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We study the role of a possible nonet of light scalar mesons in the still interegtingm decay process,
with the primary motivation of learning more about the scalars themselves. The framework is a conventional
nonlinear chiral Lagrangian of pseudoscalars and vectors, extended to include the scalars. The parameters
involving the scalars were previously obtained to fit theave w7 and wK scatterings in the region up to
about 1 GeV as well as the strong decay— nm. At first, one might expect a large enhancement from
diagrams including a light-(560). However there is an amusing cancellation mechanism which prevents this
from occurring. In the simplest model there is an enhancement of about 13 percentjin-tBe decay rate
due to the scalars. In a more complicated model which includes derivative type symmetry breakers, the
cancellation is modified and the scalars contribute about 30 percent of the total dec@fthategh the total
is not significantly changgdThe vectors do not contribute much. Our model produces a reasonable estimate
for the relateday(980)—f,(980) mixing strength, which has been a topic of current interest. Promising
directions for future work along the present line are suggested.
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[. INTRODUCTION the scalars so it is natural to keep them rather than integrat-

ing them out. Also there is the possibility that a light scalar

There has been a revival of interest recertly in the [such as thes(560)] might give an enhancement due to
possible existence of a broad scalar meggsigmag with a  closeness of its propagator to the pfdee for instance Feyn-
mass in the 560 MeV region and its corresponding noneman diagrams likéa) and (b) of Fig. 2]. Another reason for

partners. A large number of worke8—28| have found evi- including light scalars explicitly is to become more familiar
dence for the sigma in models afr scattering even though With the isospin violatingo(980)— f(980) transition which

it is partially obscured by the background. Generally thisShould play a role in they— 37 decay and has also recently

state is considered to be of an exotic nat(rere compli- been postulatef30] to provide an explanation for observa-
— . tions of anomalously large,(980) central production and

cated thanqq) and hence an important clue to the under-

. s . .~ the largel'(¢p—foy)/T'(¢p—ayy) ratio. However, as dis-
st_an_dmg of QCD in its low energy nonpertu_rbatlve redIMe. o ssed in31] and[32], the interesting result ¢B80] does not
Similarly, analyses ofr7r, mK and 7 scattering have pro-

! ! ) e take into account a large suppression of the effect by the
vided evidence for the existence of the remaining memberg g erg resonance width. Thus, the only way to achieve such
of a possible light scalar nonet: the theay(980) and the 5 |5rge effect would be to postulate an extremely large intrin-
f5(980). In fact, the latter two states have been well estabgjc ao— fo mixing term in the Lagrangian. The work of the
lished experimentally for some time. Of course, the treatpresent paper does not lead to such an extremely large intrin-
ment of such strongly interacting processes is inevitablysic a,— f, mixing. Still another reason for the interest in the
model dependent and there are a number of different opireffects of the scalars ip— 3 is to provide an orientation
ions as to the correct approalch. Thus it is of great interest  for the discussion of the apparently puzzling— 3 decays

to see whether treatments of the role of scalars in other prdn which light scalar mesons can be reasonably expected to
cesses using the same models employed in the scatterimgwe very large effects. We will give only a preliminary dis-
processes above give consistency with experiment. cussion of this process here.

From this point of view we will study the role of possible  In Sec. Il we give a brief historical outline of treatments
light scalars in the interesting— 37 decay. Typically this of »—3x decay based on chiral symmetry. A number of
process has been treated by chiral perturbation tH@®lyin  well known ambiguities in the analysis are briefly described.
which the possible effects of the scalars have been amalgam- Our calculation is based on the tree level treatment of a
ated into effective contact interactions among the pseudoscahiral Lagrangian containing pseudoscalars, vectors and a
lars. This is probably the most effective way to study #he postulated nonet of light scalars. Since the calculation is
—3m decay. However, our goal here is to learn more abousomewhat complicated, it seems to us helpful to present the
results in a series of steps. First, in Sec. Ill we give the
results of using a Lagrangian containing only pseudoscalars

*Email address: abdou@physics.syr.edu with minimal symmetry breaking terms.

TEmail address: dblack@jlab.org To this Lagrangian we add, in Sec. |V, the scalar mesons.
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$Email address: schechte@physics.syr.edu large but there is a lot of cancellation so that the net effect is
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not at all dominant. However the scalars do, as desired, inafter more precise experiments, the ratio of the rates for
crease the predicted decay rate in a noticeable way. Next, the™ 7~ 7° to 37° modes stabilized around the value expected
effect of adding some derivative type symmetry breakers fofrom isospin invariance. On the other hand, the absolute rate
the pseudoscalars is described in Sec. V. This does not mudtas only recently stabilized to a value notably larger than that
change the overall rate but modifies the somewhat delicatpredicted by theory. The theory behind the current algebra
cancellations so that the scalars end up making a larger peresults could be economically presented in the framework of
centage contribution than before. In low energy calculationsan effective chiral Lagrangian. For most low energy pro-
of this sort one always may expect some contributions frontesses where the scheme could be expected to work, the tree
the vector mesons. This is discussed in Sec. VI where it isevel computation did produce results within 25% or so of
shown that, although there is a new type of diagram theexperiment. Thus the relatively poor prediction for
vectors do not produce a big change in the previous results;— 37 at the tree level is somewhat surprising.

Section VII contains a discussion of the results and direc- An improvement was obtained by Gasser and Leutwyler
tions for further work. For the convenience of readers, maf29] who carried the computation of the chiral Lagrangian
terial describing the chiral Lagrangian used is brought to-amplitude to one loop level. Since the nonlinear chiral La-
gether in Appendix A. Similarly the detailed expression forgrangian is nonrenormalizable, this required the addition of
the decay amplitude is given in Appendix B. new counterterms. Their finite parts were new parameters

which could be mostly determined from other processes.
Il. HISTORICAL BACKGROUND ON THE 7—3x DECAY  They obtained the resulf’(y— "7~ 7% =160+50 eV
which may be compared with the present experimental value

The study of»—3m has turned out to be surprisingly [38] T'(y—n 7 = )ext 267+ 25 eV. The extra effects
complicated and correspondingly important for understandincluded involve both the implicitly integrated-out heavier
ing the nonperturbativdow energy structure of QCD. Chi-  meson exchanges and partial unitarization to one loop order.
ral dynamics in various forms has been the basic tool. Sincene might expect a two loop calculation in the chiral pertur-
the process violateS parity it was initially assumed to be of pation scheme to be valuable but this may involve too many
electromagnetic nature, mediated by an effective phOtOﬂ eXanknown parameters at the present Stage_ A dispersion ap-
change operator proportional to the product of two electroproach using the Gasser-Leutwyler result as a subtraction
magnetic currents. The old current algebra” approach ha(gave an improved estimatf39] I'(n— a7~ 7°) =209
previously predicted thi; — 7" 7~ 7° spectrum shapk83] =20 eV, which still seems too small.

to be A possible source of ambiguity arises from the determi-
nation of the coefficient of the driving scalar density interac-
1 2Eo tion in Eq. (2). This is determined from th&°—K™ mass
-—, (1) ) .
m difference, which in turn has two components
wherem is theK, mass and, the energy of ther® in the m?(K®) —m?(K*)=[m*(K°) = m*(K*)]qyark mass
K, rest frame. This shape, which is in reasonable agreement +[m2(K°)—m2(K+)]y, 3)

with experiment, resulted from the vanishing commutator of

the axial charge transforming likeq" with the appropriate  corresponding to the quark mass differences and the virtual
product of two weak currents. When Sutherlaf8#] re-  photon emission and reabsorption diagrams respectively. The
peated this type of calculation fop— 77~ 7° with the |atter is given in the chiral limit bym?(7°)—m?(7*) ac-
product of two electromagnetic currents he found that theording to Dashen’s theoref®0] and the reasonable as-
decay amplitude was actually zeftw this leading order  sumption that the photon contribution saturates the pion
Thus then— 37 decay did not seem to be mediated by amass difference. A number of authd#sl] have argued that
virtual photon emission and reabsorption. In fact, it wasthere are important corrections to Dashen’s theorem which
found[35] that a quark scalar density operator with thé  have the effect of boosting the— 37 decay rate.

=1 property proportional to If one questions Dashen’s theorem it is natural to also
I question Sutherland’s result, which deals with the direct elec-
uu—dd (20 tromagnetic contribution tg— 3. An investigation of this

point yielded[42] the estimate that there was only about a
would give a nonzero result for the decay rate. A more de2% change arising from this, although it decreased rather
tailed treatmenf36] showed that the quark density operator than raised the rate.
gave the same spectrum fgr— 7" 7~ #° as in Eq.(1) with Still another point which may repay further investigation
m the » mass in this case. Such a result is in fairly goodconcerns the possible subtleties arising frgm %’ mixing.
agreement with experiment. The scalar density interaction irAn understanding of they’ —3# process, for example,
Eq. (2) was recognizedi37] to be the fundamental up-down might clarify this point. This process has been treated by
quark mass difference generated by the Higgs boson in theome authorf43,44] in the literature but has received only a
electroweak theory. fraction of the attention given tg— 3.

However, the predicted rates of the— =" 7~ 7° and 5 In the present paper we will focus on learning more about
—37° modes(both the ratios and the absolute valuda  the putative nonet of light scalar mesons by studying their
not agree well with experiment at that time. Some years lateontribution ton— 3.
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° r° Then Eq.(5) agrees with Eq(1.14) of [29] except that they
n + n x° + neglectedn— 7" mixing by replacing cog,— 1/y/3 in what
T - T was denoted the current algebra formula. The matrix element
- - for »— 37 is given in general by
Mooo=Mo, _(E1,E»,E3)+My, (Ey,EqE
@ ®) 000= Mo+ - (E1,E2,E3) + Mo, —(Ez,Eq,Ea)
+Mo; (E3z,Ez,Eyq). (8
0
, T The widths are then, defining,, _=T'(p— =" 7 «° and
n “)/ nt Too=T (7—37):
a r ! f dE,dE,|Mq., |
_=——| dE{dE;|M¢y, _|%,
© 0+ 64773m,7 102 Mo+
FIG. 1. Feynman diagrams representing the pseudoscalar meson 1
St ot -0
contribution to the decayy— w7 7. T o00= - deldE2|M000|2_ 9)
3847°m,,

. CHIRAL SYMMETRY RESULTS TO LOWEST ORDER Using £, o, with parameters determined as described

For comparison, we first present the well-known results2bove, we get the tree-level resultsom the first terms in
when only the terms present in the lowest order chiral La£ach ofMyr;cin Egs.(B1)]:
grangian of pseudoscalars are kept:

Iy, =106 eV,
F’ZTT Ug,UNH+6'T u+uf r
Lio=— B r(a,ua,u')+ MTMU+U"] - 000 _ 1.40. (10)
0+—
+L n2 detU 4 These may be compared with the experimental results
: 4
576" |\ detu' [38]
where the last ternjsee Eqg.(A14) and comments thete (Lot —)exp=267=25 eV,
supplies mass to the $8) singlet state and\ is defined in
Eq. (Al1l). Fitting £, o to the experimental masses deter- I"000 _
mines 8’ =F2m?2/8. Tor ). 1.40+0.01, (11)

+ expt

The »— " 7=~ #° amplitude receives, in this approxima-
tion, contributions from diagram&), (b) and(c) of Fig. 1,  which demonstrate the disagreement with experiment for the
which are given in Eq(B1) (with the non leading corrections overall rates in the simplest model. However the width ratio
deleted. To a reasonable approximation which displays thehas about the correct magnitude. The related energy spec-
key dependences these sum up to the lowest order result fgium is also about the correct magnitude. The squared matrix
the »— " 7~ 7% amplitude element is usually described by quantitees andc defined

from
Mo+ —(Es1,Ez,E )~M0050 1 E) (5) Mgy _|?=(1+aY+bY?+cX?...) (12)
0+—-\t1,2,3 F4 p m . 0+ — e ),

T 7

with  X=[3/(m,—3m,)](E,—E3) and Y=[3/(m,
Here E; is the 0 energy in they restframe andy is the -3m,)](E;—m,)—1. In the present paper we shall not
dimensionless parameter in EGAL11) which measures the take into account thénot completely negligiblekinematic
isospin violation in the quark mass matrix. Assuming Dash-z%— 7+ mass difference. Se@9] for a discussion of this

en’s theorem, Eq(4) yields point. The predictions from this simple model=—1 and
5 ) X 5 b~0.25 are similar to the experimental resUld] aq,—=
86'y=— F2(Mgo— Mg, —M o+ m?.), (6)  —1.19+0.07 andbe,,=0.19+0.11 withc=0.

It is of some interest to also give the predictions for the
which allows us to solve fory. Furthermored, is the »'—3m decay process at tree level using the simple La-
“nonstrange-strange” pseudoscalar mixing angle defined irgrangian Eq.(4). It just is necessarysee Appendix B to
Eqg. (A15); it is generally taken to be about 37°. It is related replace cog, by sin¢, andm, by m,, in Eq. (5) to get for

to the “octet-singlet” angle g by the »' — 7%z 7~ matrix element:
cosf— /2 sin6 , 166"y 2E;
Cosgp:—\/—_ @ Mo —(Eq,Ep Eg)~—— smep<1—— . (13
J3 Fo m,,
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This leads to the predictions for thg modes:
Iy, =497 eV,
['h0o="562 eV. (14)
The experimental results are given[&§]

(Toy Dexpr<10* eV,

(T o0 expi= 31556 eV. (15)

Only the 37° mode has really been measured:; its width is © n0 @
smaller than predicted in the simple model just presented.

One would, of course, expect better agreement for the low FIG. 2. Feynman diagrams representing the scalar meson con-
energy procesg— 3 for which chiral perturbation theory tributions to the decayy— " 7~ .

should be more clearly reliable. In the present paper we shall

just make a few remarks on this more complicated processtion properties ofN2. This does not distinguish different

It may also be worthwhile to give a rough estimate of thequark substructures. What is sensitive to the quark substruc-
corrections to the rates corresponding to violations of Dashtyre is the scalar mixing angl@,, defined from
en’s theorem mentioned earlier. If we parameterize the elec-

tromagnetic contribution to th ¥ —K° mass difference as NS
5 ) ’ ) o cosfs —sinbg 1
M o—m =f(m>o—m-,), 16 =| . N;+N3 | . 18
( KO K+)y ( w0 77+) ( ) (fo) (Slnas COS&S 1 2 ( )
wheref=1 corresponds to Dashen’s theorem, we would find V2

by using Eq.(3) that then, ' — 37 rates predicted foL, 5

should be multiplied by Small values ofgs would typify a dual ideal nonet whilg|

aboutr/2 would typify a conventional nonet. Fitting ther

) : : : ,

(Mo~ m§+)— f(mio— m2.) and 7K scattering amplitudes, including the eﬁects ofothese
> 5 5 3 _ (17)  scalar resonances, selefi$] the small valueg= —20.3°.

(Migo—Mie+) = (M_o— M) The scalar nonet mass terms in Appendix A are specified

. by the four parametersa(b,c,d). The needed chiral invari-
For f~2, which was actually found many years d¢6] the  ant scalar-pseudoscalar-pseudoscaiaip-type couplings
correction factor is about 1.54 and would giM&y,_  are specified by the parametess,B,C,D) and the mixing

~163 eV. This corresponds to the overall factoraking the  angle,. These were all determined from fitting tor scat-
value —0.33 while the Dashen’s theorem value used to Ob‘tering, K Scattering and the Strong decay_) N,

tain Eqgs.(10) and(14) is y=—0.277. Actually there is reason to beliejd8] that the scalars
may be best understood as mixtures of a lighter dual nonet
IV. INCLUDING LIGHT SCALAR MESON INTERACTIONS and a heavier ordinary nonet. From that point of view, which

will be explored more fully in the future, the present single
nonet, Nj should be regarded as an approximation to the
situation where the heaviéafter mixing particles have been
integrated out.

The Feynman diagrams for the scalar contributions;to
— "7~ % are shown in Fig. 2. Notice that the diagram in
(d) involves neway— o andagy— fq isospin violating transi-
tions rather than ther®— 7 and #°— 7’ transitions which
blay an important role in the other diagrams. Their strengths
A, and A, (see Appendix Bwere determined simply by

an ideal nonet likep—w—K* —¢ one would expect the in : : S : .
cluding the effects of isospin violation contained in the
roughly degenerata,(980) andf(980) to be lowest rather spurion matrixM in the b andd scalar mass terms. There-

than h!ghggt N Mass. Acg“_a"y th“e- masses are beEter undefrdre, this does not introduce any new parameters. Actually,
stood intuitively [47] if N3 is an “ideal dual nonet” con-

7 i the possibility of such contributions was suggested a long
structed a®,Q" with Q,~ €,,°q°; g, being the ordinary time ago[43] as a possible solution of the— 3 width
quark. Then the observed inverted mass ordering is easilgroblem. Recently a relatively largg— f, mixing has been
seen to follow just from counting the number of strangesuggested30] as a way of understanding both anomalously
quarks inNj. It is important to note that the form of the large a, central production and the larde(¢— foy)/T'(p
couplings ong to the particles of the nonlinear chiral La- —agy) ratio. However criticisms of this explanation have
grangian being used depend only on the flavor transformaalso been present¢dl]. Clearly it may be useful for studies

Now we will study what effects the inclusion of a nonet of
light scalar mesons will have on thg— 37 calculation. We
designate the scalar nonet by the<3 matrix Ng whose
interactions are also listed in Appendix Al.is assumed to
contain the well-establishedy(980) isoscalar and the
a,(980) isovector as well as the(560) and the strange
«(900). Of these only the(900) will not contribute ton

has been the subject of much discusdibna2§]. If this were
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FIG. 3. Feynman diagrams representing theneson contribu- ~ -0.05 | ?98 1
tions to the decayy— m* 7~ 7°. i P
of processes other thap— 3 to give the coefficients of the 01 ¢ ]
scalar isospin violating two point Lagrangian,
_015 :_ 3
L£=A,,a00+Ayadfo, (19) g P’
determined consistently with the— 37 calculation. Using ook . . s s
the parameters from EqA21) in Eq. (B4) we find A, @ 0.137 0-157E1G y 0177 0.197 0.217
=0.017¢ Ge\?, A,;=0.0234 Ge\?, wherey is the quark ®
mass ratio n,—my)/(m,+my). Notice thaty (which is

negative is an overall factor for theg— 37 amplitude in the —0.05 F ' ' ' '

present model.

We would like to discuss the effects of the scalars when
added to the more realistic Lagrangian presented in Appen:
dix A which contains both pseudoscalars and vectsee N
Fig. 3 for the vector diagramsThis Lagrangian contains
additional symmetry breaking term& and\ ") to account _
for the ratio of pseudoscalar decay constaRis/F .. being 015 E
different from unity as well as a number of terms describing ;
the properties of the vector mesons. Of course, the vectol
mesons play an important role in low energy processes. _
Since there are many terms it seems useful to add these ne _g» [
features one at a time. Thus in the present section we will
consider just the minimal pseudoscalar Lagrangian, [Eq.

(4)], to be present in addition to the scalars. Furthermore, it i
is instructive to look at the contributions to the amplitude -0.25 t ' - ' '
from different diagrams in order to see how they combine to b 0.137 0.157 0177 0.197 0.217
give the predicted totah— 7"~ #° width. In Sec. ll we E1 GeV

reviewed the leading order calculation of the FiG. 4. Plot of different contributions to the leading order
n— 3= amplitude which gives the result(p— 7" 7~ 7°) — a7~ 7% amplitude as a function of the energy of the neutral
=106 eV in the Dashen’s theorem limit. In Fig. 4 we show pion. In (a) the solid line corresponds to the direct four-point
how the individual contributions of the diagrams in Fig. 1 isospin-violating »=* 7~ #° vertex of Fig. la. The energy-
combine to give the leading order amplitude. The magnitudelependent dotted line is due to apr® transition followed by a
of the »— 7% and ' — #° transition coefficient§Eq. (B4) four-pion contact vertexFig. 1b. The dashed line is the small

with ap:)\':(), so independent of which state is on-shell contribution due to Fig. (t) (with both » and »" included in the
are(in Ge\?): final line). In (b) we show the total leading order amplitude, which

is the sum of Figs. la—1c.

0.1

C.,~0.0042, C, ~0.0031. (20

Three of the twelve scalar diagrams in Fig. 2 can be seekigs. 4a) and 2b) have opposite signs, as expected—their
to be larger(by at least an order of magnitudehan all the  structure is roughly similar except the propagators have a
rest. These are the three diagrams involving the lightest ofelative minus sign. We note also that the new isospin vio-
the scalar mesonss, and are contained in Figs(&, 2(b) lating diagram, involving am,— o transition, turns out not
and Zd). For the case of Fig. (B) the graph with any  to lead to dramatically larger contributions than the other
— 0 transition dominates that with an’ transition because diagrams. The cancellation between different diagrams in-
the latter is suppressed by ttegjuare ofthe ' mass in the volving the sigma means that the total scalar contribution to
denominator of the propagator and also the smallness of thée n— 7" 7~ #° width is smaller than might be expected
associated coupling constants or transition coefficients. land in fact arises mainly from treg exchanges in Fig.(®).
Fig. 5 we present the— 7" 7~ 7° amplitudes arising from Comparing Fig. 8) with Fig. 4(b) shows that the net scalar
the three diagrams just mentioned and notice that they cancebntribution does enhance the overall> =" 7~ 70 rate.
almost completely. In particular the exchange diagrams in Specifically, including the scalar contributions with the pseu-
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0.1 . . . . whereX stands foro, fy or ag. Thel'y are given in Appen-

dix A. These replacements modify the result g, _
=120 eV, a 13 percent increase relative to the leading order
result. The width effect is mainly due to tle propagator.

We may note that the improvement due to the scalars is
consistent with the lower values of the prediction, 160
+50 eV obtained from the next order of chiral perturbation
theory in Ref[29]. The numerical amount of suppression of
the scalar contribution to the decay rate from cancellation of
figures(a) and(b) of Fig. 2 is due to the fitted values ¢f, . .
and vy,,, given in Eq.(A22). If we wanted to raise the
predicted rate to about 150 €gtill keeping Dashen'’s theo-
rem in the evaluation of) it would be necessary to raise
Yoy, 10 @bout 10.

0.05

—0.08 57 0157 0177 0197 0217 V. EFFECTS OF HIGHER ORDER PSEUDOSCALAR
(a) E1 GeV SYMMETRY BREAKERS

So far we have worked only with the leading order chiral
,,,,,,,,,,, Lagrangian of pseudoscalars and scalars and obtgindid-
sab%s\/g\‘“a;ei””’ ear order iny=—(myg—m,)/(myg+m,)] isospin-breaking
- amplitudes proportional té’',b andd in Eq. (A13) of Ap-
pendix A. In order to better fit the properties of the pseudo-
—0.005 - scalar mesons we consider, as mentioned above, the higher-
order symmetry breaking terms in EqA13) with
coefficientsa, and\’. The numerical values of these pa-
rameters are obtained in Sec. IV of Appendix A, based on an
overall fitting of pseudoscalar meson properties.
—001 L i Next we examine the effects of these two new symmetry
S total breaking terms on our previous calc_ulat|on._ It _W|Il_be seen
s that these effects include an interesting redistribution of the
contributions from the scalar and pseudoscalar diagrams to
the total amplitude. First, the contact diagram Figg) Will
0,015 , , , , receive corrections due to the, and A’ terms[see Eq.
T 0137 0.157 0.177 0.197 0.217 (BD]. This results in some energy dependence siage
() E1 GeV gives a four-point derivative coupling. More importantly, the
n—=° and ' — 70 transition coefficients relevant fop
— 37 now depend on which particle is on-shell and are nu-
merically (in GeV?):

FIG. 5. Scalar meson contributions to the- 7" 7~ w° ampli-
tude as a function of the energy of the. In (a) we show the
individually largest contributions—the solid line corresponds to
Fig. 2(a) with o exchange, the dotted line corresponds to Fif) 2
with o exchange and they-#° transition while the dashed line
corresponds to Fig. (8) involving the new isospin violating,

— ¢ transition. In(b) we show the total amplitude due to the scalar C:,,/ ~—-0.0113. (22)

mesons alone. The solid line is due to all of the diagrams in Fig. 2

(for the sample valu&,=m,) and the dashed line is the sum of the SinceC7, is now considerably suppressed in magnitude, the

three largest amplitudes plotted (@ and discussed in the text. Feynman amplitude for Fig.(lt) is now suppressed, while
C, and the amplitude for Fig.(&) remain about the same.

doscalar Lagrangiaf, , has increasell,, _ by 16 percent These results, due to only pseudoscalars, are summarized in
from 106 eV to 124 eV. The ratib yo/T o, - is essentially Fig. 6 which may be compared with Fig. 4. The net result is
unchanged. that the totaly— 7" 7~ #° amplitude(shown in the second
Actually, the calculations above have neglected the finitef Fig. 6) due to pseudoscalar mesons is reduced compared
widths of the o, f, and a, particles. We take these into with the leading order result. The pseudoscalars themselves

account by making the replacements in the corresponding®W 9ivel'o. =81 eV rather than 106 eV, as in Sec. IV.
propagatorgsee Eq.(B2)]: However, for the diagrams involving scalar mesons the

effect of higher order symmetry breaking is even more im-
portant. As we noted above, the scalar meson contribution to

C7,~-0.00583, CT, ~-0.015Y

1 1 n— o 70 was rather small as the main diagrams tended
T 3 , (21)  to cancel. When we include the, and\’ corrections to the
mx+a®  mi+gt—imyl'y n transition this cancellation will not be so complete. Spe-
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(a) E1 GeV
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-0.1r ]
I 5\0@
015 | < ] ;
0.3 F ]
_0'3 1.37 01'57 0 1'77 o1|97 02'17 0.4 ; ' ' ' '
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{b) E1GeV
(b) E1 GeV

FIG. 6. (a): Contributions due to pseudoscalar mesons alone,
taking into account higher order symmetry breaking effects encodeg_
in ap, and\’. Compare with the first of Figs. 4b): Total amplitude 1a
due to pseudoscalar mesons alone, taking into accepir@nd A’
terms[compare with Fig. ®)].

FIG. 7. (a): Contributions due to the three largest scalar meson
grams, taking into account higher order symmetry breaking ef-
fects encoded imr, and\’. Compare with the first of Figs. §b):

Total amplitude due to pseudoscalar and scalar mesons, taking into
accounta, and\’ terms[compare with Fig. @)].

cifically, comparing Eqs(20) and(22) we see that the mag-

nitude of the amplitude for Fig.(8), where thep— #° tran-  due to the scalar meson diagrams. Since this is the case the
sition occurs with an on-shej, will be reduced by a factor damping effect of the sigma width will be more prominent;

of approximately four, while that of Fig.(B), where they in fact it reduces the predicted rate to 103.6 eV in the Dash-
— % transition has an on-shell pion, will remain about the€n’s theorem limit.

same relative to our result in Sec. IV. Figur&d@will be It may be of interest to see how the detailed pattern just
unchanged. There will now be a non-negligible contributiondescribed depends on the precise value of the quark mass
from the scalar mesons. It will be more negative in siie~ ratio x and, as explained in Sec. IV of Appendix A, corre-
contribution from Fig. 2a) is positive, but now smaller in spondingly on the crucial isospin violating quark mass ratio
magnitudé and will add “constructively” to the pseudo- Y- This is shown for the predicted value Bp, — in Table I.
scalar diagrams in Fig. 1 and so increase our prediction for
I'(p— «%7" 7). This is shown in Fig. 7. Adding all of the
pseudoscalar and scalar diagrams in Fig. 1 and Fig. 2 with
the inclusion of the symmetry breaking effects duexfoand It is well known that the inclusion of vector mesons is
N we get:I'(n— w%m"77)=119.6 eV. This is essentially important for a realistic discussion of low energy chiral dy-
the same as the result in Sec. IV but now a larger portion isiamics. For example, in the chiral perturbation scheme, most

VI. INCLUDING VECTORS IN THE CALCULATION
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TABLE I. T'(p—«"w =P for different values ok andy de- TABLE Il. I'(p— %7 "7 ~) andI'(— 3x°) for different val-
fined after Eq(A11). The second column applies to the case of onlyues ofx,y. In the third column pseudoscalars and vectors are both
pseudoscalars present while the third includes scalars too. The gbresent. In the fourth and fifth column pseudoscalars, vectors and
fect of taking nonzero scalar widths into account is shown in thescalars all presenvithout and with the effect of the scalar meson
last column. Dashen’s theorem is assumed in order to extract  widths).

ps+sc. ps+sc. ps+sc. ps+sc.
(zero scalar  (nonzero scalar +vec. +vec.
X,y ps. only widths) widths) X,y decay mode ps:vec. (no width (width included
20.5-0.202 63.7 eV 95.9 eV 82.2 eV 20.5-0.202 o+ — 64.4eV  96.6 eV 82.8 eV
23,-0.241 70.7 eV 106.0 eV 91.4 eV 000 929 eV 1394 eV 118.9 eV
25.1-0.277 80.2 eV 119.6 eV 103.6 eV 23,—-0.241 O+ — 71.9eV 1074 eV 92.5 eV
000 1019 eV 1529 eV 131.1 eV
25.1-0.277 O+ — 82 eV 121.7 eV 105.4 eV

of the finite pieces of the counterterms can be explained by
integrating out various vector contributiorjg9]. In our
present approach, of course, we are keeping the resonances,
rather than integrating them out, in order to learn more abo
the scalars.

First, the vector mesons contribute to the- 7" 7~ 7°

000 1145eV 1713 eV 147.7 eV

uélgain that the scalars make a non negligible contribution to
the total amplitude.

: . : o Finally it is interesting to display the energy spectrum
a_lmphtude corresp_ondmg to F'g@’ which is just a_correac- parametersa,b and c defined in Eq.(12) for the various
tion to ma scattering. Its value given by the amplitudé,,  ,qels we have examined. These are given in Table 11l and
in Eq. (B3) is easily seen to be comparatively large. Howeverg o seen to be reasonable. T measures the fit of our

the fourth term of thel(3), X U(3)g invariant Lagrangian  jogel to the spectrum shape assumed in(E). and seems
Eqg. (A10) gives, in addition to themr vertex a four pion {5 pe small.

contact ternfincluded inMg,ac:in EQ. (B1)]. Actually this
contact term cancels most of the contribution from the
p-exchange diagram in Fig.(®. This is well known from
chiral treatments ofrar scattering: when the is added to We studied the role of a possible nonet of light scalar
the Lagrangian, chiral symmetry requires a contact termmesons in the still interestingg— 37 decay process. Our
which cancels most of the contribution near threshold, motivation was primarily to learn more about the scalars
thereby maintaining the current algebra threshold result. themselves. The framework is a conventional nonlinear chi-
However, the situation is actually a bit more complicatedral Lagrangian of pseudoscalars and vectors, extended to in-
since the process of obtaining an adequate fit to the propeclude scalargthe Lagrangian is described in Appendiy. A
ties of both the vectors and pseudoscal&@] requires a The parameters involving the scalars were previously ob-
number of additional symmetry breaking terms shown in Eqtained to fit theswave 77 and wK scattering in the region
(A13) of Appendix A. As well as the symmetry breaking up to about 1 GeV as well as the strong deegy— nmr.
terms we have already discussed involving the pseudoscalafs initial concern is whether the model as it stands, contain-
alone, there are, in particular, two new terms, measured bing essentially no undetermined main parameftepsto pos-
the coefficientsy, anda_ . It turns out that their effects are sible uncertainties in the quark mass rats 2mg/(m,
very minor. They include an additional contribution to the +mgy) andy=(m,—mg)/(my+my)], does not make they
4-point isospin violatingy ™ 7~ 7° vertex due to thew_ — 37 amplitude too large.
term, corrections to the 4-pion vertex in FigbLdue to both In particular, ther(560) exchange diagranta) and(b) of
a, and @_ and an additional diagram, shown in FighB  Fig. 2 might lead to a great deal of enhancement due to the
which contains a nevG-parity (and isospin violating p 7 possibility of thea(560)’s momentum being close to mass
vertex [the amplitude for this is given amf; in Eq. (B3)].
Note that there exists @ — w mixing transition, which is the TABLE lll. Fits of the energy dependence of the normalized
analog of ther®— 7 and aJ—f, mixing transitions, but it ~(charged decay amplitude for— m°m @ to the form|[Mo, _|?
does not contribute tg— 37 at the tree level. =1+aY+ bY“+cX?. The first line corresponds to resglt gt Ieadmg
The decay widths with inclusion of vectors are tabulatedﬁ_rder with pseudoscalar mesons only. T_he second with inclusion of
in Table Il for the same values afy used in the last section. 'gher order symmetry breakers, the third when s.calar mesons are
- - added and the final line when vector mesons are included as well.
In this table the neutral modes are also included. Further-
more, the effect of both the scalar afattually negligible

VII. DISCUSSION

2
vector widths are included too. We see that, as expected from a b ¢ X
our discussion above, the vectors do not change the overaglkeudoscala(sO) —1.11 0.31 0 5&10°
predictions compared to the last column of Table | verypseudoscalars -096 023 0 1x%10*
much but they do give a little enhancement. This is also cleagseudoscalarsscalars —0.93 0.22 —0.01 3.3x10°*

by comparing the pseudoscalangectors column of Table Il pseudoscalarsscalars-vectors —1.09 0.26 0.033 58103
with the pseudoscalars only column of Table I. It is seen
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shell. However this turns out not to be the case. In our initialmatrix M in Eq. (A11), determined from the pseudoscalar
calculation where the scalars are added to the minimal mOd%ctor and the Coefﬁcienta;b,C andd of the scalar meson

of pseudoscalars given in EG#), Fig. 5@ shows that these mass termgsee Eqs(A10) and (A13)] determined from the
two diagrams, though not individually small, tend to cancelisospin conserving sector of the scalars. However as one can
each other. This partial cancellation occurs becausenthe o from Figs. &) and 7Ta), the contribution toy— 37 due

7" transition leads to qpposne signs v_vhen tl_7e|s on 1o theay— o transition is not very large, although it has the
mass shell and when the® is on mass sheliin the first case Tright sign to boost the decay rate

0 .
we have ar” propagator carrying the momentum squared o The method just described also evaluates the strength of

an on-shelly while in the second case, the reverse hplifs the ay(980)—f,(980) transition. For convenience this is

addition, the enhancement due to the sigma propagator IS S
further suppressed by the inclusion of an imaginary piece?ll_'r\]/.ent afte_rt.Eq.(th),t\)/v here the overr]a‘!! f?ﬁtoy IS djysplayetcli.
needed to satisfy unitarity in the scattering calculation. The IS transition has been very much 1in the news:recently as

net result is that the effect of including scalars in the minimal® proposed[30] explanatlon for the large observeld(¢
pseudoscalar Lagrangian, Eé) is to increase the width for —fo¥)/T'(¢—ao7) ratio and the anomalously strora,
n— "7 7° decay by about 13 percent. This relatively central prodgcuon. Howe_ve_r criticisms of this exp_Ia_matlon
small, due to cancellation, increase illustrates the difficultynave been givefB1,32, pointing out that the,—f, mixing
of finding dramatic “smoking gun” evidence for the exis- €xpected from a transition strength like the one determined
tence of a light sigma. In the scattering calculation a lightabove is insufficient to give a large effect. Intuitively, be-
sigma appeargsee for examplg13]) obscured by a large cause of the near degeneracy of #€980) andf,(980) as
background and does not have a simple Breit Wigner shapavell as the similarity of their widths, one might expect the
It is amusing to note the effect of higher derivative termsmixing to be very large. But the mixing amplitude is gov-
in the Lagrangian of pseudoscaldeee Sec. V for details  erned by a dimensionless factok,;/(m,I',) [see for ex-
The higher derivative terms allow one to conveniently imple-ample Eq.(12) of [32]] which is suppressed by the scalar
ment at tree level the fact that the ratio of the pseudoscalaheson width[",.
decay constant§,/F ., is somewhat greater than unity.  |n Sec. Il we discussed the current comparison between
With these terms the important® transition vertex has a theory and experiment for the— 7%« * 7~ width. The ex-
r_noment_um dependent pie_cg. Together with a needed mo%‘erimental width[38] is Ty, _ =267+ 25 eV. This may be
fication in the parameter fittingsee part 4 of Appendix A compared with the one loop chiral perturbation theory result
this reduces th(_a contribution of the psggdo_scalars to?he [29] of 160+50 eV. More recent attempf89] to estimate
—3m decay width. However the modification of the final state interaction effect outside of the chiral perturbation

— 7 transition noticeably upsets the cancellation between thﬁweory approach have increased this somewhat to 209
two sigma exchange diagrams & and (b) of Fig. 2. The +20 eV. It seems to us that the thirty per cent contribution

net result is that, while the total prediction for the->3m of the scalars compared to the pseudoscalars we have found
decay width remains about the same, now about thirty per- b ne p . .
cent of the value is contributed by the scalars. should probably not be considered on top of this latter figure.

The vector meson contribution, discussed in Sec. VI, aC:I'hat is because a good portion of the increase due to scalars

tually does not change things much. This is becausepthe W€ hE}ve found may be considered as resulting from final
exchange diagrams farm swave scattering are essentially state mteractlons: Many attempts to close the gap petween
canceled at very low energies by an extra four pion contacieory and experiment have focusgr] on a reanalysis of
term which automatically arises due to the chiral symmetricelectromagnetic corrections to the” — K° mass difference.
formulation. Experimentalists fit the Dalitz plot describing This is argued to increase the quark mass ratighich is an
the »— "~ 7r° spectrum to the form given in Eq12). A overall factor for then— 37 amplitude.
fit of this type to the predicted spectrum from the Lagrangian From the standpoint of learning more about the properties
of pseudoscalars, scalars and vectors was seen to be closeofdhe scalar mesons it is clear that the— 37 decays rep-
the experimental one. The basic spectrum shape is alreadgsent a potentially important source of information. In this
reasonable with the very simplest model discussed in Se€ase there is sufficient energy available for #¢980) and
[ll. As both the theory and experiment get more precise, thdo(980) propagators to be close enough to their mass shells
importance of the spectrum shape toward a deeper undeie avoid suppressing the contributions of these resonances.
standing of the underlying physics increases. On the other hand, the theoretical analysis is more difficult
A particularly interesting scalar contribution tp—37  Since large nonperturbative unitarity corrections are ex-
arises from thea,— o transition shown ir(d) of Fig. 2[The  pected. In addition, other more massive particles may also
ao— f transition contribution tay— 3 is suppressed due to contribute. The experimental informatidsee Eq.(15)] is
the propagator of the heaviég(980)]. This is the analog of more preliminary than in they— 3 case. While a number
the important=®— 7 transition and, in a sense, is a new with reasonably small errors has been presented {gp,
mechanism forp— 37 (although it was investigated a long there is only a weak upper bound foY, _, and also no
time ago[43] as a possible way to increase the-3w information on its Dalitz plot. In the model employed in the
width). The formula in raw form for this transition is given in present paper they' — 37 amplitudes are simply obtained
Eqg. (B4). We evaluated its strength from the knowledge offrom the »— 37 amplitudes by the simple substitution given
the isospin violating piece of the dimensionless quark masi Eq. (B5). Notice that this substitution rule would get
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modified if a more complicategy— »’ mixing schemde.g. EoULEKT (b, x)=K(,x)EUT, (A4)

the one mentioned after E¢A15)] is adopted. As shown in

Eq. (14) the prediction of the minimal model of only pseu- \yhich implicitly defines the unitary matrik. The intuitive
doscalars is somewhat too high, but at least of the corredfjgnificance ofK is that the objectiq behave like bare
order of magnitude. Adding the scalars without any readjustyyarks surrounded by a pseudoscalar meson cloud, or “con-
ment of parameters does not improve the predictiol{gf,  stituent quarks.” The objects

but makes it considerably largéabout 2300 eV, A similar

large value was recently found jA4]. Since the phase space i

is fairly large it is perhaps to be expected that large values vM,P,FE(&?,LgTi £'9,9), (AS)

are typically obtained. Presumably it is a sign for including
more detailed unitarity corrections or other physical eﬁeCtStransform as
which result in cancellations. We are particularly hopeful that
a careful study of mixing between a lower mass exotic scalar

. . p,—Kp,K"
nonet and a more conventional higher mass scalar nonet m mis
[26,28,48 may solve this problem and perhaps contribute to . :
an improved understanding of the— 37 decays also. v,—Kv, K +iKd, K" (A6)
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APPENDIX A: THE CHIRAL LAGRANGIAN ) )
2. U(3)_ XU(3)R invariant terms

For convenience we collect here needed terms from the
pseudoscalar-vector chiral Lagrangian presentdd@h and
from the scalar addition presented[it6].

These comprise the kinetic terms for the three multiplets,
mass terms for the scalars and vectors and appropriate inter-
action terms:

F2

1. Transformation properties o t 1
== 5 TM3,U,UN = 7 Tr(F,,(p)F(p))

L
These are constructed to mock up the symmetry proper- 0
ties of the fundamental quark Lagrangian, under which left
and right projected light quark fields transform as

1 m2
— 5 T(DND,N) — ZngTr[(gpM—vM)z]—aTr(NN)
dur— UL RAL R (A1)

—cTr(N)Tr(N) + F2[ Ae®Ce o NP, ) E(P,.) L
U, andUg being 3X 3 constant unitary matrices. The pseu- (NJTR(N) ol aeNa(Pu)b(Pu)e

doscalar nonetp(x) is a 3X3 matrix which fits into the +BTr(N)Tr(p,p,)+CTr(Np,)Tr(p,)
unitary chiral matrix
y +D Tr(N)Tr(p,) Tr(p,)]. (A10)
2i (x)
U=ex F ) (A2)  whereD,N=3,N—iv,N+iNv,. These include the param-

etersm?,a,c,A,B,C andD. Note that the pseudoscalars are
still massless at this level. Further note that for the interac-
tions and mass terms of the scalars we do not restrict our-
selves to a single trace. Fog mesons the single trace is

U—U UUL. (A3)  suggested by the Okubo-Zweig-lizuk@ZI) rule while for

an ideal dual nonet the A term is in fact expected to be

It is convenient to define the>33 unitary matrix¢ by U dominant. We made a fit fonﬁ,a,c,A,B,C andD assuming
= ¢2. Then¢ transforms as only SU@) invariance.

whereF . is the (bare@ pion decay constant. Under a chiral
transformation
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3. Symmetry breaking terms 4. Numerical values of parameters used

The fundamental QCD_Lagrangian contains the quark For the averaged pseudoscalar masses we used
mass term—[(my+my)/2]qgMq, with the dimensionless

matrix m,=0.137 GeV, my=0.4957 GeV. (Al6)
1+y O 0 In Sec. lll we gave the fitted parameters for the lowest order
o 1-v 0 Lagrangian containing only pseudoscalars. This also yields
M= y ' (A11) the isospin conserving quark mass ratie 25.1 [assuming
0 0 x thatf, defined in Eq.16), is unity|. A refitting of these pa-
rameters is necessary when tbzg/E]2 and \'? symmetry
wherex=2mg/(m,+mg) andy=—(mg—m,)/(mg+my). breaking terms are included. This can be conveniently done
It is convenient to define following the method used in preparing Table 11l E5O0].
There, a value ok is assumed and the four quantities,
M¢=%(§M§i ETMED), (A12)  (unrenormalized pion decay constant’, I\'|? and a,/g?

are calculated in terms of the four physical quantities,

my , F,,=0.1307 GeV andr¢,=0.1598 GeV, using
Then, the symmetry breaking Lagrangian is taken as

,  (L+x)F2 m2/16—Fg mg/8

Lsg=8'TTMU+UN]+N" 2T MUTMUT+ MUMU] A'2= 7P v ,
1—x2
2ap . . Uy
_~g~_2Tr(M+pp,p,u,)+2a+Tr M+ pp,_g 5’:F§rpmi/8_4)\,21
200 N
X pﬂ—li—“) — | S (pﬂ—li—”),pMD “p _ (Fip/Frp)®~1
g g g T2F2 2(1+X) —4(Fyp/Fpp)?
+29' TLM . Fu(p)F ()] =D THNNM) .
—d Tr(N) Tr(NM). (A13) = s :
( (1+4a,/(g%F2))"?
Only the parameters’, \'?, a,, b andd here contribute
to the isospin violating vertices of interest in the present a, | ap
paper. The parameter was included in the overall param- ==Fz 22| (AL7)
eter fit obtained if50] but its small effect on the isospin- 9 9

conserving vertices will be neglected. - ) S o
In addition to the quark mass induced symmetry breakingg_ addition, the isospin violating quark mass rajios ob-

terms there is an important term induced by instanton effect&ined from

which breaks just theJ(1), piece of SU(3)XSU(3)g

XU(1)yXU(1)a. It may be summarized as (mio—mi+)—f(mio—mi+)
_ 2 _ ’r_ ’2 2 2
x f detU =(4ylFip)(=28"=8(1+X)\"“+miga,/g9),  (Al8)
En,=%ln T +ee, (A14)
detU for a particular value of. To isolate the effects of the scalars

we may choose aw such that, with the valué=1 corre-
wherex is a constant essentially proportional to the squareéponding to Dashen theorem, we recover the vajue
mass of thep’ meson. The three dots stand for other terms—0.277 found in Secs. lll and IV. That gives=25.1 and
which will be neglected here but are listed in £8.12 of
[51]. Effectively this term gives an important contribution to F,=0.128 GeV, & =0.0386x10 3 GeV*,

the " mass and am— »' mixing angle defined by
1 2
(¢1+ @)/ﬁ)_ A5) (A19)

7 cosf, —sing,
n'| \sing, cosé, ®3
The needed dependences on the quark mass xatfcthe
When the extra terms in EGA14) are included they will not ~Parameters involving vector mesong’( @ , ., m, and
only give rise to an additional isospin violating transition butg) are given in Table 3 of50]; the additional pointx
will also modify the »— %’ mixing transformation above to =25.1 used in Table Il above was treated by interpolation.

be the non-orthogonal one given in 4.9 of [51]. We will The masses and widths of the scalars are taken ténbe
not include these effects in the present paper, however. MeV)

a,/g?=0.176<10"° Ge\?, |\'|=0.643<10 % Ge\2.
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m,=550, m,=897, m, =983.5, m; =980, Yorr=T1-2T, Yoyy=3.90, Yopp=1.25, Yy, =—3.82,

I',=370, I'y =70.0, I'1=646. (A20)

o Yimn= 147, ¥1,,=1.50, ¥, =—10.19, y;,, =1.04,

Note that the values df , andT", are not “Breit-Wigner”

widths but are chosen to unitarize ther and 7K scattering
amplitudes. The masses above fix the paraméier&e\?)

—6.87, —8.02. A22
in Egs.(A10) and (A13) Yamn™ Yamn' ™ (A22)
a=0.492, b=-0.00834, c=—-0.0160, d= —0.00557
(A21) APPENDIX B: DECAY AMPLITUDE
and the mixing angl®@s;= —20.3°. The parameters,B,C,D The Feynman diagrams representing the(p)

define all the trilineaiS¢ ¢ coupling constants according to — 7%(p;) 7" (p,) 7 (p3) decay are shown in Figs. 1-3. The
the formulas given in Appendix C ¢fL6]. The needed cou- contact diagramsl(a), 1(b) and Xc)) receive contributions
pling constants aréin GeV 1) from the pseudoscalar and vector part of the Lagrangian

16y5'cosf, . 8ya,cosb, _512y\"%cosd,
Mgontact i 3Fjrp +| 3§2Fip (_3p2'p3+p'pl+p'p2+p'p3)+|SF—ipy

b _ .
Mcontact_ +il 1=

3m; \ Ccz, 2
= mZ—m? 3FZ (=2p2-P3+P1-P3—P-P3tP1-P2—P-P2+2p-P1)

) 2a,C7,
+l 24—(—2p-p1+2p2-p3+p3-p—p3-p1+p3-p—p2~p1)
F p(m m,?)
8a,C2, s : : 256\'*C7,
. — . —nNn- —+ . —nN- —+ . +|—
3g2F4p(m2—mf]) P-P179P2-P3~P-P3TP1-P3—P- P2+ P1- P2 3F (m2—m?)

185 c,
3F4p(m -m2)’

™
2

166" (C7,cos6, C7, sinf,cosd,|  8a,
i
g m%_mi mn’_me

Cc _I 7 p ™
contact™ 4 2_ 2 2 2 ~o—4
F m3,—mz m’, —mz Fop

Cr,cog6, ) ., sin 0pcosap)

256\ /2

Cr,cos6, . C,sing,cosd,
=
p

o g S ) (B1)
n ™ n T

X(p-P1=P2-P3t+P-P3tP-P2—P1-P3—P1-P2) +i

The scalar contributionFigs. 2a), (b), (c), and(d)] are

2C7 ¥ (P-P1)(P2-P3)
a _ Ty L omT
scalar— i mi_mi mg+(p p1)2 +(o—1p),

scalar =i \/

7{)’0’777770’7]774_ C:n’ygﬂﬂygﬂﬂ )(p pl)(pZ p3)

+
mi—mi my,—mZ2 | mo+(p—py)? (o=To).

(P-P3)(P1-P2)
m3 +(p—ps)?

T
CWWYawq n C7T77’ 7377777&1777]’

2

—i
2
m,] mZ. m;, —mg

+ (P2 P3),

scalar—

(p-P1) (P2 P3)

M2
[m3,+(p—pa)’ Mm%+ (p—p1)?]

scalar— —i \/EABO"Y&’)TW’YO"ITW +(0-_)f0)- (82)

The p contributions are
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m;C?” P-P1+P1-Pa—P P2 Pa-P
a:i _ p Ty 1 1°M3 2 2 3+ ’
’ o 29%F (mi-m)) mi+(p—p3)2 (P2=Ps)
4o _yCcoSO,9, -(p3—
Mb—i a y~ > p9p p22 (ps pl)2+(p2Hp3). (B3)
gF%p my+(p—p2)

The two point vertices are

_8ycosh, & 64 \'2cos 6, Jr4yap cos g,m?%

TR, 72y 7,
, _ 8ycos#,8' 64y\'?cosd, 4ya,cos fpm’
- A T
o7 oo 8y sin 6,6" 64yN'? sin 6, +4yap sin 6,m2
Fop Fop o,
cr 8y sin 0,0' 64y'? sin 4, 4ya sin fm-, |

2 ~
Faz-rp FWP ngaz-rp
Azr=2y(b+d)sin 65— \/Eyd Cos 6s,

Ani=—2y(b+d)cos 6, \2yd sin 6. (B4)

Notice that the superscript a@ indicates which of the two particles involved in thd =1 transition is on-shell; this only
affects thea, term which has derivative coupling.

It is not difficult to verify that then’— %7 " 7~ amplitude may be gotten from the one above by simply making the
interchanges

ne>7m', COSOpesin b, (BS)

m
™

everywhere in Eq9B1)—(B3). This should not be done in Egd4) since changing, for exampl€,
the desired result automatically.
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