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Axially symmetric rotating traversable wormholes
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This paper generalizes the static and spherically symmetric traversable wormhole geometry to a rotating
axially symmetric one with a time-dependent angular velocity by means of an exact solution. It was found that
the violation of the weak energy condition, although unavoidable, is considerably less severe than in the static
spherically symmetric case. The radial tidal constraint is more easily met due to the rotation. Similar improve-
ments are seen in one of the lateral tidal constraints. The magnitude of the angular velocity may have little
effect on the weak energy condition violation for an axially symmetric wormhole. For a spherically symmetric
one, however, the violation becomes less severe with increasing angular velocity. The time rate of change of
the angular velocity, on the other hand, was found to have no effect at all. Finally, the angular velocity must
depend only on the radial coordinate, confirming an earlier result.
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I. INTRODUCTION A= Q(1)[ — 220 g2+ g2A(0) gy2
It was recognized by Flamiii] in 1916 that our Universe +r2(de?+sin 6dg¢?)]. )

may not be simply connected: there may exist handles or

tunnels, now called wormholes, in the spacetime topologyor a metric with time-dependent functiods and A, see
linking widely separated regions of our Universe or evenRef.[11]. All these studies include a discussion of the WEC
connecting us with different universes altogether. That suchiolation. Traversability conditions are investigated [if|
wormholes may be traversable by humanoid travelers waand[11].

first conjectured by Morris and Thorig], thereby suggest- In this paper we generalize the MT wormhole in another
ing that interstellar travel and even time travel may some daylirection by assuming the wormhole to be rotating, not nec-
be possible. For a detailed discussion see the book by Vissessarily at a constant rate, and by dropping the assumption of
[3]. spherical symmetry. Instead, the wormhole is assumed to be

Morris-Thorne(MT) wormholes are static and spherically axially symmetric, i.e., symmetric with respect to the axis of
symmetric and connect asymptotically flat spacetimes, hermtation. Stationary axially symmetric wormholes are dis-
assumed to be isometric. Adopting units in whiceG  cussed by Ted12]. It is shown that the WEC is indeed
=1, the metric for this wormhole is given by violated but that a traveler would not necessarily come into

contact with any of the exotic matter. These wormholes may
also have an ergoregion, where a particle cannot remain sta-
d i tionary with respect to spatial infinity. This is an extreme
ds’=—e**0dt*+ m+r2(d02+sm2 0de?); (1) example of the well-known dragging effect in general rela-
tivity.

The main purpose of this paper is to discuss both the
®(r) is called theredshift functionrandb(r) the shape func- €nergy violation and the traversability conditions by first
tion. The shape function describes the spatial shape of thénding an exact solution. Possible restrictions on the metric
wormhole when viewed, for example, in an embedding diacoefficients recently proposed by Perez Bergliaffa and Hib-
gram, described below. berd[13] are discussed in Sec. VII.

To hold such a wormhole open, violations of certain en- Proposals to search for naturally occurring wormholes, if
ergy conditions proved to be unavoidable. More precisely, alfhey exist, go back at least to 19954]. For a summary of
known forms of matter obey the weak energy conditionthese findings see Rdf15]. While definite conclusions are
(WEC) Tw,u%ﬁ;g for all timelike vectors and, by conti- Still lacking, the possible existence of wormholes or the ex-
nuity, all null vectors(Friedmar{4]). Matter that violates this istence of negative mass cannot be ruled out.
condition is calledexoticby Morris and Thorne.

Various attempts have be_en made to general_ize the MT Il. THE METRIC
wormhole by giving up spherical symmetfr$] or by includ-
ing time dependence. A particular interesting example of the The study of spacetimes that are both stationary and axi-
latter is the inclusion of a de Sitter scale factor multiplying ally symmetric has a long histofy16—18. A spacetime is
the spatial part of the metric. The goal was to study thestationary if it possesses a timelike Killing vector fiefd
possibility of enlarging a wormhole pulled out of the space-=(d/dt)? generating invariant time translations. Axially
time foam to macroscopic siz&oman[5]). A similar scale  symmetric is formally defined as possessing a spacelike Kill-
factor was used by Kirf6]. Yet another possibility is the use ing vector field £=(d/9d¢)? generating invariant rotations
of a conformal facto)(t) [7—10]: with respect tog.
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Suitable metrics for stationary axially symmetric fields ferentiable function of and @ [as is\(r,#)] and is a strictly
are discussed by Islafii9]. We will adopt the metric sug- decreasing function af with lim, ., u(r,8)=0.
gested by Ted12], since it appears to be best-suited for These requirements are met by z(r, 6) for any fixed§
obtaining an exact solution: such that
ds?=—N2dt?+e* dr?+r2K?[d#?+sir’ 6(d¢— w dt)?], dz e
3 dr V&
whereN, u, K, andw are all functions of andf; w is the

H 2 2
<
angular velocityd/dt. More precisely, (for the upper univerge Furthermored<z/dr<<0 near the

throat[sincedu(r,0,)/dr<0], as required by the “flaring
out” condition in Ref.[2]. The shape function is now defined

¢
_d¢ de/dr u by

CTdt T dudr gt
1

1 b(r,0) "
r

. . . 2u(r,0) —
referred to in Ref[20] as the “angular velocity relative to e

the asymptotic rest frame.” The connection between the met-

ric due to a bounded rotating source and the mass and angu-

lar momentum of the source is discussed in R&9]. It follows that
To make our solution as general as possible, we will as-

sume thatw = w(r, 4,t) is time dependent, so that the worm- b(r,8)=r(1—e 2~.0)

hole can no longer be called stationary. The reason for pro-

posing this model is a practical one: if an advancedFinally, at the throat itselfp must be independent &f. It is

civilization were to succeed in constructing such a worm-readily checked thatb/96=0 atr=r,.

hole, it is likely to be aspherical and the rate of rotation

likely to be varied. Accordingly, we will write our line ele- 1. THE SOLUTION

ment as follows:

Let us write the line elemertd) in slightly more compact
ds?=—e? "0 dt2+ 249 dr2+ [K(r,)]? form:

Xrde*—sir? (dp—o(r,0,H)d?]. (4  ds?=—e? dt2+e2# dr2+K2rde?+sir? 6(de— w dt)2].

HereK(r,0) is a positive dimensionless function pfsuch ©)
thatKr determines the proper radial distance @) in the To make the analysis tractable, we choose an orthonormal
usual manner. In other words,nZKr)siné is the proper basis{e;} which is dual to the following 1-form basis:
circumference of the circle through,®). o L 5

So far nothing has been said about the shape function. ¢-=e*dt, ¢ =e“dr, 6°=Krdo (6)
Recall that the wormhole geometry may be conveniently de-
scribed by means of an embedding diagram in three@"
dimensional Euclidean space at a fixed moment in time and
for a fixed value off, the equatorial slicé= 7/2[2,21]. The
resulting surface of revolution has the parametric form (See also Ref[23]) As a result,

f(r,¢)=(r cose,r sing,z(r, 6,)), 1
dt=e 2%, dr=e *¢, d0=—r€2, )

wherez=2z(r, ) is some function of and # and 6 is mo- K
mentarily held fixed a¥;. As usual, we think of the surface
as connecting two asymptotically flat universes. The radialpJlnd
coordinate decreases frotinee in the “upper” universe to a
minimum valuer =r at the throat, and then increases again d¢
to +< in the “lower” universe.

Since the embedding surface must have a vertical tange
at the throat for any value of, we require that

6*=Kr sinf(d¢p— wdt). (7)

6%+ we 1 6°. 9

“Kr siné@
rIEturthermore,

dz ds?=—(d6°)2+(d6h)%+(d6?) 2+ (d6°)2.
lim ===+, : o . :
Hrwdr Since the orthonormal basis is itself rotating, some infor-
mation regardingp is going to be lost. We will briefly return
while lim,_,dz/dr=0, the meaning of asymptotic flatness. to this topic at the end of Sec. VlIn particular, it will be
Returning to the line elemei), we further assume that for shown that the magnitude af must be restricte@lTo do so,
any fixed 0, w(r,0) has a vertical asymptote at we need the components of the fundamental metric tensor

=Trp: IimH,0+,u(r,0)= +o. Also, u(r,) is a twice dif-  {g,s}, as well ag g}, in the ,r, 0, )-coordinate system:
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Ou=— € +K%r?w?sit 0, gis=—K?rlwsirt 6,

. (10)
U =62, Jg=K?r? g,s=K?r?sir’ g,
and
gtt__efz\7 gt¢__w672/\7 grr:efau,
(11
1 1
06 _ , pb—___ T 2e~ 2
g K?2r? 9 K2r2sir? 0

The last componeng??, bears a striking similarity td¢ in
Eqg. (9).

To obtain the curvature 2-forms and the components o
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1 Jow
1 _ A ANa Moo 0
w3 2Kr ar e "“e #sinfo
Lo LK
r® Tk ® ’
1w o L aoter e
[0 3—5%6 sm WCO K—Zﬁ

The curvature 2-form§! j are calculated directly from the
Fartan structural equations

the Riemann curvature tensor, we use the method of differ-

ential forms(Ref.[22]). To that end we calculate the follow-

ing exterior derivatives in terms df:

I\ 1
daozﬁe Mal/\90+— 92/\90

Kr 96

1
dot=— 2 g2 0,

Kr 96

1 1 oK
—e M — —p M 01/\02’

2:
do r K or

and

Jw
d@3=—Kr Ee”‘e*“ singe*N\¢°— —e " sin96?/\ ¢°

1 19
ceh o e

_|_
K ar

—ﬂ) o'\ 6°

+

! to+ L oK 02/\ 65,
Kr ¢© K2r 96

The connection 1-forms', have the symmetry

0%=0'y (i=1,23, and o'j=-o) (i,j=123i#])
and are related to the bagis by
dé'=—w' /A6
The solution of this system is found to be
1 Jow I\
o _— A Ao M oj 31 _  _A—upn0
W 2Krare e sm0¢9+are 0",
1 on 1w
— 0 T T AN g 3
©2= KT 78 +2<90€ sin#o?,
0—1K 79 o re-msingets = 2 in 66
w 3= 5 Kr re \e #sin 2&06 A singe?,
1 ou 1 1 0K
1 1_ e bt — — g K 2
=iy a0 TIv® Tk ")

(- i i k
Q'j—dw'j-i—w'k/\w I

The results are given in the Appendix. Since the components
of the Riemann curvature tensor can be read off directly
using the formula

Qlj: — ERmnjl UV 0”,

there is no need to list them explicitly. As an example, sup-
pose we lem=0 andn=1 in the equation

lR 0gmA g
mnl .

0 _ _
0% 5

Then

1 1
QOl“ERon A ~ 5 Rio1 00N\ 6°

:_R011 0 /\01_ 001/\00.

Thus Ry1°=A(1,0) in the Appendix(As in Ref.[22], we
omit the hats whenever numerical indices are used.

IV. WEC VIOLATION

As with any traversable wormhole, we would expect a
violation of the weak energy condition near the throat:
T;(,;,Mmﬁzo for all null vectors. As in Morris and Thorne
[2] and Romar{5] we use a radial outgoing null vectpr*
=(ut,u",0,0)=(1,1,0,0). In our orthonormal frame we ex-
pect to have the usual stress-energy compondnts
T Tas, Tpp. as well asTiy, which represents the rota-
tion of the matter dlstrlbutlmﬁlz]

From G;;=R;3—3Rg;; and Rab Racb , we ha\ie
Goot Gn— Root Rn— R011 +Rgp2 + Roga’ — Roil’ — Ryzz

—Ry33t. A short calculation yields
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wheree>0 is a small constant. On the interyat/2,7) each
function is defined to be the “mirror image,” i.e\ and u
are symmetric aboui= 7/2. So the discussion may be con-

20K _, (&)\ a,LL) 1 (a)\ fined to the interval (G7/2].
TeM PR

+—-— —+— — i ivati i :
K ar ar K22\ 96 The partial derivatives are listed next for easy reference:
3
1 [\ ¢u N KT i
——|cot ——— ar 2| 3\2 '
96 K?rz\ 90?96
2 2 d ke T
S PN o ke (7 )
kzr2|\a0) ~\ 0 I (r-rg?ll2
4 K 2 9°K N k[ 2
H| e | - —e —=—=|5-0],
Kr or K gr2 a6 r\2
1[/dw\? J ke
+|—=|=| e sin?%4|. 12 o
2( ‘7‘9) 12 a0 r—ro’
(We have used the Einstein field equati@dig;=87T,;.) PN 2k
To put this rather long expression in perspective, consider ﬁ:T 277
the static spherical cagédl], where only the first term sur-
vives: 5
TE_,
o L (2] N e 13 a0
tt rr—P T= 8m\r € dr dr . ( )

On the right side of Eq(12), the first two terms are simi-
. lar to those in Eq(13). The first term is therefore negative.
Referring to Sec. I, recall that the throat corresponds to thel’he fourth term is strictly positive fop+ /2, while the

valuer=ro. So if u is a smooth function of and given that 1y term is positive near the throat. In the fifth term the
Ilmr_,,o+,u(r)= +oo, it follows that |Im_,r0+d,u/dl’= — o, expression

In Ref. [11], A(r)=—«/r, x>0, so thatd\/dr=«/r?,

making p2— 7 negative near the throat. That a violation of MN\2 [ou\? K¥|m 4 k2e?
the WEC cannot be avoided regardless of the choice(Df ((9—0) —(a—e) = —< ) BNV
can be seen geometrically. For if I,imr0+ d\/dr is positive (r=ro)

and finite, then the sum on the right side of H43) is s similar to the first term but the quadratic factdrreduces

negative near the throat. This might be avoided ifthe size of the second term, thereby making the fifth term

lim, . + d\/dr=+c. But then lim_; . A(r)=— and |ess harmful.

e’ -0, which yields an event horizon. To study the effect oK(r, §), we adopt a function similar
The main goal in this section is to show that for a rotatingto one suggested by T¢&2],

axially symmetric wormhole the WEC violation is, in prin-

ciple, much less severe than for the static spherically sym- (4asing)?

metric case by a suitable choice »fand x. The functions K(r,0)=1+ :

were chosen primarily for convenience, keeping the analysis

simple and accommodating the next section at the same timélow the second and sixth terms are positive, as well. The
Taking k, A, andB to be constants, let seventh term is close to zero near the throat, thanks to the

factore™2#, and so is completely overshadowed by the third
k[ 1/ and fourth terms.

N(r,0)= ; 3( > 0

2

r2

3

+A|, 0<f6=s—-, k>0, The last term is more of a problem, being strictly nega-
(14) tive. However, for Teo’s choicep=2a/r3, wherea is the _
total angular momentum of the wormhole, the last term is
zero. Requiringw to be independent of may be unavoid-
@ble, a conclusion also reached by Khatsymovgdj, who
states that for a macroscopic wormhole to exist, the angular
velocity must be independent ot
0< < T KB>0 ~ With the last term eliminated, we see that a drastic reduc-
' ' ' ' tion in the energy condition violation is indeed possible, at

2
(15 least in principle.

NI

where A is large enough to keep the expression inside th
brackets positive, and

ke T
r—ro

=-0

> +B

wu(r,0)=
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Remark We will see in the next section that the absolute )
value of the first term exceeds that of the second term. Oth- |R35:5:0'| = ¥*| Rt
erwise the WEC violation would appear to have been elimi-

nated completely. As usual, this is a constraint on the velocity of the traveler. It
is assumed in Ref2] that the spaceship decelerates until it
V. TRAVERSABILITY CONDITIONS comes to rest at the throat. So only the first term needs to be

. S ._examined:
Another area in which improvements over the static

spherically symmetric case are possible is in the study of

tidal constraints. In particular, for an infalling radial observer |R;:::|=|Rgy2 | =

v

2
+ 2( R0
Y c | or or

*21-’-4_

1 1 (a)\)z

— _+ _ —
the components of the Riemann curvature tensor are found ror K2r2 99> K?2r2\d0
relative to the following orthonormal basifrom the usual
Lorentz transformations L KoL %ﬁe,zﬁ

K32 060 96 K ar or
1% 1%
96r=7’e£17(g)9h e =+yety E)eiy 3[0w 2 gty s
(16) a\gg) € SO (18

€ =€), ey =e;.

In the static spherically symmetric case only the positive
A traveler should not experience any tidal forces larger tharirst term survives. Once again requiring that the traveler
those on Earth. As outlined in RgR], the radial tidal con- approach the throat in the equatorial plaive 7/2, the next

straint is given by three terms are zero. The last term is also zero due to the
earlier requiremendw/d0=0. The fourth term is negative,
Je 1 and for our choice oK(r, 6)
IRiorirer|<— ~ P
¢*x2m (10°'m) ‘10K§)\ Lot
_ M [ Mm

K ar or r or

assuming an observer 2 m tall. We have

We therefore have a reduction in the size|Rf; /.

2 2
IRi/orive | =|Riszi| = | e 2# ﬂ_ ﬂa_“+ ﬁ For the remaining lateral tidal constraint we need to ex-
3 dw\?
+|—= K2r2<—) e e 2#sir? 9 wans o [T o, LIKI
4) ar [Rotail =[Rosg’| = |- o€ ™+ o —- —-e ™™
+—= =5l 17 L2299 an2u 1 o
K2r2 96 96 +ZK r 0"_r e e MSlnz 6+Wﬁcot0
In the static spherically symmetric case only the first term 2
. o 1 KN 1[dw _
survives. The second term, which involves the angular veloc- WETETRiEY] e 2 sir? 6|. (19
ity, reduces the size dR;;;3]: the first term, K32 90 96 4136
N I\ 9 2 The first two terms appeared in the other lateral constraint;
s 7 N . o . o
e — | —— —|+|—] |, the result is a reduction in the size|®¥;;;|. Unfortunately,
ar? ar ar or the next term is positive. Although small due to the factor

e 2#, the overall result is hard to quantify and may actually
is positive near the throat because the positive middle terrpe less favorable than the corresponding static déseelps
inside the brackets contains the factor—(o)? in the de-  that the next two terms are zero fér= /2, while the last
nominator. For the same reason the first term is larger thaferm vanishes due to the requiremeat/96=0.)
the absolute value of the secofmkar the throat Since the
second term is negative, the net result, so far, is a reduction
in the size of| R;3;3.

Concerning the last term, we need to remember that our In proposing a model with a time-dependent i.e., an
wormhole is not spherically symmetric. The tidal forces ex-angular acceleration or deceleration, it was hoped that the
perienced may therefore depend on the direction of apfindings in the last two sections would be strengthened. As it
proach. So we must ask the traveler to approach the throat iturns out, however, none of the derivatives with respect to

VI. THE EFFECT OF ROTATION

the equatorial plan®@= 7/2, and hereI\/96=0. time occurring in the curvature 2-forms found their way into
To study the first of the lateral tidal constraints, the earlier calculations.
IR5/5:50:|=<(10°m)~2, we have from Eq(16), This failure suggests that the effect of rotation be studied
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from a different perspective. Since we are using a rotating

basis, some information regardirgwas lost: now's appear

in any of the curvature 2-forms, although the derivatives do.
So it may be useful to examine the weak energy condition

violation relative to the ;r, 8, ¢)-coordinate system.

The expression fof;+ T,, , calculated by the traditional

method using the fundamental metric tenf&gs. (10) and
(11)], contain the old terms in Eq12), but not, of course, in
the orthonormal frame. The new terms all contain

87 (Ty+ T, )=o0ld termst Ryey,

where

- —) wK*r3—e e 21 si? ¢

3 Jw
— —wK?2—e¢e 2 gjn )
5® ¢ s 6 coso

PHYSICAL REVIEW D67, 064015 (2003

VII. ADDITIONAL CONSIDERATIONS

It was pointed out in a recent paper by Perez Bergliaffa
and Hibberd 13] that the metriq4) used in this paper may
require further restrictions. In particular, it is shown that a
wormhole of the type studied by Tdd2] cannot be gener-
ated by a perfect fluid or by a fluid with anisotropic stresses.
In the first case the condition

G1o=0 (21
is violated and in the second case,
Goot G35=2G3. (22

These conditions seem to be met if the mefficincludes
the functionsh and u used in this paper, that is, Eqd.4)
and(15), respectively.

For example, to check conditiai21), a short calculation
yields

1 Jowiw 1 [ON Ju
=_Kr— —e g Hgj b | — 4+ e H
G=5Kr—-—ce ®e Sir? 9 2\ 96" 70 e
1 K[\ 0 1 ON[oON 0
+ — _J’__ILL e ___(___ILL e7ﬂv
K2r dr \d6 960 Kr or\ad6 96
1 A 1 9°K 1 KK
—_— PR — +___
Kr araee K2y ar a&e K3r ar aee

Rnew ObViously vanishes if» does. The last four terms van- Each term containe™#, so thatG,,~0 near the throat.

ish if we assume, as before, thab/90=0. With the func-

Even more favorable is the outcome of the check on con-

tions used earlier, the first term is negative and the secondition (22): five of the terms inGgs contain the factor
positi\/e_ UnlessgK/or is very small, this result is, once dwl 30, which is equal to zero. The remaining terms all con-

again, hard to quantify.

tain the factore 2#, so thatGy3~0 near the throat. The left

The situation is rather different if we return to the as-side, Gopt+ Gz, contains only two terms that are neither

sumption of spherical symmetry, while retainitig assumed
to be positive. Thet =1 and\ andu are independent of.

strictly positive, nor zero, nor contain the facter?*. But
these two terms are strongly overshadowed by several terms

In the (t,r, 6, $)-coordinate system, using the outgoing null that are strictly positive. So conditior{22) is easily met in

vector (1,1,0,0), we have

p2_7'= re=2x

1) )N Jd d
— + —sir? 0) +re 2m #Jr 8 sirp 0)

ar ar ar
1 Jw
N Il ~2 g~ 2u iR 9.
2)wr e e sir? 6 (20

Since w>0, the last term is positive. So i is large, the
WEC violation is much reduced.

the vicinity of the throat.

Since the vicinity of the throat is the only region that
really matters, we can constru@h the usual manng¢m so-
lution with a suitable radial cutoff of the stress-energy tensor.
Our solution can then be joined, at least in principle, to an
external solution also satisfying the desired conditidfer
a discussion of the required junction conditions, see Ref.
[20].)

It is indeed surprising that and w, which were chosen
for entirely different reasons, are sufficient for satisfying

While the resulting reduction in the WEC violation is a conditions(21) and(22), thereby overcoming the objections

welcome surprise, some words of caution are in order. Theaised to the wormhole in Tdd 2]. Unfortunately, Ref[13]

last term in Eq.(20) suggests that ifo is large enough, the discusses other conditions, some of which are not so easily
WEC violation can be eliminated altogether. But as ex-checked. So it may still be necessary to “incorporate more
plained by Ted12], for a rapidly rotating wormhole it may realistic (in the astrophysical senséeatures, for example
not be possible to use a radially outgoing null vector sinceneat flux” (Ref. [13]). Future investigations of these issues
the g, component of the fundamental metric tensor may nocould be extended to include stability conditions, especially
longer be negative, as can be seen from the line element, Efpr rotating wormholes, since such conditions may also re-
(5). quire “more realistic features.”
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VIIl. CONCLUSION B ia_“’ (9_,“6_)\8””9
In this paper the MT wormhole solution was generalized 2Kr 96 90
to wormholes which are both rotating and axially symmetric,
. . . . . 3 K dw )
i.e., symmetric with respect to the axis of rotation. It was — ~r— —e e 2“sing,
concluded that the unavoidable violation of the weak energy 2 gr or
condition is less severe than in the spherically symmetric
case. The radial tidal constraint is more easily met due to the 1dw (N du _
rotation. An improvement was also found in one of the lat- A(3.2=7 a_r(%Jr %) e e #sing

eral tidal constraints. Making the angular velocity time

dependent does not help since none of the time derivatives in do _\ _ 1Ko _\
the Appendix appeared in the calculations. Furthermore, —or € e feosi—op e e fsing
must be independent &, in agreement with Ref.23]. Fi-

nally, the magnitude of the angular velocity may have little 1 o Nt ai

effect on the WEC violation for an axially symmetric worm- TS aragt € 'sing.

hole. In the spherically symmetric case, however, a rapid
rotation wlll result in a.reductlon in the WEC violation, as 0% =B(1,0 0"\ 6%+ B(2,0) 62 0°+ B(3,0) 63/\ 6°
long asw is not excessively large.
+B(3,)6°\6*+B(3,2 6°/\ 62,
APPENDIX

; whereB(1,0)=A(2,0),
This appendix lists the curvature 2-forrfls; : (LO)=A(20)

00 =A(1,0 6/ 6°+A(2,0 62\ 6°+ A(3,0) 63/ 6° 820= Moy L A 1 (ﬂ)z
I 2,2 12 2,2
FAGBD) PN+ A3,2) BN, ror K?r? 96> K22\ d0
where LKA KA,
K32 90 968 K or ar
PN N du [ IN\?
= _2/’“ _ - 3 a 2
3 dw\? 1 o\ du
——Kzrz(—) e e st 0+ —— — —, 10w
4 ar K?r2 96 d0 B(3,O)=—§E<a—0)ez}‘8in0,
A20 1 _”( PN N aM+a>\ ax) ,
V=1 € T o 90 T ar 9p 1 dw 1 /°w
Kr grog dr a0 ar d6 B(3,1)=—Ea—0e**e*“sin0—§&mge**e*“sina
3 dwiw _, _ 1 on
_ZKI’a—r%e )‘e 'U'Slnza—pﬁe H 1dw I\ Ap— P
r +-——e e *sin
290 or
1 0K oN
- 10w d 1w
—— e S0P e rging— = 2L e ek
K2r dr 96 +2ar Me e #sing 5 ﬁre e *cosé
9w 1 Koo
I | a=2\a— H - "
A(3,0= 2Krat((9r)e e *sing, 5K ar ﬁae e #sing
3 9 10K&w_)\_ﬂ_0
w — = ——e ‘e #sing,
A(3,)=—-K—e re ?*sing 2K 96 or
2 or
1K Pw Ne-2uging B(3.2) = 1 e s 1 dowon |
5 rarze e “#sin (,)——mﬁe 3|n6+m%%e sin@
+1K dw IN | ~2uging 3 do _, 1Kc9w 20 o
> r&r are e sin —mﬁe cosa—z &—re e sing
1 Jwdu 1 K dw
+ =Kr— —e te 2#gj I b W JP
2Kr or are e sing Zrar are e siné
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0%=C(1,06*\6°+ C(2,0 6>/\6°+C(3,0) 03\ ¢°
+C(2,1) 6°/\ 6%,

where

1 dfdw| , _
C(1,0)=—§Krﬁ ar e “"e " #sing,

19w\ ,
C(Z,O):—EE (9_19 e siné,

ciago LN 2, LKA
(')_rare K or or ©

—2u

1 dw) 2

LKz R Y
4Kr(§r)e e 2" sirt 0
1 O\

N
K22 (wcow

1 9K o\ 1(aw

2
+ _— = — —2\ of
K32 90 90 4 aa) e i 6,

lowon _, _
C(2,1)=—§W%e e #sinfg

+1z9w N
290 ar

i sing 1(%)_)‘_“'6
e Sin —E%e e Sin

N

N liw _’u P
~—€e e Ccos
2 or

e Apugj
2K ar (906 e sing

1 Kiw _ i ging
too— — :
2K g6 or ¢ €SI

01,=D(3,000°N\6°+D(2,1) 6>/\ 6%,

whereD(3,0)=—-C(2,1),
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2 oK 1du 1
- _ a2u___" *2#_’_ o
D21 Kr ar © roor © K2r2 962
1 (op\? 10K o 1Kaw
K2r2 d0 K (9[‘2 K ar oar
1 oK u
K3r2 90 96"

QL =E(1,00'N\6°+E(2,0 6>\ 6°+E(3,1) 03N\ 6*
+E(3,2) 6°/\ 6,
whereE(1,0)= —A(3,1), E(2,0)=—-B(3,1),

2 oK 1dum 1 #°K
- e 2p_ T a2p T a2p
EG.D Kr ar © roar < +K ngG
1oKop , 1 dw\?
A 2uy T w22 —2Na— 24 o
K or ar € +4Kr((9r)e e 2“sir? ¢
1 du 1 oK u
—— —cotl+ —— — —,
2,2 96 K3r2 96 96
dp 1 oKou
E(3,2)———2£ —Eﬁﬁe
1 K 1 do o
R - Ky — —2Na— M gj
K2r dr 96 4Kr ar ab’e e”#sirf ¢
1 0K oK
K3r or 30

02=F(1,06*/\6°+F (2,0 62\ 6°+ F(3,1) 6°/\ 6*
+F(3,2 63N\ 62,

where F(1,0=-A(3,2), F(2,0=-B(3,2), F(3,1)
=E(3,2),
2 oK 1 (oK\2
= e 2wy — o 2py T || o 2p
F(3.2 K2r2+r2 Ky ar KZ(ar)
1 aK2+ 1 a2K+ 1 oK ;
k2l a0) ez g ke a0
1/0w)?
+—|—=| e ?sir? 6.
4((90 e 2 sirf g
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