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Can the Chaplygin gas be a plausible model for dark energy?
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In this paper two cosmological models representing the flat Friedmann universe filled with a Chaplygin fluid,
with or without dust, are analyzed in terms of the recently proposed ‘‘statefinder’’ parameters. Trajectories of
both models in the parameter plane are shown to be significantly different with respect to the ‘‘quiessence’’ and
‘‘tracker’’ models. The generalized Chaplygin gas model with an equation of state of the formp52A/ra is
also analyzed in terms of the statefinder parameters.

DOI: 10.1103/PhysRevD.67.063509 PACS number~s!: 98.80.Es, 98.80.Cq, 98.80.Jk
ob

o
r-
te
id

it
ro
m

rs

be

g,
ar

er is
a-

t
v-
n-

si-

m

fu-
mi-

ap-
e
gas

the
lly

nd

nd
en-

sid-

e

In the search for cosmological models describing the
served cosmic acceleration@1–3#, the inspiration coming
from inflation has suggested mainly models making use
scalar fields@4–8#. There are of course alternatives; in pa
ticular, in @9–11# an elementary model has been presen
describing a Friedmann universe filled with a perfect flu
obeying the Chaplygin equation of state

p52
A

r
, ~1!

where A is a positive constant~for a thorough review, see
Ref. @12#!. The interesting feature of this model is that
naturally provides a universe that undergoes a transition f
a decelerating phase, driven by dust-like matter, to a cos
acceleration at later stages of its evolution~see@9# for de-
tails!. An interesting attempt to justify this model@13# makes
use of an effective field theory for a three-brane unive
@14#.

In the flat case, the model can be equivalently descri
in terms of a homogeneous minimally coupled scalar fieldf,
with the potential@9#

V~f!5
1

2
AAS cosh 3f1

1

cosh 3f D . ~2!

However, since models trying to provide a description~if not
an explanation! of the cosmic acceleration are proliferatin
there exists the problem of discriminating between the v
ous contenders. To this aim a new proposal introduced
@15# makes use of a pair of parameters$r ,s%, called the
‘‘statefinder.’’ The relevant definition is as follows:

r[
â

aH3
, s[

r 21

3~q21/2!
, ~3!
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whereH[ȧ/a is the Hubble constant andq[2ä/aH2 is the
deceleration parameter. The new feature of the statefind
that it involves the third derivative of the cosmological r
dius.

Trajectories in the$s,r % plane corresponding to differen
cosmological models exhibit qualitatively different beha
iors. The cold dark matter model with a cosmological co
stant (LCDM) diagrams correspond to the fixed points
50, r 51. The so-called ‘‘quiessence’’ models@15# are de-
scribed by vertical segments withr decreasing fromr 51
down to some definite value. Tracker models@16# have typi-
cal trajectories similar to arcs of a parabola lying in the po
tive quadrant with a positive second derivative.

The current location of the parameterss and r in these
diagrams can be calculated in models~given the deceleration
parameter!; it may also be extracted from data coming fro
SNAP ~SuperNovae Acceleration Probe! type experiments
@15#. Therefore, the statefinder diagnostic combined with
ture SNAP observations may possibly be used to discri
nate between different dark energy models.

In this note we apply the statefinder diagnostic to Ch
lygin cosmological models. A direct comparison of th
present available type Ia supernovae data with Chaplygin
models was undertaken recently in@17–19#. Constraints on
the parameters of the models arising from estimates of
age of the universe and from statistics of gravitationa
lensed optical quasars were studied in@20#, while constraints
coming from the study of the cosmic microwave backgrou
acoustic peak location were analyzed in@21#.

We consider the one-fluid pure Chaplygin gas model a
a two-fluid model where dust is also present, as well a g
eralized Chaplygin gas model@9,22# without and with dust.
We show that these models are different from those con
ered in@15# and they are worthy of further study.

To begin with, let us rewrite the formulas for th
statefinder parameters@15# in a form convenient for our pur-
©2003 The American Physical Society09-1
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poses. We shall need the Friedmann equation for the
universe,

H25
ȧ2

a2
5r, ~4!

and the energy conservation equation

ṙ523H~r1p!. ~5!

Using these two equations it is easy to find that

q5
1

2
1

3

2

p

r
, ~6!

and then

r 512
3ṗ

2 rAr
, s52

ṗ

3p Ar
. ~7!

For a one-component fluid1 these formulas become esp
cially simple. Since

ṗ5
]p

]r
ṙ523Ar~r1p!

]p

]r
, ~8!

we easily get

r 511
9

2 S 11
p

r D ]p

]r
, s5S 11

r

pD ]p

]r
. ~9!

For the Chaplygin gas one has simply that

vs
25

]p

]r
5

A

r2
52

p

r
511s ~10!

(vs
2 is the square of the velocity of sound! and therefore

r 512
9

2
s~11s!. ~11!

Thus, the curve ofr (s) is an arc of a parabola. To find th
admissible values ofs, we note that Eqs.~1!, ~4!, and ~5!
easily give the following dependence of the energy den
on the cosmological scale factor@9#:

r5AA1
B

a6
, ~12!

whereB is an integration constant; therefore

vs
2511s5

A

A1B/a6
. ~13!

1We confine ourselves to the case, which is satisfied in our m
els, of a fluid for which the equation of state has the formp
5p(r).
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When the cosmological scale factora changes from 0 to
` the velocity of sound varies from 0 to 1 ands varies from
21 to 0. Thus in our model the statefinders takes negative
values; this feature is not shared by the quiessence
tracker models considered in@15#.

As s varies in the interval@21,0#, r first increases from
r 51 to its maximum value and then decreases to theLCDM
fixed points50, r 51 ~see Fig. 1!. If q'20.5 the current
values of the statefinder~within our model! are s
'20.3, r'1.9. In @15# an interesting numerical exper
ment based on 1000 realizations of a SNAP type experim
is reported, probing a fiducialLCDM model. Our values of
the statefinder lie outside the three-sigma confidence re
displayed in@15#. Based on this fact it can be expected th
future SNAP experiments should be able to discriminate
tween the pure Chaplygin gas model and the stand
LCDM model.

Let us consider now a more ‘‘realistic’’ cosmologica
model which, in addition to a Chaplygin’s component, al
contains a dust component. For a two-component fluid E
~7! take the following form:

r 511
9

2~r1r1! F]p

]r
~r1p!1

]p1

]r1
~r11p1!G , ~14!

s5
1

p1p1
F]p

]r
~r1p!1

]p1

]r1
~r11p1!G . ~15!

If one of the fluids is dust, i.e.,p15pd50, the above formu-
las become

r 511
9~r1p!

2~r1rd!

]p

]r
, s5

r1p

p

]p

]r
. ~16!

If the second fluid is the Chaplygin gas, proceeding exac
as before we obtain the following relation:

r 512
9

2

s~s11!

11rd /r
. ~17!

d-

FIG. 1. s-r evolution diagram for the pure Chaplygin gas.
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To find the termrd /r we write down the dependence of th
dust density on the cosmological scale factor:

rd5
C

a3
, ~18!

where C is a positive constant. Equation~13! gives that
Aa61B52B/s and therefore

rd

r
5

C

AAa61B
5kA2s, ~19!

where the constantk5C/AB is the ratio between the energ
densities of dust and of the Chaplygin gas at the beginnin
the cosmological evolution. Thus

r 512
9

2

s~s11!

11kA2s
. ~20!

Graphs of the function~20! for different choices ofk are
plotted in Fig. 2.

In this case there are choices of the parameters so tha
current values of the statefinder are close to theLCDM fixed
point. For k51 we haves520.09 andr 51.2835; by in-
creasingk we get closer and closer to the point (0,1). A
ready fork52 we gets50.035,r 51.11, while fork*5 the
statefinder essentially coincides with theLCDM fixed point
~see Fig. 2!.

Thus our two-fluid cosmological models~with, k, say
bigger than 5! cannot be discriminated from theLCDM
model on the basis of the statefinder analysis.

The comparison of the two-fluid~i.e., the Chaplygin gas
plus dust! cosmological model with observational data h

FIG. 2. s-r evolution diagram for the Chaplygin gas mixed wi
dust. Dots locate the current value of the statefinder.
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been studied in@17,18#. In @17#, on the basis of an analysis o
data coming from 26 supernovae, it has been claimed tha
best fitting model seems to be the pure Chaplygin gas w
out dust. On the other hand, by combining data from
supernovae with density perturbation growth constraints
was pointed out in@18# that the Chaplygin component shou
mimic closely a standard cosmological constant, assum
thatVm;0.3 for dust. When the matter content of the mod
is entirely baryonic withVm5Vb;0.04 aL-like behavior is
strongly excluded.

However, even if the Chaplygin component closely mim
ics the cosmological constant today, this neither spoils
interest of the two-fluid model nor makes it equivalent
LCDM; for instance, one advantage of the model is tha
may suggest a solution to the cosmic coincidence con
drum: here the initial values of the energies of dust and of
Chaplygin gas can be of the same order of magnitude
particular, the valuek51 is not excluded by current obse
vations. This may be seen by using the results of@18# and
taking into account the relation

k5
Vm

~12Vm!A12vs
2

, ~21!

whereVm5rd /(rd1r) and wherer, rd , andvs are evalu-
ated at the present epoch.

To get more precise constraints on the parameters of
Chaplygin models one probably needs both new observat
and additional diagnostic techniques.

Similar conclusions also hold for a one-fluid model of
generalized Chaplygin gas with a modified equation of sta
as introduced in@9#:

p52
A

ra
, ~22!

with 0<a<1. This model gives a cosmological evolutio
from an initial dustlike behavior to an asymptotic cosmolo
cal constant, with an intermediate epoch that can be see
a mixture of a cosmological constant with a fluid obeying t
state equationp5ar (a50 corresponds to theLCDM
model!. This generalized model was studied in some detai
@22#. Equation~22! gives the following dependence of th
energy densityr on the scale factora:

r5S A1
B

a3(a11)D 1/(a11)

. ~23!

In this case the squared velocity of sound

vs
25

]p

]r
52

ap

r
5

Aa

A1B/~a3(a11)!
~24!

varies from 0 toa. From Eq.~9! it follows that s5vs
22a

and therefore the admissible values ofs are now in the inter-
val between2a and 0. From Eq.~9! we get
9-3
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r 512
9

2

s~s1a!

a
. ~25!

Chosing as before the value of the deceleration param
q'20.5 we can get the present values of the statefin
parameters for different values ofa:

s'20.3a, r'110.9a. ~26!

The present values are situated on a line issuing from
LCDM fixed point of the statefinder plane. For small valu
of a the generalized Chaplygin gas model becomes indis
guishable from theLCDM model itself.

For a two-fluid cosmological model including both th
generalized Chaplygin gas and dust, by using again Eq.~16!
we get the following relation that generalizes Eq.~20!:

r 512
9s~s1a!

2a~11k~2s!1/(a11)/a1/(a11)!
. ~27!

As before, the parameterk gives the ratio between the en
ergy density of the dust and that of the generalized Cha
gin gas at the beginning of the cosmological evolutio
Again, increasing the value of the parameterk implies a shift
of the present value of the statefinder toward the fix
LCDM point ~see Fig. 3!.

The generalization of formula~21! connecting the param
eterk to the parametersVm andvs

2 is the following:

k5
Vm

12Vm
S 11

avs
2

a2vs
2D 1/(a11)

. ~28!

In @19# the generalized Chaplygin gas model (0<a<1)
was tested with data coming from 62 supernovae. Res
seem to point out that this model is consistent with curr
data for any value ofa in the considered range, althoug
values ofa;0.4 are favored. In@21# the dependence of th
cosmic microwave background radiation peaks on the
rameters of the cosmological model including the gene
ized Chaplygin gas and the totally baryonic dustlike ma
was studied. It was shown that observational data aris
from BOOMERANG for the position of the third peak, com
bined with the supernova data and the constraints follow
from age estimates of high-redshift objects@23#, allow sig-
rd

ky

ro
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nificant restriction of the range of the parameters of
model. With the hypothesis of a purely baryonic nature of
dustlike matter, the allowed region for values ofa is 0.2
<a<0.6 @21#.

In conclusion, from the statefinder viewpoint both th
pure Chaplygin model and the two-fluid mixture have diffe
ent behaviors with respect to other commonly studied m
els. In particular, a future larger amount of data on highz
type Ia supernovae may allow discrimination between
different models. However, from the point of view of th
statefinder the mixed two-fluid model becomes practica
indistinguishable fromLCDM for sufficiently large values
of the parameterk (k*5). On the other hand a mixed two
fluid model withk of order 1 is attractive from the point o
view of a possible solution of the cosmic coincidence pro
lem.
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FIG. 3. s-r evolution diagram for the generalized Chaplygin g
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