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Exclusive double-charmonium production from e¿eÀ annihilation into a virtual photon
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We calculate the exclusive cross sections fore1e2 annihilation into two charmonium states through a virtual
photon. Purely electromagnetic contributions are surprisingly large, changing the cross sections by as much as
21%. The predicted cross section forJ/c1hc is about an order of magnitude smaller than a recent measure-
ment by the BELLE Collaboration, although part of the discrepancy can be attributed to large relativistic
corrections. The cross sections forS-wave1 P-wave,P-wave1 P-wave, andS-wave1 D-wave charmonium
states are also calculated. It may be possible to discover theD-wave statehc2(1D) at theB factories through
the modeJ/c1hc2, whose cross section is predicted to be about a factor of 10 smaller thanJ/c1hc .
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I. INTRODUCTION

Nonrelativistic QCD~NRQCD! factorizationis a system-
atic framework for calculating the inclusive cross sectio
for producing heavy quarkonium@1#. The cross section for a
charmonium state is expressed as the sum overcc̄ channels
of products of perturbativecc̄ cross section and nonpertu
bative NRQCD matrix elements. The relative importance
the various terms in the factorization formula is determin
by the order inas of the cc̄ cross section, kinematic factor
in thecc̄ cross section, and the scaling of the NRQCD mat
element with the relative velocityv of the charm quark.
Among those NRQCD matrix elements that scale with
minimal power ofv is the one associated with the colo
singletcc̄ channel whose angular momentum quantum nu
bers match those of the charmonium stateH. The oldcolor-
singlet modelfor quarkonium production@2# can be defined
by keeping this channel only.

If charmonium is the only hadron in the initial or fina
state, the color-singlet model should be accurate up to
rections that are higher order inv. The simplest examples o
such processes are electromagnetic annihilation decays,
asJ/c→e1e2 andhc→gg, and exclusive electromagnet
production processes, such asgg→hc . Another process for
which the color-singlet model should be accurate ise1e2

annihilation into exactly two charmonia. There are no ha
rons in the initial state, and the absence of additional hadr
in the final state can be guaranteed experimentally by
monoenergetic nature of a 2-body final state. For many c
monia H, the NRQCD matrix element can be determin
from the electromagnetic annihilation decay rate of eitheH
or of another state related toH by spin symmetry. Cross
sections for double charmonium can therefore be predic
up to corrections suppressed by powers ofv2 without any
unknown phenomenological factors.

One problem with e1e2 annihilation into exclusive
double charmonium is that the cross sections are very s
at energies large enough to have confidence in the pre
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tions of perturbative QCD. A naive estimate of the cro
section forJ/c1hc in units of the cross section form1m2 is

R@J/c1hc#;as
2S mcv

Ebeam
D 6

. ~1!

The 2 powers ofas are the fewest required to produce
cc̄1cc̄ final state. There is a factor of (mcv)3 associated
with the wave function at the origin for each charmoniu
These factors in the numerator are compensated by facto
the beam energyEbeam in the denominator to get a dimen
sionless ratio. As an example, considere1e2 annihilation
with center-of-mass energy 2Ebeam510.6 GeV. If we set
v2'0.3, as'0.2, andmc'1.4 GeV, we get the naive est
mate R@J/c1hc#'431027. This should be compared t
the total ratioR@hadrons#'3.6 for all hadronic final states
@3#. The decay of theJ/c into the easily detectablee1e2 or
m1m2 modes suppresses the observable cross section b
other order of magnitude.

Fortunately, the era of high-luminosityB factories has
made the measurement of such small cross sections feas
The BABAR and BELLE detectors have each collected m
than 107 continuume1e2 annihilation events and more tha
108 events on theY(4S), 75% of which are continuum
e1e2 annihilation events. The BELLE Collaboration has r
cently measured the cross section fore1e2→J/c1hc @4#.
They also saw evidence forJ/c1xc0 and J/c1hc(2S)
events.

In this paper, we calculate the cross sections for exclus
double-charmonium production viae1e2 annihilation into a
virtual photon. This process produces only charmoni
states with opposite charge conjugation. The cross sect
for charmonium states with the same charge conjugat
which proceed throughe1e2 annihilation into two virtual
photons, will be presented in subsequent papers@5#. We carry
out the calculations in the color-singlet model including n
only the diagrams of ordera2as

2 but also the purely electro
magnetic diagrams of ordera4, which are surprisingly large
©2003 The American Physical Society07-1
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Our result for the cross section forJ/c1hc is about an order
of magnitude smaller than the recent measurement by
BELLE Collaboration, although part of the discrepancy c
be attributed to large relativistic corrections. The cross s
tions for S-wave1 P-wave,P-wave1 P-wave, andS-wave
1 D-wave charmonium states are also calculated. The c
section forJ/c1hc2(1D) is predicted to be about a factor o
10 smaller than forJ/c1hc , which may be large enough fo
the D-wave statehc2(1D) to be discovered at theB facto-
ries.

II. COLOR-SINGLET MODEL CALCULATIONS

In this section, we use the color-singlet model to calcul
the cross sections fore1e2 annihilation through a virtua
photon into a double-charmonium final stateH11H2.
Charge conjugation symmetry requires one of the charmo
to be aC52 state and the other to be aC51 state. The
C52 states with narrow widths are theJPC5122 states
J/c and c(2S), the 112 state hc , and the yet-to-be-
discovered 222 statec2(1D). TheC51 states with narrow
widths are the 021 stateshc and hc(2S), the J11 states
xcJ(1P), J50,1,2, and the yet-to-be-discovered 221 state
hc2(1D). We express our results in terms of the ra
R@H11H2# defined by

R@H11H2#5
s@e1e2→H11H2#

s@e1e2→m1m2#
. ~2!

In the text, we give only the results forR summed over
helicity states. In the Appendix, we give also the angu
distribution dR/d cosu for each of the helicity states ofH1
andH2. These results may facilitate the use of partial wa
analysis to resolve the experimental double-charmonium
nal into contributions from the various charmonium state

A. Asymptotic behavior

When thee1e2 beam energyEbeam is much larger than
the charm quark massmc , the relative sizes of the variou
double-charmonium cross sections are governed largely
the number of kinematic suppression factorsr 2, where the
variabler is defined by

r 25
4mc

2

Ebeam
2

. ~3!

If we set mc51.4 GeV andEbeam55.3 GeV, the value of
this small parameter isr 250.28.

The asymptotic behavior of the ratioR@H11H2# as r
→0 can be determined from thehelicity selection rulesfor
exclusive processes in perturbative QCD@6,7#. For each of
thecc̄ pairs in the final state, there is a suppression facto
r 2 due to the large momentum transfer required for thec and
c̄ to emerge with small relative momentum. Thus, at a
order inas , the ratioR@H11H2# must decrease at least a
fast asr 4 as r→0. However, it may decrease more rapid
depending on the helicity states of the two hadrons. Ther
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of course a constraint on the possible helicities from angu
momentum conservation:ul12l2u50 or 1. The asymptotic
behavior of the ratioR@H1(l1)1H2(l2)# depends on the
helicitiesl1 andl2. The helicity selection rules imply tha
the slowest asymptotic decreaseR;r 4 can occur only if the
sum of the helicities of the hadrons is conserved. Since th
are no hadrons in the initial state, hadron helicity conser
tion requiresl11l250. The only helicity state that satisfie
both this constraint and the constraint of angular momen
conservation is (l1 ,l2)5(0,0). For every unit of helicity by
which this rule is violated, there is a further suppress
factor of r 2. The resulting estimate for the ratioR at leading
order inas is

RQCD@H1~l1!1H2~l2!#;as
2~v2!31L11L2~r 2!21ul11l2u.

~4!

The factor ofv312L for a charmonium state with orbital an
gular momentumL comes from the NRQCD factors. At lead
ing order ofas , there may of course be further suppressi
factors of r 2 that arise from the simple structure of th
leading-order diagrams fore1e2→cc̄11cc̄1 in Fig. 1, but
these suppression factors are unlikely to persist to hig
orders inas .

The QED diagrams fore1e2→cc̄1(3S1)1cc̄1 in Fig. 2
give contributions toR@J/c1H2# that scale in a different
way with r. As r→0, the contribution to the cross sectio
from these diagrams factors into the cross section fog
1H2 and the fragmentation function forg→J/c. This frag-
mentation process producesJ/c in a lJ/c561 helicity
state. The hard-scattering part of the process produces
one cc̄ pair with small relative momentum, so there is o
fewer factor ofr 2 relative to Eq.~4!. The cross section for
g1H1 is still subject to the helicity selection rules of pertu
bative QCD, so the pure QED contribution to the ratioR has
the behavior

FIG. 1. QCD diagrams that can contribute to the color-sing

processg* →cc̄11cc̄1.
7-2
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RQED@J/c~61!1H2~l2!#;a2~v2!31L2~r 2!11ul2u. ~5!

There may also be interference terms between the QCD
QED contributions whose scaling behavior is intermedi
between Eqs.~4! and ~5!.

B. Projections onto charmonium states

The 4 QCD diagrams for the color-singlet processg*
→cc̄11cc̄1 are shown in Fig. 1. We take the uppercc̄ pair
in Fig. 1 to form aC52 charmoniumH1 with momentum
P1 and the lowercc̄ pair to form aC51 charmoniumH2
with momentumP2. There are also QED diagrams forg*
→cc̄11cc̄1 that can be obtained from the QCD diagrams
Fig. 1 by replacing the virtual gluons by virtual photons, b
they are suppressed by a factor ofa/as . However if one of
the charmonia is a 122 state like aJ/c, there are the addi
tional QED diagrams in Fig. 2. Although they are also su
pressed by a factor ofa/as , they are enhanced by a kine
matical factor of 1/r 2 and therefore can be more importa
than one might expect.

To calculate the matrix element fore1e2→H1(P1)
1H2(P2), we start from the matrix element fore1e2

→c(p1) c̄( p̄1)1c(p2) c̄( p̄2) with the charm quarks and ant
quarks on their mass shells:pi

25 p̄i
25mc

2 . For each of thecc̄
pairs, we express the momenta in the form

p5
1

2
P1q, ~6a!

p̄5
1

2
P2q, ~6b!

whereP is the total momentum of the pair andq is a relative
momentum that satisfiesq•P50. If the cc̄ pair is in a spin-
singlet color-singlet state, the matrix product of the Dir
and color spinors for thec and c̄ can be expressed as@9#

v~ p̄!ū~p!5
1

4A2E~E1mc!
~p”̄2mc!g5~P” 12E!~p”1mc!

^ S 1

ANc

1D , ~7!

FIG. 2. QED diagrams that contribute to the color-singlet p

cessg* →cc̄1(3S1)1cc̄1.
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nd
e

t

-

where E25P2/45mc
22q2, Nc53, and the last factor in-

volves the unit color matrix1. If the cc̄ pair is in a spin-
triplet color-singlet state,g5 in Eq. ~7! is replaced bye”S* ,
where eS is a spin polarization vector satisfyingeS•eS*
521 andP•eS50.

In the spin-singlet case, the expansion of the matrix e
ment in powers ofq has the form

M@cc̄~S50!#5A1B sqs1C st qsqt1•••. ~8!

The matrix elements at leading order inv for the spin-singlet
charmonium stateshc , hc(1P), and hc2(1D) can be read
off from this expansion:

M@hc#5S ^O1&hc

2Ncmc
D 1/2

A, ~9a!

M@hc~l!#5S ^O1&hc

2Ncmc
3D 1/2

B ses~l!, ~9b!

M@hc2~l!#5S ^O1&hc2

2Ncmc
5 D 1/2

3CstF1

2
~ I smI tn1I tmI sn!2

1

3
I stI mnG

3emn~l!, ~9c!

whereet(l) in Eq. ~9b! is a spin-1 polarization vector an
emn(l) in Eq. ~9c! is a spin-2 polarization tensor. The tens
I mn in Eq. ~9c! is

I mn52gmn1
PmPn

4mc
2

, ~10!

whereP is the expansion ofp1 p̄ to leading order inq, so it
now satisfies P254mc

2 . The NRQCD matrix elements
^O1&hc

and ^O1&hc
in Eqs. ~9a! and ~9b! are the vacuum-

saturated analogs of the NRQCD matrix eleme
^O1(1S0)&hc

and ^O1(1P1)&hc
for annihilation decays de

fined in Ref.@1#. The NRQCD matrix element^O1&hc2
in Eq.

~9c! is the vacuum-saturated analog of an NRQCD ma
element^O1(1D2)&hc2

which in the notation of Ref.@1# is
defined by

^O1~1D2!&hc2
5^hc2uc†S 2

i

2D 2

DJ ( iDJ j )xx†S 2
i

2D 2

3DJ ( iDJ j )cuhc2&. ~11!

A projection onto theD-wave state that is equivalent to Eq
~9c! but expressed in terms of wave functions at the origin
given in Ref.@10#.

In the spin-triplet case, the expansion of the matrix e
ment in powers ofq has the form

-

7-3
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M@cc̄~S51!#5~Ar1B rsqs1C rstq
sqt1••• !eS

r .
~12!

The matrix elements at leading order inv for the spin-triplet
charmonium statesJ/c, xcJ(1P), c1(1D), andc2(1D) can
be read off from this expansion:

M@J/c~l!#5S ^O1&J/c

2Ncmc
D 1/2

A rer~l!, ~13a!

M@xc0#5S ^O1&xc0

2Ncmc
3 D 1/2

B rs

1

A3
I rs, ~13b!

M@xc1~l!#5S ^O1&xc1

2Ncmc
3 D 1/2

Brs

i

2mcA2
erslmPlem~l!,

~13c!

M@xc2~l!#5S ^O1&xc2

2Ncmc
3 D 1/2

3BrsF1

2
~ I rmI sn1I smI rn!2

1

3
I rsI mnG

3emn~l!, ~13d!

M@c1~l!#5S ^O1&c1

2Ncmc
5D 1/2

3CrstA3

5F1

2
~ I rsI tm1I rtI sm!2

1

3
I rmI stG

3em~l!, ~13e!

M@c2~l!#5S ^O1&c2

2Ncmc
5D 1/2

Crst

i

2mcA6

3@gmsetrln1gmtesrln#Plemn~l!.

~13f!

The NRQCD matrix elementŝO1&J/c and ^O1&xcJ
are the

vacuum-saturated analogs of the NRQCD matrix eleme
^O1(3S1)&J/c and ^O1(3PJ)&xcJ

for annihilation decays de

fined in Ref.@1#. The NRQCD matrix elementŝO1&c1
and

^O1&c2
are the vacuum-saturated analog of the NRQCD m

trix elements^O1(3D1)&c1
and ^O1(3D2)&c2

which are de-
fined by

^O1~3D1!&c1
5

3

5
^c1uc†S 2

i

2D 2

s iDJ ( iDJ k)xx†S 2
i

2D 2

3s jDJ ( jDJ k)cuc1&, ~14a!
05400
ts
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^O1~3D2!&c2
5

2

3
e iabe icd^c2uc†S 2

i

2D 2

3saDJ (bDJ j )xx†S 2
i

2D 2

scDJ (dDJ j )cuc2&.

~14b!

C. S-wave¿ S-wave

The matrix element fore1(k2)e2(k1)→J/c1hc can be
written as

M52
ece

2

s
v̄~k2!gmu~k1!^J/c1hcuJm~0!u0/ &, ~15!

whereec51 2
3 is the electric charge of the charm quark a

s54Ebeam
2 is the square of the center-of-mass energy. Up

simplifying the vacuum-to-(J/c1hc) matrix element, it re-
duces to the general form required by Lorentz covarianc

^J/c~P1 ,e!1hc~P2!uJm~0!u0/ &5 iAemnlsP1
nP2

les,
~16!

where the coefficientA is

A5
128pas

s2
~^O1&J/c^O1&hc

!1/2S Nc
221

2Nc
2

1
ec

2a

Ncas
2

1

r 2

ec
2a

as
D .

~17!

After squaring the amplitude and integrating over pha
space, we obtain our final result for the ratioR defined in Eq.
~2!:

R@J/c1hc#5
2p2as

2

9
X2~r 22Y!2r 2~12r 2!3/2

3
^O1&J/c^O1&hc

mc
6

, ~18!

where the coefficientsX andY are

X5
4

9 S 11
a

3as
D , ~19a!

Y5
a

as
S 11

a

3as
D 21

. ~19b!

If we setas50.21, their numerical values areX50.450 and
Y50.0344. Note that the ratio~18! depends on the charm
quark massmc explicitly and also through the variabler
defined in Eq.~3!. The a2as

2 term in the cross section fo
e1e2→J/c1hc was calculated previously by Brodsky an
Ji @8#. They presented their result in the form of a graph oR
versus 1/r 2, but they did not give an analytic expression f
the cross section.

The only helicity states that contribute to Eq.~18! at this
order inas are (l1 ,l2)5(61,0), which violate hadron he
licity conservation by 1 unit. The QCD contribution toR
7-4
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scales likeas
2v6r 6 in accordance with Eq.~4!. There is no

reason to expect the amplitude for the hadron-helic
conserving state (0,0) to vanish at next-to-leading orde
as , so the asymptotic behavior of the QCD contribution
r→0 is probablyR;as

4v6r 4.
The pure QED contribution from the diagrams in Fig.

scales likea2v6r 2 in accordance with Eq.~5!. The interfer-
ence term is suppressed only bya/(asr

2), so the QED ef-
fects are larger than one might expect. If we setAs
510.6 GeV andmc51.4 GeV, the electromagnetic corre
tion decreases the cross section by 21%.

The factor of (12r 2)3/2 in Eq. ~18! is the nonrelativistic
limit of ( Pc.m./Ebeam)

3, wherePc.m. is the momentum of ei-
ther charmonium in the center-of-momentum frame. It c
be expressed as

Pc.m.

Ebeam
5

l1/2~s,MH1

2 ,MH2

2 !

s
, ~20!

wherel(x,y,z)5x21y21z222(xy1yz1zx). In Eq. ~18!,
one factor ofPc.m./Ebeam comes from the phase space f
H11H2, while the other two come from the square of t
amplitude~16!.

D. S-wave¿ P-wave

The ratiosR for J/c1xcJ are

R@J/c1xcJ#5
p2as

2

432
X2FJ~r ,Y!r 2~12r 2!1/2

3
^O1&J/c^O1&xcJ

mc
8

, ~21!

where the functionsFJ(r ,Y) are

F0~r ,Y!52@4Y26~Y13!r 217r 4#2

1r 2@412~Y15!r 223r 4#2, ~22a!

F1~r ,Y!53@8Y22Yr21r 4#2

13r 2@4Y12~Y12!r 223r 4#2

13r 4@2~3Y14!27r 2#2, ~22b!

F2~r ,Y!5@8Y26~Y12!r 2111r 4#2

12r 2@412~Y21!r 223r 4#2

13r 2@4Y22~Y12!r 213r 4#2

13r 4@2~Y12!25r 2#216r 4@2Y2r 2#2. ~22c!

These expressions have been expressed as sums of squa
terms that correspond to the helicity amplitudes. Forxc0 and
xc2, there are QCD contributions from all the helicity stat
(l1 ,l2) compatible with angular momentum conservatio
so the leading contribution scales likeas

2v8r 4. Forxc1, there
is no contribution from the hadron-helicity-conserving sta
(0,0), so the QCD contributions are suppressed byr 2 rela-
05400
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tive to those forxc0 andxc2. The pure QED contributions to
xcJ scale likea2v8r 2 for all J in accordance with Eq.~5!.
The QED contribution is suppressed by a factor
a2/(as

2r 2) for J50 and 2 but only bya2/(as
2r 4) for J51.

If we setAs510.6 GeV andmc51.4 GeV, the QED correc-
tions change the cross sections by20.3%, 115%, and
25% for J50, 1, and 2, respectively.

The cross section forhc1hc vanishes at this order inas :

R@hc1hc#50. ~23!

This seems to be a consequence of the simple structure o
leading-order amplitude. There is no reason to expect
cross section to vanish at next-to-leading order inas or v, so
the asymptotic behavior asr→0 is probablyR;as

4v8r 4 or
R;as

2v10r 4.

E. P-wave¿ P-wave

The ratiosR for hc1xcJ are

R@hc1xcJ#5
p2as

2

108
X2GJ~r !r 4~12r 2!3/2

^O1&hc
^O1&xcJ

mc
10

,

~24!

where the functionsGJ(r ) are

G0~r !52r 2~62r 2!2, ~25a!

G1~r !524178r 2~22r 2!2, ~25b!

G2~r !53r 2~425r 2!217r 6. ~25c!

At this order in as , there is no contribution to the cros
sections forxc0 andxc2 from the helicity state (0,0), so th
ratiosR@hc1xcJ# for xc0 andxc2 are suppressed relative t
that for xc1 by a factor of r 2. The QED contribution in-
creases the cross section by 2a/(3as)'2%.

F. S-wave¿ D-wave

The ratioR for J/c1hc2 is

R@J/c1hc2#5
4p2as

2

27
X2~Y22r 2!2r 2~12r 2!7/2

3
^O1&J/c^O1&hc2

mc
10

. ~26!

At this order inas anda, the only helicity states that con
tribute are (61,0). Thus the QCD contribution to the ratioR
scales likeas

2v10r 6 in accordance with Eq.~4!, while the
pure QED contribution scales likea2v10r 2 in accordance
with Eq. ~5!. If we setAs510.6 GeV andmc51.4 GeV, the
QED correction decreases the cross section by about 10

The ratioR for c11hc is
7-5
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R@c11hc#5
p2as

2

4320
X2~26Y221r 2110r 4!2r 2~12r 2!3/2

3
^O1&c1

^O1&hc

mc
10

. ~27!

At this order inas anda, the only helicity states that con
tribute are (61,0). Thus the QCD contribution to the ratioR
scales likeas

2v10r 6 in accordance with Eq.~4!, while the
pure QED contribution scales likea2v10r 2 in accordance
with Eq. ~5!. The QED contribution increases the cross s
tion by 3%.

The ratioR for c21hc is

R@c21hc#5
p2as

2

54
X2@61r 2~724r 2!2#r 4~12r 2!3/2

3
^O1&c2

^O1&hc

mc
10

. ~28!

There is a contribution from the helicity state (0,0) that s
isfies hadron helicity conservation, so the ratioR scales like
r 4 in accordance with Eq.~4!. The QED contribution in-
creases the cross section by 2a/(3as)'2%.

III. NRQCD MATRIX ELEMENTS

The ratiosR for exclusive double-charmonium productio
calculated in Sec. II depend on the NRQCD matrix eleme
^O1&H . In this section, we describe the phenomenologi
determination of these inputs. We also give estimates ba
on potential models.

A. Potential models

We can obtain estimates for the NRQCD matrix eleme
from the behavior of the wave functions near the origin
potential models. The expressions for the NRQCD ma
elements forS-wave,P-wave, andD-wave states are

^O1&S'
Nc

2p
uRS~0!u2, ~29a!

^O1&P'
3Nc

2p
uRP8 ~0!u2, ~29b!

^O1&D'
15Nc

4p
uRD9 ~0!u2. ~29c!

The values and derivatives of the radial wave functions at
origin for four potential models are given in Ref.@11#. Of
these four potential models, the one that is most accura
short distances is the Buchmu¨ller-Tye potential@12#. The val-
ues of the NRQCD matrix elements for this potential a
given in the first column of Table I.
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B. Phenomenology

We can obtain phenomenological values for the NRQC
matrix elementŝO1&J/c and^O1&hc

from the electronic de-

cay rate of theJ/c and from the photonic decay rate of th
hc @1#. The results for these decay rates, including the fi
QCD perturbative correction, are

G@hc→gg#52ec
4pa2

^O1&hc

mc
2 S 12

202p2

6

as

p D 2

,

~30a!

G@J/c→e1e2#5
2ec

2pa2

3

^O1&J/c

mc
2 S 12

8

3

as

p D 2

. ~30b!

We can obtain phenomenological values for the NRQCD m
trix elementŝ O1&xc0

and ^O1&xc2
from the photonic decay

rates of thexc0 andxc2 @1#. The results for these decay rate
including the first QCD perturbative correction, are

G@xc0→gg#56ec
4pa2

^O1&xc0

mc
4 S 11

3p2228

18

as

p D 2

,

~31a!

G@xc2→gg#5
8ec

4pa2

5

^O1&xc2

mc
4 S 12

8

3

as

p D 2

. ~31b!

The perturbative corrections in Eqs.~30a!–~31b! have been
expressed as squares, because they can be calculated a
rections to the amplitudes. We can obtain a phenomenol
cal value for the NRQCD matrix element^O1&c2(1D) from

the electronic decay rate of thec1(1D)5c(3770), which is
in the same spin-symmetry multiplet as thec2(1D):

TABLE I. The NRQCD matrix elementŝO1&H for the charmo-
nium statesH in units of (GeV)2L13 whereL50,1,2 for S-wave,
P-wave, andD-wave states. The first column is the estimate fro
the Buchmu¨ller-Tye potential model as given in Ref.@11#. The sec-
ond and third columns are the phenomenological results from e
tromagnetic annihilation decays formc51.4 GeV at leading order
~LO! and next-to-leading order~NLO! in as . The errors are the
statistical errors associated with the experimental inputs only.
boldfaced values are used in the predictions for the dou
charmonium cross sections.

Potential Phenomenology
H model LO NLO

hc 0.387 0.22260.024 0.29760.032
J/c 0.387 0.20860.015 0.33560.024
hc(2S) 0.253
c(2S) 0.253 0.08760.006 0.13960.010
xc0(1P) 0.107 0.06060.015 0.05960.015
xc1(1P),hc(1P) 0.107
xc2(1P) 0.107 0.03360.006 0.05360.009
c1(1D) 0.054 0.09560.015
c2(1D),hc2(1D) 0.054
7-6
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EXCLUSIVE DOUBLE-CHARMONIUM PRODUCTION FROM . . . PHYSICAL REVIEW D67, 054007 ~2003!
G@c1~1D !→e1e2#5
5ec

2pa2

18

^O1&c1(1D)

mc
6

. ~32!

The QCD perturbative correction has not been calculate
We first determine the NRQCD matrix elements^O1&H

while neglecting QCD perturbative corrections. The expe
mental inputs are the electronic widths of theJ/c, c(2S),
andc1(1D), the photonic width of thehc , and the widths
and photonic branching fractions of thexc0 and xc2 @13#.
The only other input required is the charm quark massmc .
The values of^O1&H corresponding tomc51.4 GeV are
given in the column of Table I labeled LO. The error bars a
the statistical errors associated with the experimental inp
only. To obtain^O1&H for other values ofmc , we need to
multiply the values in the table by (mc/1.4 GeV)212L.

We next determine the NRQCD matrix elements^O1&H
including the effects of QCD perturbative corrections. W
choose the QCD coupling constant to beas50.25 corre-
sponding to a renormalization scale of 2mc . The resulting
values of̂ O1&H for mc51.4 GeV are given in the column o
Table I labeled NLO. The error bars are the statistical err
associated with the experimental inputs only. To obt
^O1&H for other values ofmc , we need to multiply the value
in the table by (mc/1.4 GeV)212L. Taking into account QCD
perturbative corrections changes^O1&H by a factor that
ranges from 0.99 forxc0 to 1.61 forJ/c andxc2. The NLO
values are in closer agreement with the estimates from
Buchmüller-Tye potential model than the LO values.

One complication in the determination of the NRQC
matrix element forc1(1D) is that this state may have sub
stantial mixings with thec(2S) and also with continuum
DD̄ states. If the mixing angle betweenc1(1D) andc(2S)
is f and if mixing with continuumDD̄ states is neglected
the expressions for the electronic decay rates of thec(2S)
andc1(1D) are Eqs.~30b! and ~32! with the substitutions

^O1&c(2S)→Ucosf^O1&2S
1/22sinf

A15

6mc
2 ^O1&1D

1/2U2

, ~33a!

^O1&c1(1D)→Ucosf^O1&1D
1/21sinf

6mc
2

A15
^O1&2S

1/2U2

. ~33b!

A recent estimate of this effect suggests a mixing anglef
512° @14#. The resulting values of the NRQCD matrix el
ments arê O1&2S50.095 GeV3 and ^O1&1D50.013 GeV7.
This value of^O1&1D is about a factor of 7 smaller than th
value of^O1&c1(1D) in Table I. Thus, if this mixing scenario

is correct, the phenomenological estimate for^O1&c2(1D) in

Table I could overestimate cross sections forc2(1D) by
about a factor of 7.

Within each spin-symmetry multiplet, the NRQCD matr
elementŝ O1&H should have differences of orderv2 which
we expect to be about 30%. We choose to use the m
precise phenomenological value within each spin-symm
multiplet for all members of that multiplet. Specifically, w
use the boldfaced values in the NLO column of Table I
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S-wave andP-wave states and we use the boldfaced value
the LO column for theD-wave stateshc2(1D), c1(1D),
andc2(1D).

IV. RELATIVISTIC CORRECTIONS

In this section, we calculate the relativistic corrections
the cross sections for theS-wave double charmonium. We
also give a phenomenological determination of the NRQ
factors^v2&H that appear in those relativistic corrections.

A. NRQCD factor

The leading relativistic correction to the CSM amplitud
for a charmoniumH is conveniently expressed in terms of
quantity that is denoted bŷv2&H in Ref. @1#. It can be de-
fined formally as a ratio of matrix elements in NRQCD. F
example, in the case ofhc , it can be written as

^v2&hc
5

^0/ ux†S 2
i

2
DD 2

cuhc&

mc
2^0/ ux†cuhc&

. ~34!

The naive interpretation of̂v2&H is the average value ofv2

for the charm quark in the charmoniumH. In the
Buchmüller-Tye potential model, the average value ofv2

weighted by the probability density is 0.23 for the 1S states
hc and J/c and 0.29 for the 2S stateshc(2S) and c(2S)
@12#. However the proper interpretation of the ratio of matr
elements in Eq.~34! is the average value ofv2 weighted by
the wave function. Unfortunately this quantity has power
traviolet divergences and requires a subtraction. For
ample, the wave function for the 1S states in potential mod
els can be approximated fairly accurately by a moment
space wave function of the formc(p)51/(p21mc

2v1S
2 )2

where v1S is a phenomenological parameter. The integ
*d3pp2c(p) has a linear ultraviolet divergence. Minima
subtraction of this linear divergence gives the negative va
^v2&H523v1S

2 . Thus the extraction of estimates of^v2&H

from potential models is not straightforward.
There is a connection between the quantity^v2&H and the

mass of the charmonium stateH that was first derived by
Gremm and Kapustin@15#. The most convenient form of this
relation for relativistic applications is

MH
2 54mc

2~11^v2&H1••• !, ~35!

where the corrections are of ordermc
2v4. The massmc that

appears in this relation is the pole mass. The pole mass
fers from renormalon ambiguities, but those ambiguities
largely compensated by corresponding ambiguities in
matrix elements that definêv2&H @16,17#.

We can use the Gremm-Kapustin relation~35! to obtain a
phenomenological determination of^v2&H using the mass
MH of the charmonium state as input:

^v2&H'
MH

2 24mc
2

4mc
2

, ~36!
7-7
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wheremc is the pole mass of the charm quark. The mas
for the charmonium stateshc , J/c, and c(2S) are well
measured. Thehc(2S) was only recently discovered by th
BELLE Collaboration with a mass ofMhc(2S)5365466

68 MeV @18#. If we setmc51.4 GeV, the values of̂v2&H
for the S-wave states arê v2&hc

50.13, ^v2&J/c50.22,

^v2&hc(2S)50.70, and̂ v2&c(2S)50.73. The values of̂v2&H

for the 2S states are uncomfortably large, but those la
values are necessary to compensate for the fact thatmc
52.8 GeV is far from the mass of the 2S states.

B. Relativistic correction factor

The relativistic correction to the cross section for the p
cessJ/c1hc can be calculated by replacing the amplitu
factors~9a! and ~13a! by

M@hc#5S Mhc
^O1&hc

4Ncmc
2~11^v2&hc

!
D 1/2

3S A1
mc

2

3
^v2&hc

C stI
stD , ~37!

M@J/c~l!#5S MJ/c^O1&J/c

4Ncmc
2~11^v2&J/c!

D 1/2

3S Ar1
mc

2

3
^v2&J/cC rstI

stD er~l!.

~38!
05400
s

e

-

The prefactors take into account the relativistic normali

tions of cc̄ states and charmonium states. Strictly speaki
the factor of (11^v2&H)21/2 should be expanded out to firs
order in^v2&H . However, if we use phenomenological dete
minations of the NRQCD matrix elements^O1&H , the pref-
actor in ~37! or ~38! cancels. We therefore choose not
expand the prefactors.

There are relativistic corrections to the electromagne
annihilation decay rates used to determine the NRQCD
trix elements in Table I. For the decay rates of thehc and the
J/c given in Eqs.~30a! and ~30b!, the leading relativistic
correction can be expressed as a multiplicative factor

S 12
1

6
^v2&HD 2 MH

2mc~11^v2&H!

2mc

MH
. ~39!

The correction has been expressed as the product of t
factors. The first factor, which appears squared, comes f
the expansion of the amplitude in powers of the relative

locity of thecc̄ pair. The second factor comes from the pre
actor in Eq.~37! or ~38!. The last factor comes from th
relativistic normalization factor 1/(2MH) in the standard ex-
pression for the decay rate. Note that the factors ofMH can-
cel in Eq.~39!.

We have calculated the relativistic corrections to the cr
section forJ/c1hc . The leading correction to the ratioR in
Eq. ~18! can be expressed as the multiplicative factor
from the
in

he
S 11
8Y13~Y14!r 225r 4

12~r 22Y!
^v2&J/c1

2Y1~Y114!r 225r 4

12~r 22Y!
^v2&hcD 2

3
MJ/c

2mc~11^v2&J/c!

Mhc

2mc~11^v2&hc
!
F12

r 2

2~12r 2!
~^v2&J/c1^v2&hc

!G 3/2

. ~40!

The correction has been written as the product of three factors. The first factor, which appears squared, comes
expansion of the amplitude in powers of the relative velocity of thecc̄ pair. The second factor comes from the prefactors
Eqs. ~37! and ~38!. The last factor is the nonrelativistic expansion of the term (PCM /Ebeam)

3 divided by its value in the
nonrelativistic limit, where one power is from the phase space factor~20! and the other two are from the square of t
amplitude in Eq.~16!.

Our final result for the relativistic correction can be expressed as a multiplicative factor obtained by dividing Eq.~40! by a
factor of Eq.~39! for each of the charmonium states. We express it in the form

S 11
8Y13~Y14!r 225r 4

12~r 22Y!
^v2&J/c1

2Y1~Y114!r 225r 4

12~r 22Y!
^v2&hcD 2S 12

1

6
^v2&J/cD 22

3S 12
1

6
^v2&hcD 22 MJ/cMhc

4mc
2 S PCM /Ebeam

~12r 2!1/2 D 3

. ~41!
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TABLE II. Cross sections in fb fore1e2 annihilation into double-charmonium statesH11H2 at Ebeam

55.3 GeV without relativistic corrections. The errors are only those from variations in the NLO pole
mc51.460.2 GeV.

H2\H1 J/c c(2S) hc(1P) c1(1D) c2(1D)

hc 2.3161.09 0.9660.45 0 0.05260.021 1.0460.23
hc(2S) 0.9660.45 0.4060.19 0 0.02260.009 0.4360.09
xc0(1P) 2.2861.03 0.9560.43 0.05360.019
xc1(1P) 0.4760.16 0.1960.07 0.25860.064
xc2(1P) 0.5960.13 0.2560.05 0.01760.002
hc2(1D) 0.2760.05 0.1160.02
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V. PREDICTIONS FOR B FACTORIES

In this section, we calculate the cross sections for exc
sive double-charmonium production ine1e2 annihilation at
the B factories. We also give a careful analysis of the err
in the predictions forJ/c1hc .

A. Cross sections

The results in Sec. II were expressed in terms of the r
R defined in Eq.~2!. The corresponding cross sections ar

s@H11H2#5
4pa2

3s
R@H11H2#. ~42!

The ratiosR depend on a number of inputs: the coupli
constantsas and a, the charm quark massmc , and the
NRQCD matrix elementŝO1&H .

The value of the QCD coupling constantas depends on
the choice of the scalem. In the QCD diagrams of Fig. 1, th
invariant mass of the gluon isAs/2. We therefore choose th
scale to bem55.3 GeV. The resulting value of the QC
coupling constant isas(m)50.21.

The numerical value for the pole massmc of the charm
quark is unstable under perturbative corrections, so it m
be treated with care. Since the expressions for the elec
magnetic annihilation decay rates in Eqs.~30a!–~31b! in-
clude the perturbative correction of orderas , the appropriate
choice for the charm quark massmc in these expressions i
the pole mass with corrections of orderas included. It can be
expressed as

mc5m̄c~m̄c!S 11
4

3

as

p D . ~43!

Taking the running mass of the charm quark to bem̄c(m̄c)
51.260.2 GeV, the NLO pole mass ismc51.460.2 GeV.

Our predictions for the double-charmonium cross secti
without relativistic corrections are given in Table II. The e
ror bars are those associated with the uncertainty in the N
pole massmc only.

Our predictions for the double-charmonium cross secti
for theS-wave states including the leading relativistic corre
tion are obtained by multiplying the values in Table II by t
factor ~41!. We use the values of̂v2&H obtained from Eq.
~36!, which follows from the Gremm-Kapustin relation. Th
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resulting cross sections are given in Table III. The error b
are those associated with the uncertainty in the NLO p
massmc only. The relativistic corrections increase the cent
values of the cross sections by about 2.4 forJ/c1hc , by
about 6 forJ/c1hc(2S) andc(2S)1hc , and by about 13
for c(2S)1hc(2S). Although the total correction factor fo
J/c1hc is significantly larger than 1, it is the product o
several modest correction factors that all go in the same
rection. The largest individual factor is (1.41)2 coming from
the expansion of the amplitude. The corresponding fac
for J/c1hc(2S), c(2S)1hc , and c(2S)1hc(2S) are
(2.11)2, (1.98)2, and (2.68)2, respectively. These large co
rection factors indicate that the relativistic corrections to
cross sections involving 2S states are too large to be calc
lated reliably using the method we have chosen.

Note that our method for calculating the relativistic co
rection significantly increases the sensitivity to the cha
quark mass. The errors from varyingmc in Table II are about
50% for theS-wave states, while the errors in Table III co
respond to increasing or decreasing the cross section
about a factor of 3. The strong sensitivity tomc is another
indication that our method for calculating the relativistic co
rections is unreliable. We will therefore take the values
Table II to be our predictions for the cross sections and
Table III as an indication of the possible size of the relat
istic corrections.

B. Perturbative corrections

The QCD perturbative corrections to the electromagne
annihilation decay rates used to determine the NRQCD
trix elements in Table I have already been taken into acco
The QCD perturbative corrections to the cross section
J/c1hc have not yet been calculated. However, parts of
perturbative corrections are related to perturbative corr

TABLE III. Cross sections in fb fore1e2 annihilation into
S-wave double-charmonium statesH11H2 at Ebeam55.3 GeV in-
cluding relativistic corrections. The errors are only those fro
variations in the NLO pole massmc51.460.2 GeV.

H2\H1 J/c c(2S)

hc 5.523.5
110.6 5.423.3

110.5

hc(2S) 6.323.8
111.9 5.022.9

110.1
7-9
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E. BRAATEN AND J. LEE PHYSICAL REVIEW D67, 054007 ~2003!
tions that have been calculated and we can use these to
mate the order of magnitude of the perturbative correctio

Some of the perturbative corrections can be associ
with the wave functions of thehc and J/c. For the QED
diagrams in Fig. 2, the QCD perturbative corrections wo
be very closely related to those in the electromagnetic a
hilation decay rates~30a! and ~30b!. However, for the QCD
diagrams in Fig. 1, the QCD perturbative corrections ass
ated with the wave function could be very different. In t
expressions for electromagnetic annihilation decay rate
Eqs. ~30a!–~31b!, we have 4 examples of perturbative co
rections associated with wave functions. The root me
square of the 4 coefficients ofas is 0.66. We will therefore
take (160.66as)

2 as our estimate for the perturbative co
rection associated with each charmonium wave function.

There are other perturbative corrections that can be a
ciated with the electromagnetic charm currentc̄gmc. As an
estimate for the magnitude of these corrections, we can
the perturbative correction to the inclusive charm cross s
tion. The corresponding ratioR is @19#

R@cc̄1X#53ec
2~11r 2/8!~12r 2/4!1/2

3F11S 11
3r 2

4
2

r 4

16
1••• D as

p G . ~44!

If we setmc51.4 GeV andEbeam55.3 GeV, thenr 250.28
and the perturbative correction gives a multiplicative fac
(110.19as)

2.
There are also perturbative corrections that can be ass

ated with the QCD coupling constants. We can estimate
size of these perturbative corrections by varying the scalm
up or down by a factor of 2. The factoras

2 in the cross
section changes by a multiplicative factor of (160.92as)

2.
To obtain an estimate of the errors in the double charm

nium cross section associated with perturbative correctio
we will add in quadrature the coefficients ofas in the per-
turbative correction factors associated with each wave fu
tion, the charm current, and the factors ofas . The resulting
correction is a multiplicative factor (161.3as)

2. If we set
as50.21, this factor ranges from about 0.53 to about 1.
Thus we should not be surprised if the QCD perturbat
corrections changed the predictions by 60%.

C. Color-octet contributions

According to the NRQCD factorization formalism@1#, the
inclusive double-charmonium cross sections are obtained
replacing the decay NRQCD matrix elements in the col
singlet model terms by production NRQCD matrix eleme
and by adding additional terms involving color-octet mat
elements. The color-octet contributions at this order inas
can be obtained from the results in Sec. II by replacing
NRQCD matrix elements by appropriate color-octet mat
elements and by replacing the constantsX andY by the con-
stantsX851/A72 andY8523.

As an illustration, we consider the inclusive production
J/c1hc . The leading color-octet contribution forJ/c1hc
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1X can be obtained from the color-singlet model result
xcJ1hc in Eq. ~24! by substituting ^O1(3PJ)&xcJ

→^O8
J/c(3PJ)&/(2J11), ^O1(1P1)&hc

→^O8
hc(1P1)&, X

→X8 andY→Y8. The ratioR for J/c1hc1X at this order
includes two terms

R@J/c1hc1X#5
2p2as

2

9
X2~r 22Y!2r 2~12r 2!3/2

3
^O1

J/c~3S1!&

3mc
3

^O1
hc~1S0!&

mc
3

1 (
J50

2 p2as
2

108
X8

2GJ~r !r 4~12r 2!3/2

3
^O8

J/c~3PJ!&

~2J11!mc
5

^O8
hc~1P1!&

3mc
5

. ~45!

By the velocity-scaling rules of NRQCD@1#, the color-octet
term is suppressed by a power ofv8, but that is partly com-
pensated by an enhancement factor of 1/r 6. Omitting the
color-octet term and applying the vacuum-saturation
proximation to the NRQCD matrix elements in the colo
singlet term, we recover the nonrelativistic limit of the rat
R in Eq. ~18! for the exclusiveJ/c1hc final state.

Color-octet processes can also contribute to the exclu
cross section forJ/c1hc . The 2 gluons emitted by one
color-octetcc̄ pair in the transition to a color-singlet sta
that can form charmonium can be absorbed by the o
color-octetcc̄ pair. The amplitude is suppressed byv4 rela-
tive to the color-singlet amplitude. The leading contributi
to the cross section will come from the interference betwe
these two amplitudes and so will be suppressed only byv4.
The interference terms cancel when summed over all p
sible final states, so they do not appear in the inclusive cr
section ~45!. The color-octet contributions will also hav
suppression factors ofr 2 that guarantee consistency with th
helicity selection rules of perturbative QCD in the limitr
→0.

D. Phenomenology

The BELLE Collaboration has recently measured t
cross section forJ/c1hc @4#. TheJ/c was detected through
its decays intom1m2 and e1e2, which have a combined
branching fraction of about 12%. Thehc was observed as a
peak in the momentum spectrum of theJ/c corresponding to
the 2-body processJ/c1hc . The measured cross section

s@J/c1hc#3B@>4#5~3326
1769! fb, ~46!

whereB@>4# is the branching fraction for thehc to decay
into at least 4 charged particles. SinceB@>4#,1, the right
side of Eq.~46! is a lower bound on the cross section f
J/c1hc .
7-10
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EXCLUSIVE DOUBLE-CHARMONIUM PRODUCTION FROM . . . PHYSICAL REVIEW D67, 054007 ~2003!
The lower bound provided by Eq.~46! is about an order
of magnitude larger than the central value 2.3 fb of the c
culated cross section forJ/c1hc in Table II. The largest
theoretical errors are QCD perturbative corrections, wh
we estimate to give an uncertainty of roughly 60%, the va
of mc , which we estimate to give an uncertainty of rough
50%, and a relativistic correction that we have not been a
to quantify with confidence. If we take the calculations of t
relativistic corrections in Table III seriously, the extreme u
per end of the prediction is marginally compatible with t
BELLE measurement. In our further discussion, we will i
nore the large discrepancy between the predicted cross
tion for J/c1hc and the BELLE measurement. We will fo
cus on predictions for the ratios of cross sections from Ta
II under the assumption that many of the theoretical err
will cancel in the ratio.

In addition to measuring the cross section forJ/c1hc ,
the BELLE Collaboration saw evidence forJ/c1hc(2S)
andJ/c1xc0(1P) @4# events. A 3-peak fit to the momentum
spectrum of theJ/c gave approximately 67, 42, and 3
events forhc , hc(2S), and xc0(1P) with fluctuations of
12–15 events. The proportion of events 1.00:0
60.25:0.5860.24 is only marginally consistent with th
proportions 1.00:0.42:0.99 of the cross sections in Table
These proportions are insensitive to the choice ofmc . The
absence of peaks corresponding toxc1(1P) andxc2(1P) is
also consistent with Table II. The cross sections forJ/c
1xcJ(1P) for J51 and 2 are predicted to be smaller th
for J50 by factors of about 0.21 and 0.26, respectively.

If the cross sections for the narrowD-wave states are
large enough, they could be discovered at theB factories.
The statehc2(1D) could be observed as a peak in the m
mentum spectrum ofJ/c corresponding to the 2-body pro
cessJ/c1hc2(1D). The prediction in Table II for the cros
section forJ/c1hc2(1D) is smaller than that forJ/c1hc
by about a factor 0.12. It might also be possible to disco
the D-wave statec2(1D) as a peak in the momentum spe
trum of hc corresponding to the 2-body processc2(1D)
1hc . Thehc could be detected through its decay intoKKp,
whose branching fraction is about 6%. The prediction
Table II for the cross section forc2(1D)1hc is smaller than
that for J/c1hc only by about a factor of 0.45. Our predic
tions for the cross sections forJ/c1hc2(1D) and c2(1D)
1hc are based on a phenomenological determination of
NRQCD matrix elements that ignored mixing between
c(2S) and thec1(1D). If there is significant mixing be-
tween these two states, the cross sections forS-wave 1
D-wave could be a factor of 7 smaller.

In summary, we have calculated the cross sections
e1e2 annihilation into exclusive double charmonium sta
with opposite charge conjugation. Many of the cross secti
are large enough to be observed atB factories. In particular,
it may be possible to discover theD-wave stateshc2(1D)
andc2(1D). The cross sections for double charmonium s
fer from fewer theoretical uncertainties than inclusive ch
monium cross sections. The largest uncertainty comes f
relativistic corrections. Measurements of exclusive dou
charmonium cross sections will provide strong motivati
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for developing reliable methods for calculating the relativ
tic corrections to quarkonium cross sections.

Note added. Liu, He, and Chao have recently calculate
the a2as

2 terms in the cross sections fore1e2 annihilation
into J/c1H, H 5 hc , xc0 , xc1, andxc2 @20#. Their results
are consistent with ours.
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APPENDIX: ANGULAR DISTRIBUTIONS

In this appendix, we give the angular distributionsdR/dx
for e1e2→H1(l1)1H2(l2) for each of the helicity states
that contribute at ordera2as

2 or a4. The angular variable is
x5cosu, whereu is the angle betweene2 and H1 in the
e1e2 center-of-mass frame. The results forR in the text are
obtained by summing over all the helicities and integrat
over 21,x,11.

1. S-wave¿ S-wave

The angular distribution forJ/c1hc is

dR

dx
@J/c~61!1hc#5

p2as
2

24
X2~r 22Y!2r 2~12r 2!3/2

3
^O1&J/c^O1&hc

mc
6 ~11x2!. ~A1!

The cross section for the longitudinal helicity compone
l150 of theJ/c vanishes.

2. S-wave¿ P-wave

The angular distributions forJ/c1xcJ are

dR

dx
@J/c~l1!1xcJ~l2!#

5
p2as

2

432
X2r 2~12r 2!1/2

^O1&J/c^O1&xcJ

mc
8

FJ~l1 ,l2 ,x!.

~A2!

The non-vanishing entries ofFJ(l1 ,l2 ,x) are
7-11
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F0~0,0,x!5
3

4
r 2@412~Y15!r 223r 4#2~12x2!,

~A3a!

F0~61,0,x!5
3

8
@4Y26~Y13!r 217r 4#2~11x2!,

~A3b!

F1~0,61,x!5
9

16
r 4@2~3Y14!27r 2#2~11x2!, ~A3c!

F1~61,0,x!5
9

16
@8Y22Yr21r 4#2~11x2!,

~A3d!

F1~61,61,x!5
9

8
r 2@4Y12~Y12!r 223r 4#2~12x2!,

~A3e!

F2~0,0,x!5
3

2
r 2@412~Y21!r 223r 4#2~12x2!,

~A3f!

F2~0,61,x!5
9

16
r 4@2~Y12!25r 2#2~11x2!,

~A3g!

F2~61,0,x!5
3

16
@8Y26~Y12!r 2111r 4#2~11x2!,

~A3h!

F2~61,61,x!5
9

8
r 2@4Y22~Y12!r 213r 4#2~12x2!,

~A3i!

F2~61,62,x!5
9

8
r 4@2Y2r 2#2~11x2!. ~A3j!

3. P-wave¿ P-wave

The angular distributions forhc1xcJ are

dR

dx
@hc~l1!1xcJ~l2!#5

p2as
2

108
X2r 4~12r 2!3/2

3
^O1&hc

^O1&xcJ

mc
10

GJ~l1 ,l2 ,x!,

~A4!

where non-vanishing entries ofGJ(l1 ,l2 ,x) are given by
05400
G0~61,0,x!5
3

8
r 2~62r 2!2~11x2!, ~A5a!

G1~0,0,x!518~12x2!, ~A5b!

G1~0,61,x!5
225

16
r 2~22r 2!2~11x2!, ~A5c!

G1~61,0,x!5
9

16
r 2~22r 2!2~11x2!, ~A5d!

G2~0,61,x!5
9

16
r 2~425r 2!2~11x2!, ~A5e!

G2~61,0,x!5
3

16
r 6~11x2!, ~A5f!

G2~61,62,x!5
9

8
r 6~11x2!. ~A5g!

Note thatG2(61,0,x) is more suppressed than the predicti
from the hadron helicity conservation rule.

4. S-wave¿ D-wave

The angular distributions forJ/c1hc2 are

dR

dx
@J/c~61!1hc2~0!#5

p2as
2

36
X2~Y22r 2!2r 2~12r 2!7/2

3
^O1&J/c^O1&hc2

mc
10 ~11x2!.

~A6!

The cross sections for the longitudinal helicity compone
l150 of theJ/c and the helicity componentsl2561 and
62 of thehc2 vanish.

The angular distributions forc11hc are

dR

dx
@c1~61!1hc#5

p2as
2

23040
X2~26Y221r 2110r 4!2r 2

3~12r 2!3/2
^O1&c1

^O1&hc

mc
10 ~11x2!.

~A7!

The cross section for the longitudinal helicity compone
l150 of thec1 vanishes.

The angular distributions forc21hc are
7-12
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dR

dx
@c2~l1!1hc#5

p2as
2

54
X2r 4~12r 2!3/2

3
^O1&c2

^O1&hc

mc
10

H~l1 ,x!. ~A8!

The non-vanishing entries ofH(l1 ,x) are
.

y

05400
H~0,x!5
9

2
~12x2!, ~A9a!

H~61,x!5
3

16
r 2~724r 2!2~11x2!. ~A9b!
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