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Effects of light scalar mesons inh\3p decay
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We study the role of a possible nonet of light scalar mesons in the still interestingh→3p decay process,
with the primary motivation of learning more about the scalars themselves. The framework is a conventional
nonlinear chiral Lagrangian of pseudoscalars and vectors, extended to include the scalars. The parameters
involving the scalars were previously obtained to fit thes-wave pp and pK scatterings in the region up to
about 1 GeV as well as the strong decayh8→hpp. At first, one might expect a large enhancement from
diagrams including a lights(560). However there is an amusing cancellation mechanism which prevents this
from occurring. In the simplest model there is an enhancement of about 13 percent in theh→3p decay rate
due to the scalars. In a more complicated model which includes derivative type symmetry breakers, the
cancellation is modified and the scalars contribute about 30 percent of the total decay rate~although the total
is not significantly changed!. The vectors do not contribute much. Our model produces a reasonable estimate
for the relateda0(980)2 f 0(980) mixing strength, which has been a topic of current interest. Promising
directions for future work along the present line are suggested.
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I. INTRODUCTION

There has been a revival of interest recently@1# in the
possible existence of a broad scalar meson~sigma! with a
mass in the 560 MeV region and its corresponding no
partners. A large number of workers@2–28# have found evi-
dence for the sigma in models ofpp scattering even though
it is partially obscured by the background. Generally t
state is considered to be of an exotic nature~more compli-

cated thanqq̄) and hence an important clue to the und
standing of QCD in its low energy nonperturbative regim
Similarly, analyses ofpp, pK and ph scattering have pro
vided evidence for the existence of the remaining memb
of a possible light scalar nonet: thek, the a0(980) and the
f 0(980). In fact, the latter two states have been well est
lished experimentally for some time. Of course, the tre
ment of such strongly interacting processes is inevita
model dependent and there are a number of different o
ions as to the correct approach@1#. Thus it is of great interes
to see whether treatments of the role of scalars in other
cesses using the same models employed in the scatt
processes above give consistency with experiment.

From this point of view we will study the role of possib
light scalars in the interestingh→3p decay. Typically this
process has been treated by chiral perturbation theory@29#, in
which the possible effects of the scalars have been amalg
ated into effective contact interactions among the pseudo
lars. This is probably the most effective way to study theh
→3p decay. However, our goal here is to learn more ab
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the scalars so it is natural to keep them rather than integ
ing them out. Also there is the possibility that a light sca
@such as thes(560)] might give an enhancement due
closeness of its propagator to the pole@see for instance Feyn
man diagrams like~a! and~b! of Fig. 2#. Another reason for
including light scalars explicitly is to become more famili
with the isospin violatinga0(980)2 f 0(980) transition which
should play a role in theh→3p decay and has also recent
been postulated@30# to provide an explanation for observa
tions of anomalously largea0(980) central production and
the largeG(f→ f 0g)/G(f→a0g) ratio. However, as dis-
cussed in@31# and@32#, the interesting result of@30# does not
take into account a large suppression of the effect by
nonzero resonance width. Thus, the only way to achieve s
a large effect would be to postulate an extremely large int
sic a02 f 0 mixing term in the Lagrangian. The work of th
present paper does not lead to such an extremely large in
sic a02 f 0 mixing. Still another reason for the interest in th
effects of the scalars inh→3p is to provide an orientation
for the discussion of the apparently puzzlingh8→3p decays
in which light scalar mesons can be reasonably expecte
have very large effects. We will give only a preliminary di
cussion of this process here.

In Sec. II we give a brief historical outline of treatmen
of h→3p decay based on chiral symmetry. A number
well known ambiguities in the analysis are briefly describe

Our calculation is based on the tree level treatment o
chiral Lagrangian containing pseudoscalars, vectors an
postulated nonet of light scalars. Since the calculation
somewhat complicated, it seems to us helpful to present
results in a series of steps. First, in Sec. III we give t
results of using a Lagrangian containing only pseudosca
with minimal symmetry breaking terms.

To this Lagrangian we add, in Sec. IV, the scalar meso
It will be seen that the individual scalar diagrams are qu
large but there is a lot of cancellation so that the net effec
©2003 The American Physical Society01-1
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not at all dominant. However the scalars do, as desired
crease the predicted decay rate in a noticeable way. Next
effect of adding some derivative type symmetry breakers
the pseudoscalars is described in Sec. V. This does not m
change the overall rate but modifies the somewhat deli
cancellations so that the scalars end up making a larger
centage contribution than before. In low energy calculatio
of this sort one always may expect some contributions fr
the vector mesons. This is discussed in Sec. VI where
shown that, although there is a new type of diagram
vectors do not produce a big change in the previous res

Section VII contains a discussion of the results and dir
tions for further work. For the convenience of readers, m
terial describing the chiral Lagrangian used is brought
gether in Appendix A. Similarly the detailed expression f
the decay amplitude is given in Appendix B.

II. HISTORICAL BACKGROUND ON THE h\3p DECAY

The study ofh→3p has turned out to be surprisingl
complicated and correspondingly important for understa
ing the nonperturbative~low energy! structure of QCD. Chi-
ral dynamics in various forms has been the basic tool. Si
the process violatesG parity it was initially assumed to be o
electromagnetic nature, mediated by an effective photon
change operator proportional to the product of two elec
magnetic currents. The old ‘‘current algebra’’ approach h
previously predicted theKL→p1p2p0 spectrum shape@33#
to be

12
2E0

m
, ~1!

wherem is theKL mass andE0 the energy of thep0 in the
KL rest frame. This shape, which is in reasonable agreem
with experiment, resulted from the vanishing commutator
the axial charge transforming like ap1 with the appropriate
product of two weak currents. When Sutherland@34# re-
peated this type of calculation forh→p1p2p0 with the
product of two electromagnetic currents he found that
decay amplitude was actually zero~to this leading order!.
Thus theh→3p decay did not seem to be mediated by
virtual photon emission and reabsorption. In fact, it w
found @35# that a quark scalar density operator with theDI
51 property proportional to

ūu2d̄d ~2!

would give a nonzero result for the decay rate. A more
tailed treatment@36# showed that the quark density operat
gave the same spectrum forh→p1p2p0 as in Eq.~1! with
m the h mass in this case. Such a result is in fairly go
agreement with experiment. The scalar density interactio
Eq. ~2! was recognized@37# to be the fundamental up-dow
quark mass difference generated by the Higgs boson in
electroweak theory.

However, the predicted rates of theh→p1p2p0 andh
→3p0 modes~both the ratios and the absolute values! did
not agree well with experiment at that time. Some years la
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after more precise experiments, the ratio of the rates
p1p2p0 to 3p0 modes stabilized around the value expec
from isospin invariance. On the other hand, the absolute
has only recently stabilized to a value notably larger than t
predicted by theory. The theory behind the current alge
results could be economically presented in the framework
an effective chiral Lagrangian. For most low energy pr
cesses where the scheme could be expected to work, the
level computation did produce results within 25% or so
experiment. Thus the relatively poor prediction f
h→3p at the tree level is somewhat surprising.

An improvement was obtained by Gasser and Leutwy
@29# who carried the computation of the chiral Lagrangi
amplitude to one loop level. Since the nonlinear chiral L
grangian is nonrenormalizable, this required the addition
new counterterms. Their finite parts were new parame
which could be mostly determined from other process
They obtained the resultG(h→p1p2p0)5160650 eV
which may be compared with the present experimental va
@38# G(h→p1p2p0)expt5267625 eV. The extra effects
included involve both the implicitly integrated-out heavi
meson exchanges and partial unitarization to one loop or
One might expect a two loop calculation in the chiral pert
bation scheme to be valuable but this may involve too ma
unknown parameters at the present stage. A dispersion
proach using the Gasser-Leutwyler result as a subtrac
gave an improved estimate@39# G(h→p1p2p0)5209
620 eV, which still seems too small.

A possible source of ambiguity arises from the determ
nation of the coefficient of the driving scalar density intera
tion in Eq. ~2!. This is determined from theK02K1 mass
difference, which in turn has two components

m2~K0!2m2~K1!5@m2~K0!2m2~K1!#quark mass

1@m2~K0!2m2~K1!#g , ~3!

corresponding to the quark mass differences and the vir
photon emission and reabsorption diagrams respectively.
latter is given in the chiral limit bym2(p0)2m2(p1) ac-
cording to Dashen’s theorem@40# and the reasonable as
sumption that the photon contribution saturates the p
mass difference. A number of authors@41# have argued tha
there are important corrections to Dashen’s theorem wh
have the effect of boosting theh→3p decay rate.

If one questions Dashen’s theorem it is natural to a
question Sutherland’s result, which deals with the direct el
tromagnetic contribution toh→3p. An investigation of this
point yielded@42# the estimate that there was only about
2% change arising from this, although it decreased rat
than raised the rate.

Still another point which may repay further investigatio
concerns the possible subtleties arising fromh2h8 mixing.
An understanding of theh8→3p process, for example
might clarify this point. This process has been treated
some authors@43,44# in the literature but has received only
fraction of the attention given toh→3p.

In the present paper we will focus on learning more ab
the putative nonet of light scalar mesons by studying th
contribution toh→3p.
1-2
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III. CHIRAL SYMMETRY RESULTS TO LOWEST ORDER

For comparison, we first present the well-known resu
when only the terms present in the lowest order chiral
grangian of pseudoscalars are kept:

LLO52
Fp

2

8
Tr~]mU]mU†!1d8Tr@M~U1U†!#

1
k

576
ln2S detU

detU†D , ~4!

where the last term@see Eq.~A14! and comments there#
supplies mass to the SU~3! singlet state andM is defined in
Eq. ~A11!. Fitting LLO to the experimental masses dete
minesd85Fp

2 mp
2 /8.

Theh→p1p2p0 amplitude receives, in this approxima
tion, contributions from diagrams~a!, ~b! and ~c! of Fig. 1,
which are given in Eq.~B1! ~with the non leading correction
deleted!. To a reasonable approximation which displays
key dependences these sum up to the lowest order resu
the h→p1p2p0 amplitude

M012~E1 ,E2 ,E3!'
16id8y

Fp
4

cosupS 12
2E1

mh
D . ~5!

Here E1 is the p0 energy in theh restframe andy is the
dimensionless parameter in Eq.~A11! which measures the
isospin violation in the quark mass matrix. Assuming Da
en’s theorem, Eq.~4! yields

8d8y52 Fp
2 ~mK0

2
2mK1

2
2mp0

2
1mp1

2
!, ~6!

which allows us to solve fory. Furthermoreup is the
‘‘nonstrange-strange’’ pseudoscalar mixing angle defined
Eq. ~A15!; it is generally taken to be about 37°. It is relate
to the ‘‘octet-singlet’’ angle,u by

cosup5
cosu2A2 sinu

A3
. ~7!

FIG. 1. Feynman diagrams representing the pseudoscalar m
contribution to the decayh→p1p2p0.
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Then Eq.~5! agrees with Eq.~1.14! of @29# except that they
neglectedh2h8 mixing by replacing cosup→1/A3 in what
was denoted the current algebra formula. The matrix elem
for h→3p0 is given in general by

M0005M012~E1 ,E2 ,E3!1M012~E2 ,E1 ,E3!

1M012~E3 ,E2 ,E1!. ~8!

The widths are then, definingG0125G(h→p1p2p0) and
G0005G(h→3p0):

G0125
1

64p3mh
E dE1dE2uM012u2,

G0005
1

384p3mh
E dE1dE2uM000u2. ~9!

Using LLO , with parameters determined as describ
above, we get the tree-level results@from the first terms in
each ofMcontact

a,b,c in Eqs.~B1!#:

G0125106 eV,

G000

G012
51.40. ~10!

These may be compared with the experimental res
@38#

~G012!expt5267625 eV,

S G000

G012
D

expt

51.4060.01, ~11!

which demonstrate the disagreement with experiment for
overall rates in the simplest model. However the width ra
has about the correct magnitude. The related energy s
trum is also about the correct magnitude. The squared ma
element is usually described by quantitiesa, b andc defined
from

uM012u2}~11aY1bY21cX2 . . . !, ~12!

with X5@A3/(mh23mp)#(E22E3) and Y5@3/(mh
23mp)#(E12mp)21. In the present paper we shall n
take into account the~not completely negligible! kinematic
p02p1 mass difference. See@29# for a discussion of this
point. The predictions from this simple model,a'21 and
b'0.25 are similar to the experimental results@45# aexpt5
21.1960.07 andbexpt50.1960.11 withc50.

It is of some interest to also give the predictions for t
h8→3p decay process at tree level using the simple L
grangian Eq.~4!. It just is necessary~see Appendix B! to
replace cosup by sinup andmh by mh8 in Eq. ~5! to get for
the h8→p0p1p2 matrix element:

M0128 ~E1 ,E2 ,E3!'
16id8y

Fp
4

sinupS 12
2E1

mh8
D . ~13!

on
1-3
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This leads to the predictions for theh8 modes:

G0128 5497 eV,

G0008 5562 eV. ~14!

The experimental results are given as@38#

~G0128 !expt,104 eV,

~G0008 !expt5315656 eV. ~15!

Only the 3p0 mode has really been measured; its width
smaller than predicted in the simple model just presen
One would, of course, expect better agreement for the
energy processh→3p for which chiral perturbation theory
should be more clearly reliable. In the present paper we s
just make a few remarks on this more complicated proce

It may also be worthwhile to give a rough estimate of t
corrections to the rates corresponding to violations of Da
en’s theorem mentioned earlier. If we parameterize the e
tromagnetic contribution to theK12K0 mass difference as

~mK0
2

2mK1
2

!g5 f ~mp0
2

2mp1
2

!, ~16!

wheref 51 corresponds to Dashen’s theorem, we would fi
by using Eq.~3! that theh,h8→3p rates predicted forLLO
should be multiplied by

F ~mK0
2

2mK1
2

!2 f ~mp0
2

2mp1
2

!

~mK0
2

2mK1
2

!2~mp0
2

2mp1
2

!
G 2

. ~17!

For f '2, which was actually found many years ago@46# the
correction factor is about 1.54 and would giveG012

'163 eV. This corresponds to the overall factor,y taking the
value 20.33 while the Dashen’s theorem value used to
tain Eqs.~10! and ~14! is y520.277.

IV. INCLUDING LIGHT SCALAR MESON INTERACTIONS

Now we will study what effects the inclusion of a nonet
light scalar mesons will have on theh→3p calculation. We
designate the scalar nonet by the 333 matrix Na

b whose
interactions are also listed in Appendix A.N is assumed to
contain the well-establishedf 0(980) isoscalar and the
a0(980) isovector as well as thes(560) and the strange
k(900). Of these only thek(900) will not contribute toh
→3p at the tree level. The quark structure of such a no
has been the subject of much discussion@1–28#. If this were
an ideal nonet liker2v2K* 2f one would expect the
roughly degeneratea0(980) andf 0(980) to be lowest rathe
than highest in mass. Actually the masses are better un
stood intuitively @47# if Na

b is an ‘‘ideal dual nonet’’ con-

structed asQaQ̄b with Qa;eabcq̄
bq̄c; qa being the ordinary

quark. Then the observed inverted mass ordering is ea
seen to follow just from counting the number of stran
quarks inNb

a . It is important to note that the form of th
couplings ofNa

b to the particles of the nonlinear chiral La
grangian being used depend only on the flavor transfor
05400
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b . This does not distinguish differen

quark substructures. What is sensitive to the quark subst
ture is the scalar mixing angle,us , defined from

S s

f 0
D 5S cosus 2sinus

sinus cosus
D S N3

3

N1
11N2

2

A2
D . ~18!

Small values ofus would typify a dual ideal nonet whileuusu
aboutp/2 would typify a conventional nonet. Fitting thepp
andpK scattering amplitudes, including the effects of the
scalar resonances, selects@16# the small valueus5220.3°.

The scalar nonet mass terms in Appendix A are speci
by the four parameters (a,b,c,d). The needed chiral invari-
ant scalar-pseudoscalar-pseudoscalarSff-type couplings
are specified by the parameters (A,B,C,D) and the mixing
angleus . These were all determined from fitting topp scat-
tering,pK scattering and the strong decayh8→hpp.

Actually there is reason to believe@48# that the scalars
may be best understood as mixtures of a lighter dual no
and a heavier ordinary nonet. From that point of view, wh
will be explored more fully in the future, the present sing
nonet, Nb

a should be regarded as an approximation to
situation where the heavier~after mixing! particles have been
integrated out.

The Feynman diagrams for the scalar contributions toh
→p1p2p0 are shown in Fig. 2. Notice that the diagram
~d! involves newa02s anda02 f 0 isospin violating transi-
tions rather than thep02h and p02h8 transitions which
play an important role in the other diagrams. Their streng
Aas and Aa f ~see Appendix B! were determined simply by
including the effects of isospin violation contained in th
spurion matrixM in the b andd scalar mass terms. There
fore, this does not introduce any new parameters. Actua
the possibility of such contributions was suggested a lo
time ago @43# as a possible solution of theh→3p width
problem. Recently a relatively largea02 f 0 mixing has been
suggested@30# as a way of understanding both anomalou
large a0 central production and the largeG(f→ f 0g)/G(f
→a0g) ratio. However criticisms of this explanation hav
also been presented@31#. Clearly it may be useful for studie

FIG. 2. Feynman diagrams representing the scalar meson
tributions to the decayh→p1p2p0.
1-4
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of processes other thanh→3p to give the coefficients of the
scalar isospin violating two point Lagrangian,

L5Aasa0
0s1Aa fa0

0f 0 , ~19!

determined consistently with theh→3p calculation. Using
the parameters from Eq.~A21! in Eq. ~B4! we find Aas

50.0170y GeV2, Aa f50.0234y GeV2, wherey is the quark
mass ratio (mu2md)/(mu1md). Notice that y ~which is
negative! is an overall factor for theh→3p amplitude in the
present model.

We would like to discuss the effects of the scalars wh
added to the more realistic Lagrangian presented in App
dix A which contains both pseudoscalars and vectors~see
Fig. 3 for the vector diagrams!. This Lagrangian contains
additional symmetry breaking terms (ap andl8) to account
for the ratio of pseudoscalar decay constants,FK /Fp being
different from unity as well as a number of terms describ
the properties of the vector mesons. Of course, the ve
mesons play an important role in low energy process
Since there are many terms it seems useful to add these
features one at a time. Thus in the present section we
consider just the minimal pseudoscalar Lagrangian,LLO @Eq.
~4!#, to be present in addition to the scalars. Furthermore
is instructive to look at the contributions to the amplitu
from different diagrams in order to see how they combine
give the predicted totalh→p1p2p0 width. In Sec. III we
reviewed the leading order calculation of th
h→3p amplitude which gives the resultG(h→p1p2p0)
5106 eV in the Dashen’s theorem limit. In Fig. 4 we sho
how the individual contributions of the diagrams in Fig.
combine to give the leading order amplitude. The magnitu
of the h2p0 and h82p0 transition coefficients@Eq. ~B4!
with ap5l850, so independent of which state is on-she#
are ~in GeV2):

Cph'0.0042, Cph8'0.0031. ~20!

Three of the twelve scalar diagrams in Fig. 2 can be s
to be larger~by at least an order of magnitude! than all the
rest. These are the three diagrams involving the lightes
the scalar mesons,s, and are contained in Figs. 2~a!, 2~b!
and 2~d!. For the case of Fig. 2~b! the graph with anh
2p0 transition dominates that with anh8 transition because
the latter is suppressed by the~square of! theh8 mass in the
denominator of the propagator and also the smallness o
associated coupling constants or transition coefficients
Fig. 5 we present theh→p1p2p0 amplitudes arising from
the three diagrams just mentioned and notice that they ca
almost completely. In particular thes exchange diagrams in

FIG. 3. Feynman diagrams representing ther meson contribu-
tions to the decayh→p1p2p0.
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Figs. 2~a! and 2~b! have opposite signs, as expected—th
structure is roughly similar except the propagators hav
relative minus sign. We note also that the new isospin v
lating diagram, involving ana02s transition, turns out not
to lead to dramatically larger contributions than the oth
diagrams. The cancellation between different diagrams
volving the sigma means that the total scalar contribution
the h→p1p2p0 width is smaller than might be expecte
and in fact arises mainly from thea0

6 exchanges in Fig. 2~c!.
Comparing Fig. 5~b! with Fig. 4~b! shows that the net scala
contribution does enhance the overallh→p1p2p0 rate.
Specifically, including the scalar contributions with the pse

FIG. 4. Plot of different contributions to the leading orderh
→p1p2p0 amplitude as a function of the energy of the neut
pion. In ~a! the solid line corresponds to the direct four-poi
isospin-violating hp1p2p0 vertex of Fig. 1a. The energy
dependent dotted line is due to anhp0 transition followed by a
four-pion contact vertex~Fig. 1b!. The dashed line is the sma
contribution due to Fig. 1~c! ~with both h and h8 included in the
final line!. In ~b! we show the total leading order amplitude, whic
is the sum of Figs. 1a–1c.
1-5
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ABDEL-REHIM et al. PHYSICAL REVIEW D 67, 054001 ~2003!
doscalar LagrangianLLO has increasedG012 by 16 percent,
from 106 eV to 124 eV. The ratioG000/G012 is essentially
unchanged.

Actually, the calculations above have neglected the fin
widths of the s, f 0 and a0 particles. We take these int
account by making the replacements in the correspond
propagators@see Eq.~B2!#:

1

mX
21q2

→ 1

mX
21q22 imXGX

, ~21!

FIG. 5. Scalar meson contributions to theh→p1p2p0 ampli-
tude as a function of the energy of thep0. In ~a! we show the
individually largest contributions—the solid line corresponds
Fig. 2~a! with s exchange, the dotted line corresponds to Fig. 2~b!
with s exchange and theh-p0 transition while the dashed line
corresponds to Fig. 2~d! involving the new isospin violatinga0

2s transition. In~b! we show the total amplitude due to the sca
mesons alone. The solid line is due to all of the diagrams in Fig
~for the sample valueE25mp) and the dashed line is the sum of th
three largest amplitudes plotted in~a! and discussed in the text.
05400
e

g

whereX stands fors, f 0 or a0. TheGX are given in Appen-
dix A. These replacements modify the result toG012

5120 eV, a 13 percent increase relative to the leading or
result. The width effect is mainly due to thes propagator.

We may note that the improvement due to the scalar
consistent with the lower values of the prediction, 1
650 eV obtained from the next order of chiral perturbati
theory in Ref.@29#. The numerical amount of suppression
the scalar contribution to the decay rate from cancellation
figures~a! and~b! of Fig. 2 is due to the fitted values ofgspp

and gshh given in Eq. ~A22!. If we wanted to raise the
predicted rate to about 150 eV~still keeping Dashen’s theo
rem in the evaluation ofy) it would be necessary to rais
gshh to about 10.

V. EFFECTS OF HIGHER ORDER PSEUDOSCALAR
SYMMETRY BREAKERS

So far we have worked only with the leading order chi
Lagrangian of pseudoscalars and scalars and obtained@to lin-
ear order in y52(md2mu)/(md1mu)] isospin-breaking
amplitudes proportional tod8,b and d in Eq. ~A13! of Ap-
pendix A. In order to better fit the properties of the pseud
scalar mesons we consider, as mentioned above, the hig
order symmetry breaking terms in Eq.~A13! with
coefficientsap and l8. The numerical values of these pa
rameters are obtained in Sec. IV of Appendix A, based on
overall fitting of pseudoscalar meson properties.

Next we examine the effects of these two new symme
breaking terms on our previous calculation. It will be se
that these effects include an interesting redistribution of
contributions from the scalar and pseudoscalar diagram
the total amplitude. First, the contact diagram Fig. 1~a! will
receive corrections due to theap and l8 terms @see Eq.
~B1!#. This results in some energy dependence sinceap
gives a four-point derivative coupling. More importantly, th
h2p0 and h82p0 transition coefficients relevant forh
→3p now depend on which particle is on-shell and are n
merically ~in GeV2):

Cph
h '20.00583y, Cph

p '20.0151y

Cph8
p '20.0113y. ~22!

SinceCph
h is now considerably suppressed in magnitude,

Feynman amplitude for Fig. 1~b! is now suppressed, while
Cph

p and the amplitude for Fig. 1~c! remain about the same
These results, due to only pseudoscalars, are summariz
Fig. 6 which may be compared with Fig. 4. The net resul
that the totalh→p1p2p0 amplitude~shown in the second
of Fig. 6! due to pseudoscalar mesons is reduced comp
with the leading order result. The pseudoscalars themse
now giveG012581 eV rather than 106 eV, as in Sec. IV.

However, for the diagrams involving scalar mesons
effect of higher order symmetry breaking is even more i
portant. As we noted above, the scalar meson contributio
h→p1p2p0 was rather small as the main diagrams tend
to cancel. When we include theap andl8 corrections to the
hp0 transition this cancellation will not be so complete. Sp

2
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cifically, comparing Eqs.~20! and~22! we see that the mag
nitude of the amplitude for Fig. 2~a!, where theh2p0 tran-
sition occurs with an on-shellh, will be reduced by a factor
of approximately four, while that of Fig. 2~b!, where theh
2p0 transition has an on-shell pion, will remain about t
same relative to our result in Sec. IV. Figure 2~d! will be
unchanged. There will now be a non-negligible contributi
from the scalar mesons. It will be more negative in sign~the
contribution from Fig. 2~a! is positive, but now smaller in
magnitude! and will add ‘‘constructively’’ to the pseudo
scalar diagrams in Fig. 1 and so increase our prediction
G(h→p0p1p2). This is shown in Fig. 7. Adding all of the
pseudoscalar and scalar diagrams in Fig. 1 and Fig. 2
the inclusion of the symmetry breaking effects due toap and
l8 we get:G(h→p0p1p2)5119.6 eV. This is essentially
the same as the result in Sec. IV but now a larger portio

FIG. 6. ~a!: Contributions due to pseudoscalar mesons alo
taking into account higher order symmetry breaking effects enco
in ap andl8. Compare with the first of Figs. 4.~b!: Total amplitude
due to pseudoscalar mesons alone, taking into accountap and l8
terms@compare with Fig. 4~b!#.
05400
or

th
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due to the scalar meson diagrams. Since this is the case
damping effect of the sigma width will be more prominen
in fact it reduces the predicted rate to 103.6 eV in the Da
en’s theorem limit.

It may be of interest to see how the detailed pattern j
described depends on the precise value of the quark m
ratio x and, as explained in Sec. IV of Appendix A, corr
spondingly on the crucial isospin violating quark mass ra
y. This is shown for the predicted value ofG012 in Table I.

VI. INCLUDING VECTORS IN THE CALCULATION

It is well known that the inclusion of vector mesons
important for a realistic discussion of low energy chiral d
namics. For example, in the chiral perturbation scheme, m

,
d FIG. 7. ~a!: Contributions due to the three largest scalar mes
diagrams, taking into account higher order symmetry breaking
fects encoded inap andl8. Compare with the first of Figs. 5.~b!:
Total amplitude due to pseudoscalar and scalar mesons, taking
accountap andl8 terms@compare with Fig. 6~b!#.
1-7
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of the finite pieces of the counterterms can be explained
integrating out various vector contributions@49#. In our
present approach, of course, we are keeping the resona
rather than integrating them out, in order to learn more ab
the scalars.

First, the vector mesons contribute to theh→p1p2p0

amplitude corresponding to Fig. 3~a!, which is just a correc-
tion to pp scattering. Its value given by the amplitude,M r

a

in Eq. ~B3! is easily seen to be comparatively large. Howev
the fourth term of theU(3)L3U(3)R invariant Lagrangian
Eq. ~A10! gives, in addition to therpp vertex a four pion
contact term@included inMcontact

a in Eq. ~B1!#. Actually this
contact term cancels most of the contribution from t
r-exchange diagram in Fig. 3~a!. This is well known from
chiral treatments ofpp scattering: when ther is added to
the Lagrangian, chiral symmetry requires a contact te
which cancels most of ther contribution near threshold
thereby maintaining the current algebra threshold result.

However, the situation is actually a bit more complicat
since the process of obtaining an adequate fit to the pro
ties of both the vectors and pseudoscalars@50# requires a
number of additional symmetry breaking terms shown in E
~A13! of Appendix A. As well as the symmetry breakin
terms we have already discussed involving the pseudosc
alone, there are, in particular, two new terms, measured
the coefficientsa1 anda2 . It turns out that their effects ar
very minor. They include an additional contribution to th
4-point isospin violatinghp1p2p0 vertex due to thea2

term, corrections to the 4-pion vertex in Fig. 1~b! due to both
a1 and a2 and an additional diagram, shown in Fig. 3~b!,
which contains a newG-parity ~and isospin! violating rph
vertex @the amplitude for this is given asM r

b in Eq. ~B3!#.
Note that there exists ar02v mixing transition, which is the
analog of thep02h and a0

02 f 0 mixing transitions, but it
does not contribute toh→3p at the tree level.

The decay widths with inclusion of vectors are tabula
in Table II for the same values ofx,y used in the last section
In this table the neutral modes are also included. Furth
more, the effect of both the scalar and~actually negligible!
vector widths are included too. We see that, as expected f
our discussion above, the vectors do not change the ov
predictions compared to the last column of Table I ve
much but they do give a little enhancement. This is also c
by comparing the pseudoscalars1vectors column of Table II
with the pseudoscalars only column of Table I. It is se

TABLE I. G(h→p1p2p0) for different values ofx andy de-
fined after Eq.~A11!. The second column applies to the case of o
pseudoscalars present while the third includes scalars too. Th
fect of taking nonzero scalar widths into account is shown in
last column. Dashen’s theorem is assumed in order to extracty.

x,y ps. only

ps.1sc.
~zero scalar

widths!

ps.1sc.
~nonzero scalar

widths!

20.5,20.202 63.7 eV 95.9 eV 82.2 eV
23,20.241 70.7 eV 106.0 eV 91.4 eV

25.1,20.277 80.2 eV 119.6 eV 103.6 eV
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again that the scalars make a non negligible contribution
the total amplitude.

Finally it is interesting to display the energy spectru
parametersa,b and c defined in Eq.~12! for the various
models we have examined. These are given in Table III
are seen to be reasonable. Thex2 measures the fit of ou
model to the spectrum shape assumed in Eq.~12! and seems
to be small.

VII. DISCUSSION

We studied the role of a possible nonet of light sca
mesons in the still interestingh→3p decay process. Ou
motivation was primarily to learn more about the scala
themselves. The framework is a conventional nonlinear c
ral Lagrangian of pseudoscalars and vectors, extended t
clude scalars~the Lagrangian is described in Appendix A!.
The parameters involving the scalars were previously
tained to fit thes-wavepp andpK scattering in the region
up to about 1 GeV as well as the strong decayh8→hpp.
An initial concern is whether the model as it stands, conta
ing essentially no undetermined main parameters@up to pos-
sible uncertainties in the quark mass ratiosx52ms /(mu
1md) and y5(mu2md)/(mu1md)], does not make theh
→3p amplitude too large.

In particular, thes(560) exchange diagrams~a! and~b! of
Fig. 2 might lead to a great deal of enhancement due to
possibility of thes(560)’s momentum being close to ma

ef-
e

TABLE II. G(h→p0p1p2) andG(h→3p0) for different val-
ues ofx,y. In the third column pseudoscalars and vectors are b
present. In the fourth and fifth column pseudoscalars, vectors
scalars all present~without and with the effect of the scalar meso
widths!.

x,y decay mode ps.1vec.

ps.1sc.
1vec.

~no width!

ps.1sc.
1vec.

~width included!

20.5,20.202 012 64.4 eV 96.6 eV 82.8 eV
000 92.9 eV 139.4 eV 118.9 eV

23,20.241 012 71.9 eV 107.4 eV 92.5 eV
000 101.9 eV 152.9 eV 131.1 eV

25.1,20.277 012 82 eV 121.7 eV 105.4 eV
000 114.5 eV 171.3 eV 147.7 eV

TABLE III. Fits of the energy dependence of the normaliz
~charged! decay amplitude forh→p0p1p2 to the formuM012u2

511aY1bY21cX2. The first line corresponds to result at leadin
order with pseudoscalar mesons only. The second with inclusio
higher order symmetry breakers, the third when scalar mesons
added and the final line when vector mesons are included as w

a b c x2

pseudoscalars~LO! 21.11 0.31 0 5.631025

pseudoscalars 20.96 0.23 0 1.531024

pseudoscalars1scalars 20.93 0.22 20.01 3.331024

pseudoscalars1scalars1vectors 21.09 0.26 0.033 5.831023
1-8
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EFFECTS OF LIGHT SCALAR MESONS INh→3p DECAY PHYSICAL REVIEW D 67, 054001 ~2003!
shell. However this turns out not to be the case. In our ini
calculation where the scalars are added to the minimal m
of pseudoscalars given in Eq.~4!, Fig. 5~a! shows that these
two diagrams, though not individually small, tend to can
each other. This partial cancellation occurs because thh
2p0 transition leads to opposite signs when theh is on
mass shell and when thep0 is on mass shell~in the first case
we have ap0 propagator carrying the momentum squared
an on-shellh while in the second case, the reverse holds!. In
addition, the enhancement due to the sigma propagato
further suppressed by the inclusion of an imaginary pie
needed to satisfy unitarity in the scattering calculation. T
net result is that the effect of including scalars in the minim
pseudoscalar Lagrangian, Eq.~4! is to increase the width fo
h→p1p2p0 decay by about 13 percent. This relative
small, due to cancellation, increase illustrates the difficu
of finding dramatic ‘‘smoking gun’’ evidence for the exis
tence of a light sigma. In the scattering calculation a lig
sigma appears~see for example@13#! obscured by a large
background and does not have a simple Breit Wigner sh

It is amusing to note the effect of higher derivative term
in the Lagrangian of pseudoscalars~see Sec. V for details!.
The higher derivative terms allow one to conveniently imp
ment at tree level the fact that the ratio of the pseudosc
decay constantsFKp /Fpp is somewhat greater than unit
With these terms the importantp0h transition vertex has a
momentum dependent piece. Together with a needed m
fication in the parameter fitting~see part 4 of Appendix A!
this reduces the contribution of the pseudoscalars to thh
→3p decay width. However the modification of thep0

2h transition noticeably upsets the cancellation between
two sigma exchange diagrams in~a! and ~b! of Fig. 2. The
net result is that, while the total prediction for theh→3p
decay width remains about the same, now about thirty p
cent of the value is contributed by the scalars.

The vector meson contribution, discussed in Sec. VI,
tually does not change things much. This is because thr
exchange diagrams forpp s-wave scattering are essential
canceled at very low energies by an extra four pion con
term which automatically arises due to the chiral symme
formulation. Experimentalists fit the Dalitz plot describin
the h→p1p2p0 spectrum to the form given in Eq.~12!. A
fit of this type to the predicted spectrum from the Lagrang
of pseudoscalars, scalars and vectors was seen to be clo
the experimental one. The basic spectrum shape is alre
reasonable with the very simplest model discussed in S
III. As both the theory and experiment get more precise,
importance of the spectrum shape toward a deeper un
standing of the underlying physics increases.

A particularly interesting scalar contribution toh→3p
arises from thea02s transition shown in~d! of Fig. 2 @The
a02 f 0 transition contribution toh→3p is suppressed due t
the propagator of the heavierf 0(980)]. This is the analog o
the importantp02h transition and, in a sense, is a ne
mechanism forh→3p ~although it was investigated a lon
time ago @43# as a possible way to increase theh→3p
width!. The formula in raw form for this transition is given i
Eq. ~B4!. We evaluated its strength from the knowledge
the isospin violating piece of the dimensionless quark m
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matrix M in Eq. ~A11!, determined from the pseudoscal
sector and the coefficients:a,b,c andd of the scalar meson
mass terms@see Eqs.~A10! and~A13!# determined from the
isospin conserving sector of the scalars. However as one
see from Figs. 5~a! and 7~a!, the contribution toh→3p due
to thea02s transition is not very large, although it has th
right sign to boost the decay rate.

The method just described also evaluates the strengt
the a0(980)2 f 0(980) transition. For convenience this
given after Eq.~19!, where the overall factor,y is displayed.
This transition has been very much ‘‘in the news’’ recently
a proposed@30# explanation for the large observedG(f
→ f 0g)/G(f→a0g) ratio and the anomalously stronga0

central production. However criticisms of this explanati
have been given@31,32#, pointing out that thea02 f 0 mixing
expected from a transition strength like the one determi
above is insufficient to give a large effect. Intuitively, b
cause of the near degeneracy of thea0(980) andf 0(980) as
well as the similarity of their widths, one might expect th
mixing to be very large. But the mixing amplitude is go
erned by a dimensionless factoriAa f /(maGa) @see for ex-
ample Eq.~12! of @32# # which is suppressed by the scal
meson width,Ga .

In Sec. II we discussed the current comparison betw
theory and experiment for theh→p0p1p2 width. The ex-
perimental width@38# is G0125267625 eV. This may be
compared with the one loop chiral perturbation theory res
@29# of 160650 eV. More recent attempts@39# to estimate
final state interaction effect outside of the chiral perturbat
theory approach have increased this somewhat to
620 eV. It seems to us that the thirty per cent contributi
of the scalars compared to the pseudoscalars we have f
should probably not be considered on top of this latter figu
That is because a good portion of the increase due to sc
we have found may be considered as resulting from fi
state interactions. Many attempts to close the gap betw
theory and experiment have focused@41# on a reanalysis of
electromagnetic corrections to theK12K0 mass difference.
This is argued to increase the quark mass ratio,y which is an
overall factor for theh→3p amplitude.

From the standpoint of learning more about the proper
of the scalar mesons it is clear that theh8→3p decays rep-
resent a potentially important source of information. In th
case there is sufficient energy available for thea0(980) and
f 0(980) propagators to be close enough to their mass sh
to avoid suppressing the contributions of these resonan
On the other hand, the theoretical analysis is more diffic
since large nonperturbative unitarity corrections are
pected. In addition, other more massive particles may a
contribute. The experimental information@see Eq.~15!# is
more preliminary than in theh→3p case. While a numbe
with reasonably small errors has been presented forG0008 ,
there is only a weak upper bound forG1208 and also no
information on its Dalitz plot. In the model employed in th
present paper theh8→3p amplitudes are simply obtaine
from theh→3p amplitudes by the simple substitution give
in Eq. ~B5!. Notice that this substitution rule would ge
1-9



-
re
s

e
ue
ng
ct
a

ala
on
t

r
on
a
E
o
p

at
0.
th
it
n

th

pe
le

u-

al

on-

on-

ts,
nter-

-
re
ac-
our-
s

be

ABDEL-REHIM et al. PHYSICAL REVIEW D 67, 054001 ~2003!
modified if a more complicatedh2h8 mixing scheme@e.g.
the one mentioned after Eq.~A15!# is adopted. As shown in
Eq. ~14! the prediction of the minimal model of only pseu
doscalars is somewhat too high, but at least of the cor
order of magnitude. Adding the scalars without any readju
ment of parameters does not improve the prediction forG0008
but makes it considerably larger~about 2300 eV!. A similar
large value was recently found in@44#. Since the phase spac
is fairly large it is perhaps to be expected that large val
are typically obtained. Presumably it is a sign for includi
more detailed unitarity corrections or other physical effe
which result in cancellations. We are particularly hopeful th
a careful study of mixing between a lower mass exotic sc
nonet and a more conventional higher mass scalar n
@26,28,48# may solve this problem and perhaps contribute
an improved understanding of theh→3p decays also.
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APPENDIX A: THE CHIRAL LAGRANGIAN

For convenience we collect here needed terms from
pseudoscalar-vector chiral Lagrangian presented in@50# and
from the scalar addition presented in@16#.

1. Transformation properties

These are constructed to mock up the symmetry pro
ties of the fundamental quark Lagrangian, under which
and right projected light quark fields transform as

qL,R→UL,RqL,R , ~A1!

UL andUR being 333 constant unitary matrices. The pse
doscalar nonetf(x) is a 333 matrix which fits into the
unitary chiral matrix

U5expS 2if~x!

Fp
D , ~A2!

whereFp is the ~bare! pion decay constant. Under a chir
transformation

U→ULUUR
† . ~A3!

It is convenient to define the 333 unitary matrixj by U
5j2. Thenj transforms as
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j→ULjK†~f,x!5K~f,x!jUR
† , ~A4!

which implicitly defines the unitary matrixK. The intuitive
significance ofK is that the objectsKq behave like bare
quarks surrounded by a pseudoscalar meson cloud, or ‘‘c
stituent quarks.’’ The objects

vm ,pm5
i

2
~j]mj†6j†]mj!, ~A5!

transform as

pm→KpmK†,

vm→KvmK†1 iK ]mK†. ~A6!

A putative scalar nonet matrixN(x) is taken to transform as

N→KNK†. ~A7!

The vector meson nonetrm transforms as

rm→KrmK†1
i

g̃
K]mK†, ~A8!

where we have included the dimensionless coupling c
stant,g̃. The ‘‘field-strength tensor’’

Fmn~r!5]mrn2]nrm2 i g̃@rm ,rn#→KFmnK†. ~A9!

2. U„3…LÃU„3…R invariant terms

These comprise the kinetic terms for the three multiple
mass terms for the scalars and vectors and appropriate i
action terms:

L052
Fp

2

8
Tr~]mU]mU†!2

1

4
Tr„Fmn~r!Fmn~r!…

2
1

2
Tr~DmNDmN!2

mv
2

2g̃2
Tr@~gr̃m2vm!2#2a Tr~NN!

2c Tr~N!Tr~N!1Fp
2 @Aeabcede fNa

d~pm!b
e~pm!c

f

1B Tr~N!Tr~pmpm!1C Tr~Npm!Tr~pm!

1D Tr~N!Tr~pm!Tr~pm!#, ~A10!

whereDmN5]mN2 ivmN1 iNvm . These include the param
etersmv

2 ,a,c,A,B,C andD. Note that the pseudoscalars a
still massless at this level. Further note that for the inter
tions and mass terms of the scalars we do not restrict
selves to a single trace. Forqq̄ mesons the single trace i
suggested by the Okubo-Zweig-Iizuka~OZI! rule while for
an ideal dual nonet the A term is in fact expected to
dominant. We made a fit formv

2 ,a,c,A,B,C andD assuming
only SU~3! invariance.
1-10



ar

en
-
-

in
c

re
m

to

u

der
lds

one

rs

n.

EFFECTS OF LIGHT SCALAR MESONS INh→3p DECAY PHYSICAL REVIEW D 67, 054001 ~2003!
3. Symmetry breaking terms

The fundamental QCD Lagrangian contains the qu
mass term2@(mu1md)/2#q̄Mq, with the dimensionless
matrix

M5F 11y 0 0

0 12y 0

0 0 x
G , ~A11!

wherex52ms /(mu1md) andy52(md2mu)/(md1mu).
It is convenient to define

M̂65
1

2
~jMj6j†Mj†!. ~A12!

Then, the symmetry breaking Lagrangian is taken as

LSB5d8Tr@M~U1U†!#1l82Tr@MU†MU†1MUMU#

2
2ap

g̃2
Tr~M̂1pmpm!12a1TrFM̂1S rm2

vm

g̃
D

3S rm2
vm

g̃
D G2

2a2

g̃
Tr S M̂2F S rm2

vm

g̃
D ,pmG D

12g8Tr@M̂1Fmn~r!Fmn~r!#2b Tr~NNM!

2d Tr~N!Tr~NM!. ~A13!

Only the parametersd8, l82, ap , b andd here contribute
to the isospin violating vertices of interest in the pres
paper. The parameterg8 was included in the overall param
eter fit obtained in@50# but its small effect on the isospin
conserving vertices will be neglected.

In addition to the quark mass induced symmetry break
terms there is an important term induced by instanton effe
which breaks just theU(1)A piece of SU(3)L3SU(3)R
3U(1)V3U(1)A . It may be summarized as

L h85
k

576
ln2S detU

detU†D 1•••, ~A14!

wherek is a constant essentially proportional to the squa
mass of theh8 meson. The three dots stand for other ter
which will be neglected here but are listed in Eq.~2.12! of
@51#. Effectively this term gives an important contribution
the h8 mass and anh2h8 mixing angle defined by

S h

h8
D 5S cosup 2sinup

sinup cosup
D S ~f1

11f2
2!/A2

f3
3 D . ~A15!

When the extra terms in Eq.~A14! are included they will not
only give rise to an additional isospin violating transition b
will also modify theh2h8 mixing transformation above to
be the non-orthogonal one given in Eq.~4.9! of @51#. We will
not include these effects in the present paper, however.
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4. Numerical values of parameters used

For the averaged pseudoscalar masses we used

mp50.137 GeV, mK50.4957 GeV. ~A16!

In Sec. III we gave the fitted parameters for the lowest or
Lagrangian containing only pseudoscalars. This also yie
the isospin conserving quark mass ratiox525.1 @assuming
that f, defined in Eq.~16!, is unity#. A refitting of these pa-
rameters is necessary when theap /g̃2 and l82 symmetry
breaking terms are included. This can be conveniently d
following the method used in preparing Table III of@50#.
There, a value ofx is assumed and the four quantitiesFp

~unrenormalized pion decay constant!, d8, ul8u2 andap /g̃2

are calculated in terms of the four physical quantitiesmp ,
mK , Fpp50.1307 GeV andFKp50.1598 GeV, using

l825
~11x!Fpp

2 mp
2 /162FKp

2 mK
2 /8

12x2
,

d85Fpp
2 mp

2 /824l82,

ap

g̃2Fp
2

5
~FKp /Fpp!221

2~11x!24~FKp /Fpp!2
,

Fp5
Fpp

„114ap /~ g̃2Fp
2 !…1/2

,

ap

g̃2
5Fp

2 S ap

g̃2Fp
2 D . ~A17!

In addition, the isospin violating quark mass ratioy is ob-
tained from

~mK0
2

2mK1
2

!2 f ~mp0
2

2mp1
2

!

5~4y/FKp
2 !„22d828~11x!l821mK

2 ap /g̃2
…, ~A18!

for a particular value off. To isolate the effects of the scala
we may choose anx such that, with the valuef 51 corre-
sponding to Dashen theorem, we recover the valuey5
20.277 found in Secs. III and IV. That givesx525.1 and

Fp50.128 GeV, d850.038631023 GeV4,

ap /g̃250.17631023 GeV2, ul8u50.64331023 GeV2.
~A19!

The needed dependences on the quark mass ratio,x of the
parameters involving vector mesons (g8, a1 , a2 , mv and
g̃) are given in Table 3 of@50#; the additional pointx
525.1 used in Table II above was treated by interpolatio

The masses and widths of the scalars are taken to be~in
MeV!
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ms5550, mk5897, ma0
5983.5, mf 0

5980,

Gs5370, Ga0
570.0, G f 0

564.6. ~A20!

Note that the values ofGs and Gk are not ‘‘Breit-Wigner’’
widths but are chosen to unitarize thepp andpK scattering
amplitudes. The masses above fix the parameters~in GeV2)
in Eqs.~A10! and ~A13!

a50.492, b520.00834, c520.0160, d520.00557
~A21!

and the mixing angleus5220.3°. The parametersA,B,C,D
define all the trilinearSff coupling constants according t
the formulas given in Appendix C of@16#. The needed cou
pling constants are~in GeV21)
05400
gspp57.27, gshh53.90, gshh851.25, gsh8h8523.82,

g f pp51.47, g f hh51.50, g f hh85210.19, g f h8h851.04,

gaph526.87, gaph8528.02. ~A22!

APPENDIX B: DECAY AMPLITUDE

The Feynman diagrams representing theh(p)
→p0(p1)p1(p2)p2(p3) decay are shown in Figs. 1–3. Th
contact diagrams~1~a!, 1~b! and 1~c!! receive contributions
from the pseudoscalar and vector part of the Lagrangian
Mcontact
a 5 i

16yd8cosup

3Fpp
4 1 i

8yapcosup

3g̃2Fpp
4 ~23p2•p31p•p11p•p21p•p3!1 i

512yl82cosup

3Fpp
4 ,

Mcontact
b 51 i S 12

3mv
2

4g̃2Fpp
2 D Cph

h

mp
2 2mh

2

2

3Fpp
2 ~22p2•p31p1•p32p•p31p1•p22p•p212p•p1!

1 i
2a1Cph

h

g̃2Fpp
4 ~mp

2 2mh
2 !

~22p•p112p2•p31p3•p2p3•p11p3•p2p2•p1!

1 i
8apCph

h

3g̃2Fpp
4 ~mp

2 2mh
2 !

~5p•p125p2•p32p•p31p1•p32p•p21p1•p2!1 i
256l82Cph

h

3Fpp
4 ~mp

2 2mh
2 !

1 i
16d8 Cph

h

3Fpp
4 ~mp

2 2mh
2 !

,

Mcontact
c 5 i

16d8

Fpp
4 S Cph

p cos2up

mh
22mp

2 1
Cph8

p sinupcosup

mh8
2

2mp
2 D 1 i

8ap

g̃2Fpp
4 S Cph

p cos2up

mh
22mp

2 1
Cph8

p sinupcosup

mh8
2

2mp
2 D

3~p•p12p2•p31p•p31p•p22p1•p32p1•p2!1 i
256l82

Fpp
4 S Cph

p cos2up

mh
22mp

2 1
Cph8

p sinupcosup

mh8
2

2mp
2 D . ~B1!

The scalar contributions@Figs. 2~a!, ~b!, ~c!, and~d!# are

Mscalar
a 52 i

2Cph
h gspp

2

mp
2 2mh

2

~p•p1!~p2•p3!

ms
21~p2p1!2 1~s→ f 0!,

Mscalar
b 52 iA2S 2Cph

p gsppgshh

mh
22mp

2 1
Cph8

p gsppgshh8

mh8
2

2mp
2 D ~p•p1!~p2•p3!

ms
21~p2p1!2 1~s→ f 0!,

Mscalar
c 52 i S Cph

p gaph
2

mh
22mp

2 1
Cph8

p gaphgaph8

mh8
2

2mp
2 D ~p•p3!~p1•p2!

ma0

2 1~p2p3!2 1~p2↔p3!,

Mscalar
d 52 iA2Aasgaphgspp

~p•p1!~p2•p3!

@ma0

2 1~p2p3!2#@ms
21~p2p1!2#

1~s→ f 0!. ~B2!

The r contributions are
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M r
a5 i

mr
4Cph

h

2g̃2Fpp
4 ~mp

2 2mh
2 !

p•p11p1•p32p•p22p2•p3

mr
21~p2p3!2 1~p2↔p3!,

M r
b5 i

4a2y cosupgrpp

g̃Fpp
2

p2•~p32p1!

mr
21~p2p2!2

1~p2↔p3!. ~B3!

The two point vertices are

Cph
p 52

8y cosup d8

Fpp
2

2
64y l82cosup

Fpp
2 1

4yap cosupmp
2

g̃2Fpp
2

,

Cph
h 52

8ycosupd8

Fpp
2

2
64yl82 cosup

Fpp
2 1

4yap cosupmh
2

g̃2Fpp
2

,

Cph8
p

52
8y sin upd8

Fpp
2

2
64yl82 sin up

Fpp
2 1

4yap sin upmp
2

g̃2Fpp
2

,

Cph8
h8 52

8y sin upd8

Fpp
2

2
64yl82 sin up

Fpp
2 1

4yap sin upmh8
2

g̃2Fpp
2

,

Aas52y~b1d!sin us2A2yd cosus ,

Aa f522y~b1d!cosus2A2yd sin us . ~B4!

Notice that the superscript onC indicates which of the two particles involved in theDI 51 transition is on-shell; this only
affects theap term which has derivative coupling.

It is not difficult to verify that theh8→p0p1p2 amplitude may be gotten from the one above by simply making
interchanges

h↔h8, cosup↔sin up , ~B5!

everywhere in Eqs.~B1!–~B3!. This should not be done in Eqs.~B4! since changing, for example,Cph
p to Cph8

p accomplishes
the desired result automatically.
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