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Can structure formation influence the cosmological evolution?
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The back reaction of structure formation influences the cosmological evolution equation for the homogenous
and isotropic average metric. In a cold dark matter universe this effect leads only to small corrections unless a
substantial fraction of matter is located in regions where strong gravitational fields evolve in time. A“cosmic
virial theorem” states that the sum of gravitational and matter pressures vanishes and, therefore relates the
average kinetic energy to a suitable average of the Newtonian potential. In the presence of a scalar “cosmon”
field mediating quintessence, however, cosmology could be modified if local cosmon fluctuations grow large.
We speculate that this may trigger the accelerated expansion of the universe after the formation of structure.
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[. INTRODUCTION of the cosmological evolution the universe was homogenous
to a high degree. Looking at the sky today we see, however,
Recent observations of the Hubble diagram for supernovatrong inhomogeneities in the form of stars, galaxies, and
of type 1a indicate that the expansion of the universe may belusters on length scales sufficiently small as compared to
accelerating in the present epddj. In this case the previ- the horizon. Could the emergence of the inhomogeneities set
ous decrease of the Hubble parametert™! must have the clock[9] for the present acceleration? In order to answer
slowed down just in the last210° years and an obvious this question, we have to understand how inhomogeneities
question asks: Why has this slowdown happén§dst  on the scales of clusters or smaller “act back” on the evolu-
now”? A possible explanation would be a cosmological con-tjon of the homogenous “average metri¢Eor the purpose
stant which sets a mass scale:(10"° eV)* and, therefore, of this paper we consider formally an average over the
also a corresponding time scate(\/M7) ™" with M, present horizon. More accurately, the supernova results con-
~10" GeV the Planck mass. Since it seems to be very harder an average over a volume correspondinzitd..) After
to understand the origin of the tiny mass scal¢heoreti- 5| the universe is not homogenous at present and the Ein-
cally, one is tempted to look for alternatives. A possible scexein equations determine the metric in the presence of these
nario is the model of quintessenf,3]. It is based on the o mageneities. One can still formulate a type of “macro-

time eVOlL.‘t'On of a scalar field—the c_osmon—_wh|ch is of scopic Einstein equation” for the average metric, which, by
cosmological relevance today. In the simplest viable models

however, the characteristic time for the onset of acceleratio(gjeﬁnition' can be considered as homogenous. The macro-
is put in by hand in the form of the effective scalar potential copic equation is simply obtained by averaging tiiero-

S 5 . scopic Einstein equation. In this averaging procedure the
or kinetic term? This does not always need tremendous fme“back reaction” of the inhomogeneities appears in the form

tuning of the order of 100 digits as for the case of the cos- f “correction terms” in the macroscopic Einstein equation

mqlogical constant. Indeed, there are models where it is su 10]. In models of quintessence this holds also for the mac-
ficient to tune parameters on the level of percent to perm'”erﬁscopic evolution equation for the scalar field.

We feel, nevertheless, that these ideas would become muc It is the aim of the present paper to estimate the size and,

E%recgzﬁgltﬁ,lg i isezatuA?lOsr?eluuggs?kf)”ti?e t\évgyrglz\\llvarﬁrct)itr)r} etherefore, the relevance of the back-reaction effects. For this
9 : P Y, urpose, we express in Sec. Il the back-reaction effects in

scale may be linked to a natural small number arising from erms of a gravitational energy densjty and correspondin
fundamental theory. A recent proposal in this direction in- glt' bvi th 9y d y | {) | fg
volves the properties of a conformal fixed pof. As an pressure . It s obvious thaip, andpg are relevant only |

alternative, some event in the more recent cosmological evdl€y are not tiny as compared to the energy dengity
lution could have “set the clock” to trigger the acceleration radiation or matter. A very rough estimate shows that in early

at present. An idea in this directid8]—* k essence’—tries cosmology the effects gb; and py are indeed completely
to use the transition from a radiation-dominated to a matternegligible. One the other hand, once stars and galaxies have
dominated universe in order to set the clock. Here we exformed, the ratigpy/p is not many orders below 1 any more,
plore whether structure formation could have induced and a more detailed investigation becomes necessary. In Sec.
change of the pace of expansion. [l we evaluatep, andpy in terms of the correlation function
One of the most striking qualitative changes in the recenfor the local energy momentum tensor of matter and radia-
history of the universe is the formation of structure. For mostion. This form exhibits clearly the relation of these quanti-
ties to the inhomogeneities.
In Sec. IV we attempt a quantitative estimate for a stan-
on a logarithmic scale as relevant for cosmology, the last 2dard cold dark matter univers@vithout quintessence, but
X 10° years are more or less the “present” epoch. possibly in the presence of a cosmological congtafie find
2For more recent examples, sek-6]. that the effects of inhomogeneities on the scales of stars and
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galaxies are small; they contribute typicab}élzm 106 A
typical contribution from inhomogeneities on the scales of Ruv= 5RO | = W<t””>' (1)

clusters ispq Ip~10"*. These estimates hold, however, only
if the fraction of matter in regions of strong gravitational T
fields, such as black holes or the center of galaxies, is small.. . L
In Sec. V we address the back-reaction effects from blaclg'Tﬁn tensor formed from the average metric, iR,
holes and similar objects. The gravitational energy densgjty —2R0,,, introduces a correction term in the cosmological
can indeed be large. Nevertheless, the combined energy mgguation for the average metric
mentum tensor for gravitational and matter contributions be-
haves as for a nonrelativistic gas if the objects are static. We — 1
conclude that for a cold dark matter universe, the back- R 5ROu,=
reaction effect could play a significant role only if a substan-
tial fraction of matter is found in regions where strong gravi-
tational fields evolve in time. This does not seem to be ver
likely.

In models with quintessence the situation could change

he difference between the averaged Einstein tensor and the

WTMZW(GMHT%»- 2

){Here the gravitational correction to the energy momentum
ensor

dramatically, but only if the inhomogeneities in the cosmon T?w: —2M%( G ), )
field are substantial. Thgravitational back-reactionpg,pg

is then supplemented by @smonback reactiorp.,p. due G =R — ERg —(ﬁ _ }@ ) 4
to the cosmon fluctuations. We discuss a simple collection of myo RV SR pyo 2 IR

static and isotropic cosmon lumps in Sec. VI. This would
behave similar to black holes. We argue that for more genreflects the influence of the inhomogeneities. It accounts for
eral, in particular, nonstatic, cosmon fluctuations the finehe back reaction of structure formation on the evolution of

pic solutions may not be maintained. In particular, it seemssotropy of all averaged quantities imply that the only non-
conceivable for a cosmon_dark matter _scenBIiQ_thanC/p vanishing components d’ff’” are given by
andpy/p are of order unity. Under this condition it would

become quite likely that the formation of structure would TY=py=—2M2( 5Gq0)

lead to a qualitative change in the evolution equation for the 00— e 00

average metric. One would expect deviations freimt ! —

once structure has formed. We summarize our conclusions in T =pygi;=—2M*(5Gy)). ®)

Sec. VII.
The cosmological equation therefore preserves its form, but

Too is Not given solely by the average of the energy density
Il. THE INFLUENCE OF STRUCTURE ON THE in matter and radiation. It also contains a gravitational con-
COSMOLOGICAL EQUATIONS tribution which reflects the imprint of structure formation on

. . inhomogeneities of the metric. We observe that for a flat
After the formation of structure the universe does not re- = I
ckground metrig,,= 7,,, the quantityT,, represents

main homogenous on small scales. Nevertheless, we belie\Pé'jl . Sk o
that homogeneity and isotropy are realized on large SCalet%remsely the definition of the gravitational energy momen-

and describe the cosmological evolution by a RobertsontU™ der)sitigils]. Our setting is therefore a straightforward
Walker metric. The true metrig,, of the universe has to ger;irtar:.lzathntto cosmology. ts about .

reflect the inhomogeneities due to stars, galaxies, and clus- IS poin son&e co;\nmen S athO'El our averaging p_:ogle-
ters. Therefore the homogenous cosmological metric can éi(ure seem n-order. Assume that in a given suiable

best be interpreted as some type of average rﬁe@g gauge—we will later specify a partipular qne—thg detailed

AN ) . nhomogeneous geometry of the universe is described by the
=(0,»- This situation introduces a mismaitch in the standar(J . . . - . . ;
treatment of the cosmological Einstein equations. On th&NICrOSCOPIC metrig,,,(x,1). It is related to the microscopic
right-hand side one uses the average of the energy momeRDergy momentum tensey,,(x,t) by the microscopic Ein-
tum (t,,,), whereas for the left-hand side one employs theStéin equation

Einstein tensor formed from the average megig,. The
correct averaged Einstein equation invol¢dsowever, the R _ }R _ 1 )
averaged value of the Einstein tensor ) Guv oMm2 A

(6)

We next take a reference metdc , of the homogeneous and
3The averaging is done here with respect to the background met 0% 9

< i — _ 24 52 22
fic. See Ref[12] for a recent discussion of averaging procedures in!SOtrOpic  Robertson-Walker formds*= —dt*+a*(t)dx*.

a more general context. The microscopic metric can be written g§,,=§w,+ h,-
“We use signature<(,+,+,+), R}, =—4,I) +---, andM?  Our reference metric defines surfaces of fixedt any time
=M3/(16m)=1/(167Gy). t we define the average by
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-1 - - 1 — 1
= — 3 — 3 — —
(A (X, vad YA(Y—X,1), 7 Dﬂfjhaﬁ_—ZMz(tw—TW)_ZMZ&M, (12)

m;hc\éric\)/\i%Ii:)goer(;/iﬁlz:tgse\é/t\y;Ic?:::%r?;rghﬁxrl?\gzggalstlazfallrc]tor the metric fluctuations,, are linear in the fluctuations of
- _ "~ " the energy momentum tensét,,,. In consequencep, can
a(t) in g, self-consistently by requirifg(h,,,)=0. This 356 be viewed as the effect of a nonvanishing correlation
finally identifiesg,,, and(g,,,,). function for the fluctuations of the energy density. This cor-
Spatial averaging at fixetlhas been proposed by Futa- relation function can be observed as a galaxy—or cluster—
mase{ 14]. We are free to use such an averaged description—correlation function on appropriate length scales. In particu-
the only physical assumption in our paper concerns averagegr, we know that on small scales the universe is far from
homogeneity and isotropy of the real universe, namely in ouhomogenous. As an example, on the length scale of the size
paper(h,,)=0 and(t,,) depend only ort. A much more of stars, very dense regioristarg contrast with an almost
subtle point is the question as to what extent a real observeimpty environment. This is equivalent to a huge correlation
actually observes the spatially averaged quantities in the wafyinction and brings us back to the question: Can the forma-
introduced here. Detailed studies concl{iti] that this may  tion of stars or galaxies influence the evolution of the uni-
actually be the case—we will not address this topic in theyerse as a whole?
present paper. For a particular picture of the cold dark matter |n order to get a first rough estimate of the magnituole
scenario Futamase concludes that back-reaction effects afigis back reaction of structure formatiolet us assume for a
small, whereas Buchert speculafég] that the influence on  moment that the universe consists of randomly distriblited
the cosmological evolution could be substantial, neverthesstars” with radius L or volumev = (4/3)L® and density

less. pL. Consider our horizon volum¥ with N,, stars. Since

Let us next discu_ss the g_eneral structurg pandp, [Eq_. TOOE;is of the same order g$op)=Nyv p, /V and, on the
5]. As long as gravity remains weak, one can expand in th%ther side<t§0>= NVvaE/V one has

small inhomogeneities of the metric

— 2 _ N2
gﬂvzgﬂv-i—hw,, tS) <5_p2>:<(t00_2p) >%l, f= NVULmﬂ_ (12
p p f Voo
such that
5G =D ot EaBYdy shs 9) The fraction of volume occupied by stafsjs indeed a tiny
y7a% uv'la mv @ Yo

number and one concludes that the relative density fluctua-
Here the differential operato® and E involve two deriva-  tions are huge. On the other hand, the weak gravitational

tives acting orh orE They will be computed more explic- cou_pling enters such that the relative sizepgfas compared
itly in Sec. Ill. From(h,z)=0 one concludes thai, andp,  to p could still be small. Since the operatbrin Eq. (11)

are quadratic irh, contains two derivatives, a rough estimate assumes
Pg= _2M2<Eggyghaﬁh75> 5 L4 5
(h%)~—(p%) (13
2M? 5 M
pg: - Q(Eioizﬁy haﬁh75>' (10)

and, with a similar dimension argument,

Thuspgy andpg involve the correlation function for the met- 5 5
ric and do not vanish, in general. L o LT —

The local variation of the metric reflects the local varia- Py~ W<5p )~ mzfLP (14
tions of the energy momentum tensor according to the “mi-
croscopic” Einstein equatiofb).” Within the linear approxi-

> The critical quantity for the relevance of the back reaction is
mation to Eq.(6), namely,

therefore given by the ratio

. o _ o L2 m23,13
Since we average at fixe] it does actually not matter if we R= 9~ —p~ L (15)
average over coordinategt)x or x if the physical averaging vol- p M? M?2 LM?
ume grows~a?®.
8In order to achieve this task, we may use the freedom of selecting
a suitable gauge. Of courséh,,,)=0 is only possible if the uni-  8Note that this estimate does not account for the total back reac-
verse is really homogeneous and isotropic on average. In particulation. Since we want to study here the effects of structure formation
(h,,) should not depend or (after using the gauge freedom we can concentrate on a typical wavelength well within the horizon.

“Microscopic” means here the scales of stars or galaxies. Thesd®iscussions of the back reaction from modes outside the horizon
scales are to be compared with the “macroscopic” scale of thecan be found irf16,11.
order of the horizon. 9Stars may be replaced by galaxies or other extended objects.
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with m_ the mass of the stars. It is suppressed by two powers Before doing so, it is instructive to discuss a few qualita-
of the Planck mass as expected for a gravitational fluctuatiotive aspects of the dependence of the r&tion L andp, .
effect. On the other hand, the masg of the star and its size (1) The ratiOpg/;is independent oﬁ It therefore shows

L are huge in microph%/sical units. 7|nserting values typicalgssentially no time dependence once the objects have con-
for the sunm =2x10* g=1.1x10"" GeV, L=7x10°m  yanced with a stationary density and size.

f3'5x 10 Ge\fl' and usingM =1.72<10' GeV, one (2) For a fixed densityp, the contribution from smaller

finds for main sequence stars objects vanishes rapidly. For example, the condensation to
dust particles or planets is many orders of magnitude too

~10 4 (16) small to be relevant.

LMm? (3) Microphysical objects such as nuclei play no role for

£4 (i.e., R~10 % for a gas of nuclgi In early cosmology

the contribution ofp, is therefore completely negligible.

(4) For an (elliptical) galaxy consisting ofvg roughly
1J.miformly distributed stars within a radiusg, the density
scales apg~rg(L/Lg)3p. . (There may be some moderate
enhancement from dark matieEor a uniform mass distri-
bution in a galaxy, the combinatidnész vo(L/Lg)L?p,
is changed by a factorgL/Lg as compared to stars.

my

Another estimate relates the gravitational back-reactio
effect to typical values of the Newtonian gravitational poten-
tial = —hg/2 in extended objects. Indeed, we note tRégs
proportional to the gravitational potential at the surface o
the starm G/L, with G~ *=167M?. Its value for the sun is

m_G 6
—¢= 3 =2.12x10"°. (17)

Similarly, for idealized neutron stars with masses at the

Oppenheimer-Volkoff limit,m =1.4x10* g, L=9.6 km,
one has Ill. GRAVITATIONAL ENERGY MOMENTUM TENSOR

IN COSMOLOGY
my Gm,
L M2 =55 —¢= L =0.11. (18) We next turn to a more quantitative discussion of E§%.
and (10) for the metric inhomogeneities. Since the relevant

These first estimates are, perhaps surprisingly, not much béength scale for the dominant fluctuations is much smaller
low 1 (as could have been expected from the fatlor’). A than the horizon, we can neglect derivatives actingy phas
more detailed investigation, including the various propor-compared to those acting dm,,. This yields the micro-
tionality constants and the distribution of objects with differ- scopic field equation up to quadratic order in the metric fluc-
entL andM, becomes necessary. tuations

8G,,=—5{0"d,N,,+ 3,00 —3,3,h°,—3,0,h° ,—3°3,h"9,,+3,3,h*Q,,}+350h*{3,0,h,,+ 3ud,h,,—3,0,0,,
~3,0,Na,} T30, {079,0" ,—,0,h*"} = 39,,h{dPdgh,+3,9,h 5~ 23,050 }+3{3,h*"d h,,

+29,h*d,h,,,—"h%d,h,,+ 20N d,h,,— 20N, 0", — 20,0 *"d,h,,—20,h*"d h,,+I*h%d,h,,

_ 1
+3Ph 0,0, = 50,,{39°N,50,nPP+ 45,003 0P ;= 9*h? 90" =49, ,h B3 b =20, 0BG g} = m&’”'

(19

Here the indices are ral_ied and lowered with the homog- <5GW>:%<hapaﬂavhap+3haa&p&phw_2hampaahw
enous background metrig,,. The averaggéG,,) con-

cerns only the part quadratic Im,,, since(h ,,) vanishes by
definition. It is homogenoust involves a volume integral
and we can therefore perform integration by parts for the
space derivatives. On time scales of the order of the charac- —h®,9,d,h° )~ ;E (h@» 3B 4 h

teristic length scales of the fluctuations{G,,,) is also es- aTvieT ul B Spy plap

sentially static. This allows us to perform integration by parts

for the time derivatives as well, and we obtain +h?,d°d,hP ;=20 3,05h" ). (20)

—2h?,9%9,h,,+2h,,d,h",—h",3,d,h",
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On the other hand, the linear part of the field equation relategith A = g/l d;; . Sums over all double indices are implied,
the metric perturbations to the perturbationg jp, with latin indices running from 1 to 3. To leading order we
only need to keepdty, such thatdsye= 3 Steg= 3 dp, 5S;;

2 _ p _ P _ il
0Nyt 9,0,n=3,0,0",=d,0,h", =36pg;; andhj;=hgeg;j . hgi=0, h=2hg,. This results in

:_é(ﬁtw—%ﬁt"@w), pg=—2M*(hooA hog).
Pg=§M?(hgoAhgo) (27)
92h— aﬂﬁvhw:% s, (22) and we infer the equation of state.for the gravitational energy
M momentum tensors of starlike objects,
where we use’=d"d, andh=h"_. Pg=—37Pg (28)

Equations(20) and(21) simplify considerably in the har-

monic gauge, which we adopt from now on, Using Eq.(25 we can also expresg, in terms of the

correlation function for the energy density fluctuations (
a,h* =3g.n. (22) =a’fd)

wl oy

5
The linear field equation becomes pg:g,zgﬁf dsxf d3y| Ql - Sp(X)dp(y). (29
i X—y

(23)  [The “retardation” in Eq.(25) can be neglected since it in-
volves again the peculiar velociti¢dt is instructive to em-
ploy a comoving Fourier basis

9?h ——iﬁt —LlstP g )—_ig
22 Mz( ur— 200,0,0) = M2 Suv

and the quadratic metric fluctuations read
3

Bk
— ikx
(8G,,)= 1 (h*3,0,h,,~thd,a,h—2h" 5%h,, p(x) f 2mac 0Pk (30

+2h4?h,,,) — £9,,(h**h,,+ thd?h). where
(29 L s
(6p(k)8p(k"))=G(k)(27)°8(k+k'"). (3D

Neglecting graviational waves, E(23) has the retarded so- . . ) ]
lution The two-point density correlation functio®(k) depends

only on the invariank?=k?. One finds
88,,(X", 7= |x=X'])

R a? R
h,(X,7)= Zf d3x’ —
47M [x—x'] k™ 2G(K). (32

., (29 ~9a? f d3k
Pa”gm2) (2m)°
where 7 obeysdr=dt/a. We recover Newton’s law for the . . . .
graviational potentiath= —hgy/2 for static point sources. FromP(_k)_—P (lf)’ one mfers th_qG(k) IS a real_ positive
For a distribution of starlike objects, the time derivativesduantity. This implies thap, is positive whereag is nega-
of h,,, involve the peculiar comoving velocities of these ob- iVe: For smallk or long distancesG (k) decreases rapidly

jects. Since the peculiar velocities are small as compared 8nd thek integral is infrared finite. The interesting part

the speed of light, we can neglect the time derivatives in EqCOMes from larg&, where condensed objects such as stars

(24) as compared to the space derivatives. Furthermore, bgpntr-ibute. On thfzsea scales it is convenient to switch to
virtue of rotation symmetry, the expectation values involvingPhysical momenta =k/a such that
only one derivative in a given space direction vanish, and

one infers 9 dq
Pg=— >

e (ZW)gq‘zém). (33)

Pg:_2M2<5Goo> B
Here we employ 8p(x)=[[d%q/(27)3]e?%sp(q) and

=—2M?%3h*Ah,,+ #hAh—3h%Ah o+ 3hAhg), - - = L
@ P 2002 00 (p(q)8p(q"))=G(q)(27)36(q—q’) is the correlation

2 function as a function of physic&ahot comoving momenta.
Pg=— T(éG}) For a given statid5(q), the gravitational incoherent energy
density pq would not depend on the scale factor. However,
—oM2(% heeAh,,+ 5hah+ %hpiAhpi_ %hAhi) the condensed objects are diluted t;y the cosmological expan-

sion, andG(q)~a 3 implies py~a™*, similar to the energy
(26) density in dark or baryonic matter. We conclude thgtis
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essentially a fixed fraction of the energy density of matter!V. DO STARS AND GALAXIES MODIFY THE EXPANSION
R=p4/p>0 is independent of time. OF THE UNIVERSE?
Together with the gravitational equation of st&28) this In this section we estimate the size of the back-reaction

can actually be used for an estimate of corrections 10 th@gsect quantitatively for a standard cold dark matter universe.

equation of state of mattep=Ww,. Indeed, the matter and We can use E¢23) in order to expresa hq, in terms ofdp,
gravitational energy momentum tensor are not separateliind obtain from Eq(27)
conserved. Gravitational potentials lead to pecular velocities

and, therefore, to nonzem In other words, the equation of pPg= 3(hoodp). (37
statew,,= 0 holds only for “free particles’(ideal dus}, i.e.,

if the gravitational interactions are neglected. As for all in-For smallhgg this “weighs” the energy contrasip with the
teracting systems, we expect corrections. Conservation of thdewtonian potentialp,

total energy momentum tensor is, of course, exact and im-

plies fordR/dt=0, pg=—3(bdp). (39

p(1+R)+3H(p+p+ pytpg) =0. (34)  For compact objectsjp is almost equal to the local value of
g e p. For starlike extended objects the size of their own gravi-

If ;is dominated by massive objects or massive nonrelativgat'onal potential is maximal at .the. surfaqe;bmax
— =-—mG/L. For small ¢,ay, the contribution of isolated

istic particles, we can approximae= py +3p/2 wherepy  giarg top, is therefore suppressed by a facterl0 ® as

is the contribution of the particle masses. Assuming that no . - . .
mpared to their contribution {@, in accordance with Egs.

masses are added or changed during the relevaripenod 15), (17), (18). We need, however, also the contribution of

the cosmological evolution, we inferoy~a ~,pv= " other stars top. This becomes particularly simple in the
—3Hpy . Furthermore, ifp/p is approximately constant, language(37) or (38). As long as gravity remains weak, we

this extends tp = — 3H p. Equation(34) therefore yields the ©nly have to fold any mass concentration with the gravita-

simple relation tional potential at the same location. Incidentally, this shows
that our previous association of the relevant rais py/p
p+pg=0 (35  with the Newtonian potential can be made quantitative
and we infer an estimate for the pressure of matter, which is 9 9 dp)
due to the gravitational interactions, R= _§<<¢>>= - 2 (39
P=Wp=— &R;: 57; (36) Where () means an appropriately weighted value ¢f
Pg 2 This also yields a quantitative value for the pressure of mat-

] ) ) ) ) ter (and therefore the kinetic energy or pecular velocjties
SinceR is small (see the next section for an estimateis  according to the cosmic viral theorem,

amounts only to a tiny correction, justifying our neglection

of pecular velocities. We note that the estim&s®), (28) - 1 0
; - y i p=—z{®)- (40)

plays the role of a “cosmic virial theorem” since it relates

the average kinetic enerfyp to the average gravitational Note that equilibration has not been invoked for this esti-
potentialpg . mate. The cosmic virial theorem follows directly from

Turning our argument around we emphasize that thgrelabg/;: (d)/6 R=0 andalzz const. The average kinetic

tlon_gSS) mphe_s the cold dark matter expansion lgw energy density(T)/V/=3p/2=— ($)/4 may be compared
~a *° providedR=0. If we would neglecpy, a nonzero i a virialized gravitationally bound system, where
pressurep would correct the expansion according to  (T)/V=—(¢)/2.

~a 31*wm _This correction is cancelled by the presence of For cold dark matter galaxies, the value of the galactic
the gravitational pressur@,. Thus back-reaction effects gravitational potential in the outer regions, in particular, the
play a role in evolution—their role being to ensure the va-halo, can be estimated from the rotation velocities

lidity of the cold dark matter expansion law even in the
presence of pecular velocities or nonzgso Corrections

J
2
. . . . . =r—d¢. 41
arise only for periods wherR or w,, do not vanish. Vi =1 50 & (41)

ar

Within the halo ¢=<ry) the dependence ob onr is ap-
'%The value ofp, depends on the precise definition of this quan- proximately logarithmic,
tity, €.9., pg=2M%G,g"°) = pg—2M%(G{Dh*®) = (5/9)py . This
does not affecpy and the relatiorp+py=0, whereas the ratios _ — In
— o ¢=—vioIn—. (42
Py/pg andpy/p get modified. r
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With v,4;=0(10 %) we conclude that the galactic potential Also, using Gauss’s law, one finds for the integrals over a
is of a size similar to the local potential on the surface of avolume withu’ <u,
typical star(17).
Clusters of galaxies, however, have a deeper potential _ J' 12 / N 2,21
X . m(u)=4 du’u u)+pg(u’)]=—87M<u-C’(u
well. A typical value for a cluster is (U)=4m [o(u")+pg(u)] m (W)

=—-104% ~
o=—10"" 43 puy=an | duupu)+pyun]
g
If most matter is found within clusters, this gives an approxi-
mate lower bound for the gravitational energy density —lm(u)— 8—7TM2uzB’(u). (46)

"3 3

.
pg=z|dalp- 449 Eor the Schwarzschild metric, the functioBgu) and C(u)

; -1_ 2
We observe that this effect results from the mutual coheren"ilre given by G 16mM")

correlations between all the stars in a cluster. The dominant maG\ 2 mG\ —2
length scale of this contribution to the correlation function B(u):(l— E) (1+ E) ,
(33) is related to the size of the cluster.

There may still be sizeable contributions arising from cor- mG\ 4
relations on smaller scales. The center of the galaxy typically C(u)=|1+ _) (47)
contains a region with large gravitational field. In this region, 2u

however, our linearized analysis does not apply any more. A, . . . . .
similar statement holds for in)éividual black h%ﬁeys ou){side thtfrhIS yields, in particularm(u—c)=m with m the total
center of the galaxy. The precise evaluation of these contrir-l16155 of thze Ob.Je(.:t related to the Schwarz_schlld ratys
butions topy needs a nonlinear analysis and depends cru-- m/(SWM )- ?lmllarly, we observe that the integrated pres-
cially on the question of how much of the matter in the Sure vanishesP(u—)=0.

universe is found in regions with a strong gravitational field. On @ length scale which is large as compared to the char-
We will briefly turn to this question in the next section. Only acteristic size of the objects, a collection of static isotropic
if such strong field contributions are substantially above the@bjects—including black holes—can be viewed as a collec-
bound (44), the gravitational energy density could be rel- tion of point particles with masses, . The total energy mo-
evant for the evolution of the universe. On the other handmentum tensof ,, in Eq. (2) averages both the matter and
for a moderate contribution from Strong field regionS, thegraVitational contributions. If the ObjeCtS are SUfﬁCiently dis-
back-reaction effect remains small for conventional darktant from each other, this amounts to summimgu— )

matter galaxies and clusters. A valpg/p=10"° seems to and P;(u—). A collection of static isotropic objects be-

be too small to substantially modify the evolution of the haves therefore like a nonrelativistic gas with zero
universe after structure formation. pressuré! In particular, black holes that have already

formed before structure formation—this is the meaning of
“static” in a cosmological context—behave just as a contri-
bution to cold dark matter. Irrespective of the fact that their
For black holes and other regions with strong gravita-gravitational energy density, can be substantial, the back-
tional fields, the linear analysis of the preceding sectiongeaction effect from condensed black holes during or after
does not remain valid. For an individual black hole—or anystructure formation would not lead to a deviation from the
other static and isotropic object—in a flat space-time backusual equation of state.
ground, the sum of matter and gravitational energy density is The only loophole in the argument that back-reaction ef-
fixed, however, by a conservation law. This also holds for thefects can be neglected in a cold dark matter universe remains
pressure. These laws can be expressed in terms of lineariz#te hypothesis of a substantial contribution from black holes
gravity [13] and are the analogues of charge conservation ifiorming during or after structure formation. For such objects
electromagnetism. We parametrize the static and isotropiewe cannot use the static approximati@). At this stage we
metric outside a mass concentration in “isotropic coordi-cannot exclude that a nonzero, perhaps even negative, pres-
nates” asds?= —B(u)dt?+ C(u)dxdx with u?=xx. The Sure could play a role for nonstatic regions with strong gravi-
sums of the energy densities and the total pressures are r@fional fields.

lated to the functiond and C by the linearized Einstein For a cold dark matter universe we conclude that a size-
equations, withC’ = dC/du, etc., as able influence of back-reaction effects is only possible if a

substantial fraction of the energy density is found in regions

V. CONTRIBUTION OF BLACK HOLES

2
p(u)+pg(u)=—2M? C"+ —C’),
u The vanishing of the pressure including the gravitational contri-
bution pg is actually even better obeyed, aspf had been ne-
glected. Note thaft W)Jrwa is covariantly conserved with respect

to the background metrig,,, by virtue of Eq.(2).

2M?
p(u)+pg(u)=— 3

2 2
C'+=C'+B"+-B'|. (45
u u
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of strong gravitational fields which evolve in time and cannot TS=p TS =p.g;: - (51)
be described effectively as static objects. For being important 00 Fer  ThFes
at the time relevant to the supernova Hubble diagram such g has peen discussed fa1].

hypothetical evolution would have to persist at a redshift (2 The evolution equation for the background scalar field

~1. Discarding this—perhaps rather unlikely—possibility 5159 obtains a contributiog® from back-reaction effects
we find no relevant back-reaction effect from structure for-[19 19

mation in a cold dark matter universe.

I\ VA
VI. COSMON FLUCTUATIONS <P+3H<P+£(<P):q¢- (52

Recent cosmological observations suggest the presence of
a homogenous dark energy component. It has been proposEg" cosmon dark matter, the “incoherence forog” has
that the dark energy density is time dependent and can p€en discussed ifi1]. We note thag® can also receive a
described by the dynamics of a scalar field, the cosfadn contribution if the cosmon cquples to “standard” cold dark
If this quintessence scenafi@,3] is true, one may also sus- matter[19]. Such a contribution would not be affected by
pect that inhomogeneities in the cosmon field could be assctructure formation. _
ciated with extended structurfs7]. In this section we argue (3 The gravitational energy densify, and pressurg,
that the back-reaction effect of structure formation is mucH-@n be enhanced as compared to cold dark matter. We discuss

stronger in a “cosmon dark matter univerdd’] than in the this possible effect in a simple model of a collection of cos-
standard cold dark matter universe. One main reason is tH8O" lUMPS[17]. We expect that the most important features
direct contribution of cosmon fluctuations to the averaged-Puld be present also for more general nonlinear cosmon
energy momentum tensor. One also observes large spacelilg!d configurations beyond the specific model considered
components of the gravitational field in cosmon lumps, con€r€: _ _
tributing to largep, andp,. We underline that the material L€t US consider a collection of cosmon lumfzome of
of this section is only relevant if the present local fluctua-them could be associatdd7] to some of the galaxied,
tions of the cosmon field are really substantial—a possibilityVhich can be described in comoving coordinates as
that remains speculative as long as no consistent picture of a
cosmon dark matter universe has been developed. If the sca- e=o(t)+ 2, Se.(uy),
lar field mediating quintessence remains homogenous to a ¢
high degree in the present epoch, its back-reaction effects are
small and can be neglected.

There are three new ingredients for the back reaction in 900= _{1+; [Be(ue)— 1]}’
presence of an inhomogenous scalar field:

(1) Local fluctuations of the scalar field around its homog-
enous background value induce a new contribution to the gij=a%(t) &;
total energy momentum tens(). The scalar contribution to
the local energy momentum tensor

1+§ [Ce(u€)_1]],

9oi =0. (53
th= V()9 T 9,909,0 = 59°03,09,, (48 i
i . o Herex, is the comoving coordinate of the center of the lump
yields, after averaging in Eq1) or (2), both a contribution ‘,
from the homogenous background fieldthe average op)
and from the inhomogenous local fluctuations of the cosmon u2€=a2(>2—>?€)2, (54)
field o= ¢ — ¢, namely,
and ¢(t) is the cosmological background value of the cos-
mon field ¢ which leads to homogenous quintessence. We
assume that the lumps are well separated suchsibaiB, ,
and C, can be determined from the coupled gravity-scalar
— field equation for a singléspherically symmetriclump. This
placed bye: system has been discussed1ii] and we concentrate on the
L “halo region,” which may give an important contribution to
T30= ph=V(e)+ 3¢, the energy momentum tensor. In this region we can

approximat&® (R? (/e2(u*¢ <R )

(tl‘i,,}:T:lV%—T;V. (49)

HereTTw stands for the time variable dark energy or homog-
enous quintessence and corresponds to(&8), with ¢ re-

Ti=pPngij, Pn=—V(e)+3:¢°
(50)
2For our own galaxy a large “cosmon halo” seems unlikely in
The dif‘ferencewaz(t;’:V)—TzV is due to the cosmon fluc- view of the strong distortion of light trajectori§as].
tuations[similar to Eq.(4)] and can again be written in the  *Note that the singularities at, =R, (/e correspond to pointlike
form singularities atr ,=0 in Schwarzschild coordinates.
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Ri. ,f eu P(u—x)= | dV(p.+pg+py)=0 58
C€=T‘|n - (U—)= (Pe Pg pM)_ . (58
u ¢ \Ruy
) This implies a cancellation between a negative cosmon and
Bom14—in Coug 14l 2l B positive gravitational contributiorl\We also have included
¢ [vel RZ , lvel Ruel ) possible matter fy;,pn) in the “bulk” of the object] A
’ partial cancellation also happens for the energy density
o@¢=7vy¢MInBg, (55
where the scal®&, , can be associated with the radius of the m(u—>oc)=f dVipet pgtpm)=m. (59

halo and 1fy,| =v?, is associated with the rotation velocity _ _ _ _
of objects in circular orbits within the halo. The spherically Indeed, if y is large, the Schwarzschild radiugs
symmetric solution of the coupled gravity-scalar system in= m/(8wM?)~2Ry,/|y| is small compared to the halo ra-
empty space has indeed two integration constaRis,(y,).  dius Ry and this is equivalent to a substantial cancellation
The total mass of the object can be expressed in terms dfetweenp, andpy.
these constan{d7]. We consider here small values of /| For an understanding of these cancellations in greater de-
which correspond to realistic rotation velocities and halo exdail, it is instructive to study the gravitational contribution in
tensions of galaxiegl7]. While B, is close to 1 except for in the linear approximation. Since the coordinates used for the
the vicinity of the singularity, we observe th@, deviates metric (53) are not harmonic, the formula®3) and (26)
substantially from 1 within the halo. As a consequencefeceive correction¥’ Being only interested in the qualitative
hi; /a2 is of the order one within the halo region and we features, we neglect these corrections here. This yields for
expect substantial contributions to the back-reaction effectsghe gravitational energy density and pressure

For cosmon lumps, the spacelike components of the en- .
ergy momentum tensor are important. This contrasts witI*pg=(%hf“’¢$s,“,4réhg’”&sﬂ,,nL h”oésﬂo+ hésgy,
stars. For a static lump the time derivative of the scalar field
vanishes, and one finds for a single cosmon lump Pg=—(h""8s,,+ %h@”@suﬁ Lhei 55, — lhgl 5si)).

pe="to=V(p)+5"¢d,0o=V(p)+ —(%) :

2C If the potential term can be neglected, the cosmon lumps

L L obey 8s,0=0 such that
P.=3ti=—3lps,T2V(9)]. (56)

These relations are easily generalized to a collection of well
separated lumps. The cosmon part of the energy momentum . P —
tensor obeys the equation of state Pg=s((—3h"+hg")ds;). (61)

pg=3((2h+hg)ss;;),

Pc=Wepe, We=—3(1+2(AV)/p.). (57) We evaluate the above expression in coordinates adapted

to the present cosmological time with=1,g" =5 and as-
sume first that only the halo region of the lumps contributes
effectively to pq,pq,pc andp.. We can therefore evaluate
the ratiospy/py andpg/p. for a single cosmon lump. In the
coordinate systen63), one hagneglecting agaiV(¢)]

Here we have kept only the contribution from the inhomog-
enous fluctuations, andV is the difference between the
local value of the cosmon potential and the homogenous co
mological value* For simplicity we will later concentrate
on the case wheréAV) can be neglected such thai,

= —1/3. Within the halo the potential contribution is indeed

2
small. More generally, the background potentifle) is 5sij:ai(p(9]<p:ﬁ(a—(’o> ) (62
small as compared to the local energy densities such that u \du
effectively AV=0. This implies that static lumps lead to a
negative cosmon equation of state,< — 1/3. With hj;=(C—1)8;=73hg;;, one finds
We next turn to the gravitational contribution. For a L
spherically symmetric static lump, we can again use the re- Pg= — 15Pg (63

lations (45) and (46) for the total energy density and pres- o _
sure. In particular, far away from the lump, the solution ap-and the gravitational energy densijty reads
proaches the standard Schwarzschild solufibri and we

. . . 2
infer that the total integrated pressure vanishas. ( :E B 3_90
=Ry/e), Py ) [C(u)—1] U . (64)

Y¥For a single cosmon lump, the sighV may be positive or Balternatively, one may translate the met(#&3) into harmonic
negative, depending on the sign @/ Ju. coordinates.
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This is to be compared with the energy density in the cosmoifrom Eq. (63) which involves unjustified approximations.

field For more general, in particular, nonstatic, large cosmon fluc-
5 tuations the detailed balance between gravitational and cos-

_) > Pe=—=p 65) mon contributions may not occur anymore. It is plausible,

aul [’ ¢ 37er however, that the above findings about the sign of the various

contributions remain valid.

The average in Eq$64) and (65) is given as an integration A very simple, but perhaps important, observation states

1
pC=§<C_1(U)

over the volume of the lump, that the cosmon pressupg is likely to be negative. Indeed,
R for large fluctuations we may neglect the subtrac_tion of the
(T(u))=3f dut?T(u)/(p—ud), (66)  potential and kinetic energy of the background figld The
Ub cosmon pressure is then given by

where u,, corresponds to the radius of the “bulk” of the L 1] 1o
galaxy and must be larger than the critical valye=R; /e Pe=(~V(e)=59"digdjp+3¢%). (69)
for the central singularityWe recall here that the averaging ye gpserve a negative contribution from the gradient term

needs to be done with respect to the background mefric  reflecting the spatial inhomogeneities of Also the contri-
such that the volume is just the Cartesian volume in theyution of the potential is negative and only a fast time varia-
coordinatex. It does not involve the “microscopic volume” tion could cancel these two negative contributions.
which would have an additional factafg=B2C%2) Imagine now a period in the cosmological evolution
We note thatC(u) becomes smaller than 1 inside the halowhere the cosmon fluctuations become substantial and their
such thaip is indeed negative angl; positive.[The numeri-  negative pressure is n¢or only partially cancelled by the
cal prefactors will be altered if Eq$21) and (20) are used pressure of metric fluctuations. The cosmological evolution
instead of Egs(23) and (26).] This demonstrates how the would then be substantially affected by the negative pressure
cancellation between positive, and negativep; becomes of cosmon dark matter. Furthermore, the cancellation be-
visible already in the linear approximation. WiB~1 and tween cosmon and gravitational energy density could be
more effective than for the pressure. This could lead to a
g\ ? 4M?2 situation where the total energy momentum tensor is domi-
(E) ENTTICYRIN, (67)  nated by cosmon dark matter and quintessence with a sub-

212 '
uIn*(u/uc) stantially negative equation of state

we find that the integrands relevant fpg and p., respec-

tively, can be characterized by w=pl/p~ w (70)
pct Pyt pn
dp\? Rﬁ u
I, = u[C(u)— 1]((?—) =4M?{ — — — (" In fact, the pressure of dark energy,, could also turn nega-
¢ u U In“(u/ue) tive if the potential dominates over the kinetic energy during

such an epoch. v becomes smaller than 1/3, the expan-

9 2 AM 2u3 . .
|, :uscl(u)(_‘P> —— . 68) sion of the universe accelerates
¢ du RHIn4(U/Uc) .
a . p
_ 2__
They are both dominated by the regios-u, . We conclude 3 HTH™=- BYE (1+3w). (71)

that the energy density and pressure are actually dominated

by the interior of the halo and/or by the bulk. An assumptiont js tempting to speculate that such a situation may occur
about a halo domination is actually not justified, nor is thetowards the end of structure formation. The dominant contri-
linear approximation for the computation p§ andpy . bution top.+ py may arise from cosmon inhomogeneities on
Nevertheless, the need of a large cancellation between e scales of clusters or larger. It is even conceivable that the
positive cosmon energy denstiy and a negative gravitationgresent acceleration occurs only effectively for the metric
energy density remains true for larpg, irrespective of the  ayveraged over a volume corresponding to a redstitt or-
shortcomings of the above calculation. Already the integrager 1. At earlier times it may have been “visible” in the
tion of the cosmon energy density over the halo exceeds thgyeraged metric relating to a smaller effective volume.
total mass by a large factor Ry /Rs~|7y|. The total sum
(46) can only be balanced by a negative gravitational energy
density of almost equdhveragegisize. We may summarize
our discussion by extracting the following general features As a conclusion, let us turn back to the question asked in
for large cosmon fluctuations: The cosmon energy demsity the title: can structure formation influence the cosmological
is positive and the pressupg negative, typically withp.~ evolution? We have presented in this paper a few estimates
—p/3. This is accompanied by a negative gravitational en-and simple model calculations within a formalism which de-
ergy densitypq and positive gravitational pressupg. For  scribes the back reaction of fluctuations. We find it unlikely
static isotropic configurations, large cancellations occur bottthat standard cold dark matter fluctuations lead to a substan-
for pc+pg andpc+pg, implying p,~ —p4/3. [This differs tial effect, even though these fluctuations are today large and

VIl. CONCLUSION
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strongly nonlinear. The basic reason is that the averaged Eilso large. For a collection of static and isotropic cosmon
stein equations are linear in the energy momentum tensolumps thisgravitational back reaction cancels theosmon
The direct contribution of fluctuations in the energy densityback reaction to a high degree. For the pressure, one ob-
and pressure therefore cancels by virtue of the averaging. Aserves a matching of a negative cosmon and a positive gravi-
indirect effect of these fluctuations shows up in the form oftational contribution. For more general large cosmon fluctua-
induced metric fluctuations. This effect is related to thetions, in particular if they are not static, this cancellation may
gravitational energy density and pressure. We have seenpt be perfect. A large back-reaction effect would then be
however, that the size of this induced fluctuation effect isexpected for large cosmon fluctuations. We conclude that the
small unless a substantial part of the matter is in regions witlback reaction could substantially influence the cosmological
strong and time-varying gravitational fields. Furthermore, weevolution after the time when large cosmon fluctuations have
have seen that by a “cosmic virial theorem” the gravitationaldeveloped.
pressure cancels the effect of the pressure of cold dark mat- We have also argued that the equation of state of the com-
ter. bined cosmon and gravitational fluctuations may be substan-
The situation can change drastically in the presence of &dally negative. In this event, a growth of fluctuations in the
scalar cosmon field mediating quintessence. If the cosmooosmon field towards the end of structure formation could
fluctuations grow large, their contribution to the back reac-trigger an acceleration of the expansion of the universe and
tion becomes typically quite sizeable. The averaged Einsteiprovide an answer to the question why such an acceleration
equation as well as the averaged scalar evolution equatidmappened “just now.” Many pieces of the scenario outlined
are not linear in the cosmon fluctuations. In contrast to stankhere are, however, fairly speculative. In particular, it remains
dard cold dark matter, large fluctuations make therefore dito be seen whether a realistic effective action for the cosmon
rectly a large contribution to the averaged equations. Oufield can be found such that the cosmon fluctuations indeed
computation for cosmon lumps has revealed that, typicallygrow large in consistency with the present observational in-
the induced gravitational energy density and pressure ar®rmation.
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