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Teleparallel origin of the Fierz picture for spin-2 particle
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A new approach to the description of a spin-2 particle in flat and curved spacetime is developed on the basis
of the teleparallel gravity theory. We show that such an approach is in fact a true and natural framework for the
Fierz representation proposed recently by Novello and Neves. More specifically, we demonstrate how the
teleparallel theory fixes uniquely the structure of the Fierz tensor, discover the transparent origin of the gauge
symmetry of the spin-2 model, and derive the linearized Einstein operator from the fundamental identity of the
teleparallel gravity. In order to cope with the consistency problem on the curved spacetime, similarly to the
usual Riemannian approach, one needs to include the nonmittionsion dependejptoupling terms.
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[. INTRODUCTION ture. A tetrad field can also be used to define a Riemannian
metric, in terms of which a Levi-Civita connection is con-

A consistent description of highdgreater than lspin  structed. As is well known, it is a connection presenting cur-
fields interacting with external classid@lectromagnetic and vature, but no torsion. It is important to keep in mind that
gravitational fields represents a nontrivial problem which torsion and curvature are properties of a connedtnand
has not been completely solved until now. Earlier analyses afmany different connections can be defined on the same mani-
this problem can be found in Refgl,2], and a more recent fold. Therefore one can say that the presence of a nontrivial
discussion, as well as a list of basic references, is given itetrad induces both a teleparallel and a Riemannian struc-
Ref. [3]. Recently, a new approach based on the so calletures in spacetime. The first is related to the WeitZeklznd
Fierz theory of the spin-2 particle in flat and curved spacethe second to the Levi-Civita connection.
time has been developed by Novello and Nej#s In this The reason for gravitation to present two equivalent de-
work, using Fierz variables, the consistency problem of ascriptions is related to a quite peculiar property of gravita-
massive spin-2 field in a curved spacetime has been studietipn, the so calleduniversality Let us explore this point in
with the results indicating that the Fierz representation seemsiore detail. As with any other interaction, gravitation pre-
to be more appropriate to deal with the coupling of a spin-Zsents a description in terms of gauge theory. In fact, as men-
field to gravity. tioned above, teleparallel gravity is a gauge theory for the

Now, as is well known, curvature and torsion are able totranslation group, with contortion playing the role of force.
provide each one equivalent description of the gravitationaDn the other hand, universality of gravitation means that all
interaction. In fact, according to general relativity, curvatureparticles feel gravity the same. In other words, particles with
is used togeometrizespacetime, and in this way successfully different masses feel a different gravitational force in such a
describe the gravitational interaction. Teleparallelism, on thevay that all these particles acquire the same acceleration. As
other hand, attributes gravitation to torsion, but in this case consequence of this property, it turns out to be possible to
torsion accounts for gravitation not by geometrizing the in-describe gravitation not asfarce but as adeformationof
teraction, but by acting as farce. This means that, in the spacetime. More precisely, according to this view, a gravita-
teleparallel equivalent of general relativity, there are no geotional field is supposed to producecarvaturein spacetime,
desics, but force equations quite analogous to the Lorentthe gravitational interaction being achieved in this case by
force equation of electrodynami€S]. Gravitational interac- letting test particles to follow the geodesics of spacetime.
tion, thus, can be describedternativelyin terms of curva-  This is the approach used by the general relativity descrip-
ture, as is usually done in general relativity, or in terms oftion of gravitation. It is important to notice that only an in-
torsion, in which case we have the so called teleparallel graveraction presenting the universality property can be de-
ity. scribed by ageometrizatiorof spacetime.

An important point of teleparallel gravity is that it corre-  Instead of using the general relativity approach, the basic
sponds to a gauge theory for the translation group. Due to theurpose of this paper will be to use the teleparallel approach
peculiar character of translations, any gauge theory includingp analyze the problem of a spin-2 field coupled to gravity.
these transformations will differ from the usual internal The teleparallel approach will be used to describe both the
gauge models in many ways, the most significant being thepin-2 field, and the gravitational background field. The basic
presence of a tetrad field. On the other hand, a tetrad fieldonclusion will be that the Fierz picture constructed in Ref.
can naturally be used to define a linear Weitzeskboconnec-  [4] is naturally present in the teleparallel construction. In this
tion, which is a connection presenting torsion, but no curvasense, we can say that the teleparallel equivalent of general

relativity appears to be a natural framework to deal with the

spin-2 theory. In fact, the small perturbations of the tetrad

*Permanent address: Department of Theoretical Physics, Moscofield are shown to reproduce correctly the behavior of the
State University, 117234 Moscow, Russia. spin-2 field on the flat Minkowski spacetime. The antisym-
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metric piece of the tetrad turns out to be redundant, althougtheory. Performing a variation with respect to the tetrad, we
taking into account its explicit contribution makes the under-find the teleparallel version of the gravitational field equation
lying gauge symmetry more transparent. The generalization

for the presence of gravitation is straightforward, and it rep- G

resents an alternative way to describe the spin-2 particle in- &a(hgpg)_?(htxp)zov 2.9
teracting with an external gravitational field.

where

Il. TELEPARALLEL GRAVITY: BASIC FACTS .
h

47G

The general structure of teleparallel gravity is presented in ht,”= S, "TH \=6Lg (2.9

detail in Refs.[5,7—10. In this section we summarize the

fundamentals of this theory. In short, teleparallel a.pproacri\S the energy-momentuipseud) tensor of the gravitational
can be understood as a gauge theory of the spacetime trangsiy  This equation is known to be equivalent to the Ein-
lation group. Using the Greek alphabet to denote spacetimgigin's equation of general relativity. It is important to notice
indices, and the Latin alphabet to denote the local fram‘%hat the left-hand side of the field equatic®8) can be re-

components, the corresponding gauge potential iS reprgyyitten as the usual left-hand side of Einstein equations
sented by the nontrivial part of the tetrad fieid,. This

tetrad gives rise to the so called Weitzeok@onnection

477G hf. 1
5o(NSP7) = T2 (W)= 5| Ry~ 5 &R
c 2

5 , (2.10

re,,=hga,h?,, (2.9

which introduces the distant parallelism on a four-Which then provides an easy proof of the Lemma 2 of Ref.
dimensional spacetime manifold. It is a connection that prel4]. As the source of both field equations is the symmetric

sents torsion, but not curvature. Its torsion energy-momentum tensor, the equivalence alluded to above
holds also in the presence of matfét]. It is worth noticing
T°,,=r",=I?,, (2.2  that the teleparallel field equation has the same structure of

the Yang-Mills equation, which is consistent with the fact
plays the role of the translational gauge field strength. Thehat teleparallel gravity corresponds to a gauge theory. We
Weitzenbak connection can be conveniently decomposedsee in this way that the teleparallel approach to gravitation is
into the Riemannian and the post-Riemannian pieces more closely related to field theory than the general relativity
_ approach.
re,,=re,,+Ke,,, (2.3
_ Il. LINEARIZED THEORY
wherel?,,=39°7(9,9,,+ 3,90~ 3,9,,) is the Christof-
fel symbol constructed from the spacetime metgg,
=h2,h®, 7, and

The trivial tetradh® = 6%, describes the flat geometry,
for which the metric has the diagonal Minkowski forgy ,,
=n,,=diag(+1,—1,—1,—1). Let us then expand the tet-
KP =3 (T, T, =T, (2.4y  rad field around the flat background as follows:

a — a
is the contortion tensor. Correspondingly, all other geometri- h?,= 6%t u?,. CAY

cal and physical objects and operations constructed with th‘?he Weitzenok connection reads, correspondingly
help of the Riemannian connectidif ,,, will be denote with ’ ’
a tilde. re,,=auf

v (3.2
The gauge gravitational field Lagrangian reads 8

ILL 1
whereu” = §,u?, . As a result, the torsion and its trace are,

c? » respectively,
£G=mh8" pr,, (25)

TP ,=d,uP,—auf TP =d,u—d,u’,, (3.9

— a
whereh=det(h",) and with u=u”,. Decomposing the perturbation tenspy, into
PV = — P LK — gPYTOR 4 gPETOY ] (2.6) the symmetric and antisymmetric pieces

is a tensor written in terms of the Weitzemkoconnection U= Purt By 34
only. Inverting this equation, we obtain torsion in terms of ;i
the above tensor:

¢/‘LV::U(MV) and aM,,zzu[W], (35)

T°,,=2(S,, =S, )+ 8,8,,= 6,8 s (2.7)
we compute immediately the contortion tensor
The Lagrangiani2.5 describes what is commonly known as

the teleparallel equivalent of Einstein's general relativity KPy=0¢,,—d,4",+d,a",. (3.6
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Substituting now the above expressions into 6), we However, there is a certain reason to kegp nontrivial.
obtain In particular, we can verify the covariance of the linearized
formalism with respect to “general coordinate” spacetime
SPHY =2 [ Hp"P — 9" PpHP — P (I* p— d , pTH) transformations. The demonstration of this property in Ref.
[4] is rather long and not very transparent. In contrast, here it
+9P(0"p—d,97") is sufficient to notice that the tens(8.7) is explicitly invari-
+oPakT+ gPra, a%h — gPha, ac"]. (3.7) ant under the gauge transformations

— bt N+ N, 3.1
Comparison with Ref[4] shows that the first two lines are = Pt I a @13

nothing but the Fierz tensdf#”?=—F"*? introduced by a,,—8,,~d,A,Td,A,. (3.19

Novello and Neves. More specifically, ) , , ,
P y The proof is straightforward: One just needs to substitute

these formulas into Eq3.7). The original perturbation field

= —FH"P+ 5 (0Pat’+ g d,a%" — gl d,a%"). .
2 ( 9% g*a,a") (3.4 transforms asi*,—u*,+2d,A*, in complete agree-

(3.8 ment with the geometrical meaning of the tetrad.
Since we have identically IV. SPIN-2 FIELD IN THE PRESENCE OF GRAVITATION
d,(d"ar’+gP"d,a%—g"9,a%")=0, In order to construct the theory for a spin-2 particle on a

curved spacetime, instead of the expansidrl), we con-

the last term drops out completely from the linearized gravijqer the tetrad expansion

tational field equation$2.8), which then reads
a _ha a
5,5,79—0. 39 h?,=h?,+u?, 4.1
) ) ) ) ) around the nontrivial classical background, . Such an ap-
This equation yields the correct dynamics of the spin-2 parproach is analogous to the treatment of a consistent spin-2
ticle in flat spacetime, as it is easily seen from the identitymodel as a first order perturbation of the general relativity
(2.10. Indeed, substituting the expansi¢d.1) into it, we  theory[2]. We will denote with an overline every other back-
find that ground objects and operations. In order to simplify the com-
_ putations, in contrast to the above described flat-space dis-
3,8.7=3G4*, (3.10  cussion, we will choose the symmetric gayd@—14 from
the very beginning. Then, we have the symmetric tensor field
where the left-hand side represents the linearized Einstein o
tensor dt=h"ut,, = by, (4.2

aL _ _ _ _ ap A where h,* is the inverse background tetrdg*h?,= &% .
Cur= Db~ 6) = 00,8~ MsPadp @™+ 08", From now on, the Greek indices will be raised and lowered
+ 3,0 (31D with the help of the background metrig,,=h?,h®, 7.5
. . _ Substituting the expansio4.1) into the Weitzenbok

The identity(2.10 plays the fundamental role in the telepar- connection(2.1), up to first order ing”, , we find
allel theory, since it underlies the proof of the equivalence of ’ we

Einstein’s gravity and the teleparallel gravity. Now, as a by- ]"PMV:FPMV+ Vvd,pw 4.3
product of this identity we have straightforwardly derived o L
the Lemma 2 of Refl4]. whereI'?,,=h,d,h?, is the background teleparallel con-

It is interesting to notice that the teleparallel Lagrangianpection, andv, is the covariant derivative in the connection

(2.5 can be rewritten as pr- As a result, we obtain for the torsion

C4

871G

h(SP#7S, 0= 57 oS 1p— 35S ) - T =Tt Vb= Vg’ (4.4
(3.12 Using this expression in Eq$2.6) and (3.12), we straight-

forwardly obtain the kinetic term for the spin-2 field La-
Inserting Eq(3.7) here, we can verify that the antisymmetric grangian in the presence of gravitation

‘CG:

fielda,, drops out completely, in accordance with the analy- 4 4

sis of the linearized field equation_s;. This ot_)se_rvation showsEG: ¢ F(FPWFPW_ For,FP, )= ¢ HF’”“’%Q%,J-
that, as a matter of fact, the antisymmetric field does not 87G 8mwG

have physical importance. Indeed, one can show quite gen- (4.9

erally that, by means of a local Lorentz transformation, it isyyq o poev

; ) ; X is the covariant generalization of the Fierz tensor
always possible to choose a frame in which the tetrad matrix

is symmetric[12—14. In such a frame, the field,,, van- Frur=1[VVhrr —Vr g P+ gP*(VFd—V,p7H)
ishes, and as a result the ten§8f” coincides(up to a sign o
with the Fierz tensor introduced in Ré#]. -9’ (V"p—V,¢7")]. (4.9
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The main difference of the spin-2 mod@l.5 from the to the Lagrangian(4.5 yields the Riemannian Fierz La-
theory studied in Refl4] is that the covariant derivatives in grangian of Ref[4]. This then allows us to solve the consis-
Eq. (4.6) are defined with the help of the teleparallel connec-tency problem.
tion, and not with the help of the Riemanni&Bhristoffe) The theory of massive spin-2 partidl2,3] was satisfac-
connection. We thus obtain an alternative way to describe torily formulated within the framework of the Fierz approach
spin-2 particle in the presence of gravitation. The resultind4]. Our results also admit a direct generalization to the non-
theory is obviously generally covariant. trivial mass which we though do not discuss here since it

As is well known[1-4], the higher spin theories are gen- follows along the same lines as in Rg4.
erally inconsistent in the presence of the electromagnetic
and/or gravitational field. Technically, this amounts to the V. DISCUSSION AND CONCLUSIONS
nonvanishing covariant divergence of the corresponding field
operator which, in turn, is related to the fact that the covari- Novello and Neveg4] have demonstrated that the Fierz
ant derivative has a nontrivial commutator proportional torepresentation for the spin-2 theory has a number of advan-
the curvature. The consistency conditions, derived for thdages as compared to the alternative approathesh as the
higher spin fields, place strong restrictions on the spacetimgonambiguity of the order of derivatives and the equivalence
curvature which are not fulfilled, in general. to the nonminimal curvature Einstein representation with the

In the teleparallel gravity, the spacetime curvature is zerofixed coefficients of additional term]). Here, we have

whereas the commutator of the covariant derivatives readsshown that the Fierz representation can be naturally under-
stood on the basis of the teleparallel gravity. In particular, we

[V, V,]=—T",V 4.7 find that(i) the structure of the Fierz tensor defined in Ref.
through anad hocprocedure is unambiguously fixed by
wr Vo ur VA - ' [4] th h anad h dure i bi ly fixed b
Accordingly, the consistency condition for the thedrys)  the teleparallel theoryji) the gauge symmetr{8.13,(3.14
will be not algebraic, as in the usual formulation, but differ- underlying the corresponding spin-2 freedom, is manifested
ential instea d:‘I’”WVAFf”‘”:O. fstra|gg_tf(:r\:vardly,(m) the ImearlzedfEtlhnstfelndopera'[':)rI g(;lse?t
If we demand that the consistency conditions should bdTMMediately as a consequence ot the fundamental identity

satisfied for all field configurations, we then have to con- 2.10 of the teleparallel theory. It is worthwhile to note that

clude that the torsion should vanish. This observation agreetg1e antisymmetric piece of the _tetrlald field, Wh.'le being dy-
amically redundant, plays a significant role in the formal

with the general analysis of the higher spin theories on th derivations. A certain disadvantage of our approach is the
Riemann-Cartan spacetirfg5]. A possible way to avoid the need of the nonminimal coupling of the ty¢.8) to solve

consistency problem is to include nonminimal couplingth st bl th q " This i
terms in the Lagrangial2,3]. Since the curvature is zero, the 1€ consistency problém on the curved spacetime. This 1S
similar to the observations made within the Riemannian ap-

nonminimal terms may involve only the torsion tensor. The hi2
latter, being of the third rank, necessarily involves the derivalProac [2]. L
Summarizing, in this paper we have developed a new ap-

tive for the construction of the invariant contractions. It is h to the d it f spin-2 in flat and d
straightforward to see that, adding the nonminimal interacProach 1o the description ot spin-z in flat and curved space-
time on the basis of the teleparallel gravity theory. This ap-

tion Lagrangian proach appears to be a true origin for the Fierz representation
proposed recently in Ref4].

4
ct — ~ ~
Lror=g gl $an (KM= T ) T e = 6T, 8,6
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