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Analytic models and forward scattering from accelerator to cosmic-ray energies
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Analytic models for hadron-hadron scattering are characterized by simple analytical parametrizations for the
forward amplitudes and the use of dispersion relation techniques to study the total cross sections tot and ther
parameter~the ratio between the real and imaginary parts of the forward amplitude!. In this paper we inves-

tigate simultaneously four aspects related to the application of the model topp and p̄p scattering, from
accelerator to cosmic-ray energies:~1! the effect of different estimations fors tot from cosmic-ray experiments;
~2! the differences between individual and global~simultaneous! fits to s tot andr; ~3! the role of the subtrac-
tion constant in the dispersion relations;~4! the effect of distinct asymptotic inputs from different analytic
models. This is done by using as a framework the single Pomeron and the maximal odderon parametrizations
for the total cross section. Our main conclusions are the following:~1! Despite the small influence from
different cosmic-ray estimations, the results allow us to extract an upper bound for the soft Pomeron intercept:
11e51.094; ~2! although global fits present good statistical results, in general, this procedure constrains the
rise ofs tot ; ~3! the subtraction constant as a free parameter affects the fit results at both low and high energies;
~4! independently of the cosmic-ray information used and the subtraction constant, global fits with the odderon
parametrization predict that, aboveAs'70 GeV, rpp(s) becomes greater thanr p̄p(s), and this result is in
complete agreement with all the data presently available. In particular, we inferrpp50.13460.005 atAs
5200 GeV and 0.15160.007 at 500 GeV~BNL RHIC energies!. A detailed discussion of the procedures used
and all the results obtained is also presented.
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ro
se

a
in
C

le

nc
es
pl
a
ro

m
th
riz
ti
o
ta
ca

y

erms
g-
for

cle
and
ch a
y-
ate

nt

eri-
al-
ese
els,
the
he
n

I. INTRODUCTION

High-energy soft processes are presently a topical p
lem in high-energy physics, mainly because they are es
tially a nonperturbative phenomenon@1#. Despite important
results at the interface between soft and hard physics
recent progress in nonperturbative QCD, elastic scatter
the simplest soft process, cannot be described in a pure Q
framework, but only in a phenomenological context.

In this area, a variety of models, such as, for examp
Regge, diffraction, QCD-inspired models, and others@2#,
have survived due to a solid theoretical basis and efficie
in describing physical quantities. What is presently well
tablished and accepted concerns some general princi
limits, bounds, and theorems, earlier deduced from the M
delstam representation, potential scattering, and also f
axiomatic field theories@3,4#. In this context, analyticity, uni-
tarity, and crossing play central roles and are also the fra
work of several models referred to above. Among them,
so-called analytic models are characterized by paramet
tions of the hadronic amplitude through general analy
functions that strictly obey the formal principles and the
rems. Specifically, the aim is to investigate two fundamen
physical quantities that characterize the forward elastic s
tering at high energies, namely, the total cross sections tot
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and ther parameter~the ratio of the real to the imaginar
part of the forward elastic scattering amplitude!. In terms of
the scattering amplitudeF they may be given by

s tot~s!5
Im F~s,t50!

s
, r~s!5

ReF~s,t50!

Im F~s,t50!
, ~1!

where t is the four-momentum transfer squared ands the
center-of-mass energy squared. These expressions, in t
of real and imaginary parts of the amplitude, obviously su
gest dispersion relations as a suitable formal framework
investigations. For particle-particle and particle-antiparti
interactions, the addition of crossing symmetry extends
completes the analytical approach. It is expected that su
general formalism, avoiding details of the interaction or d
namics, could be a suitable tool in the search for adequ
calculational schemes in nonperturbative QCD.

The analytic models have a long history and importa
results have been obtained through bothintegral relations
@5#, for example@6–9#, andderivative~analyticity! relations
@10–12#, for example@12–14#. Recently, much effort has
been concentrated in the COMPETE Collaboration~Comput-
erized Models, Parameter Evaluation for Theory and Exp
ment!, which joined the COMPAS group and other speci
ists also with outstanding contributions in the area. Th
authors have investigated a large class of analytic mod
through several statistical indicators that complement
usualx2 and and C.L. criteria. One of the main results is t
universality of theB ln2s/s0 increase of the total cross sectio
for all the collisions considered@14,15#.
©2003 The American Physical Society20-1
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TABLE I. Estimations fors tot
pp(s) ~in mb! from cosmic-ray data@19#.

Elab As Akeno ~AGASA! Fly’s Eye Nikolaev GSY BHS
(1016 eV) ~TeV! @27# @26# @32# @22# @37#

2.02 6.2 93614 - 120615 - 91615
3.52 8.1 101616 - 130618 - 100618
6.11 10.6 117618 - 154617 - 118617
10.63 14.0 104626 - 135629 - 103629
18.47 18.4 100627 - 129630 - 99630
32.09 24.3 124634 - 162638 - 124637
47.96 30.0 - 120615 - - 103622
85.26 40.0 - - - 175634
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Despite all the experience accumulated and the deta
analyses that have been developed, we understand that
aspects yet need some investigation and this is the main
pose of this work. These aspects are based on the follow
observations.

~1! Beyond the energy region of the accelerators, exp
mental information onpp total cross sections exists from
cosmic-ray experiments. Despite the model dependence
volved, the large error bars in the numerical results, and
the existence of discrepant values, some of these result
usually displayed as a support for several model predictio
However, this set of experimental information is not usua
taken into account in explicitly quantitative analyses th
could provide, for example, bounds for the increase ofs tot
andr ~and, consequently, the intercept of exchanged tra
tories! or for the differences betweenpp and p̄p total cross
sections~for exceptions, see@16,17#!. Moreover, as will be
discussed in some detail, several results obtained by diffe
authors, through different approaches, indicate nearly
same increase ofs tot(s) and this increase is faster than us
ally believed or accepted.

~2! In general, the fits are performed with the full ha
ronic amplitude, that is, simultaneous fits tos tot andr. Al-
though some authors correctly claim that this proced
maximizes the number of data points, it must first be reca
that important results have been obtained through fits to o
the s tot data; a classical example is the approach by D
nachie and Landshoff@18#. Moreover, as will be discussed
in the bulk of experimental data available,s tot and r have
different status as physical quantities, sincer is estimated
either by extrapolations through dispersion relations~and fits
to s tot data!, or as a fit parameter to the differential cro
section in the region of Coulomb-nuclear interference, a
this is a delicate problem. Finally, since from the previo
observation we shall also be interested in the high-ene
cosmic-ray results, which concern onlys tot ~and not r),
global fits may constrain the possible increase of this qu
tity.

~3! The connection betweens tot andr through standard
dispersion relations demands one subtraction@5#. Although
the subtraction constant works as a fit parameter in tr
tional analysis@6–9#, it does not appear in the approach
the COMPETE Collaboration, since the derivative relation
prescription used does not involve subtraction const
05402
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Once the analytical approach demands fits to experime
data and the free parameters involved are all correlated,
expected that the presence or not of the subtraction cons
may lead to different results.

The aim of this work is to investigate the above thr
observations and their interconnections in a quantitative w

To this end, we shall analyze onlypp and p̄p elastic scatter-
ing, since for particle and antiparticle interactions they c
respond to the highest energy interval with available data
are the only set including the cosmic-ray information on to
cross sections (pp scattering!. We shall use as framewor
two well known analytic models characterized by distin
asymptotic inputs, the Pomeron-Reggeon model by D
nachie and Landshoff@18# and the maximal odderon mode
in the form discussed by Kang and Nicolescu@12#. For the
connections between real and imaginary parts of the forw
amplitude we shall use derivative~analyticity! relations with
one subtraction. Observation 1 is treated by the selection
two different ensembles of data from cosmic-ray results,
servation 2 through individual and simultaneous fits tos tot
andr , and observation 3 by treating the subtraction const
as a free fit parameter or assuming that its value is zero

FIG. 1. Total cross sections (pp and p̄p aboveAs510 GeV):
accelerator data and cosmic-ray information available~Table I!.
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ANALYTIC MODELS AND FORWARD SCATTERING FROM . . . PHYSICAL REVIEW D67, 054020 ~2003!
The paper is organized as follows. In Sec. II we pres
the experimental data to be analyzed and the criteria for
selection of two ensembles of data. In Sec. III we review
main formulas in the analytical approach, including the d
persion relations, the models to be used and some h
energy theorems. The fits and results for all the cases
sidered are presented in Sec. IV and the conclusions and
remarks in Sec. V.

II. EXPERIMENTAL INFORMATION AND ENSEMBLES

In this section we review the experimental informati
that constitutes our data base~accelerator and cosmic-ra
regions!, together with discussions concerning the diffe
ences in the determination ofs tot and r, as well as the
model dependences and discrepancies related to all
cosmic-ray information presently available. The criteria
selecting two ensembles of data are also presented and
tified in detail.

A. Accelerator data

In the case of accelerator experiments, data ons tot from
pp and p̄p scattering and extracted values for ther param-
eter have been accumulated for a long time. Presently,
perimental information extends up to 62.5 GeV and 1.8 T
for pp and p̄p scattering, respectively. The database a
lyzed and compiled by the Particle Data Group~PDG! has
become a standard reference and the corresponding rea
files are available@19#. Since recent analysis has shown th
general fits to these data are stable forAs above;9 GeV
@14#, we shall use here the sets for energies above 10 Ge
our analysis the statistic and systematic errors are added
early.

At this point, we briefly recall some differences in th
determination ofs tot andr @2#, which suggest that they d
not have the same status as physical quantities; this, in
corroborates our motivation to investigate global and in
vidual fits separately.

First, one of the methods that was used to extracts tot at
the ISR did not depend on ther value, but only on the
machine luminosity and the rates of elastic and inelastic
teractions. Therefore in these determinationss tot and r are
independent quantities. Other methods demand the dete
nation ofr and the elastic scattering rate at small moment
transfer, extrapolated to the forward direction~slope param-
eter!. In these cases, the quantities to be determined co
spond to s tot

2 (11r2) ~luminosity dependent! or s tot(1
1r2) ~luminosity independent! @2#. In both cases, since it i
known thatr,0.14, s tot may be obtained with reasonab
accuracy even with a rough estimation of ther parameter.
Specifically, some authors use ther value extrapolated from
fits to s tot and dispersion relations; in the other procedurer
is determined from fits to the differential cross section data
the region of Coulomb-nuclear interference. In this case
determination is model dependent and it is interesting to n
that the procedure, in the last instance, demands knowle
of how the hadronic exchanged object interacts, which
exactly what is looked for. This point seems clear in t
05402
t
e

e
-
h-
n-
al

-

he
r
us-

x-
V
-

ble
t

in
in-

rn,
-

-

i-

e-

n
e
te
ge
is

Donnachie-Landshoff approach, since the authors do not
the r data as input. We understand that all these facts r
force the differences in the determination ofr and s tot ,
putting some limits on the interpretation ofs tot and r as
physical quantities with the same status. Beyond these m
vations for discriminating between individual and global fi
we add our interest in investigating cosmic-ray informatio
which concerns onlys tot and notr.

B. Cosmic ray information

For pp collisions, the total cross section may also be
ferred from cosmic-ray experiments and estimations exis
the high-energy intervalAs56 –40 TeV. The procedure is
model dependent and different analyses lead to different
sults, as briefly reviewed in what follows.

The extraction of the proton-proton total cross section
based on the determination of the proton-air production cr
section from analysis of extensive air showers. Detailed
views on the subtleties involved may be found in Refs.@20–
22#. Here we recall only the two main steps, stressing
model dependence involved.

The first step concerns the determination of the proton
production cross section, namely, the ‘‘inelastic cross sec
in which at least one new hadron is produced in addition
nuclear fragments’’@21#. This is obtained by the formulas

sp-air
prod ~mb!5

2.43104

lp-air ~g/cm2!
, lp-air ~g/cm2!5

latt

k
,

wherelp-air is the interaction length of protons in the atm
sphere,latt is the shower attenuation length, and the inel
ticity coefficientk is a measure of the dissipation of ener
through the shower.latt is an experimental quantity dete
mined through thexmax attenuation method or the zenit
angle attenuation technique@23#. On the other hand, the co
efficient k is model dependent and obtained through Mo
Carlo simulation; roughlyk'1.5→'1 (k.1) when going
from Feynman scaling models to strongly scaling violati
models in the fragmentation region@21#.

In a second steps tot
pp is obtained fromsp-air

prod through the
multiple diffraction formalism~MDF! by Glauber and Mat-
thiae @24#, and taking into account the different process
and effects in thep-air total cross section:

sp-air
tot 5sp-air

prod1sp-air
el 1sp-air

qel 1Ds,

where sp-air
qel concerns the quasielastic excitation of t

nucleus andDs is the Gribov screening correction due
multiple scattering@25#.

Two important inputs at this point are the nucleon dist
bution function and a relation between the slope parametB
and s tot

pp , necessary in the parametrization of the scatter
amplitude:

Fpp~s,t !}s tot
ppexpH B~s!t

2 J .
0-3
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TABLE II. Results with the Donnachie-Landshoff model. DOF indicates degrees of freedom.

Fit: Individual Global
Quantity: s tot r s tot andr
Ensemble: I II I II I II I II

No. of points 102 102 63 63 165 165 165 165
x2/DOF 0.76 0.96 1.55 1.84 1.09 1.24 0.84 0.98
X (mb) 20.060.7 19.360.7 - - 21.660.4 21.260.4 21.460.4 21.160.4
Y (mb) 4865 4665 - - 5163 5163 6766 6765
Z (mb) 74610 7069 - - 8565 8465 114611 112611
h 0.3760.03 0.3560.03 - - 0.4360.02 0.4260.02 0.4860.02 0.4760.02
e 0.08860.003 0.09160.003 - - 0.08160.002 0.08360.002 0.08360.002 0.08460.002
K - - 235632 245632 0 0 306654 307652
Figure 2~a! and 2~b! 2~a! and 2~c! 3 4
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With the screening correction, the MDF allows the determ
nation of all the above cross sections and from the str
correlation betweensp-air

prod2s tot
pp2B the pp total cross sec-

tion may eventually be estimated~for more details, see
@21,22#!.

The results presently available from cosmic-ray expe
ments, in the above energy region, are characterized by
crepancies, mainly due to the model dependence ofk and
B(s). Before reviewing these results, it is important to dra
attention to two facts. First, as is well known, discrepanc
also characterize somes tot data from accelerator exper
ments at the highest energies, for example, at 541–546
and mainly at 1.8 TeV. Second, when performing quantitat
analyses, it is fundamental to select as complete a se
information as possible, or at least those obtained in sim
circumstances or bases. In the case of cosmic-ray infor
tion, it is important to stress that there is no experimen
determination ofs tot

pp , since all the results are model depe
dent. Therefore they cannot be distinguished in terms o
‘‘experimental’’ status and all the information available mu
be considered.

Despite the model dependence involved, we can clas
the complete set of cosmic-ray information available acco
ing to the inputs or procedures used and, simultaneously
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the value of the total cross section extracted, as explaine
what follows.

On one hand the results usually quoted in the literat
concern those obtained by the Fly’s Eye Collaboration
1984@26# and Akeno~AGASA! Collaboration in 1993@27#.
In the first case, the authors usedk51.6 ~Feynman scaling
model!, a relation of proportionality betweenB and s tot

pp ,
namely, the geometrical scaling model@28#, and a Gaussian
profile distribution for the nucleus. AtAs530 TeV, from the
value sp-air

prod5540650 mb, they extracted s tot
pp5120

615 mb @26#. The Akeno Collaboration usedk51.5 ~Feyn-
man scaling model! and the Durand and Pi approach@29# to
extract the proton-proton cross sections in the regionAs
;6 –20 TeV. We shall return to these results later on.

On the other hand, in 1987 Gaisser, Sukhatme, and Y
~GSY! making use of the Fly’s Eye result forsp-air

prod , as an
estimate of the lowest allowed values fors tot

pp , and the
Chou-Yang prescription forB(s) @31# obtained spp

tot

5175227
140 mb at As540 TeV @22#. In 1993, Nikolaev

claimed that the Akeno results should be corrected in or
to take into account the differences between absorption
inelastic cross sections, leading to an increase of the res
by '30 mb @32#. The analysis by Nikolaev was also mot
TABLE III. Results with the Kang-Nicolescu model. DOF indicates degrees of freedom.

Fit: Individual Global
Quantity: s tot r s tot andr
Ensemble: I II I II I II I II

No. of points 102 102 63 63 165 165 165 165
x2/DOF 0.78 0.91 1.05 35.2 0.78 0.87 0.77 0.86
A1 (mb) 4461 4761 - - 44.760.6 45.260.6 44.460.6 45.060.7
A2 (mb) 4563 5263 - - 44.760.7 45.260.7 44.560.7 45.160.7
B1 (mb) 22.960.3 23.660.4 - - 23.060.2 23.160.2 22.960.2 23.160.2
B2 (mb) 22.960.6 24.260.6 - - 22.960.2 23.160.2 22.960.2 23.160.2
k(mb) 0.3360.03 0.3960.03 - - 0.3460.01 0.3560.01 0.3360.01 0.3560.01
R(mb) 2467 1267 - - 25.960.8 25.960.8 25.360.9 25.460.9
K - - 2198632 21369632 0 0 272646 263646
Figure 5~a! and 5~b! 5~a! and 5~c! 6 7
0-4
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FIG. 2. Fits topp andp̄p total cross section data from ensembles I~dotted curves forpp and dashed forp̄p) and II ~solid curves forpp

and dot-dashed forp̄p), through the DL parametrization~a! and the corresponding predictions forr(s) with K50 ~b! and K as free fit
parameter~c!—columns 2–5 in Table II.
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vated by previous results from a QCD model of the Pome
@33#.

At this point some fundamental facts concerning all the
results must be stressed. First, as reviewed above, the
Eye and Akeno results fors tot

pp are as model dependent a
those by Nikolaev and GSY and therefore cannot be con
ered as experimental results; what can and must be discu
is the class of model used in each case. In this sense, we
note that since the Fly’s Eye Collaboration used the g
metrical scaling hypothesis, which is violated even at
collider energy, their result is probably wrong. Second,
1990, Durand and Pi asserted in Ref.@30# that their results
published in 1988@29#, and used by the Akeno Collaboratio
@27#, should be disregarded due to a wrong approximat
concerning fluctuations. The new results presented in@30#
~Fig. 11 in that paper! introduced significant changes in th
scenario. For example, forsp-air'550 mb, the Akeno resul
with the method by Durand and Pi@29# was s tot

pp5124 mb
and from Fig. 11 in Ref.@30# the value extracted iss tot

pp
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5137 mb, that is, an increase of'11%; to the Fly’s Eye
published point @26#, the corresponding value iss tot

pp

5135 mb@30#, that is, an increase of'13%. However, to
our knowledge no other publication by Durand and Pi on
subject appeared in the literature. Finally, it should
stressed that the Chou-Yang prescription, used by Gais
Sukhatme, and Yodh, is somewhat model independent
also to our knowledge, the results by these authors toge
with those by Nikolaev have never been criticized, desp
the intrinsic model dependence involved. In conclusion,
understand that all these facts, not usually discussed in
literature, suggest an increase of the total cross section fa
than indicated by the Akeno and Fly’s Eye results and t
this indication has a reasonable basis.

It should also be recalled that, more recently, Bloc
Halzen, and Stanev~BHS! obtained estimations fors tot

pp from
sp-air @34#, through a QCD-inspired model@35# and the
MDF. In the analysis, the inelasticity coefficientk is consid-
ered as a free parameter, determined through a globa
0-5



re

b

d

ra
-
a
e

,
of
s

d

th
ti
o
n

wi
u
e
io

t
th
tio
a

gh
o
a
th

le

th
n
th

se

-

al
es,
x-

ard
re-
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including pp and p̄p accelerator data and the published
sults on thep-air cross section@34#. Specifically,k is deter-

mined in a way that their predictions fors tot
pp5s tot

p̄p ~asymp-
totically! matchessp-air through the MDF. The resulting
valuek'1.35 seems to be in accord with those obtained
combinations of different simulation programs, namely,k
'1.1521.30 @36#. The extracteds tot

pp(s) at the cosmic-ray
energies shows agreement with the Akeno results an
about 17 mb below the Fly’s Eye value at 30 TeV.

The numbers associated with all the above cosmic-
estimations ofs tot

pp are displayed in Table I. Despite the im
portance and originality of the approach by BHS, we sh
not include it in our analysis, because they are in agreem
with the Akeno results~Table I! that will be used. However
we will treat this case in further work. With the exception
the BHS results, all the other cosmic-ray estimates discus
above together with the accelerator results are displaye
Fig. 1.

C. Ensembles

From Fig. 1 we see that, despite the large error bars in
cosmic-ray region, we can identify two distinct set of es
mations: one represented by the results of the Fly’s Eye C
laboration together with those by the Akeno Collaboratio
the other by the results of Gaisser, Sukhatme, and Yodh
those by Nikolaev, which follow the higher estimates by D
rand and Pi@30#. Taken separately these two sets sugg
different scenarios for the increase of the total cross sect
as already claimed before@16,17,38#.

Based on these considerations, we shall investigate
behavior of the total cross section by taking into account
discrepancies that characterize the cosmic-ray informa
and, to this end, we shall consider two ensembles of data
experimental information with the following notation:En-

semble I: p̄p accelerator data andpp accelerator data1
Akeno1 Fly’s Eye;ensemble II: p̄p accelerator data andpp
accelerator data1 Nikolaev 1 GSY.

To some extent, ensemble I represents a kind of hi
energy standard picture and ensemble II a nonstandard
However, the consistence among the results by Nikolaev
GSY must be stressed, in addition to their agreement with
last results by Durand and Pi~Fig. 11 in Ref.@30#!. We add
also that, from the discussion in Sec. II B, both ensemb
seem equally probable.

III. ANALYTICAL APPROACH

In this section we first review the essential formulas in
derivative dispersion approach and recall some fundame
theorems and high-energy bounds. The parametrizations
characterize the analytical models to be used in the next
tion are also presented.

A. Analyticity relations

For pp and p̄p scattering, analyticity and crossing sym
metry allow us to connects tot(s) and r(s) through two
compact and symmetric formulas:
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rpps tot
pp~s!5E~s1!1O~s2!, ~2!

r p̄ps tot
p̄p~s!5E~s1!2O~s2!, ~3!

where

s6~s!5
s tot

pp6s tot
p̄p

2
, ~4!

and E(s1),O(s2) are analytic transforms relating the re
and imaginary parts of crossing even and odd amplitud
respectively. These analyticity relations are usually e
pressed in an integral form and in the case of the forw
direction the standard once subtracted integral dispersion
lations may be expressed by@5,7#

FIG. 3. Simultaneous fits tos tot(s) and r(s) through the DL
parametrization withK50 and ensembles I~dotted curves forpp

and dashed forp̄p) and II ~solid curves forpp and dot-dashed for

p̄p)—columns 6 and 7 in Table II.
0-6
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Eint~s1![
K

s
1

2s

p E
s0

`

ds8F 1

s822s2Gs1~s8!5
ReF1~s!

s
,

~5!

Oint~s2![
2

pEs0

`

ds8F s8

s822s2Gs2~s8!5
ReF2~s!

s
, ~6!

whereK is the subtraction constant. Since we shall be in
ested in the high-energy region, we used in the above for
las the c.m. energy, instead of the laboratory energy and
mentum@5,7#.

At sufficiently high energies integral analyticity relation
may be replaced by derivative forms, usually calledanalyt-
icity relations, which are more useful for practical calcula
tions. In these formulas, differentiation with respect to t
logarithm of the energy occurs in the argument of a trigo
metric operator expressed by its series@10–12#. Here we
shall use the standard form deduced by Bronzan, Kane,
Sukhatme@11# ~see also@16,39#!, obtained from the integra
form in the high-energy limit:

Eder~s1![
K

s
1tanFp2 d

d ln sGs1~s!5
ReF1~s!

s
,

Oder~s2![tanFp2 S 11
d

d ln sD Gs2~s!5
ReF2~s!

s
.

Operationally these transforms may be evaluated thro
the expansions

Eder~s1!2
K

s
5Fp2 d

d ln s
1

1

3 S p

2

d

d ln sD
3

1
2

5 S p

2

d

d ln sD
5

1•••Gs1~s!, ~7!

Oder~s2!52E H d

d ln s FcotS p

2

d

d ln sD Gs2~s!J d ln s

52
2

pE H F12
1

3 S p

2

d

d ln sD
2

2
1

45S p

2

d

d ln sD
4

2•••Gs2~s!J d ln s. ~8!

This completes the analytical approach: with an input
rametrization fors tot(s), Eqs. ~1!–~4! allow, in principle,
the determination ofr(s), by means of either the integra
forms Eqs.~5! and ~6! or the derivative~analyticity! ones
Eqs.~7! and ~8!.

B. Theorems at high energies

For future reference, we briefly recall here two rigoro
high-energy results for the asymptotic behavior of the cr
sections. The Froissart-Martin bound states that ass→`
@40,41#

s tot<C ln2s,
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and, according to the generalized form of the Pomeranc
theorem@3,42#, if the Froissart-Martin bound is reached th
difference betweenp̄p andpp total cross sections goes as

Ds tot5s tot
pp̄2s tot

pp<c
s tot

p̄p1s tot
pp

ln s
,

which means that the difference may increase as lns. From
Eq. ~4!, this difference is given by the crossing odd comp
nent

Ds tot~s!522s2~s!,

and therefore, if the Froissart-Martin bound is saturated
rigorous result is that, asymptotically, the differen
Ds tot(s) is controlled by the odd component and the ma
mum contribution is given bys2

max(s)5 ln s. This corre-
sponds to one of the variants of the odderon picture@43,12#

FIG. 4. Simultaneous fits tos tot(s) and r(s) through the DL
parametrization withK as free parameter and ensembles I~dotted

curves forpp and dashed forp̄p) and II ~solid curves forpp and

dot-dashed forp̄p)—columns 8 and 9 in Table II.
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FIG. 5. Fits topp andp̄p total cross section data from ensembles I~dotted curves forpp and dashed forp̄p) and II ~solid curves forpp

and dot-dashed forp̄p), through the KN parametrization~a! and the corresponding predictions forr(s) with K50 ~b! and K as free fit
parameter~c!—columns 2 and 3 in Table III.
s.
de

ha

a-
th
o

t
oss

u-

or
and the increase as lns is the maximum odderon hypothesi
If the odd contribution in the imaginary part of the amplitu
is not present at the highest energies, thenDs tot50. The
possible effects in the real part will be discussed in w
follows.

C. Analytic models

In the formulas that follow we denotes/s8 with s8
51 GeV2 by s. We shall consider two different parametriz
tions for the total cross section, the main difference being
asymptotic limits, which allow the dominance of an even
odd amplitude.

1. Donnachie-Landshoff

The Donnachie-Landshoff~DL! parametrizations for the
total cross sections are expressed by@18#

s tot
pp~s!5Xse1Ys2h, s tot

p̄p~s!5Xse1Zs2h, ~9!
05402
t

e
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where, originally, X521.7 mb, Y556.08 mb, Z
598.39 mb, e50.0808, andh50.4525. We observe tha
this model predicts that the difference between the two cr
sections is given by

Ds5s tot
p̄p~s!2s tot

pp~s!5~Z2Y!s2h→0 ~asymptotically!.

Through the formalism described in Sec. III A, substit
tion of the parametrizations~9! into Eq. ~4! and then in Eqs.
~5! and ~6! with s050 or Eqs.~7! and ~8! gives

E~s1!5
K

s
1FX tanS pe

2 D Gse2F ~Y1Z!

2
tanS ph

2 D Gsh,

O~s2!5F ~Y2Z!

2
cotS ph

2 D Gsh,

and from Eqs.~2!,~3! we obtain the analytical expressions f
r(s):
0-8
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rpp~s!5
1

s tot
pp~s!

H K

s
1FX tanS pe

2 D Gse1F ~Y2Z!

2
cotS ph

2 D
2

~Y1Z!

2
tanS ph

2 D Gs2hJ , ~10!

r p̄p~s!5
1

s tot
p̄p~s!

H K

s
1FX tanS pe

2 D Gse1F ~Z2Y!

2
cotS ph

2 D
2

~Y1Z!

2
tanS ph

2 D Gs2hJ . ~11!

Since in this modelDs→0 asymptotically, for s tot
p̄p

5s tot
pp[s tot we have

Dr5r p̄p2rpp;
1

s tot~s!
~Z2Y!cotS ph

2 D s2h

→ 0 as s → `.

2. Kang-Nicolescu

The parametrizations for the total cross sections used
Kang and Nicolescu~KN! under the hypothesis of the odd
eron @43# are expressed by@12#

s tot
pp~s!5A11B1 ln s1k ln2s,

s tot
p̄p~s!5A21B2 ln s1k ln2s12Rs21/2.

~12!

Differently from the previous case, this model predic
that the difference between the two cross sections is give

Ds5s tot
p̄p~s!2s tot

pp~s!5~A22A1!1~B22B1!ln s12Rs21/2

→DA1DB ln s ~asymptotically!,

so that, ifDA5” 0 and/orDB5” 0, the total cross section dif
ference may increase ands tot

pp may even become greater tha

s tot
p̄p , depending on the values and signs ofDA and DB,

which is formally in agreement with the theorems of Se
III B.

With a similar procedure as in the previous model the
of the analyticity relations~7! and ~8! leads to

E~s1!5
K

s
1

p

2 S B11B2

2 D1pk ln s2Rs21/2,

O~s2!5S A22A1

p D ln s1S B22B1

2p D ln2s2Rs21/2,

and from Eqs.~2!,~3!
05402
y

by

.

e

rpp5
1

s tot
pp H K

s
1

p

2 S B11B2

2 D1S pk1
A22A1

p D ln s

1S B22B1

2p D ln2s22Rs21/2J , ~13!

r p̄p5
1

s tot
p̄p H K

s
1

p

2 S B11B2

2 D1S pk2
A22A1

p D ln s

2S B22B1

2p D ln2sJ . ~14!

In this case, ifDA andDB are sufficiently small, so tha

we may replaces tot
p̄p's tot

pp[s tot(s), then, asymptotically,

Dr5r p̄p2rpp;2
1

ps tot~s!
$DA ln s1DB ln2s%. ~15!

This means that, depending on the fit results, there may
change of sign inDr, with rpp becoming greater thanr p̄p at
some finite energy.

All these possibilities for a change of sign in the diffe
ences betweenp̄p and pp total cross sections and/or ther
parameters are based on the concept of the odderon@43#; the
case of a change of sign inDs tot(s) was early discussed b
Bernard, Gauron, and Nicolescu@44# and that inDr by Gau-
ron, Nicolescu, and Leader@45#. They are associated with th
condition that the maximal odderon dominates the imagin
or real part of the amplitude, respectively.

IV. FITTING OF THE DATA AND RESULTS

In order to investigate all the points raised in Sec. I a
their possible interconnections, we perform 16 different
through the programCERN-MINUIT. In these fits we use both
ensembles I and II defined in Sec. II and both the DL and K
models described in Sec. III. For each of these four po
bilities we perform global and individual fits tos tot and r
and, in each case, we either consider the subtraction con
K as a free fit parameter or assumeK50.

In the individual approach we first fit only the total cro
section data and then extract the correspondingr(s) in the
case ofK50, or, with the results fors tot(s), we fit only the
r data withK as a free fit parameter.

The numerical results of the fits and statistical informati
are all displayed in Tables II and III for the DL and KN
models, respectively. The corresponding curves together
the experimental data are shown in Figs. 2, 3, and 4 for
DL model and Figs. 5, 6, and 7 for the KN model.

V. CONCLUSIONS AND FINAL REMARKS

We shall focus our conclusions and present some dis
sion on the following five points.

Ensembles I and II. The figures corresponding to fits t
the total cross section data show that, in general, the res
with ensembles I and II do not differ substantially, except
the case of individual fits with the KN model@Fig. 5~a!#.
0-9
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Also, the cosmic-ray information in ensemble II~Nikolaev
and GSY! is not described in all the cases. This is a con
quence of the small number of points and the large error b
in comparison with the accelerator data, as well as
choices for the parametrizations~the models used!. However,
we must stress that, despite being a nonstandard result
cosmic-ray information in ensemble II has a reasonable
sis, as discussed in Sec. II B. Certainly, more precise data
necessary for a truly conclusive result, but, at presen
seems reasonable and interesting to investigate the s
quantitative consequences of this nonstandard possibility

Based on these ideas, in what follows, we shall cons
the results with both ensembles. However, it must also
noted that some of the conclusions that follow are indep
dent of the ensemble used, such as those concerning g
vs individual fits and the role of the subtraction constant.

Bounds for the Pomeron intercept. With the DL model
and the cosmic-ray information in ensembles I and II,

FIG. 6. Simultaneous fits tos tot(s) and r(s) through the KN
parametrization withK50 and ensembles I~dotted curves forpp

and dashed forp̄p) and II ~solid curves forpp and dot-dashed for

p̄p)—columns 6 and 7 in Table III.
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may infer some novel limit values for the soft Pomeron
terceptaP(0)511e. From Table II the highest~lowest! e
value was obtained with ensemble II~I!, in the case of indi-
vidual fits tos tot ~global fits tos tot andr), namely,

eupper50.094 and e lower50.079.

Odderon. In the case of individual fits with the KN mode
Table III and Fig. 5 show that with ensemble II the mod
predicts a crossing ins tot(s), so thats tot

pp becomes greate

thans tot
p̄p aboveAs'50 GeV: DA5563 andDB;0 ~Sec.

II C!. However, as shown in Fig. 5, in this case ther(s) data
are not described (K50 or K as a free parameter!.

On the other hand, Table III shows that, in the case
global fits with both ensembles I and II, statistically,DA

50 and DB50, so thatDs tot5s tot
p̄p2s tot

pp50. However,
from Figs. 6 and 7, we see that, in both casesK50 andK as
a free parameter, this model predicts a crossing in ther(s)

FIG. 7. Simultaneous fits tos tot(s) and r(s) through the KN
parametrization withK as free parameter and ensembles I~dotted

curves forpp and dashed forp̄p) and II ~solid curves forpp and

dot-dashed forp̄p)—columns 8 and 9 in Table III.
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behavior, with rpp becoming greater thanr p̄p at As'70
280 GeV ~for K50) and As'60–70 GeV~for K a free
parameter!, a result in agreement with the early fits by Ga
ron, Nicolescu, and Leader@45#. Most important, these re
sults are also in complete agreement with all the experim
tal data presently available ons tot and r and are
independent of the ensemble used. This is certainly an in
esting and important prediction that will be verified at t
BNL Relativistic Heavy Ion Collider~RHIC! and the CERN
Large Hadron Collider~LHC! @46#.

Individual and global fits. From Tables II and III, with the
exception of the individual fit to ensemble II with the K
model andK as a free parameter, the statistical informati
does not indicate a preference between individual or glo
fits.

On the other hand, global fits clearly constrain the p
sible increase of the total cross section. For example, in
case of the DL model, with both ensembles I and II andK
50, we obtained

e indi
I '0.088 → esimul

I '0.081 ~reduction'9%!,

e indi
II '0.091 → esimul

II '0.083 ~reduction'10%!.

As discussed previously,s tot andr do not have the sam
status as physical quantities, since the extractedr value is
model dependent. Therefore, in principle, we understand
global fits underestimate the possible rise ofs tot in the
asymptotic region. In our analysis the effects of the glo
and individual fits depend also on the subtraction constan
discussed in what follows.

Subtraction constant. As commented before, ifK is taken
as a free parameter, the fit procedure demands that it is
related with all the other parameters of the model involv
Therefore, in principle, it is expected to have effects in b
the low- and high-energy regions. Let us discuss our res
through individual and global fits.
i,

-
, p
po
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In the case of individual fits with the DL model, Fig.
shows that the results forr(s) with K50 and K free are
nearly the same aboveAs'40 GeV and that below this en
ergy the predictions are quite different. We shall not disc
the corresponding results with the KN model, since the d
are not described~Fig. 5!.

In the case of global fits with the DL model, beyond th
differences inr(s), here belowAs'40 GeV, the asymptotic
values ofs tot(s) are different, namely, from Table II,

eK50
I 50.08160.002 and eK free

I 50.083

60.02 ~ increase;2.5%!,

eK50
II 50.08360.002 and eK free

II 50.084

60.02 ~ increase'1.2%!.

In particular, with ensemble I, forpp scattering atAs
514 TeV the fits indicates tot

pp;101 mb forK50 ands tot
pp

;104 mb forK as a free parameter. On the other hand,
global fits, the KN model is not so sensitive to the influen
of the subtraction constant at least forr(s) above As
'20 GeV, as shown in Figs. 6 and 7. Therefore, in gene
the subtraction constant affects the fit results in both the lo
and high-energy regions. Since it is mathematically justifi
in order to control the convergence of the integral~or deriva-
tive! dispersion relation, we understand that the subtrac
constant cannot be neglected in the analytical approach.
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