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Axially symmetric rotating traversable wormholes

Peter K. F. Kuhfittig
Department of Mathematics, Milwaukee School of Engineering, Milwaukee, Wisconsin 53202-3109

~Received 6 December 2002; published 27 March 2003!

This paper generalizes the static and spherically symmetric traversable wormhole geometry to a rotating
axially symmetric one with a time-dependent angular velocity by means of an exact solution. It was found that
the violation of the weak energy condition, although unavoidable, is considerably less severe than in the static
spherically symmetric case. The radial tidal constraint is more easily met due to the rotation. Similar improve-
ments are seen in one of the lateral tidal constraints. The magnitude of the angular velocity may have little
effect on the weak energy condition violation for an axially symmetric wormhole. For a spherically symmetric
one, however, the violation becomes less severe with increasing angular velocity. The time rate of change of
the angular velocity, on the other hand, was found to have no effect at all. Finally, the angular velocity must
depend only on the radial coordinate, confirming an earlier result.
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I. INTRODUCTION

It was recognized by Flamm@1# in 1916 that our Universe
may not be simply connected: there may exist handles
tunnels, now called wormholes, in the spacetime topolo
linking widely separated regions of our Universe or ev
connecting us with different universes altogether. That s
wormholes may be traversable by humanoid travelers
first conjectured by Morris and Thorne@2#, thereby suggest
ing that interstellar travel and even time travel may some
be possible. For a detailed discussion see the book by Vi
@3#.

Morris-Thorne~MT! wormholes are static and spherical
symmetric and connect asymptotically flat spacetimes, h
assumed to be isometric. Adopting units in whichc5G
51, the metric for this wormhole is given by

ds252e2F(r ) dt21
dr2

12b~r !/r
1r 2~du21sin2 u df2!; ~1!

F(r ) is called theredshift functionandb(r ) theshape func-
tion. The shape function describes the spatial shape of
wormhole when viewed, for example, in an embedding d
gram, described below.

To hold such a wormhole open, violations of certain e
ergy conditions proved to be unavoidable. More precisely,
known forms of matter obey the weak energy conditi
~WEC! Tabmamb>0 for all timelike vectors and, by conti
nuity, all null vectors~Friedman@4#!. Matter that violates this
condition is calledexoticby Morris and Thorne.

Various attempts have been made to generalize the
wormhole by giving up spherical symmetry@3# or by includ-
ing time dependence. A particular interesting example of
latter is the inclusion of a de Sitter scale factor multiplyi
the spatial part of the metric. The goal was to study
possibility of enlarging a wormhole pulled out of the spac
time foam to macroscopic size~Roman@5#!. A similar scale
factor was used by Kim@6#. Yet another possibility is the us
of a conformal factorV(t) @7–10#:
0556-2821/2003/67~6!/064015~9!/$20.00 67 0640
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ds25V~ t !@2e2F(r ) dt21e2L(r ) dr2

1r 2~du21sin2 u df2!#. ~2!

For a metric with time-dependent functionsF and L, see
Ref. @11#. All these studies include a discussion of the WE
violation. Traversability conditions are investigated in@7#
and @11#.

In this paper we generalize the MT wormhole in anoth
direction by assuming the wormhole to be rotating, not n
essarily at a constant rate, and by dropping the assumptio
spherical symmetry. Instead, the wormhole is assumed to
axially symmetric, i.e., symmetric with respect to the axis
rotation. Stationary axially symmetric wormholes are d
cussed by Teo@12#. It is shown that the WEC is indee
violated but that a traveler would not necessarily come i
contact with any of the exotic matter. These wormholes m
also have an ergoregion, where a particle cannot remain
tionary with respect to spatial infinity. This is an extrem
example of the well-known dragging effect in general re
tivity.

The main purpose of this paper is to discuss both
energy violation and the traversability conditions by fir
finding an exact solution. Possible restrictions on the me
coefficients recently proposed by Perez Bergliaffa and H
berd @13# are discussed in Sec. VII.

Proposals to search for naturally occurring wormholes
they exist, go back at least to 1995@14#. For a summary of
these findings see Ref.@15#. While definite conclusions are
still lacking, the possible existence of wormholes or the e
istence of negative mass cannot be ruled out.

II. THE METRIC

The study of spacetimes that are both stationary and
ally symmetric has a long history@16–18#. A spacetime is
stationary if it possesses a timelike Killing vector fieldha

5(]/]t)a generating invariant time translations. Axiall
symmetric is formally defined as possessing a spacelike K
ing vector fieldja5(]/]f)a generating invariant rotation
with respect tof.
©2003 The American Physical Society15-1
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Suitable metrics for stationary axially symmetric fiel
are discussed by Islam@19#. We will adopt the metric sug-
gested by Teo@12#, since it appears to be best-suited f
obtaining an exact solution:

ds252N2 dt21em dr21r 2K2@du21sin2 u~df2v dt!2#,

~3!

whereN, m, K, andv are all functions ofr andu; v is the
angular velocitydf/dt. More precisely,

v5
df

dt
5

df/dt

dt/dt
5

uf

ut
,

referred to in Ref.@20# as the ‘‘angular velocity relative to
the asymptotic rest frame.’’ The connection between the m
ric due to a bounded rotating source and the mass and a
lar momentum of the source is discussed in Ref.@19#.

To make our solution as general as possible, we will
sume thatv5v(r ,u,t) is time dependent, so that the worm
hole can no longer be called stationary. The reason for p
posing this model is a practical one: if an advanc
civilization were to succeed in constructing such a wor
hole, it is likely to be aspherical and the rate of rotati
likely to be varied. Accordingly, we will write our line ele
ment as follows:

ds252e2l(r ,u) dt21e2m(r ,u) dr21@K~r ,u!#2

3r 2@du22sin2 u„df2v~r ,u,t !dt…2#. ~4!

Here K(r ,u) is a positive dimensionless function ofr such
that Kr determines the proper radial distance at (r ,u) in the
usual manner. In other words, 2p(Kr )sinu is the proper
circumference of the circle through (r ,u).

So far nothing has been said about the shape funct
Recall that the wormhole geometry may be conveniently
scribed by means of an embedding diagram in thr
dimensional Euclidean space at a fixed moment in time
for a fixed value ofu, the equatorial sliceu5p/2 @2,21#. The
resulting surface of revolution has the parametric form

f ~r ,f!5„r cosf,r sinf,z~r ,u1!…,

wherez5z(r ,u) is some function ofr and u and u is mo-
mentarily held fixed atu1. As usual, we think of the surfac
as connecting two asymptotically flat universes. The rad
coordinate decreases from1` in the ‘‘upper’’ universe to a
minimum valuer 5r 0 at the throat, and then increases ag
to 1` in the ‘‘lower’’ universe.

Since the embedding surface must have a vertical tan
at the throat for any value ofu, we require that

lim
r→r 01

dz

dr
51`,

while limr→`dz/dr50, the meaning of asymptotic flatnes
Returning to the line element~4!, we further assume that fo
any fixed u, m(r ,u) has a vertical asymptote atr
5r 0 : limr→r 01m(r ,u)51`. Also, m(r ,u) is a twice dif-
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ferentiable function ofr andu @as isl(r ,u)] and is a strictly
decreasing function ofr with limr→`m(r ,u)50.

These requirements are met byz5z(r ,u) for any fixedu
such that

dz

dr
5Ae2m(r ,u)21

~for the upper universe!. Furthermore,d2z/dr2,0 near the
throat @sincedm(r ,u1)/dr,0], as required by the ‘‘flaring
out’’ condition in Ref.@2#. The shape function is now define
by

e2m(r ,u)5
1

12
b~r ,u!

r

.

It follows that

b~r ,u!5r ~12e22m(r ,u)!.

Finally, at the throat itself,b must be independent ofu. It is
readily checked that]b/]u50 at r 5r 0.

III. THE SOLUTION

Let us write the line element~4! in slightly more compact
form:

ds252e2l dt21e2m dr21K2r 2@du21sin2 u~df2v dt!2#.

~5!

To make the analysis tractable, we choose an orthonor
basis$eâ% which is dual to the following 1-form basis:

u05el dt, u15em dr, u25Kr du ~6!

and

u35Kr sinu~df2vdt!. ~7!

~See also Ref.@23#.! As a result,

dt5e2lu0, dr5e2mu1, du5
1

Kr
u2, ~8!

and

df5
1

Kr sinu
u31ve2lu0. ~9!

Furthermore,

ds252~du0!21~du1!21~du2!21~du3!2.

Since the orthonormal basis is itself rotating, some inf
mation regardingv is going to be lost. We will briefly return
to this topic at the end of Sec. VI.~In particular, it will be
shown that the magnitude ofv must be restricted.! To do so,
we need the components of the fundamental metric ten
$gab%, as well as$gab%, in the (t,r ,u,f)-coordinate system
5-2
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gtt52e2l1K2r 2v2 sin2 u, gtf52K2r 2v sin2 u,
~10!

grr 5e2m, guu5K2r 2, gff5K2r 2 sin2 u,

and

gtt52e22l, gtf52ve22l, grr 5e22m,
~11!

guu5
1

K2r 2
, gff5

1

K2r 2 sin2 u
2v2e22l.

The last component,gff, bears a striking similarity todf in
Eq. ~9!.

To obtain the curvature 2-forms and the components
the Riemann curvature tensor, we use the method of dif
ential forms~Ref. @22#!. To that end we calculate the follow
ing exterior derivatives in terms ofu i :

du05
]l

]r
e2mu1`u01

1

Kr

]l

]u
u2`u0,

du15
1

Kr

]m

]u
u2`u1,

du25S 1

r
e2m1

1

K

]K

]r
e2mD u1`u2,

and

du352Kr
]v

]r
e2le2m sinuu1`u02

]v

]u
e2l sinuu2`u0

1S 1

r
e2m1

1

K

]K

]r
e2mD u1`u3

1S 1

Kr
cotu1

1

K2r

]K

]u D u2`u3.

The connection 1-formsv i
k have the symmetry

v0
i5v i

0 ~ i 51,2,3!, and v i
j52v j

i ~ i , j 51,2,3,i 5” j !

and are related to the basisu i by

du i52v i
k`uk.

The solution of this system is found to be

v0
15

1

2
Kr

]v

]r
e2le2m sinuu31

]l

]r
e2mu0,

v0
25

1

Kr

]l

]u
u01

1

2

]v

]u
e2l sinuu3,

v0
35

1

2
Kr

]v

]r
e2le2m sinuu11

1

2

]v

]u
e2l sinuu2,

v1
25

1

Kr

]m

]u
u12S 1

r
e2m1

1

K

]K

]r
e2mD u2,
06401
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v1
35

1

2
Kr

]v

]r
e2le2m sinuu0

2S 1

r
e2m1

1

K

]K

]r
e2mD u3,

v2
35

1

2

]v

]u
e2l sinuu02S 1

Kr
cotu1

1

K2r

]K

]u D u3.

The curvature 2-formsV i
j are calculated directly from the

Cartan structural equations

V i
j5dv i

j1v i
k`vk

j .

The results are given in the Appendix. Since the compone
of the Riemann curvature tensor can be read off direc
using the formula

V i
j52

1

2
Rmn j

ium`un,

there is no need to list them explicitly. As an example, su
pose we letm50 andn51 in the equation

V0
152

1

2
Rmn1

0um`un.

Then

V0
152

1

2
R011

0u0`u12
1

2
R101

0u1`u0

52R011
0u0`u15R011

0u1`u0.

Thus R011
05A(1,0) in the Appendix.~As in Ref. @22#, we

omit the hats whenever numerical indices are used.!

IV. WEC VIOLATION

As with any traversable wormhole, we would expect
violation of the weak energy condition near the thro
Tâb̂mâmb̂>0 for all null vectors. As in Morris and Thorne
@2# and Roman@5# we use a radial outgoing null vectormâ

5(m t̂,m r̂ ,0,0)5(1,1,0,0). In our orthonormal frame we ex
pect to have the usual stress-energy componentsTt̂ t̂ ,
Tr̂ r̂ , Tû û , Tf̂f̂ , as well asTt̂ f̂ , which represents the rota
tion of the matter distribution@12#.

From Gâb̂5Râb̂2 1
2 Rgâb̂ and Rab5Racb

c, we have
G001 G115 R001R115 R011

01R022
01R033

02R011
0 2R122

1

2R133
1. A short calculation yields
5-3
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8p~Tt̂ t̂1Tr̂ r̂ !5Rt̂ t̂1Rr̂ r̂5
2

r
e22mS ]l

]r
1

]m

]r D
1

2

K

]K

]r
e22mS ]l

]r
1

]m

]r D1
1

K2r 2 S ]l

]u

2
]m

]u D cotu1
1

K2r 2 S ]2l

]u2
2

]2m

]u2 D
1

1

K2r 2 F S ]l

]u D 2

2S ]m

]u D 2G
1S 2

4

Kr

]K

]r
e22mD1S 2

2

K

]2K

]r 2
e22mD

1F2
1

2 S ]v

]u D 2

e22l sin2uG . ~12!

~We have used the Einstein field equationsGâb̂58pTâb̂ .)
To put this rather long expression in perspective, cons

the static spherical case@11#, where only the first term sur
vives:

Tt̂ t̂1Tr̂ r̂5r22t5
1

8p S 2

r De22mS dl

dr
1

dm

dr D . ~13!

Referring to Sec. II, recall that the throat corresponds to
valuer 5r 0. So if m is a smooth function ofr and given that
limr→r 01m(r )51`, it follows that limr→r 01dm/dr52`.

In Ref. @11#, l(r )52k/r , k.0, so that dl/dr5k/r 2,
making r22t negative near the throat. That a violation
the WEC cannot be avoided regardless of the choice ofl(r )
can be seen geometrically. For if limr→r 01 dl/dr is positive
and finite, then the sum on the right side of Eq.~13! is
negative near the throat. This might be avoided
limr→r 01 dl/dr51`. But then limr→r 01l(r )52` and

e2l(r )→0, which yields an event horizon.
The main goal in this section is to show that for a rotati

axially symmetric wormhole the WEC violation is, in prin
ciple, much less severe than for the static spherically s
metric case by a suitable choice ofl andm. The functions
were chosen primarily for convenience, keeping the anal
simple and accommodating the next section at the same t

Taking k, A, andB to be constants, let

l~r ,u!52
k

r F2
1

3 S p

2
2u D 3

1AG , 0,u<
p

2
, k.0,

~14!

whereA is large enough to keep the expression inside
brackets positive, and

m~r ,u!5
ke

r 2r 0
F S p

2
2u D1BG , 0,u<

p

2
, k,B.0,

~15!
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wheree.0 is a small constant. On the interval@p/2,p) each
function is defined to be the ‘‘mirror image,’’ i.e.,l and m
are symmetric aboutu5p/2. So the discussion may be con
fined to the interval (0,p/2#.

The partial derivatives are listed next for easy referen

]l

]r
5

k

r 2 F2
1

3 S p

2
2u D 3

1AG ,
]m

]r
52

ke

~r 2r 0!2 F S p

2
2u D1BG ,

]l

]u
52

k

r S p

2
2u D 2

,

]m

]u
52

ke

r 2r 0
,

]2l

]u2
5

2k

r S p

2
2u D ,

]2m

]u2
50.

On the right side of Eq.~12!, the first two terms are simi-
lar to those in Eq.~13!. The first term is therefore negative
The fourth term is strictly positive foru5” p/2, while the
third term is positive near the throat. In the fifth term th
expression

S ]l

]u D 2

2S ]m

]u D 2

5
k2

r 2 S p

2
2u D 4

2
k2e2

~r 2r 0!2

is similar to the first term but the quadratic factore2 reduces
the size of the second term, thereby making the fifth te
less harmful.

To study the effect ofK(r ,u), we adopt a function similar
to one suggested by Teo@12#,

K~r ,u!511
~4a sinu!2

r
.

Now the second and sixth terms are positive, as well. T
seventh term is close to zero near the throat, thanks to
factore22m, and so is completely overshadowed by the th
and fourth terms.

The last term is more of a problem, being strictly neg
tive. However, for Teo’s choice,v52a/r 3, wherea is the
total angular momentum of the wormhole, the last term
zero. Requiringv to be independent ofu may be unavoid-
able, a conclusion also reached by Khatsymovsky@23#, who
states that for a macroscopic wormhole to exist, the ang
velocity must be independent ofu.

With the last term eliminated, we see that a drastic red
tion in the energy condition violation is indeed possible,
least in principle.
5-4
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Remark. We will see in the next section that the absolu
value of the first term exceeds that of the second term. O
erwise the WEC violation would appear to have been eli
nated completely.

V. TRAVERSABILITY CONDITIONS

Another area in which improvements over the sta
spherically symmetric case are possible is in the study
tidal constraints. In particular, for an infalling radial observ
the components of the Riemann curvature tensor are fo
relative to the following orthonormal basis~from the usual
Lorentz transformations!:

e0̂85get̂7gS v
cDer̂ , e1̂857ger̂1gS v

cDet̂ ,

~16!
e2̂85eû , e3̂85ef̂ .

A traveler should not experience any tidal forces larger th
those on Earth. As outlined in Ref.@2#, the radial tidal con-
straint is given by

uR1̂80̂81̂80̂8u<
g%

c232 m
'

1

~108 m!2
,

assuming an observer 2 m tall. We have

uR1̂80̂81̂80̂8u5uRr̂ t̂ r̂ t̂u5Ue22mF ]2l

]r 2
2

]l

]r

]m

]r
1S ]l

]r D 2G
1S 2

3

4DK2r 2S ]v

]r D 2

e22le22m sin2 u

1
1

K2r 2

]l

]u

]m

]uU . ~17!

In the static spherically symmetric case only the first te
survives. The second term, which involves the angular ve
ity, reduces the size ofuRr̂ t̂ r̂ t̂u: the first term,

e22mF ]2l

]r 2
1S 2

]l

]r

]m

]r D1S ]l

]r D 2G ,

is positive near the throat because the positive middle t
inside the brackets contains the factor (r 2r 0)2 in the de-
nominator. For the same reason the first term is larger t
the absolute value of the second~near the throat!. Since the
second term is negative, the net result, so far, is a reduc
in the size ofuRr̂ t̂ r̂ t̂u.

Concerning the last term, we need to remember that
wormhole is not spherically symmetric. The tidal forces e
perienced may therefore depend on the direction of
proach. So we must ask the traveler to approach the thro
the equatorial planeu5p/2, and here]l/]u50.

To study the first of the lateral tidal constraint
uR2̂80̂82̂80̂8u<(108 m)22, we have from Eq.~16!,
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uR2̂80̂82̂80̂8u5g2uRû t̂ û t̂u1g2S v
cD 2

uRû r̂ û r̂ u.

As usual, this is a constraint on the velocity of the traveler
is assumed in Ref.@2# that the spaceship decelerates unti
comes to rest at the throat. So only the first term needs to
examined:

uRû t̂ û t̂u5uR022
0u5U1r ]l

]r
e22m1

1

K2r 2

]2l

]u2
1

1

K2r 2 S ]l

]u D 2

2
1

K3r 2

]K

]u

]l

]u
1

1

K

]K

]r

]l

]r
e22m

2
3

4 S ]v

]u D 2

e22l sin2 uU . ~18!

In the static spherically symmetric case only the posit
first term survives. Once again requiring that the trave
approach the throat in the equatorial planeu5p/2, the next
three terms are zero. The last term is also zero due to
earlier requirement]v/]u50. The fourth term is negative
and for our choice ofK(r ,u)

U1

K

]K

]r

]l

]r
e22mU,U1r ]l

]r
e22mU.

We therefore have a reduction in the size ofuRû t̂ û t̂u.
For the remaining lateral tidal constraint we need to e

amine

uRf̂ t̂ f̂ t̂u5uR033
0u5U1r ]l

]r
e22m1

1

K

]K

]r

]l

]r
e22m

1
1

4
K2r 2S ]v

]r D 2

e22le22m sin2 u1
1

K2r 2

]l

]u
cotu

1
1

K3r 2

]K

]u

]l

]u
1

1

4 S ]v

]u D 2

e22l sin2 uU . ~19!

The first two terms appeared in the other lateral constra
the result is a reduction in the size ofuRf̂ t̂ f̂ t̂u. Unfortunately,
the next term is positive. Although small due to the fac
e22m, the overall result is hard to quantify and may actua
be less favorable than the corresponding static case.~It helps
that the next two terms are zero foru5p/2, while the last
term vanishes due to the requirement]v/]u50.!

VI. THE EFFECT OF ROTATION

In proposing a model with a time-dependentv, i.e., an
angular acceleration or deceleration, it was hoped that
findings in the last two sections would be strengthened. A
turns out, however, none of the derivatives with respec
time occurring in the curvature 2-forms found their way in
the earlier calculations.

This failure suggests that the effect of rotation be stud
5-5
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from a different perspective. Since we are using a rotat
basis, some information regardingv was lost: nov ’s appear
in any of the curvature 2-forms, although the derivatives
So it may be useful to examine the weak energy condit
violation relative to the (t,r ,u,f)-coordinate system.

The expression forTtt1Trr , calculated by the traditiona
method using the fundamental metric tensor@Eqs. ~10! and
~11!#, contain the old terms in Eq.~12!, but not, of course, in
the orthonormal frame. The new terms all containv:

8p~Ttt1Trr !5old terms1Rnew,

where

Rnew52
1

2
vK3r 4

]K

]r

]v

]r
e22le22m sin2 u

1S 2
1

2DvK4r 3
]v

]r
e22le22m sin2 u

2vKr 2
]K

]u

]v

]u
e22l sin2 u

2
1

2
vK2r 2

]2v

]u2
e22l sin2 u

1
1

2
vK2r 2

]v

]u

]l

]u
e22l sin2 u

2
3

2
vK2r 2

]v

]u
e22l sinu cosu.

Rnew obviously vanishes ifv does. The last four terms van
ish if we assume, as before, that]v/]u50. With the func-
tions used earlier, the first term is negative and the sec
positive. Unless]K/]r is very small, this result is, onc
again, hard to quantify.

The situation is rather different if we return to the a
sumption of spherical symmetry, while retainingv, assumed
to be positive. ThenK51 andl andm are independent ofu.
In the (t,r ,u,f)-coordinate system, using the outgoing n
vector (1,1,0,0), we have

r22t5re22mS ]l

]r
1

]l

]r
sin2 u D1re22mS ]m

]r
1

]m

]r
sin2 u D

1S 2
1

2Dvr 3
]v

]r
e22le22m sin2 u. ~20!

Sincev.0, the last term is positive. So ifv is large, the
WEC violation is much reduced.

While the resulting reduction in the WEC violation is
welcome surprise, some words of caution are in order.
last term in Eq.~20! suggests that ifv is large enough, the
WEC violation can be eliminated altogether. But as e
plained by Teo@12#, for a rapidly rotating wormhole it may
not be possible to use a radially outgoing null vector sin
the gtt component of the fundamental metric tensor may
longer be negative, as can be seen from the line element
~5!.
06401
g

.
n

nd

l

e

-

e
o
q.

VII. ADDITIONAL CONSIDERATIONS

It was pointed out in a recent paper by Perez Berglia
and Hibberd@13# that the metric~4! used in this paper may
require further restrictions. In particular, it is shown that
wormhole of the type studied by Teo@12# cannot be gener-
ated by a perfect fluid or by a fluid with anisotropic stress
In the first case the condition

G1250 ~21!

is violated and in the second case,

G001G33>2G03. ~22!

These conditions seem to be met if the metric~4! includes
the functionsl and m used in this paper, that is, Eqs.~14!
and ~15!, respectively.

For example, to check condition~21!, a short calculation
yields

G125
1

2
Kr

]v

]r

]v

]u
e22le2m sin2 u1

1

Kr 2 S ]l

]u
1

]m

]u De2m

1
1

K2r

]K

]r S ]l

]u
1

]m

]u De2m2
1

Kr

]l

]r S ]l

]u
2

]m

]u De2m

2
1

Kr

]2l

]r ]u
e2m2

1

K2r

]2K

]r ]u
e2m1

1

K3r

]K

]r

]K

]u
e2m.

Each term containse2m, so thatG12'0 near the throat.
Even more favorable is the outcome of the check on c

dition ~22!: five of the terms inG03 contain the factor
]v/]u, which is equal to zero. The remaining terms all co
tain the factore22m, so thatG03'0 near the throat. The lef
side, G001G33, contains only two terms that are neith
strictly positive, nor zero, nor contain the factore22m. But
these two terms are strongly overshadowed by several te
that are strictly positive. So condition~22! is easily met in
the vicinity of the throat.

Since the vicinity of the throat is the only region th
really matters, we can construct~in the usual manner! a so-
lution with a suitable radial cutoff of the stress-energy tens
Our solution can then be joined, at least in principle, to
external solution also satisfying the desired conditions.~For
a discussion of the required junction conditions, see R
@20#.!

It is indeed surprising thatl andm, which were chosen
for entirely different reasons, are sufficient for satisfyin
conditions~21! and ~22!, thereby overcoming the objection
raised to the wormhole in Teo@12#. Unfortunately, Ref.@13#
discusses other conditions, some of which are not so ea
checked. So it may still be necessary to ‘‘incorporate m
realistic ~in the astrophysical sense! features, for example
heat flux’’ ~Ref. @13#!. Future investigations of these issu
could be extended to include stability conditions, especia
for rotating wormholes, since such conditions may also
quire ‘‘more realistic features.’’
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VIII. CONCLUSION

In this paper the MT wormhole solution was generaliz
to wormholes which are both rotating and axially symmetr
i.e., symmetric with respect to the axis of rotation. It w
concluded that the unavoidable violation of the weak ene
condition is less severe than in the spherically symme
case. The radial tidal constraint is more easily met due to
rotation. An improvement was also found in one of the l
eral tidal constraints. Making the angular velocityv time
dependent does not help since none of the time derivative
the Appendix appeared in the calculations. Furthermorev
must be independent ofu, in agreement with Ref.@23#. Fi-
nally, the magnitude of the angular velocity may have lit
effect on the WEC violation for an axially symmetric worm
hole. In the spherically symmetric case, however, a ra
rotation will result in a reduction in the WEC violation, a
long asv is not excessively large.

APPENDIX

This appendix lists the curvature 2-formsV i
j :

V0
15A~1,0!u1`u01A~2,0!u2`u01A~3,0!u3`u0

1A~3,1!u3`u11A~3,2!u3`u2,

where

A~1,0!5e22mF ]2l

]r 2
2

]l

]r

]m

]r
1S ]l

]r D 2G
2

3

4
K2r 2S ]v

]r D 2

e22le22m sin2 u1
1

K2r 2

]l

]u

]m

]u
,

A~2,0!5
1

Kr
e2mS ]2l

]r ]u
2

]l

]r

]m

]u
1

]l

]r

]l

]u D
2

3

4
Kr

]v

]r

]v

]u
e22le2m sin2 u2

1

Kr 2

]l

]u
e2m

2
1

K2r

]K

]r

]l

]u
e2m,

A~3,0!52
1

2
Kr

]

]t S ]v

]r De22le2m sinu,

A~3,1!52
3

2
K

]v

]r
e2le22m sinu

2
1

2
Kr

]2v

]r 2
e2le22m sinu

1
1

2
Kr

]v

]r

]l

]r
e2le22m sinu

1
1

2
Kr

]v

]r

]m

]r
e2le22m sinu
06401
,

y
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in

id

2
1

2Kr

]v

]u

]m

]u
e2l sinu

2
3

2
r

]K

]r

]v

]r
e2le22m sinu,

A~3,2!5
1

2

]v

]r S ]l

]u
1

]m

]u De2le2m sinu

2
]v

]r
e2le2m cosu2

1

K

]K

]u

]v

]r
e2le2m sinu

2
1

2

]2v

]r ]u
e2le2m sinu.

V0
25B~1,0!u1`u01B~2,0!u2`u01B~3,0!u3`u0

1B~3,1!u3`u11B~3,2!u3`u2,

whereB(1,0)5A(2,0),

B~2,0!5
1

r

]l

]r
e22m1

1

K2r 2

]2l

]u2
1

1

K2r 2 S ]l

]u D 2

2
1

K3r 2

]K

]u

]l

]u
1

1

K

]K

]r

]l

]r
e22m

2
3

4 S ]v

]u D 2

e22l sin2 u,

B~3,0!52
1

2

]

]t S ]w

]u De22l sinu,

B~3,1!52
1

2r

]v

]u
e2le2m sinu2

1

2

]2v

]r ]u
e2le2m sinu

1
1

2

]v

]u

]l

]r
e2le2m sinu

1
1

2

]v

]r

]m

]u
e2le2m sinu2

1

2

]v

]r
e2le2m cosu

2
1

2K

]K

]r

]v

]u
e2le2m sinu

2
1

2K

]K

]u

]v

]r
e2le2m sinu,

B~3,2!52
1

2Kr

]2v

]u2
e2l sinu1

1

2Kr

]v

]u

]l

]u
e2l sinu

2
3

2Kr

]v

]u
e2l cosu2

1

2
K

]v

]r
e2le22m sinu

2
1

2
r

]K

]r

]v

]r
e2le22m sinu
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2
1

K2r

]K

]u

]v

]u
e2l sinu.

V0
35C~1,0!u1`u01C~2,0!u2`u01C~3,0!u3`u0

1C~2,1!u2`u1,

where

C~1,0!52
1

2
Kr

]

]t S ]v

]r De22le2m sinu,

C~2,0!52
1

2

]

]t S ]v

]u De22l sinu,

C~3,0!5
1

r

]l

]r
e22m1

1

K

]K

]r

]l

]r
e22m

1
1

4
K2r 2S ]v

]r D 2

e22le22m sin2 u

1
1

K2r 2

]l

]u
cotu

1
1

K3r 2

]K

]u

]l

]u
1

1

4 S ]v

]u D 2

e22l sin2 u,

C~2,1!52
1

2

]v

]r

]l

]u
e2le2m sinu

1
1

2

]v

]u

]l

]r
e2le2m sinu2

1

2r

]v

]u
e2le2m sinu

1
1

2

]v

]r
e2le2m cosu

2
1

2K

]K

]r

]v

]u
e2le2m sinu

1
1

2K

]K

]u

]v

]r
e2le2m sinu.

V1
25D~3,0!u3`u01D~2,1!u2`u1,

whereD(3,0)52C(2,1),
,

06401
D~2,1!5
2

Kr

]K

]r
e22m2

1

r

]m

]r
e22m1

1

K2r 2

]2m

]u2

1
1

K2r 2 S ]m

]u D 2

1
1

K

]2K

]r 2
e22m2

1

K

]K

]r

]m

]r
e22m

2
1

K3r 2

]K

]u

]m

]u
.

V1
35E~1,0!u1`u01E~2,0!u2`u01E~3,1!u3`u1

1E~3,2!u3`u2,

whereE(1,0)52A(3,1), E(2,0)52B(3,1),

E~3,1!5
2

Kr

]K

]r
e22m2

1

r

]m

]r
e22m1

1

K

]2K

]r 2
e22m

2
1

K

]K

]r

]m

]r
e22m1

1

4
K2r 2S ]v

]r D 2

e22le22m sin2 u

1
1

K2r 2

]m

]u
cotu1

1

K3r 2

]K

]u

]m

]u
,

E~3,2!52
1

Kr 2

]m

]u
e2m2

1

K2r

]K

]r

]m

]u
e2m

1
1

K2r

]2K

]r ]u
e2m1

1

4
Kr

]v

]r

]v

]u
e22le2m sin2 u

2
1

K3r

]K

]r

]K

]u
e2m.

V2
35F~1,0!u1`u01F~2,0!u2`u01F~3,1!u3`u1

1F~3,2!u3`u2,

where F(1,0)52A(3,2), F(2,0)52B(3,2), F(3,1)
5E(3,2),

F~3,2!52
1

K2r 2
1

1

r 2
e22m1

2

Kr

]K

]r
e22m1

1

K2 S ]K

]r D 2

e22m

2
1

K4r 2 S ]K

]u D 2

1
1

K3r 2

]2K

]u2
1

1

K3r 2

]K

]u
cotu

1
1

4 S ]v

]u D 2

e22l sin2 u.
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