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Optical activity of neutrinos and antineutrinos
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Using the one-loop helicity amplitudes for low-energyng→ng and n̄g→ n̄g scattering in the standard
model with massless neutrinos, we study the optical activity of a sea of neutrinos and antineutrinos. In
particular, we estimate the values of the index of refraction and rotary power of this medium in the absence of
dispersion.
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I. INTRODUCTION
The elastic neutrino-photon scattering process,ng→ng,

and the corresponding crossed channels have been the
ject of numerous investigations related to astrophysical
plications@1–9#. When the center of mass energyAs is much
less than theW-boson massmW , the amplitudes for these
processes have a relatively simple form. In particular,
forward helicity nonflip amplitudes for the elastic process
ng→ng and n̄g→ n̄g with massless neutrinos can be e
panded in powers ofs/mW

2 by making use of unitarity@9#.
The series are of leading orders2/mW

4 , and the inclusion of
higher powers ofs, such ass3/mW

6 , enables us to use th

forward elastic scattering amplitudes forng→ng and n̄g

→ n̄g to study the optical activity of a sea of neutrinos a
antineutrinos. This property of a neutrino sea was recogn
by Nieves and Pal@10# and studied by Mohanty, Nieves, an
Pal @11# in the case where the photons move in a plasma
therefore experience dispersion. Dispersive effects give
to mass dependent terms of the formk2/me

2 (km denoting the
photon momentum andme the electron mass!, which vanish
in the vacuum. Here, we treat the vacuum case wherekm

satisfiesk250, and find a rather different dependence onmW
andme @12#.

In the next section, using the results of Ref.@9#, we write
the forward helicity amplitudes for the elastic scatteringng

→ng and n̄g→ n̄g. We then present a calculation for th
index of refraction and the rotary power for a sea of neu
nos and antineutrinos as a function of the energy of an i
dent photon, the temperature of the sea, and the neu
degeneracy parameterj[m/Tn , where m is the chemical
potential for neutrinos andTn is the temperature of the sea

II. OPTICAL ACTIVITY

Using Eqs.~24!–~26! of Ref. @9#, the helicity non-flip
amplitudesA ll

ng→ng(s) for the forward elastic scattering of
photon with helicityl and an electron neutrino whenAs
!mW , can be written as

A 11
ng→ng~s!5

2a2s2

8mW
4 sin2uW

h~s!, ~1!
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A 22
ng→ng~s!5

2a2s2

8mW
4 sin2uW

h~2s!, ~2!

where

h~s!5242
16

3
lnS mW

2

me
2 D 1

me
2

mW
2 F S 8

3
2

8

3

s

me
2D lnS mW

2

me
2 D

2101
64

9

s

me
2G . ~3!

Here, uW is the weak mixing angle,a is the fine structure
constant, and we have neglected higher powers ofme

2/mW
2

and s/mW
2 . Using Eq.~12! of Ref. @9#, the helicity non-flip

amplitudes,A ll
n̄g→ n̄g(s), for forward elastic scattering of a

photon of helicityl and an antineutrino, can be expressed

A ll
n̄g→ n̄g~s!5A 2l2l

ng→ng~s!, ~4!

which is a consequence ofCPT invariance.
To calculate the optical activity of a neutrino-antineutrin

sea, we consider a photon of helicityl and energyv travers-
ing a bath of neutrinos and antineutrinos that are in ther
equilibrium at the temperatureTn . To give an order of mag-
nitude estimate of the index of refractionnl of this sea, we
write @13,14#

nl215
2p

v2 E dNn f ll
ng→ng~0!1

2p

v2 E dNn̄ f ll
n̄g→ n̄g~0!,

~5!

which is a generalization of Eq.~57! of Ref. @9#. The

forward-scattering amplitudesf ll
ng→ng(0) and f ll

n̄g→ n̄g(0),
from Eq. ~58! of Ref. @9#, are

f ll
ng→ng~0!5

v

4ps
A ll

ng→ng~s!, ~6!

f ll
n̄g→ n̄g~0!5

v

4ps
A ll

n̄g→ n̄g~s!, ~7!
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anddNn anddNn̄ are the usual Fermi–Dirac distributions

dNn5
1

~2p!3

d3pW n

e(En2m)/Tn11
, ~8!

dNn̄5
1

~2p!3

d3pW n̄

e(En̄1m)/Tn11
. ~9!

Here,Tn is the temperature of the neutrino-antineutrino s
m is the chemical potential for the neutrinos@15#, pW n andEn

are the momentum and energy of a neutrino, ands
54vEnsin2(ung/2), whereung is the angle between the in
coming photon and the incoming neutrino~with similar defi-
nitions for the antineutrino!. From Eqs.~5!–~7! we obtain

nl215 E dNn

2vs
A ll

ng→ng~s!1 E dNn̄

2vs
A ll

n̄g→ n̄g~s!.

~10!

Due to the apparent baryon asymmetry in the univers
is natural to consider the possibility of the lepton asymme
To study this possibility, and for numerical calculations
the index of refraction and the rotary power, it is convenie
to introduce the following ratios

L1[
3

11

Nn2Nn̄

Nn1Nn̄

, ~11!

L2[
2p2

11z~3!

Nn2Nn̄

Tn
3

, ~12!

whereNn and Nn̄ are the number densities for the neutri
and antineutrino, respectively, andz(x) is the Riemann zeta
function. From Eqs.~8!, ~9!, ~11!, and~12!, we find

L15
1

11

j31p2j

I ~j!j312 ln 2 j213z~3!
, ~13!

L25
1

33z~3!
~j31p2j!, ~14!

where

I ~j!5 E
0

1

~12x!2
ejx21

ejx11
dx, ~15!

and j[m/Tn is the neutrino degeneracy parameter. As it
clear from Eqs.~13!–~15!, the parametersL1 and L2 are
solely functions ofj. These neutrino asymmetry paramete
L1 andL2 are defined such that foruju!1 they coincide with
the customary definition of the neutrino asymmetry para
eterLn @16# for a sea of relic neutrino-antineutrino that d
coupled from photons in the early universe

L1.L2.Ln[
Nn2Nn̄

Ng
.

p2j

33z~3!
. ~16!
07301
,
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Here,Ng is the photon number density

Ng5
1

~2p!3 E 2d3pW g

eEg /Tg21
5

2z~3!Tg
3

p2
, ~17!

and the relationTn /Tg5(4/11)1/3, which holds for the
present day temperatures of the relic neutrinos and phot
is used. Whenj is large,L1 approaches a finite value, whil
L2 increases. In Fig. 1L1 andL2 are plotted as functions o
j. As it is clear from this figure, forj*3, L1 is close to its
maximum value of 3/11.

After using Eqs.~8! and~9! for dNn anddNn̄ , Eqs.~1!–

~4! for the amplitudesA ll
ng→ng(s) andA ll

n̄g→ n̄g(s), and per-
forming integrations in the Eq.~10!, we obtain

n1215
Tn

4

mW
4

c01
vTn

5

mW
6

c1 , ~18!

n2215
Tn

4

mW
4

c02
vTn

5

mW
6

c1 , ~19!

where~for a51/137)

c05
a2

3p2sin2uW
F lnS mW

2

me
2 D 1

3

4G S 1

4
j41

p2

2
j21

7p4

60 D
.1.931024S 1

4
j41

p2

2
j21

7p4

60 D , ~20!

c15
4a2

9p2sin2uW
F lnS mW

2

me
2 D 2

8

3G S 1

5
j51

2p2

3
j31

7p4

15
j D

.2.231024S 1

5
j51

2p2

3
j31

7p4

15
j D . ~21!

FIG. 1. The asymmetry parametersL1 and L2, as functions
of the neutrino degeneracy parameterj[m/Tn . The relations
L1(2j)52L1(j) andL2(2j)52L2(j) hold.
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Notice that thej-dependent parts of theL2 , c0, andc1 are
related as

1

4

]

]j S 1

5
j51

2p2

3
j31

7p4

15
j D5

1

4
j41

p2

2
j21

7p4

60
,

~22!

]

]j S 1

4
j41

p2

2
j21

7p4

60 D5j31p2j. ~23!

In the Figs. 2–4 the coefficientsc0 and c1 are plotted as
functions ofj, L1, andL2, respectively.

The range of the validity of Eqs.~18!–~21!, as far as
energy is concerned, is related to that of Eqs.~1!–~3!, which
is s54vEn sin2(ung/2)!mW

2 . In Eq. ~10!, if we change the
upper limits of the integrations onEn andEn̄ from the infin-
ity to f Tn , the contributions of these integrals toc0 andc1 in

FIG. 2. The coefficientsc0 andc1 as functions of the neutrino
degeneracy parameterj[m/Tn . The relationsc0(2j)5c0(j) and
c1(2j)52c1(j) hold.

FIG. 3. The coefficientsc0 andc1 as functions of the asymmetr
parameter L1. The relations c0(2L1)5c0(L1) and c1(2L1)
52c1(L1) hold.
07301
Eqs.~18! and~19! change, at most, by 9% and 18%, respe
tively, if we use f 5A721j2 ~for f 5A821j2, the corre-
sponding changes are at most 5% and 10%!. Here, we set the
following criterion:

4v f Tn!mW
2 , ~24!

which for f 5A721j2 is

vTnA721j2!231016 GeV K, ~25!

wherev is the photon energy in GeV, andTn is the neutrino
temperature in Kelvin.

From Eqs.~18! and ~19!, we have

n12n252
vTn

5

mW
6

c1.3.5310277c1vTn
5 , ~26!

and the following approximate relation:

n121.n221.
Tn

4

mW
4

c0.1.3310260c0Tn
4 . ~27!

Equation~27! implies that the leading term of the index o
refraction is independent of the helicity and the energy of
incident photon, as long as Eq.~25! is satisfied.

When linearly polarized light propagates through a m
dium that has different indices of refraction for positive a
negative helicities (n15” n2), the plane of polarization of the
light rotates by an anglef, which is @17#

f5
p

lg
~n12n2!l 5

v

2
~n12n2!l , ~28!

wherev and lg52p/v are the energy and wavelength
the photon andl is the distance traveled by photons in th

FIG. 4. The coefficientsc0 andc1 as functions of the asymmetr
parameter L2. The relations c0(2L2)5c0(L2) and c1(2L2)
52c1(L2) hold.
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medium. To estimate the specific rotary power,f/ l , for a sea
of neutrinos and antineutrinos, we use Eqs.~26! and ~28! to
obtain

f

l
5

v2Tn
5

mW
6

c1.8.9310262c1v2Tn
5 rad/m, ~29!

where, again,v is in GeV andTn is in Kelvin. A positive
angle of rotation,f.0, that isn1.n2 , corresponds to a
clockwise rotation~dextrorotation! of the plane of polariza-
tion of the linearly polarized incident photons, as viewed
an observer that is detecting the forward-scattered lig
Thus, the optical activity of a neutrino–antineutrino sea w
Nn.Nn̄ is that of a dextrorotary medium. In addition, it
clear from Eq.~29! that the rotary power,f/ l , varies as
1/lg

2 , which is the same as that of quartz and most trans
ent substances for visible light.

To get a rough estimate of rotation anglef for linearly
polarized photons propagating through the relic neutr
and antineutrino sea~with j50.01), we use Eq.~29! with
l 5ct, c533108 m/s, t;153109 yr, Tn;2 K, and v
;1020eV, and we find

f;4310216 rad, ~30!

which is exceedingly small. The dependence off on j is
shown in Fig. 5. It should be noted that recent studies wh

FIG. 5. The polarization rotation anglef is shown as a function
of j for v51011 GeV. The curve scales asv2.
o,
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include neutrino oscillation effects in the derivation of co
mological bounds onj conclude thatuju&0.1 @18–20#.

III. CONCLUSIONS

In conclusion, we note that using Eqs.~12!, ~14!, ~21!,
and ~29!, for the neutrino degeneracy parameteruju!1, the
specific rotary power,f/ l , for a sea of neutrinos and an
tineutrinos is

f

l
5

112pGFa

45A2
F lnS mW

2

me
2 D 2

8

3Gv2Tn
2

mW
4 ~Nn2Nn̄ !. ~31!

This equation differs in several respects from the correspo
ing result in Ref.@11#,

f

l
5

GFa

3A2p
~Nn2Nn̄ !

vP
2

me
2

, ~32!

where, in the non-relativistic limit, the plasma frequencyvP
is related to the electron number densityne as,

vP
2 5

4pane

me
. ~33!

From Eqs.~31! and ~32!, it is clear that the mass scales fo
the case of photon dispersion versus no dispersion are
different and this favors the dispersive regime. The size
specific rotary power in the dispersive case is independen
the frequency of the propagating photons and, apart fro
dependence on the lepton asymmetry parameterLn}Nn

2Nn̄ shared by both expressions, is controlled by the el
tron number densityne . In addition, the non-dispersive cas
depends on frequency and temperature. These differe
clearly indicate that Eqs.~29! and~32! represent complemen
tary limits in the treatment of the optical activity of
neutrino-antineutrino sea.
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