have radii between 8 and 12 km.

As one would expect from Fig. 3 the heaviest pure N
stars~dotted lines! have larger radii*11 km, since the QM
stars replace the NM stars at low radius~high central pres-
sure!.

IV. CONCLUSIONS

We have seen that color superconductivity has a con
erable effect on the equation of state for quark matter.
can see from Eq.~2.14! and Fig. 3~see also Ref.@11#! that at
values of the bag constant that would normally preclu
compact stars from containing any QM, a large enou
color-superconducting gapD can cancel out part of the ba
constant, allowing a stable hybrid star to occur. In that sen
4-8
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turning up D has a similar effect to turning downms or
turning downB, but there are differences~see below!.

The important question for the interpretation of future o
servations relates to the maximum mass of stars with qu
matter in their core but with a surface made of nuclear m
ter, as observed recently@24# ~see detailed discussion below!.
Our overall conclusion is that, in the range of bag consta
and strange quark masses that we have studied, such
have a maximum mass around 1.6M ( . This conclusion is
based on our results presented in Fig. 5. The top panels s
that color superconductivity allows QM-containing sta
with a NM surface to occur atB1/45185 MeV (B
5153 MeV/fm3), with masses up to about 1.5M ( . The
lower panels show that at B1/45165 MeV (B
596 MeV/fm3) color superconductivity allows QM1NM
stars to exist at highms , and at lowms it boosts their mass
at ms5150 MeV a nuclear-surface star of mass 1.6M ( is
possible with D;70 MeV, whereas the maximum mas
would be 1.45M ( without color superconductivity.

It should be borne in mind that the QM1NM stars with
masses near 1.6M ( are dominantly quark stars with a thi
NM crust ~see Fig. 4!. This is what one would expect, give
that they occur just to the left of the dots on the curves
Fig. 5 which mark the point at which the star becomes p
QM. The NM→QM transition in such stars occurs at ve
low pressure~&1 MeV/fm3! and at density well below
nuclear saturation density.

It is also interesting to note~see Fig. 6! that at lowB and
ms color superconductivity increases the maximum m
without appreciably changing the radius. This is differe
from the effect of changing the bag constant, which increa
the mass and radius together.

Finally, it is striking that even under the circumstanc
where color superconductivity has a noticeable effect on
maximum mass, it only does so for gapD*50 MeV.
Smaller gaps have little effect.

We emphasize that we have had no difficulty in constru
ing stars that are compatible with the recent results of C
tam, Paerels, and Mendez@24#, who obtained a observationa
M-R curve by measuring the redshift of emission lines fro
highly ionized oxygen and iron in x-ray bursts fro
EXO0748-676. At radii of 8–12 km, their results sugge
that the compact star mass is 1.2– 1.8M ( . Most of our stars
fall in this range. Another constraint on the mass-radius
compact objects arise from recent observations of ther
radiation from RXJ185635-3754, an isolated neutron s
This combined with an accurate measurement of the dista
to this object provide some information about its radiu
However, since the spectrum is not quite black-body,
inferred radius depends on theoretical models employe
describe the objects atmosphere@26,27#. For this reason, the
constraint from RXJ185635-3754 is weak and not as co
pelling as those derived from EXO0748-676. A simple blac
body fit yields radii that are smallR;5 km @28#. In our study
here we were unable to construct stars with such small ra
Atmosphere models which best fit the observed data fav
large radius. In a recent article, Walter and Lattimer find t
these model studies indicate thatR511.462 km and M
51.760.4M ( @27#. The superconducting quark stars co
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structed in this work are marginally compatible with the
results. These larger values for the mass and radius requ
small bag constant, a largeD and smallms .

We have shown that color superconductivity allows h
brid stars to have masses up to about 1.6M ( : does this mean
that a definitive observation of a significantly heavier co
pact star would rule out quark matter? Our calculation co
be improved in many ways~discussed below!, so the upper
limit we quote has theoretical errors that can only be roug
estimated. From Fig. 5 we see that varyingms over the plau-
sible range changes the maximum mass by less than 0.1M ( ,
and the mass rises from about 1.5M ( at B1/45185 MeV to
about 1.6M ( at B1/45165 MeV. Given this level of theoret
ical uncertainty, it seems that a definitive observation o
star with M*1.8M ( would be difficult to explain in terms
of hybrid QM1NM stars without invoking an even lowe
bag constant, with the danger that nuclear matter will
rendered unstable against two-flavor quark matter.

There are many ways in which this line of inquiry cou
be pursued further.~1! We treated the quarks as free, with
color superconducting gap at their Fermi surface. We did
include perturbative corrections to the equation of st
@29,34#; in other words, we set the strong coupling consta
as50. It would be useful to perform such calculations f
CFL quark matter, and see how robust our conclusions
against variation inas . ~2! We allowed two phases of quar
matter, unpaired and CFL, and we did not include the tw
flavor color superconducting ‘‘2SC’’ phase. Although th
phase is generally unfavored@30,31#, it is just possible that
there is a narrow range ofms in which it can occur. Another
competitor is the crystalline phase@32,33#. It would be inter-
esting to include these additional phases in our calculatio
~3! We have used a general bag-model expression for the
energy of the quark matter, neglecting any possible dens
dependence of the strange quark mass and color supe
ducting gap. We have also assumed that the bag cons
takes the same value in all the quark matter phases, neg
ing any differences of ground state energy between them
would be interesting to use an NJL model to calculate
quark matter equation of state, and thereby include th
phenomena. One could also use a bag constant with a
nomenological density dependence@35#.

It is very encouraging that observations of the radii
compact stars are becoming more precise. There have
significant developments in the theory of dense quark ma
in the last few years, and we look forward to seeing whet
the observed properties of compact stars are compatible
~or even require! the presence of the exotic phases of qua
matter that are being so widely discussed.
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