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Exclusive double-charmonium production from ete™ annihilation into a virtual photon
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We calculate the exclusive cross sectionsgfoe™ annihilation into two charmonium states through a virtual
photon. Purely electromagnetic contributions are surprisingly large, changing the cross sections by as much as
21%. The predicted cross section b+ 7, is about an order of magnitude smaller than a recent measure-
ment by the BELLE Collaboration, although part of the discrepancy can be attributed to large relativistic
corrections. The cross sections f®wave + P-wave,P-wave + P-wave, andS-wave + D-wave charmonium
states are also calculated. It may be possible to discoved-vave staten.,(1D) at theB factories through
the model/ ¢+ 5.,, whose cross section is predicted to be about a factor of 10 smalledtiany, .
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[. INTRODUCTION tions of perturbative QCD. A naive estimate of the cross
section ford/ ¢+ 7. in units of the cross section far* u~ is
Nonrelativistic QCD(NRQCD) factorizationis a system-
atic framework for calculating the inclusive cross sections o[ Mev 6
for producing heavy quarkoniufii]. The cross section for a RLI/ ¢+ ﬂc]“as( E m) : (1)
charmonium state is expressed as the sum oeeathannels bea

of products of perturbativec cross section and nonpertur- The 2 powers ofag are the fewest required to produce a

bative NRQCD matrix elements. The relative importance of ', < final state. There is a factor ofr(w)? associated

the various terms in the Elctorization formula is determinequth the wave function at the origin for each charmonium.
by the order inas of the cc cross section, kinematic factors These factors in the numerator are compensated by factors of
in thecc cross section, and the scaling of the NRQCD matrixthe beam energ¥,.,min the denominator to get a dimen-
element with the relative velocity of the charm quark. sionless ratio. As an example, considere annihilation
Among those NRQCD matrix elements that scale with thewith center-of-mass energyEgq,,~=10.6 GeV. If we set
minimal power ofv is the one associated with the color- v2~0.3, a;~0.2, andm,~1.4 GeV, we get the naive esti-

singletcc channel whose angular momentum quantum nummate R[J/¢+ 7¢]~4x10"". This should be compared to
bers match those of the charmonium stidteThe oldcolor- the total ratioR[ hadrong~ 3.6 for all hadronic final states
singlet modefor quarkonium productiofi2] can be defined [3]. The decay of the/y into the easily detectable" e or
by keeping this channel only. utu” modes suppresses the observable cross section by an-

If charmonium is the only hadron in the initial or final other order of magnitude. o _
state, the color-singlet model should be accurate up to cor- Fortunately, the era of high-luminosit® factories has
rections that are higher order in The simplest examples of made the measurement of such small cross sections feasible.
such processes are electromagnetic annihilation decays, suthe BABAR and BELLE detectors have each collected more
asJ/y—ete” andn.— yy, and exclusive electromagnetic than 10 continuume™ e~ annihilation events and more than
production processes, such ag— 7. . Another process for 10° events on theY (4S), 75% of which are continuum
which the color-singlet model should be accuratesie™ e"e™ annihilation events. The BELLE Collaboration has re-
annihilation into exactly two charmonia. There are no hadcently measured the cross section &re” —J/4+ 7. [4].
rons in the initial state, and the absence of additional hadronEhey also saw evidence fal/ ¢+ xco and J/ ¢+ 7(29)
in the final state can be guaranteed experimentally by thevents. _ _
monoenergetic nature of a 2-body final state. For many char- In this paper, we calculate the cross sections for exclusive
monia H, the NRQCD matrix element can be determineddouble-charmonium production v e~ annihilation into a
from the electromagnetic annihilation decay rate of eitder Vvirtual photon. This process produges only charmonigm
or of another state related td by spin symmetry. Cross states with opposite charge conjugation. The cross sections
sections for double charmonium can therefore be predictetor charmonium states with the same charge conjugation,
up to corrections suppressed by powersy®fwithout any ~ Which proceed througle*e™ annihilation into two virtual
unknown phenomenological factors. photons, will be presented in subsequent paffgraVe carry

One problem withete™ annihilation into exclusive out the calculations in the color-singlet model including not
double charmonium is that the cross sections are very smatinly the diagrams of orde#?«? but also the purely electro-
at energies large enough to have confidence in the predienagnetic diagrams of order*, which are surprisingly large.
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Our result for the cross section fdf+ 7. is about an order P,

of magnitude smaller than the recent measurement by the

BELLE Collaboration, although part of the discrepancy can

be attributed to large relativistic corrections. The cross sec-

tions for Swave + P-wave,P-wave + P-wave, andS-wave

+ D-wave charmonium states are also calculated. The cros

section ford/ ¢+ 7.,(1D) is predicted to be about a factor of

10 smaller than fod/ s+ 7., which may be large enough for »
(@ 2

the D-wave statez.,(1D) to be discovered at thB facto-
ries.

IIl. COLOR-SINGLET MODEL CALCULATIONS

In this section, we use the color-singlet model to calculate
the cross sections foe" e~ annihilation through a virtual
photon into a double-charmonium final staté;+H,.
Charge conjugation symmetry requires one of the charmonie
to be aC=— state and the other to be@= + state. The
C=— states with narrow widths are thE¢=1"" states )
J/¢g and ¢(2S), the 1"~ state h,, and the yet-to-be-
discovered 2~ state,(1D). TheC= + states with narrow
widths are the 0 statesy. and 7.(2S), the J** states
Xci(1P), J=0,1,2, and the yet-to-be-discovered 2 state
7c2(1D). We express our results in terms of the ratio
R[H;+H,] defined by

V\/(b)«
(d

FIG. 1. QCD diagrams that can contribute to the color-singlet
processy* —cc;+cc;.

of course a constraint on the possible helicities from angular
momentum conservationk;—\,|=0 or 1. The asymptotic
behavior of the ratioR[H{(\;) +H>(\,)] depends on the
. helicities\; and\,. The helicity selection rules imply that
ole’e —Hi+H,] 2) the slowest asymptotic decreaRe-r* can occur only if the
olefe —utp ]’ sum of the helicities of the hadrons is conserved. Since there
are no hadrons in the initial state, hadron helicity conserva-
In the text, we give only the results fdR summed over tion requires\;+\,=0. The only helicity state that satisfies
helicity states. In the Appendix, we give also the angulamboth this constraint and the constraint of angular momentum
distributiondR/d cosé for each of the helicity states ¢1;  conservation isX,\,) =(0,0). For every unit of helicity by
andH,. These results may facilitate the use of partial wavewhich this rule is violated, there is a further suppression
analysis to resolve the experimental double-charmonium sigfactor ofr2. The resulting estimate for the rativat leading
nal into contributions from the various charmonium states. order inag is

R[Hl+ H2]:

A. Asymptotic behavior Rocol Hi(A ) +Ho(Ap) ]~ a§(02)3+L1+L2(r2)2+|)‘1+)‘2‘_

When thee™e™ beam energyE..nis much larger than @
the charm quark mass,, the relative sizes of the various The factor ofy3*2" for a charmonium state with orbital an-
double-charmonium cross sections are governed largely byylar momentuni. comes from the NRQCD factors. At lead-
the number of kinematic suppression factofs where the ing order ofas, there may of course be further suppression

variabler is defined by factors of r? that arise from the simple structure of the
an? leading-order diagrams fce*e*—>0(_:1+ ccy in Fig. 1, but'
r2=—°% (3) these suppression factors are unlikely to persist to higher
Eleam orders inas.

The QED diagrams foe*e —cc,(3S;) +cc; in Fig. 2

If we setm.=1.4 GeV_andEyean=5.3 GeV, the value of give contributions toR[J/¢+H,] that scale in a different
this small parameter is*=0.28. way with r. As r—0, the contribution to the cross section

The asymptotic behavior of the ratiB[H;+H>] asr  from these diagrams factors into the cross section jfor
—0 can be determined from theelicity selection ruleor 4 H, and the fragmentation function for—J/4. This frag-
exclusive processes in perturbative QQR7]. For each of mentation process producely in a Nyy==*1 helicity
thecc pairs in the final state, there is a suppression factor ostate. The hard-scattering part of the process produces only
r? due to the large momentum transfer required fordia@d  one cc pair with small relative momentum, so there is one
c to emerge with small relative momentum. Thus, at anyfewer factor ofr? relative to Eq.(4). The cross section for
order in g, the ratioR[H,+H,] must decrease at least as y+ H is still subject to the helicity selection rules of pertur-
fast asr* asr—0. However, it may decrease more rapidly bative QCD, so the pure QED contribution to the raibas
depending on the helicity states of the two hadrons. There ithe behavior
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FIG. 2. QED diagrams that contribute to the color-singlet pro-

cessy* —cc,(3S)) +cc;.

Roecl I/ ¢/(= 1) +Ha(\p) ]~ a?(0?)3 2(r?) 2l (5)

There may also be interference terms between the QCD and
QED contributions whose scaling behavior is intermediate

between Eqs(4) and(5).

B. Projections onto charmonium states

The 4 QCD diagrams for the color-singlet procegs
—ccy+ccy are shown in Fig. 1. We take the upper pair
in Fig. 1 to form aC= — charmoniumH,; with momentum
P, and the lowercc pair to form aC=+ charmoniumH,
with momentumP,. There are also QED diagrams fgi
—ccy+ccy that can be obtained from the QCD diagrams in
Fig. 1 by replacing the virtual gluons by virtual photons, but
they are suppressed by a factorafa,. However if one of
the charmonia is a1 state like al/y, there are the addi-
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where E?=P?/4=m?—qg?, N.=3, and the last factor in-
volves the unit color matrixl. If the cc pair is in a spin-
triplet color-singlet stateys in Eq. (7) is replaced byét ,
where eg is a spin polarization vector satisfyings: €5
=—1 andP-eg=0.

In the spin-singlet case, the expansion of the matrix ele-
ment in powers of] has the form

M[cc(S=0)]=A+B,q°+C,.q°q"+---. (8
The matrix elements at leading orderuirfor the spin-singlet

charmonium statesg)., h,(1P), and 7.(1D) can be read
off from this expansion:

1/2

) A,

< Ol> e
1/2

2N m,
BO'G(T()\)i

) 1/2

(IO’,LLITV_;’_IT}LIO'V)_%IUTIMV

Ml 7c]= ( (9a)

2N.m (9b)

C

(01
MLhe(N)]=

<Ol>77C2
2N m3

M[%z(MF(

><CO’T 2

X €,,(N), (90

tional QED diagrams in Fig. 2. Although they are also sup-wheree’(\) in Eq. (9b) is a spin-1 polarization vector and

pressed by a factor ot/ «g, they are enhanced by a kine-
matical factor of /2> and therefore can be more important
than one might expect.

To calculate the matrix element foe*e —H,(P;)
+H,(P,), we start from the matrix element fog™e™

—c(py)c(py) +c(p2)c(p,) with the charm quarks and anti-

quarks on their mass shells?=p?=m?. For each of thec
pairs, we express the momenta in the form

1

2P+q!

p= (6a)

p= P—q, (6b)

whereP is the total momentum of the pair ands a relative

momentum that satisfieg P=0. If the c?pair is in a spin-
singlet color-singlet state, the matrix product of the Dirac

and color spinors for the andc can be expressed &3]

v(p)u(p)= m(ﬁ_mc)%(P+ZE)(¢+ me)

J

1

VN,

® (7)

€,,(\) in Eq.(9¢) is a spin-2 polarization tensor. The tensor
I, in EQ.(90) is

(10

whereP is the expansion gp+ p to leading order ifg, so it
now satisfiesP?=4m?. The NRQCD matrix elements
(O1),, and(Oy),_in Egs. (92 and (9b) are the vacuum-
saturated analogs of the NRQCD matrix elements
(01(180)>,7C and <Ol(1Pl)>hC for annihilation decays de-
fined in Ref[1]. The NRQCD matrix elemerO) 7, 1N EQL

(90) is the vacuum-saturated analog of an NRQCD matrix
element(O4(*'D,)),, , which in the notation of Ref[1] is

defined by

i\ o i\2
<Ol(1D2)>77cz:<77°2|¢/T( ) z) D('D”xx*( ) z)

X DDV | 7c5). (11)
A projection onto theD-wave state that is equivalent to Eq.
(90) but expressed in terms of wave functions at the origin is
given in Ref.[10].

In the spin-triplet case, the expansion of the matrix ele-
ment in powers of] has the form
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—_ _ — o o474 ... P 2 ?
MICe(S=1)]=(A,+B,,q7+C 0,077+ )fs-(lz) (01(°D2))y, =75 €2 Xy |¢*<——)

i\ 2
. . . . . o, o, | o, o
The matr.|x elements at leading orderurfor the spin-triplet % O.aD(bDJ)XX’r< _ 5) O_CD(dDJ)lM o).
charmonium stated «, x.;(1P), #1(1D), andi,(1D) can
be read off from this expansion: (14b)
M[J/lﬂ()\)] (< 1>‘]/'7/’) p()\) (13@ C. Swave + S-wave
Me The matrix element foe™ (k,)e™ (k) —J/4+ 5. can be
written as
1/2
/\/l[ ]_ <Ol>Xco B 1 | PO (13b) e eZ
Xeol = ongmd | T3 M=—=""2(kp) y*u(kp (I s+ 7 3,(0)|0), (15
(0y) 12 . wheree,= + 3 is the electric charge of the charm quark and
1 Xc1 | _ 2 .
M[Xcl(?\)]z( 3) o € TMPy €, (M), S=4E.amis the square of the center-of-mass energy. Upon
2Nmg 2mg\2 simplifying the vacuum-to/ ¢+ 7.) matrix element, it re-
(130  duces to the general form required by Lorentz covariance:
112 (I P(P1,€)+ 1e(P2)|3,(0)[0) =iAe,,,) ,PIP3e
< 1>X02 (16)
Ml xc2(M)]= N
cre where the coefficiend\ is
1 1
XBpo’[z(lpMI TP = 1P _12877 ol Ne—1 ega_iega
A= >((01)3/4(01 )" o TN 5
2Ng c®¥s r° Qs
X €,,(N), (130
17
(0,) 12 After squaring the amplitude and integrating over phase
M[(\)]= ! space, we obtain our final result for the raalefined in Eq.
2N m?2 (2):
31 1 2m2a?
cho’r\/%[z(lp | TR 4| PT| M)_§|PIL| R[J/l/f+ 770]: 5 SxZ(rZ_Y)ZrZ(l_rZ)SIZ
X€,(N), (138 (01)31y401),
X, (18
172 me
MLdn(N)]= <01>¢2 i o
2 2Ncm§ po’szc\/g where the coefficientX andY are
XLgh7e™ " +g" e IP ey, (). X= %‘( 1+ 3i) (193
(139 s
. o a |\t
The NRQCD matrix element¢0,)y,, and(Oy), ; are the Y=_|1t5] - (190
¢ s s

vacuum-saturated analogs of the NRQCD matrix elements

(01(°S1)) 314 and (01 (°Py)),_, for annihilation decays de- |f we setas=0.21, their numerical values ake=0.450 and
fined in Ref.[1]. The NRQCD matrix element@)m, and Y=0.0344. Note that the rati@l8) depends on the charm

tri element 0.(3D and (O (3D hich are de- deflned in Eq.(3). The a®a term in the cross section for
fi::ad by O 1)>¢’1 (01("D2))y, whi et e —J/y+ n, was calculated previously by Brodsky and

Ji [8]. They presented their result in the form of a graphRof
) ) versus 172, but they did not give an analytic expression for
I the cross section.
3 . 5
(01°Du))y, = <‘/’1|‘/’ ( ) o'DDYxx ( 2) The only helicity states that contribute to E48) at this
. order inag are (\1,\,)=(=1,0), which violate hadron he-
X o' DUDR ylyy), (14a licity conservation by 1 unit. The QCD contribution ®
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scales likea2v®r® in accordance with Eq4). There is no tive to those fory., andy.,. The pure QED contributions to

reason to expect the amplitude for the hadron-helicity-x.; scale likea?v®r? for all J in accordance with Eq(5).
conserving state (0,0) to vanish at next-to-leading order infThe QED contribution is suppressed by a factor of
as, So the asymptotic behavior of the QCD contribution aSaZ/(agrz) for J=0 and 2 but only bwzzl(agr“) for J=1.

r—0 is probablyR~ a2v®r4. If we set\s=10.6 GeV andn,= 1.4 GeV, the QED correc-
The pure QED contribution from the diagrams in Fig. 2tions change the cross sections B0.3%, +15%, and

scales likea?v®r? in accordance with Eq5). The interfer- —5% forJ=0, 1, and 2, respectively.

ence term is suppressed only By(a<r?), so the QED ef- The cross section fon+ h vanishes at this order iag:

fects are larger than one might expect. If we sé&

=10.6 GeV andn.=1.4 GeV, the electromagnetic correc- R[h.+ 7.]=0. (23

tion decreases the cross section by 21%.

2\3/2 ; . .. ] .
~ The factor of (1_5 )77 in Eq. (18) is the nonrelativistic  This seems to be a consequence of the simple structure of the
limit of (Pcm./Epean)”, WhereP. p is the momentum of ei- |eading-order amplitude. There is no reason to expect this
ther charmonium in the center-of-momentum frame. It can,oss section to vanish at next-to-leading ordesror v, so

be expressed as the asymptotic behavior as—0 is probablyR~ a2v®r* or
_2.10.4
Pcm )\l/Z(S,lelMaz) R aSU r-.
= = — (20
beam E. P-wave + P-wave
where\(x,y,z) =x?+y?+ 72>~ 2(xy+yz+zx). In Eq. (18), The ratiosR for h.+ ., are
one factor ofP. ,/Epeam COMes from the phase space for
H,+H,, while the other two come from the square of the w’ai . ) 3/2<01>hc<01>xCJ
amplitude(16). RN+ Xeal = 755 X Ca(Nri(1-r9) w0
C
(24)
D. Swave + P-wave
The ratiosR for J/ i+ x.j are where the function&;(r) are
772a2 — 2 2\2
R[J/lp—’_)(c.ﬂ: 4325)(2FJ(r,Y)r2(1_r2)1/2 Go(r)—zr (6—r°)°, (25@
— 2 2\2
(01)5yO1) ., Gy(r)=24+78(2-r%)"%, (25b)
¢ G,(r)=3r2(4—5r2)2+7rS. (250

where the function§ ;(r,Y) are
At this order in «g, there is no contribution to the cross
Fo(r,Y)=2[4Y—6(Y+3)r?+7r%? sections fory., and x., from the helicity state (0,0), so the
2 2 nedq2 ratiosR[ h;+ x.3] for x.o andx., are suppressed relative to
Fr{a+2(Y+5)ri=3rt, (229 that for x.; by a factor ofr2. The QED contribution in-

Fo(r,Y)=3[8Y—2Y r2+r%]2 creases the cross section by/23ag)~2%.
IWEs -

+3r[4Y+2(Y+2)r?=3r*? F. Swave + D-wave
+3r42(3Y+4)—7r2)2, (22b) The ratioR for J/y+ 7¢, is
Fo(r,Y)=[8Y—6(Y+2)r2+11r4]2 Aol

. o R[J/y+ nep]= 57 X2(Y—2r?)%r3(1—r?)"?
+2r[4+2(Y—1)rc—3r"]

+3r2[4Y —2(Y+2)r2+3r]? OO,

10
mC

(26)
+3r42(Y+2)—5r2]>+6r42Y—r?]2. (220

These expressions have been expressed as sums of squareAtothis order inag and «, the only helicity states that con-
terms that correspond to the helicity amplitudes. fgrand tribute are ¢-1,0). Thus the QCD contribution to the rafd
X2, there are QCD contributions from all the helicity statesscales likea2v*® in accordance with Eq(4), while the
(N1.\,) compatible with angular momentum conservation,pure QED contribution scales like?v°? in accordance
so the leading contribution scales |ik&év8r4. For xc1, there  with Eq. (5). If we set\/s=10.6 GeV andn.=1.4 GeV, the

is no contribution from the hadron-helicity-conserving stateQED correction decreases the cross section by about 10%.
(0,0), so the QCD contributions are suppressed byela- The ratioR for ¢+ 7. is
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wzag TABLE |. The NRQCD matrix element&0, ), for the charmo-
Rl 1+ 7c]= 4320X2(26Y—2112+ 10r4)2r3(1—r?)%7? nium statesH in units of (GeV}“*3 whereL=0,1,2 for Swave,
P-wave, andD-wave states. The first column is the estimate from
<Ol>¢ (0,) the Buchmiler-Tye potential model as given in Réfl1]. The sec-
1 ”C_ 27) ond and third columns are the phenomenological results from elec-
mgo tromagnetic annihilation decays fan,=1.4 GeV at leading order

(LO) and next-to-leading ordefNLO) in «g. The errors are the
statistical errors associated with the experimental inputs only. The
boldfaced values are used in the predictions for the double-
charmonium cross sections.

At this order inag and «, the only helicity states that con-
tribute are ¢-1,0). Thus the QCD contribution to the rafi®
scales likea?v'%® in accordance with Eq(4), while the

pure QED contribution scales like?v*%? in accordance Potential Phenomenology
with Eq. (5). The QED contribution increases the cross secy model LO NLO
tion by 3%.
The ratioR for ,+ 7. is e 0.387 0.2220.024  0.29%0.032
NIRY 0.387 0.208:0.015 0.335-0.024
202 7:(29) 0.253
S
RLt2+ 7cl= —g5 X6+ 127~ 4r2)2)r(1-12) 2 ¥(29) 0.253  0.0870.006 0.139+0.010
Xxco(1P) 0.107 0.06:0.015 0.05%0.015
<Ol>¢/2<ol>ﬂc XCl(lP)th(lp) 0.107
— (28 Xc2(1P) 0.107 0.03%0.006 0.053:0.009
mg #1(1D) 0.054  0.095+-0.015

(1D), 1¢(1D) 0.054

There is a contribution from the helicity state (0,0) that sat
isfies hadron helicity conservation, so the rd@acales like

r* in accordance with Eq(4). The QED contribution in- B. Phenomenology
creases the cross section by/23as)~2%. We can obtain phenomenological values for the NRQCD
matrix elementg0,),, and(O;), from the electronic de-
lIl. NRQCD MATRIX ELEMENTS cay rate of thel/ and from the photonic decay rate of the

) ) ) ¢ [1]. The results for these decay rates, including the first
The ratiosR for exclusive double-charmonium production Qcp perturbative correction, are

calculated in Sec. Il depend on the NRQCD matrix elements

(O1)y. In this section, we describe the phenomenological (O1)y, 20— 72 ag\?
determination of these inputs. We also give estimates based [I'[ 7.— 77’]:293”&2 2 ( T T 6 ;) )
on potential models. me
(303
A. Potential models 2e2m7a2 (O 8 .2
. . _ F[J/zﬁee*e‘]: c < 1>J/¢/ _92%s . (30b)
We can obtain estimates for the NRQCD matrix elements 3 m2 3

from the behavior of the wave functions near the origin in
potential models. The expressions for the NRQCD matrixpe can obtain phenomenological values for the NRQCD ma-

elements foiSwave, P-wave, andD-wave states are trix e'eme”t3<01>xco a”d<01>xc2 from the photonic decay
N rates of they.o and ., [1]. The results for these decay rates,
<01>S~2—°|Rs(o)|2, (298  including the first QCD perturbative correction, are
w
<01>XC0 372-28 a,\?
On)p~ e |RHO) oy e (“ 18 ?s) |
(O1)p~ 5 IRp(0)[%, c (315
15N ) _8eéﬂ'a2 <Ol>XcZ 8 ag\?
(O1)p~ - |RB(0)]*. (299 UlXco—yY]= 5 i 1=-3— (31b

The values and derivatives of the radial wave functions at thd e perturbative corrections in Eq80a—(31b) have been
origin for four potential models are given in Réfl1]. Of  expressed as squares, because they can be calculated as cor-

these four potential models, the one that is most accurate &gctions to the amplitudes. We can obtain a phenomenologi-
short distances is the Buchiiter-Tye potentia[12]. The val- ~ cal value for the NRQCD matrix eleme(O,),,1p) from

ues of the NRQCD matrix elements for this potential arethe electronic decay rate of thig (1D) = ¢(3770), which is
given in the first column of Table I. in the same spin-symmetry multiplet as titg(1D):
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5e2ma? (Of) 41(1D) Swave andP-wave states and we use the boldfaced value in
¢ (1D)—e’e ]= 018 ; (32 the LO column for theD-wave statesy.,(1D), ¢1(1D),
me and ,(1D).

The QCD perturbative correction has not been calculated.
We first determine the NRQCD matrix elemerd;)y
while neglecting QCD perturbative corrections. The experi- |n this section, we calculate the relativistic corrections to
mental inputs are the electronic widths of they, ¥(2S),  the cross sections for th&wave double charmonium. We
and ¢,(1D), the photonic width of they,, and the widths also give a phenomenological determination of the NRQCD

and photonic branching fractions of the, and x, [13].  factors(v?), that appear in those relativistic corrections.

The only other input required is the charm quark mass

The values of(O,), corresponding tom.=1.4 GeV are A. NRQCD factor

given in the column of Table | labeled LO. The error bars are . L ) )

the statistical errors associated with the experimental inputs 1he leading relativistic correction to the CSM amplitudes

only. To obtain(O,), for other values ofn,, we need to fora (_:harmor_num-| is converzuen_tly expressed in terms of a

multiply the values in the table byn{,/1.4 GeV}* 2. quantity that is denotgd b{v )H_ln Ref. [1]. It can be de-
We next determine the NRQCD matrix elemef@;)y, fined formglly as a ratio of'matnx elem.ents in NRQCD. For

including the effects of QCD perturbative corrections. We®X@mple, in the case afe, it can be written as

choose the QCD coupling constant to hge=0.25 corre-

IV. RELATIVISTIC CORRECTIONS

; 2
sponding to a renormalization scale ofm2. The resulting <@|XT( — I—D) ] me)
values of(O,)y for m.=1.4 GeV are given in the column of (v?), = (34)
Table | labeled NLO. The error bars are the statistical errors e mZ(0| x| n¢)

associated with the experimental inputs only. To obtain

(Oy)y for other values ofn;, we need to multiply the values The naive interpretation dfv?)y is the average value of?

in the table by (./1.4 GeVy"?-. Taking into account QCD for the charm quark in the charmoniumi. In the

perturbative corrections chang€®,)y by a factor that Buchmiler-Tye potential model, the average value ot

ranges from 0.99 fogo to 1.61 ford/« and ... The NLO  weighted by the probability density is 0.23 for th& &tates

values are in closer agreement with the estimates from thg_ and J/¢ and 0.29 for the 8 statesz.(2S) and ¢(2S)

Buchmiller-Tye potential model than the LO values. [12]. However the proper interpretation of the ratio of matrix
One complication in the determination of the NRQCD elements in Eq(34) is the average value af? weighted by

matrix element fory,(1D) is that this state may have sub- the wave function. Unfortunately this quantity has power ul-

stantial mixings with the)(2S) and also with continuum traviolet divergences and requires a subtraction. For ex-

DD states. If the mixing angle between (1D) and (2S) ample, the wave function for theSlstates in potential mod-

is ¢ and if mixing with continuumDD states is neglected, €IS can be approximated fairly accurately by a momentum

the expressions for the electronic decay rates ofgh@s) ~ SPace wave function of the formy(p)=1/(p?+mgvis)?

and ¢, (1D) are Eqs(30b) and(32) with the substitutions ~ Wherev,s is a phenomenological parameter. The integral
[d3pp?y(p) has a linear ultraviolet divergence. Minimal

J15 2 subtraction of this linear divergence gives the negative value
(O1) y25)— | cOSH(O1) 36— sin (bW(ol v (333 (v2)u=—3vls. Thus the extraction of estimates (f?),
c from potential models is not straightforward.

There is a connection between the quantity),, and the
v 6m? o mass of the charmonium staké that was first derived by
(01) y,(10)— C05¢<01>1D+5m¢_\/1—5<01 2s| - (33D Gremm and Kapustifil5]. The most convenient form of this
relation for relativistic applications is

A recent estimate of this effect suggests a mixing angle
=12° [14]. The resulting values of the NRQCD matrix ele-
ments are{O,),5=0.095 GeV} and (O,);,=0.013 GeV.
This value of(O,)4p is about a factor of 7 smaller than the
value of<01>¢1(1D) in Table I. Thus, if this mixing scenario

MZ=4m3(1+(v2)y+---), (35)

where the corrections are of ordev*. The massm, that

appears in this relation is the pole mass. The pole mass suf-

) ) ) ) fers from renormalon ambiguities, but those ambiguities are

is correct, the phenomenological estimate {@1),,1p) I |argely compensated by corresponding ambiguities in the

Table | could overestimate cross sections #(1D) by  matrix elements that defin@?),, [16,17.

about a factor of 7. We can use the Gremm-Kapustin relati@®) to obtain a
Within each spin-symmetry multiplet, the NRQCD matrix phenomenological determination ¢62),, using the mass

elements(O, ) should have differences of ordef which M, of the charmonium state as input:

we expect to be about 30%. We choose to use the most

precise phenomenological value within each spin-symmetry Mﬁ—4m2
multiplet for all members of that multiplet. Specifically, we (v~ 5 = (36)
use the boldfaced values in the NLO column of Table | for 4amg
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wherem, is the pole mass of the charm quark. The masse3$he prefactors take into account the relativistic normaliza-
for the charmonium stateg., J/¢, and ¢(2S) are well  tions of cc states and charmonium states. Strictly speaking,
measured. The;C(Z_S) was only recently discovered by the the factor of (1+<02>H)—1/2 should be expanded out to first
BELLE Collaboration with @ mass oM, o=36546  rderin(y2),,. However, if we use phenomenological deter-
+8 MeV [18]. If we setm.=1.4 GeV, the values ofv®)y  minations of the NRQCD matrix element®,),;, the pref-

for the Swave states argv?®), =0.13, (v?)y,=0.22,  actor in (37) or (38) cancels. We therefore choose not to
(v?),(29=0.70, and(v?) 429 =0.73. The values ofv?),  expand the prefactors.

for the 2S states are uncomfortably large, but those large There are relativistic corrections to the electromagnetic
values are necessary to compensate for the fact that 2 annihilation decay rates used to determine the NRQCD ma-

=2.8 GeV is far from the mass of theSxtates. trix elements in Table I. For the decay rates of #eand the
J/ given in Egs.(30g and (30b), the leading relativistic
B. Relativistic correction factor correction can be expressed as a multiplicative factor

The relativistic correction to the cross section for the pro-
cessJ/ ¢+ n. can be calculated by replacing the amplitude ’
factors(9a) and (133 by (1_ }<02>H) My 2me

6

2me(1+(v?)y) Mu’
Mnc<01>nc )1/2 Ml

(39

M[ 77(3] = 2 2
ANmg(1+(v?), ) )
c The correction has been expressed as the product of three
mg factors. The first factor, which appears squared, comes from
x| A+ ?<02>7,CCM| i (37)  the expansion of the amplitude in powers of the relative ve-

locity of the c?pair. The second factor comes from the pref-
1/2 i
M 31(O1) 31y ) actor in EqQ.(37) or (38). The last factor comes from the

relativistic normalization factor 1/(2 ) in the standard ex-

M[Jhp()\)]:(

2 2
ANmME(1+ (0 %) ary) pression for the decay rate. Note that the factor®gf can-
m?2 cel in Eq.(39).
X[ Ayt ?C@Z)J/wcpm' ‘”) e’(N). We have calculated the relativistic corrections to the cross

section ford/ ¥+ 5. The leading correction to the rati®in
(39 Eq. (18) can be expressed as the multiplicative factor

(1+ 8Y+3(Y+4)r2—5r% 2Y+(Y+14)r2-5r*

2
2
12(r2-Y) Tt 12(r2—Y) v >”°>

M , M . r2 3/2
Iy K >”°)] . (40)

1- 2 2
2mc(1+<02>w) 2mc(1+<02>nc) 2(1_r2) (<U >J/¢+<U

The correction has been written as the product of three factors. The first factor, which appears squared, comes from the

expansion of the amplitude in powers of the relative velocity ofadbeair. The second factor comes from the prefactors in
Egs. (37) and (38). The last factor is the nonrelativistic expansion of the tefay/Epean’ divided by its value in the
nonrelativistic limit, where one power is from the phase space fa@@r and the other two are from the square of the
amplitude in Eq.(16).

Our final result for the relativistic correction can be expressed as a multiplicative factor obtained by divididg)Hy. a
factor of Eq.(39) for each of the charmonium states. We express it in the form

2Y+(Y+14)r2—5r4 -2

" 8Y+3(Y+4)r2—5r4< o v )2(1 1< ) )
U U — <\U
12(r2-Y) " 12r2-Y) e 6 Y
1 “2MyyM [ Pey/Epean)
<[1-gm,,| —a| o @
¢ 4mg (1-r9)
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TABLE Il. Cross sections in fb foe™e™ annihilation into double-charmonium statds+H, at Epeam
=5.3 GeV without relativistic corrections. The errors are only those from variations in the NLO pole mass
m.=1.4+0.2 GeV.

Ho\Hy I #(2S) hc(1P) 1(1D) #,(1D)
Ne 2.31+1.09 0.96-0.45 0 0.0520.021 1.04:0.23
7(29) 0.96+0.45 0.40:0.19 0 0.022-0.009 0.430.09
Xco(1P) 2.28+1.03 0.95-0.43 0.053-0.019
Xe1(1P) 0.47+0.16 0.19-0.07 0.258-0.064
Xe2(1P) 0.59+0.13 0.25-0.05 0.0170.002
7e2(1D) 0.27+0.05 0.11+0.02
V. PREDICTIONS FOR B FACTORIES resulting cross sections are given in Table Ill. The error bars

. . . are those associated with the uncertainty in the NLO pole
In this section, we calculate the cross sections for exclu-

. . Y S massm,. only. The relativistic corrections increase the central
sive double-charmonium production @i e~ annihilation at c Oy

. . . values of the cross sections by about 2.4 3b¢+ »., by
the B factories. We also give a careful analysis of the errors c
in the predictions fod/ g+ 7, . about 6 ford/ ¢+ 5.(2S) and #(2S) + 5., and by about 13

for ¥(2S) + 1n:(2S). Although the total correction factor for
) JIy+ 7. is significantly larger than 1, it is the product of
A. Cross sections several modest correction factors that all go in the same di-
The results in Sec. Il were expressed in terms of the ratiéection. The largest individual factor is (1.41goming from
R defined in Eq(2). The corresponding cross sections are the expansion of the amplitude. The corresponding factors
for J/y+5.(2S), ¥ (2S)+ 7., and Y(2S)+ n.(2S) are
(2.11%, (1.98Y, and (2.68§, respectively. These large cor-
rection factors indicate that the relativistic corrections to the
cross sections involving & states are too large to be calcu-
The ratiosR depend on a number of inputs: the coupling lated reliably using the method we have chosen.
constantsas and «, the charm quark mass),, and the Note that our method for calculating the relativistic cor-
NRQCD matrix element$O, )y . rection significantly increases the sensitivity to the charm
The value of the QCD coupling constamt depends on quark mass. The errors from varying, in Table Il are about
the choice of the scalg. In the QCD diagrams of Fig. 1, the 50% for theS-wave states, while the errors in Table Il cor-
invariant mass of the gluon igs/2. We therefore choose the respond to increasing or decreasing the cross section by

scale to beu=5.3 GeV. The resulting value of the QCD about a factor of 3. The strong sensitivity i, is another
coupling constant isrg()=0.21. indication that our method for calculating the relativistic cor-

The numerical value for the po'e mass of the charm rections is unreliable. We will therefore take the values in

quark is unstable under perturbative corrections, so it mustable Il to be our predictions for the cross sections and use
be treated with care. Since the expressions for the electrd@ble lll as an indication of the possible size of the relativ-
magnetic annihilation decay rates in Eq80a—(31b) in-  IStic corrections.

clude the perturbative correction of ordey, the appropriate

choice for the charm quark masg in these expressions is B. Perturbative corrections

the pole mass with corrections of ordey included. It can be
expressed as

2

4o
(T[H1+H2:|:

3s R[H{+H>]. (42

The QCD perturbative corrections to the electromagnetic
annihilation decay rates used to determine the NRQCD ma-

o o trix elements in Table | have already been taken into account.
mczmc(mc)(1+ §_S)_ (43 The QCD perturbative corrections to the cross section for
m J/ ¢+ 5. have not yet been calculated. However, parts of the

_ perturbative corrections are related to perturbative correc-
Taking the running mass of the charm quark torbgm,)

=1.2+0.2 GeV, the NLO pole mass is,=1.4+0.2 GeV. TABLE Ill. Cross sections in fb fore*e™ annihilation into
Our predictions for the double-charmonium cross sectiong.wave double-charmonium statéet + H, at Epear=5.3 GeV in-
without relativistic corrections are given in Table Il. The er- cluding relativistic corrections. The errors are only those from
ror bars are those associated with the uncertainty in the NLQ@ariations in the NLO pole mags.=1.4+0.2 GeV.
pole masan, only.
Our predictions for the double-charmonium cross section$i,\H; I ¥(29)
for the Swave states including the leading relativistic correc-
tion are obtained by multiplying the values in Table Il by the 7
factor (41). We use the values dfv?),, obtained from Eq. 7:(29) 6.3"1%° 5.0°19¢
(36), which follows from the Gremm-Kapustin relation. The : :

+10.6 +10.5
5.5 35 54 33
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tions that have been calculated and we can use these to estiX can be obtained from the color-singlet model result for
mate the order of magnitude of the perturbative correctionsy.;+h, in Eg. (24 by substituting (Ol(3PJ)>XCJ
Some of the perturbative corrections can be assouateg<Oé/¢(3pj)>/(2J+1), <01(1P1)>hc—><ogc(lpl)>1 X

with the wave functions of they. and J/¢. For the QED . .
diagrams in Fig. 2, the QCD perturbative corrections would %8 andY— Yg. The ratioR for J/y+ 7.+ X at this order
be very closely related to those in the electromagnetic anni'—nCIUdes two terms
hilation decay rate§308 and(30b). However, for the QCD
diagrams in Fig. 1, the QCD perturbative corrections associ- 2W2a§

ated with the wave function could be very different. In the — R[J/¢+ 5.+ X]= TXZ(rZ—Y)Zrz(l—r2)3/2
expressions for electromagnetic annihilation decay rates in

Egs. (30a—(31b), we have 4 examples of perturbative cor-

rections associated with wave functions. The root mean X<OW(351)> (07°(*Sy))
square of the 4 coefficients af; is 0.66. We will therefore 3m3 m3
take (1+0.66a4)? as our estimate for the perturbative cor- ¢ ¢
rection associated with each charmonium wave function. 2 5 2

There are other perturbative corrections that can be asso- + 2 @s X§GJ(r)r4(1—r2)3’2

ciated with the electromagnetic charm currgrch. As an =0 108

estimate for the magnitude of these corrections, we can use

the perturbative correction to the inclusive charm cross sec- (Oé"”(3PJ)> (Og°(1P1)>
X .

tion. The corresponding ratiR is [19] 23+ Lm 3me (45)
C C

R[cc+ X]=3e2(1+r2/8)(1—r2/4)Y? By the velocity-scaling rules of NRQC[L], the color-octet
term is suppressed by a powerddf, but that is partly com-
32 4 o pensated by an enhancement factor af®.1/Omitting the
1+___+...)_S}_ (44) color-octet term and applying the vacuum-saturation ap-
4 16 proximation to the NRQCD matrix elements in the color-
5 singlet term, we recover the nonrelativistic limit of the ratio
If we setm.=1.4 GeV andEpeani=5.3 GeV, them“=0.28 iy £q. (18) for the exclusivel/y+ 7, final state.
and the perturbative correction gives a multiplicative factor  g|or-octet processes can also contribute to the exclusive

2
(1+0.1%)". . . cross section fold/¢+ .. The 2 gluons emitted by one
There are also perturbative corrections that can be associ-

ated with the QCD coupling constants. We can estimate th olor-octetcc pair in the transition to a color-singlet state
size of these perturbative corrections by varying the spale at can foEn gharmomum _can F’e absorbed by the other
up or down by a factor of 2. The factar§ in the cross color-octetcc pair. The amplitude is suppressed bl rela-

section changes by a multiplicative factor ofD.92x,)? tive to the color-singlet amplitude. The leading contribution
.920)°.

To obtain an estimate of the errors in the double charmot© the cross section will come from the interference between
hese two amplitudes and so will be suppressed only by

nium cross section associated with perturbative correctioné_rh - . Lwh ) I
we will add in quadrature the coefficients af, in the per- e interference terms cancel when summed over all pos-

turbative correction factors associated with each wave funcSiPl€ final states, so they do not appear in the inclusive cross

tion, the charm current, and the factorsaf. The resulting section (45). The color-octet contributions will also have
correction is a multiplicative factor (t1.3a)2. If we set suppression factors of that guarantee consistency with the

a,=0.21, this factor ranges from about 0.53 to about 1.62"€licity selection rules of perturbative QCD in the linmit
Thus we should not be surprised if the QCD perturbative ~~*
corrections changed the predictions by 60%.

X| 1+

D. Phenomenology

C. Color-octet contributions The BELLE Collaboration has recently measured the
: o . cross section fod/ s+ 7. [4]. Thed/ ¢ was detected through
According to the NRQCD factorization formalisit], the . decays intou” 4~ ande*e-, which have a combined

inclusive double-charmonium cross sections are obtained b hing fracti f about 12%. T b d
replacing the decay NRQCD matrix elements in the color- ranching fraction ot abou 6. The, was o served as a
eak in the momentum spectrum of the/ corresponding to

singlet model terms by production NRQCD matrix elementsP o

and by adding additional terms involving color-octet matrix (N€ 2-00dy process/y+ 7. The measured cross section is

elements. The color-octet contributions at this ordetain

can be obtained from the results in Sec. Il by replacing the ol Il y+ 77c]><|3[>4]=(33fgi 9) fb, (46)

NRQCD matrix elements by appropriate color-octet matrix

elements and by replacing the constaxitandY by the con-  whereB[=4] is the branching fraction for the, to decay

stantsXg=1/\/72 andYg= — 3. into at least 4 charged particles. SiBg=4]<1, the right
As an illustration, we consider the inclusive production of side of Eq.(46) is a lower bound on the cross section for

J/y+ 5. The leading color-octet contribution fdvy+ n. I+ 7.
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The lower bound provided by E@46) is about an order for developing reliable methods for calculating the relativis-
of magnitude larger than the central value 2.3 fb of the caliic corrections to quarkonium cross sections.
culated cross section fal/ s+ 7. in Table Il. The largest Note addedLiu, He, and Chao have recently calculated
theoretical errors are QCD perturbative corrections, whictihe a®e terms in the cross sections fer e~ annihilation
we estimate to give an uncertainty of roughly 60%, the valugnto J/¢+H, H = 5., xc0. Xc1, @ndxc, [20]. Their results
of m., which we estimate to give an uncertainty of roughly are consistent with ours.
50%, and a relativistic correction that we have not been able
to quantify with confidence. If we take the calculations of the ACKNOWLEDGMENTS
relativistic corrections in Table Il seriously, the extreme up-
per end of the prediction is marginally compatible with the We thank G. T. Bodwin and E. Eichten for many useful
BELLE measurement. In our further discussion, we will ig- discussions. We acknowledge B. Yabsley for a suggestion
nore the large discrepancy between the predicted cross sefat led to our adding the Appendix. The research of E.B. is
tion for J/+ 7, and the BELLE measurement. We will fo- SuPported in part by the U. S. Department of Energy, Divi-
cus on predictions for the ratios of cross sections from Tablgion of High Energy Physics, under grant DE-FG02-91-

[l under the assumption that many of the theoretical erroréERR4069 ﬁniby F.erfn”ab; which ig opeéated by USIi;/eAr\sCit(i)Zs
will cancel in the ratio. esearc ssociation Inc. under Contract - -

In addition to measuring the cross section 31+ 7, 76CHO03000 with the U.S. Department of Energy. The re-

the BELLE Collaboration saw evidenqe fav Y+ n.(2S) Sgﬁ:ﬁ? o|\11‘ aiillc;ﬁ all? t{]:b;.gtr:) rl)—:/n?sr'gysf;gj:;:eslet\)/)l/SﬁE eath.‘ rS
andJ/y+ xco(1P) [4] events. A3-p§ak fit to the momentum Department of Energy, Division of High Energy Physics, un-
spectrum of thel/yy gave approximately 67, 42, and 39 yeor contract W-31-109-ENG-38.

events forn., 7:(2S), and x¢(1P) with fluctuations of

12-15 events. The proportion of events 1.00:0.63

+0.25:0.58-0.24 is only marginally consistent with the APPENDIX: ANGULAR DISTRIBUTIONS

proportions 1.00:0.42:0.99 of the cross sections in Table II.
These proportions are insensitive to the choicenpf The
absence of peaks corresponding@(1P) and x.,(1P) is
also consistent with Table Il. The cross sections Jog

+ xc3(1P) for J=1 and 2 are predicted to be smaller than
for J=0 by factors of about 0.21 and 0.26, respectively.

If the cross sections for the narrold-wave states are
large enough, they could be discovered at Bhéactories.
The statez.,(1D) could be observed as a peak in the mo-
mentum spectrum aod/ ¢ corresponding to the 2-body pro- 1. Swave + Swave
cess_J/zp+ 7:2(1D). The p_rediction in Table Il for the cross The angular distribution fod/y+ 7, is
section ford/ ¢+ 5.,(1D) is smaller than that fod/ ¢+ 7,
by about a factor 0.12. It might also be possible to discover R Wzag
the D-wave statey,(1D) as a peak in the momentum spec- - [I/¥(=1)+nc]=— X3(r2=Y)?r3(1-r?)%2
trum of 7. corresponding to the 2-body procegs(1D)

+ 7. . The . could be detected through its decay ikt 7, (01)34{O1) 5,
whose branching fraction is about 6%. The prediction in —
Table Il for the cross section faf,(1D) + 7, is smaller than me

that forJ/ ¢+ 7. only by about a factor of 0.45. Our predic-

tions for the cross sections fdv ¢+ 7.,(1D) and ¢,(1D) The cross section for the longitudinal helicity component
+ 7. are based on a phenomenological determination of th& ;=0 of the J/¢ vanishes.

NRQCD matrix elements that ignored mixing between the
$(2S) and they(1D). If there is significant mixing be-
tween these two states, the cross sectionsSerave +
D-wave could be a factor of 7 smaller. The angular distributions fod/ ¢+ ., are

In summary, we have calculated the cross sections for
e*e” annihilation into exclusive double charmonium states d_R
with opposite charge conjugation. Many of the cross sections  dX
are large enough to be observedBafactories. In particular,

In this appendix, we give the angular distributiah®/dx

for e"e”—H;(\;)+H,(\,) for each of the helicity states
that contribute at orde?a? or a*. The angular variable is
X=cos6, where 6 is the angle between™ andH; in the
e’e  center-of-mass frame. The results ®in the text are
obtained by summing over all the helicities and integrating
over —1<x<+1.

(1+x%). (A1)

2. S'wave + P-wave

[/ p(N1)+ xca(N2)]

it may be possible to discover thHg-wave statesy,(1D) _ iagxzrz(l_r2)1/2<ol>J“/’<Ol>X°JF (M hg )
andy»,(1D). The cross sections for double charmonium suf- 432 8 RAL B2
fer from fewer theoretical uncertainties than inclusive char-

monium cross sections. The largest uncertainty comes from (A2)

relativistic corrections. Measurements of exclusive double
charmonium cross sections will provide strong motivationThe non-vanishing entries &f;(A1,\,,X) are
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3
FO(O,Ox)=Zr2[4+2(Y+5)r2—3r4]2(1—x2),

(A3a)
Fo(il,Ox)=§[4Y—6(Y+3)r2+7r4]2(1+x2),
(A3b)
9
F1(0.+1x)= 75 4[2(3Y+4) 7r?12(1+x%),  (A3c)
9
Fl(il,Ox)=1—6[8Y—2Yr2+r4]2(1+xz),
(A3d)

9
Fi(+x1,+x1x)= §r2[4Y+ 2(Y+2)r2—=3r42(1—x?),

(A3e)
3
FZ(O,Ox)=§r2[4+2(Y—1)r2—3r4]2(1—x2),
(A3f)
9
F,(0,* 1x)— 4[2(Y+2) 5r21%(1+x2),
(A39)

Fo(+ 10x)——[8Y 6(Y+2)r’+11r4%(1+x3),
(A3h)

Fy(*1,+1x)= §r2[4Y—2(Y+ 2)r?+3r4%(1—x?),
(A3i)

Fz(il,iZ,x)=§r4[2Y—r2]2(1+x2). (A3j))

3. P-wave + P-wave

The angular distributions fdn.+ y.; are

dR 772a2

(O)h (O1)y,
— Gy A2 %),
C

(Ad)

where non-vanishing entries &;(\1,\5,X) are given by

PHYSICAL REVIEW D67, 054007 (2003

3
Go(*+1,0%x)= §r2(6—r2)2(1+x2), (A5a)
G,(0,0x)=181—x?), (A5b)
G,(0,x1x)= 2—25r2(2—r2)2(1+x2) (A5c)

9
Gy(= 1ox)——r2(2—r )2(1+x2), (A5d)

9
2(o,_1x)_—r2(4 5r2)2(1+x2?), (A5e)

3
Go(*1,0%)= 74 °(1+x%), (ASf)

9
Gy(*1,%2x)= §r6(1+x2). (A5Q)

Note thatG,(=*1,0x) is more suppressed than the prediction
from the hadron helicity conservation rule.

4. Swave + D-wave

The angular distributions fad/ ¢+ 7., are

dR 772a§
- _ 2/ 9p2\2p2(1 _ v 2\TI2
(= 1)+ (0] = XY = 262271 12)

(01)31{O1) p,,
(3

(AB)

The cross sections for the longitudinal helicity component
N1=0 of theJ/ and the helicity components,==*1 and
+2 of the 7., vanish.

The angular distributions fog, + 7. are

dR Wzag 2 2 4\2,.2
Sl Pa(E D)+ 7] = ao  XP(26Y = 20r%+ 10r%)?r

(01)4,{O1),

><(1—r2)3’2—(1+x2).

(A7)

The cross section for the longitudinal helicity component
N1=0 of the ¢; vanishes.
The angular distributions fog,+ 7. are
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2 2
T g

dR
&['ﬁzo\l)'l' 7c]= 54

(01)y,(O1) .

10
mC

X2r4(1_ r2)3/2

H(N1,x). (A8)

The non-vanishing entries &f(\;,x) are
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H(0x)= g(l—xz), (A9a)

H(=1x)= %r2(7—4r2)2(1+x2). (A9b)
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