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Next-to-leading order QCD corrections topp\t t̄ h at the CERN Large Hadron Collider
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We compute theO(as
3) inclusive cross section for the processpp→t t̄ h in the standard model, atAsH

514 TeV. The next-to-leading order corrections drastically reduce the renormalization and factorization scale
dependence of the Born cross section and increase the total cross section for renormalization and factorization
scales larger thanmt . These corrections have important implications for models of new physics involving the
top quark.
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I. INTRODUCTION

One of the major goals of the CERN Large Hadron C
lider ~LHC! is uncovering the mechanisms of electrowe
symmetry breaking and the generation of fermion masses
the standard model of particle physics, the masses of ga
bosons and fermions are generated by a single scalar fi
After spontaneous symmetry breaking, a neutralCP-even
Higgs bosonh remains as a physical particle. The fermio
masses then arise through couplings to the Higgs boson
the standard model~SM!, this coupling is directly propor-
tional to the fermion mass. Since the top quark is the m
massive quark, its coupling to the Higgs boson is particula
sensitive to the underlying physics.

The associated production of a Higgs boson with at t̄ pair
at the LHC,pp→t t̄ h, will play a very important role in the
115 GeV<Mh<140 GeV Higgs boson mass range, both
discovery and for precision measurements of the Higgs
son couplings. This process will provide a direct measu
ment of the top-quark Yukawa coupling and will be instr
mental in determining ratios of Higgs boson couplings in
model independent way@1,2#. Such measurements cou
help to distinguish a SM Higgs boson from more comp
Higgs sectors, e.g., as predicted by supersymmetry, and
light on the details of the generation of fermion masses.

In order to interpret the evidence fort t̄ h production and
the measurement of thet t̄ h coupling as a verification of the
standard model or as a signal for new physics, it is neces
to have a precise prediction for the cross section. QCD
rections are expected to be important and are crucial in o
to reduce the dependence of the cross section on the arb
renormalization and factorization scales. In this Rapid Co
munication, we present the next-to-leading order~NLO!

QCD corrections to the total cross section forpp→t t̄ h at the
LHC. Our results are in very good agreement with those
Ref. @3# within the statistical errors. Results for the Fermil
Tevatron have been presented elsewhere@3–5#.

II. GENERAL FRAMEWORK

The inclusive total cross section forpp→t t̄ h at O(as
3)

can be written as
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sNLO~p p→t t̄ h!5(
i j

1

11d i j
E dx1dx2@F i

p~x1 ,m!

3F j
p~x2 ,m!ŝNLO

i j ~x1 ,x2 ,m!

1~1↔2!#, ~1!

whereF i
p is the NLO parton distribution function for parto

i in a proton, defined at a factorization scalem f5m, and
ŝNLO

i j is theO(as
3) parton level total cross section for incom

ing partonsi and j, made of the channelsqq̄, gg→t t̄ h, and
(q,q̄)g→t t̄ h(q,q̄), and renormalized at the scalem r which
we also take to bem r5m. At the LHC, the dominant contri-
bution is from the gluon-gluon initial state, although th
other contributions cannot be neglected and are include
this calculation.

The NLO parton-level total cross section,ŝNLO
i j , consists

of the O(as
2) Born cross section,ŝLO

i j , and theO(as) cor-

rections to the Born cross section,dŝNLO
i j , including the ef-

fects of mass factorization.dŝNLO
i j contains virtual and rea

corrections to the parton-levelt t̄ h production processes,qq̄

→t t̄ h andgg→t t̄ h, and the tree-level (q,q̄)g initiated pro-
cesses, (q,q̄)g→t t̄ h(q,q̄), which are of the same order i
as . It can be written as the sum of two terms:

dŝNLO
i j 5ŝv irt

i j 1ŝ real
i j 5E d~PS3!M ~ i j →t t̄ h!

1E d~PS4!M ~ i j →t t̄ h1k!, ~2!

whereM ( i j →t t̄ h) and M ( i j →t t̄ h1k) ~for k5g,q,q̄) are
respectively the matrix elements squared for theO(as

3) 2
→3 and 2→4 scattering processes averaged over the in
degrees of freedom and summed over the final ones, w
d(PS3) and d(PS4) denote the integration over the corr
sponding three/four particle phase space. The (q,q̄)g initial
state contributes only toŝ real

i j .
©2003 The American Physical Society03-1
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The main challenges in the calculation come from
presence in the virtual corrections of pentagon diagrams w
several massive external and internal particles, and from
computation of the real part in the presence of infrared s
gularities.

III. VIRTUAL CORRECTIONS

The O(as) virtual corrections to the tree leveli j →t t̄ h

( i j 5qq̄,gg) processes consist of self-energy, vertex, b
and pentagon diagrams. The calculation of the virtual corr
tions to theqq̄ initial state is described in Ref.@5#. The basic
method is to reduce each diagram to a sum of scalar integ
of the form

E ddk

~2p!d)
i 50

n
1

@~k1pi !
22mi

2#
, p050, ~3!

wheren51,2,3,4 represent scalar integrals with two to fi
denominators, originating from self-energy, vertex, box, a
pentagon diagrams. We denote bypi linear combinations of
the external momenta, byk the loop momentum, and bymi
the masses of the particles propagating in the loop. Sc
integrals may contain both ultraviolet~UV! and infrared~IR!
singularities. The finite scalar integrals are evaluated by
ing the method described in Ref.@6# and cross checked with
the numerical packageFF @7#. The scalar integrals that ex
hibit UV and/or IR divergences are calculated analytica
Both the UV and IR divergences are extracted by using
mensional regularization ind5422e dimensions. The UV
divergences are then removed by introducing a suitable s
counterterms, as described in detail in Ref.@5#. The IR di-
vergences are cancelled by the analogous singularities in
soft and collinear part of the real gluon emission cross s
tion.

The most difficult integrals arise from the IR diverge
pentagon diagrams with several massive particles. In R
@4,5,8# we calculated the pentagon scalar integrals as lin
combinations of scalar box integrals using the method
Refs. @9,10#. For thegg initiated process we also used th
method of Ref.@6# and found perfect agreement between
results of the two methods. The virtual corrections to thegg
initiated process have an additional complication with
spect to theqq̄ case because of the presence of penta
tensor integrals with rank higher than one. Pentagon ten
integrals can give rise to numerical instabilities due to
dependence on inverse powers of the Gram determi
~GD!:

GDS p11p2→(
i 53

5

pi D
52

@s2~2mt1Mh!2#

64
@Mh

41~s2s45!
2

22Mh
2~s1s45!#ss45sin2u45sin2f45sin2u, ~4!
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where the 3-particle phase space has been expressed in
of a timelike invariants455(p41p5)2, polar angles,u45,u
and azimuthal angles,f45,f, ands5x1x2sH is the partonic
center-of-mass energy squared. As can be seen in Eq.~4!, the
Gram determinant vanishes when two momenta become
generate, i.e., at the boundaries of phase space. Thes
spurious divergences, which cause serious numerical d
culties. We use two methods to overcome this problem
find agreement within the statistical uncertainty of the ph
space integration:

Impose kinematic cuts to avoid the phase space reg
where the Gram determinant vanishes. Then apply an
trapolation procedure from the numerically safe to the n
merically unsafe region.

Eliminate all pentagon tensor integrals by cancelli
terms in the numerator against the propagators wherever
sible, after interfering the pentagon amplitude with the Bo
matrix element. The resulting expressions are very large,
numerically stable.

IV. REAL CORRECTIONS

The O(as) corrections to the Born cross sections for t
qq̄ andgg initial states due to real gluon emission, as well
the (q,q̄)g initiated processes, have been computed us
both a two cutoff@11# and a single cutoff@12–14# implemen-
tation of the phase space slicing~PSS! algorithm. In both
PSS methods, the real contribution to the NLO rate is co
puted analytically below the cutoff~s! and numerically above
the cutoff~s! and the final result is independent of these ar
trary parameters. When studying the cutoff dependence
sNLO , it is crucial to choose the cutoff~s! small enough to
justify the analytical calculations of the IR divergent cont
butions to ŝ real

i j , but not so small as to cause numeric
instabilities. Finding agreement between the two PSS
proaches is therefore a strong check of the accuracy of
calculation.

In the two cutoff PSS algorithm, the contributions
qq̄,gg→t t̄ h1g to ŝ real

i j are first divided into a soft and a
hard part,

ŝ real
i j 5ŝso f t

i j 1ŝhard
i j , ~5!

where soft and hard refer to the energy of the final stat
radiated gluon. This division into hard and soft contributio
depends on a soft cutoffds , such that the energy of th
radiated gluon in the partonic center-of-mass frame is c
sidered soft ifEg<dsAs/2. The eikonal approximation to th
soft matrix elements can be taken and the integral over
soft degrees of freedom performed analytically. Since
(q,q̄)g initiated process does not develop soft singulariti
it only contributes toŝhard

qg and no soft cutoff is applied.

The hard contribution toi j →t t̄ h1k (k5g,q,q̄) is fur-
ther divided into a hard or collinear partŝhard/coll

i j and a hard

or noncollinear partŝhard/noncoll
i j . For qq̄ and gg initiated

processes the hard or collinear region is defined as the re
where the energy of the final state gluon isEg.dsAs/2 and
3-2
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the gluon is radiated from the initial massless parton at
angle ugi , in the i j center-of-mass frame, such that (
2cosugi)<dc , for an arbitrary small collinear cutoffdc . The
matrix element squared in the hard or collinear limit is c
culated using the leading pole approximation, resulting in
convolution of the unregulated Altarelli-Parisi splitting fun
tions Pqq̄ or Pgg with the corresponding tree level matr
elements squared. In the same way, the matrix elem
squared for the (q,q̄)g initiated processes are described,
the collinear region (12cosu(q,q̄)i)<dc , as convolutions of
the unregulated Altarelli-Parisi splitting functionsPgq and
Pqg with the qq̄ andgg tree-level matrix elements, respe
tively. The integration over the angular degrees of freed
can then be performed analytically.

The hard gluon emission from the final massive qua
never belongs to the hard or collinear region. The contri
tion from the hard or noncollinear region is finite and
computed numerically, using standard Monte Carlo integ
tion techniques.

Both ŝso f t
i j and ŝhard

i j depend on the arbitrary cutoffds ,

andŝhard/coll
i j andŝhard/noncoll

i j also depend ondc . However,
the real hadronic cross section,s real , after mass factoriza
tion, is cutoff independent. The cutoff independence of
NLO cross section,sNLO , is shown in Fig. 1, where we
assumedc5ds/100 and we letds vary between 1025 and
1023. The hadronic cross sectionssso f t1shard/coll and
shard/noncoll include the contributions of all threet t̄ h pro-
duction channels,qq̄,gg→t t̄ hg and (q,q̄)g→t t̄ h(q,q̄). For
ds in the range 102521023 and fordc5ds/100, a clear pla-
teau is reached and the result is independent ofds and dc .
An alternative method of isolating both soft and colline
singularities is to divide the phase space of the final s

FIG. 1. sNLO(pp→t t̄ h) @pb# calculated in the two cutoff PSS
approach when varying the soft cutoffds in the range 1025–1023,
with the collinear cutoff set todc5ds/100, atAsH514 TeV, for
Mh5120 GeV andm5mt . The upper plot shows the cancellatio
of the ds(dc) dependence betweensso f t1shard/coll and
shard/noncoll . The lower plot shows the dependence ofsNLO on
ds(dc), with the corresponding statistical errors.
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partons into two regions, according to whether all parto
can be resolved or not.

The single cutoff PSS technique defines the IR diverg
region as that where the final state partonk emitted from
partoni is not resolved and

sik52pi•pk,smin ~6!

for an arbitrarily small value of the cutoffsmin . The partonic
real cross section is then written as

ŝ real
i j 5ŝ ir

i j 1ŝhard
i j 5ŝ ir

c,i j 1ŝcrossing
i j 1ŝhard

i j , ~7!

where ŝ ir
i j includes both soft and collinear singularities a

ŝhard
i j is finite. The IR divergent contribution (ŝ ir

c,i j ) is com-

puted from the crossed process,h→ i j t t̄ 1k, wherei j denote
the initial state partons andk5g,q,q̄. This permits a
straightforward decomposition of the amplitude in terms
color ordered amplitudes. Using the factorization propert
of both the color ordered amplitudes and the gluon/qu
phase space in the soft or collinear limits, the IR diverg
contribution can be extracted analytically. The factorizati
of soft and collinear singularities for color ordered amp
tudes has been discussed in the literature mainly for the le
ing color terms,O(Nc) @12–14#. In our case, however, the
inclusion of the sub-leading terms in 1/Nc is crucial. For the
qq̄ initial state, these terms were first calculated in Ref.@5#.

An additional contribution toŝ ir
i j (ŝcrossing

i j ) arises when
crossing partonsi and j back to the initial state, due to th
mismatch between the collinear gluon radiation from init
and final state partons.ŝcrossing

i j contains collinear diver-
gences which are cancelled by the parton distribution co
terterms when the parton cross section is convoluted with

FIG. 2. Dependence ofsNLO(pp→t t̄ h) @pb# on the arbitrary
cutoff smin of the one cutoff PSS method atAsH514 TeV, for
Mh5120 GeV andm5mt . The upper plot shows the cancellatio
of the smin dependence betweens ir 5s ir

c 1scrossing, and shard .
The lower plot shows the dependence ofsNLO on smin , with the
corresponding statistical errors.
3-3
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parton distribution functions. In Fig. 2, the independence
sNLO from the cutoffsmin is demonstrated. Again, the had
ronic cross sectionss ir

c 1scrossing and shard include the

contributions from all initial states,qq̄,gg and (q,q̄)g. To-
gether with Ref.@5#, this is the first application of the singl
cutoff PSS approach to the calculation of a cross sec
involving more than one massive particle in the final stat

The numerical results of both PSS methods agree wi
the statistical errors and within the systematic errors of
applied soft and collinear approximations. In Ref.@3#, the
dipole subtraction formalism has been used to extract the
singularities of the real part. The agreement between th
three very different treatments of the real IR singularit
represents a powerful check of the corresponding NLO
culations.

V. RESULTS

Our numerical results are found using CTEQ4M part
distribution functions for the calculation of the NLO cro
section, and CTEQ4L parton distribution functions for t
calculation of the lowest order cross section@15#. The NLO
~LO! cross section is evaluated using the 2(1)-loop evolu-
tion of as(m). The top quark mass is taken to bemt

5174 GeV andas
NLO(MZ)50.116.

In Fig. 3 we show, forMh5120 GeV, the dependence o
sLO andsNLO on the arbitrary renormalization/factorizatio
scalem5m r5m f . For scalesm larger thanmt the NLO re-
sult is significantly larger than the lowest order result.

Figure 4 shows both the LO and the NLO total cro

FIG. 3. sLO,NLO(pp→t t̄ h) as functions of the renormalization
factorization scalem, at AsH514 TeV, for Mh5120 GeV.
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section forpp→t t̄ h at AsH514 TeV, as functions ofMh ,
for a representative value of the renormalization/factorizat
scale,m52mt1Mh . We estimate the remaining theoretic
error, due to the residualm dependence, the parton distribu
tion functions, and the experimental error onmt , to be of the
order of 15–20 %. In comparison, the statistical error on
numerical integration is negligible, due to the high statist
used in evaluating the total cross section.

VI. CONCLUSION

The NLO QCD corrections to the standard model proc
pp→t t̄ h, atAsH514 TeV, increase the LO cross section b
a factor of 1.2–1.4 for renormalization/factorization scales
the range mt1Mh/2<m<4mt12Mh and Higgs boson
masses in the range considered in this paper. The NLO re
shows a drastically reduced scale dependence as compar
the Born result and leads to increased confidence in pre
tions based on these results. The techniques developed in
calculation can now be applied to the study of the associa
bb̄h production at both the LHC and the Tevatron.
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