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Effects of mixing with quark singlets
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The mixing of the known quarks with new heavy singlets can modify significantly some observables with
respect to the standard model predictions. We analyze the range of deviations permitted by the constraints from
precision electroweak data and flavor-changing neutral processes at low energies. We study top charged current
and neutral current couplings, which will be directly tested at top factories, such as the CERN LHC and the
DESY TESLA. We discuss some examples of observables fromK andB physics, such as the branching ratio

of KL→p0nn̄, theBs
0 mass difference, or the time-dependentCP asymmetry inBs

0→Ds
1Ds

2 , which can also
show large new effects.
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I. INTRODUCTION

The successful operation of the CERNe1e2 collider LEP
and the SLAC Large Detector~SLD! in the past few years
has provided precise experimental data@1,2# with which the
standard model~SM! and its proposed extensions must
confronted. The results for«8/« have converged@3,4#, pro-
viding evidence for directCP violation in the neutral kaon
system. In addition,B factories have begun producing da
on B decays andCP violation, which test the Cabibbo
Kobayashi-Maskawa~CKM! matrix elements involving the
top quark and the CKM phased. However, the determination
of most parameters involving the top quark is still strong
model dependent. While the CKM matrix elements that m
light quarks are extracted from tree-level processes~and
hence their measurement is model independent to a l
extent!, the charged current couplingsVtd and Vts are de-
rived from one-loop processes@5#, to which new physics
beyond the SM may well contribute. The Fermilab Tevatr
determination ofVtb in top quark pair production@6# is ob-
tained assuming 333 CKM unitarity, and the neutral curren
interactions of the top with theZ boson remain virtually
unknown from the experimental point of view. This fact co
trasts with the high precision achieved for the couplings
theb andc quarks at LEP and SLD, obtained from the rati
Rb ,Rc and the forward-backward~FB! asymmetries
AFB

0,b ,AFB
0,c .

The situation concerningCP violating phases is bette
~see for instance Refs.@7,8#!. A few years ago, the single
phased present in the CKM matrix could merely be adjust
to reproduce the experimental value of the onlyCP violation
observable available,« in the kaon system. With the resolu
tion of the conflict between the NA31 and E731 values
«8/«, and the recent measurement of theCP asymmetry
acKS

in theB system@9,10#, there are two newCP violation
observables, both in agreement with the SM predictio
which allow us to test the CKM picture ofCP violation.
Experiments under way atB factories keep investigating
other CP asymmetries to dig out the phase structure of
CKM matrix. Likewise, the knowledge of the top qua
properties will improve in future years, with the arrival o
top factories, such as the CERN Large Hadron Collid
0556-2821/2003/67~3!/035003~25!/$20.00 67 0350
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~LHC! and the DESY TeV Energy Superconducting Line
Accelerator~TESLA! @11,12#. For instance, single top pro
duction at LHC @13–15# will yield a measurement ofVtb
with an accuracy of6 7%. In top pair production, the angu
lar distributions of the top decay products will provide a ve
precise determination of the structure of theWtb vertex,
even sensitive to QCD corrections@16#. The prospects for
Vtd andVts are less optimistic due to the difficulty in taggin
the light quark jets.

Before top factories come into operation, it is natural
ask ourselves how large the departures from the SM pre
tions might be. Answering this question means knowing h
precisely one can indirectly fix the allowed values of t
least known parameters, taking into account all the pres
relevant data from electroweak precision measurements
from kaon,D andB physics. We will show that there is stil
a lot of room for new physics, which may manifest itself
the form of deviations of the properties of the known qua
from SM expectations. This is especially the case for the
quark, whose couplings are poorly known, and also for r
K decays andCP asymmetries in the neutralB systems,
which are currently being probed atK andB factories.

With this aim we study a class of SM extensions in whi
Q52/3 up-type orQ521/3 down-type quark singlets ar
added to the three SM families@17–27#. These exotic quarks
often called vectorlike, have both their left and right comp
nents transforming as singlets under SU(2)L , and therefore
their addition to the SM quark content does not spoil t
cancellation of the triangle anomalies. In these mod
which are described in the next section, 333 CKM unitarity
does not necessarily hold, and mixing of the new quarks w
the standard ones can lead to sizable departures from the
predictions@28–31#. For instance, the CKM matrix elemen
Vtd , Vts andVtb and the top neutral current couplings wi
theZ boson can be quite different from SM expectations. T
ratio of branching fractions of the ‘‘golden modes’’ Br(KL

→p0nn̄)/Br(K1→p1nn̄) can have an enhancement of o
order of magnitude with respect to the SM prediction, a
the time-dependentCP asymmetry in the decayBs

0

→Ds
1Ds

2 , which is predicted to be very small in the SM
can have any value between21 and 1.

Apart from their simplicity and the potentially large e
fects on experimental observables, there are several the
©2003 The American Physical Society03-1
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ical reasons to consider quark isosinglets. Down singlets
pear in grand unification theories@22,32,33#, for instance
those based on the gauge groupE6 ~in the 27 representation
of E6 a Q521/3 singlet is associated with each fermio
family!. The presence of down singlets does not spoil ga
coupling unification, as long as they are embedded within
27 representation ofE6 @25,26#. When added to the SM par
ticle content, they can improve the convergence of the c
plings, but not as well as in the minimal supersymmetric S
@34#. Models with large extra dimensions with for instancetR
in the bulk predict the existence of a tower ofQ52/3 sin-
glets TL,R

(n) . If there is multilocalization the lightest one
TL,R

(1) , can have a massmT;300 GeV or larger and an ob
servable mixing with the top@35#. Similarly, if bR is in the
bulk, there exists a tower ofBL,R

(n) , but the mixing with SM
fermions is suppressed in relation to the top case if the Hi
boson is restricted to live on the boundary.

There are three recent studies regarding the constrain
models with extra singlets@36–38#. In this work, we extend
these analyses in three main respects.~i! We include up sin-
glets, as well as down singlets, referring to them as mode
and II, respectively.~ii ! We study the limits onVtd , Vts ,
Vtb , top neutral current couplings and other observables
previously analyzed.~iii ! We take a larger set of experimen
tal constraints into account: the correlated measuremen
Rb ,Rc ,AFB

0,b ,AFB
0,c ,Ab ,Ac ; oblique corrections; theudmBu,

udmBs
u, and udmDu mass differences; theCP violation ob-

servables«,«8/«,acKS
; the decaysb→sg, b→sm1m2, b

→se1e2, K1→p1nn̄, andKL→m1m2; nN processes and
atomic parity violation. In addition, we examine seve
other potential restrictions, which turn out to be less imp
tant than the previous ones. We allow mixing of all the ge
erations with eitherQ52/3 or Q521/3 exotic quarks, and
we consider that one or two singlets can mix significan
although for brevity in the notation we always refer to o
extra singletT or B.

This paper is organized as follows. In Sec. II the ma
features of the models are described. In Sec. III we sum
rize the direct limits on CKM matrix elements and th
masses of the new quarks. In Sec. IV we review the c
straints from precision electroweak data:Rb , Rc , asymme-
tries and oblique corrections. In Sec. V we focus our att
tion on flavor-changing neutral~FCN! processes at low
energies: meson mixing,B decays and kaon decays. Th
various constraints on theZ couplings of theu,d quarks are
studied in Sec. VI. We introduce the formalism necessary
the discussion of some observables fromK andB physics in
Sec. VII. We present the results in Sec. VIII, and in Sec.
we draw our conclusions. In Appendix A we collect the co
mon input parameters for our calculations, and in Appen
B the Inami-Lim functions needed. The statistical prescr
tions used in our analysis are explained in Appendix C.

II. BRIEF DESCRIPTION OF THE MODELS

In order to fix our notation briefly, in this section we wi
be a little more general than needed in the rest of the pa
~see for instance Ref.@39# for an extended discussion includ
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ing isodoublets and mirror quarks too!. We consider a SM
extension withN standard quark families andnu up,nd down
vectorlike singlets. The total numbers of up and dow
quarks,Nu5N1nu and Nd5N1nd , respectively, are no
necessarily equal. In these models, the charged and ne
current terms of the Lagrangian in the weak eigenstate b
can be written in matrix notation as

LW52
g

A2
ūL

(d)gmdL
(d)Wm

11H.c.,

LZ52
g

2cW
~ ūL

(d)gmuL
(d)2d̄L

(d)gmdL
(d)22sW

2 Je.m.
m !Zm , ~1!

with (uL
(d) ,dL

(d)) doublets under SU(2)L of dimensionN in
flavor space. These terms have the same structure as i
SM, with N generations of left-handed doublets in th
isospin-related terms, but with all theNu ,Nd fields in Je.m..
The differences show up in the mass eigenstate basis, w
the Lagrangian reads

LW52
g

A2
ūLgmVdLWm

11H.c.,

LZ52
g

2cW
~ ūLgmXuuL2d̄LgmXddL22sW

2 Je.m.
m !Zm . ~2!

Here u5(u,c,t,T, . . . ) and d5(d,s,b,B, . . . ) are Nu
and Nd dimensional vectors, andXu,Xd are matrices of
dimension Nu3Nu ,Nd3Nd , respectively. In general the
Nu3Nd CKM matrix V is neither unitary nor square.

The most distinctive feature of this class of models is
appearance of tree-level FCN couplings in the mass eig
state basis, originated by the mixing of weak eigenstates w
the same chirality and different isospin. These FCN inter
tions mix left-handed fields, and are determined by the o
diagonal entries in the matricesXu,Xd. On the other hand
the diagonalZqq terms of up- or down-type mass eigensta
q are ~dropping here the superscript on theX matrices!

cL
q56Xqq22QqsW

2 ,

cR
q522QqsW

2 , ~3!

with the plus~minus! sign for up~down! quarks. With these
definitions, the flavor-diagonalZqq vertices read

LZqq52
g

2cW
~ q̄LgmcL

qqL1q̄RgmcR
qqR!Zm. ~4!

For a SM-like mass eigenstate without any left-handed s
glet component,Xqq51, Xqq850 for q8Þq, and it has stan-
dard interactions with theZ boson. For a mass eigensta
with singlet components, 0,Xqq,1, which implies nonzero
FCN couplingsXqq8 as well.

Let us write the unitary transformations between the m
and weak interaction eigenstates,
3-2
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uL
05U uLuL , uR

05U uRuR ,

dL
05U dLdL , dR

05U dRdR , ~5!

whereU qL andU qR areNq3Nq unitary matrices. The weak
interaction eigenstatesqL,R

0 include doublets and singlets.
follows from Eqs.~1!,~2! that

Vas5~U ia
uL!* U is

dL ,

Xab
u 5~U ia

uL!* U ib
uL , Xst

d 5~U j s
dL!* U j t

dL ~6!

with i , j running over the left-handed doublets,a,b
5u,c,t,T, . . . ands,t5d,s,b,B, . . . . From these equa
tions it is straightforward to obtain the relations

Xu5VV†,

Xd5V†V, ~7!

and to observe thatXu5(Xu)†,Xd5(Xd)†. Furthermore, we
can see that in generalV is not a unitary matrix. We will
restrict our discussion to models where eithernd50 or nu
50, i.e., we will consider either up singlets or down single
but not both at the same time. In this contextV is a submatrix
of a unitary matrix, and in each case we can write

Xab
u 5(

i 51

N

Va iVb i* 5dab2 (
i 5N11

Nu

Va iVb i* ,

Xst
d 5(

i 51

N

Vis* Vi t5dst2 (
i 5N11

Nd

Vis* Vi t . ~8!

It is enlightening to observe that foraÞb, sÞt, we have
the inequalities@39,40#

uXab
u u2<~12Xaa

u !~12Xbb
u !,

uXst
d u2<~12Xss

d !~12Xtt
d !. ~9!

Therefore, if for instanceXaa
u 51 ~that is, if the diagonalZ

vertex is the same as in the SM! the off-diagonal couplings
involving the quarka vanish. As a rule of thumb, FCN cou
plings arise at the expense of decreasing the diagonal o
This fact has strong implications for the limits on FCN co
plings, as we will see later.

The equality forXu in Eq. ~9! holds in particular ifnu
51. Likewise, the equality forXd holds whennd51. This
implies that the introduction ofonly oneextra singlet mixing
significantly ~as is usually done in the literature! results in
additional restrictions in the parameter space, and in p
ciple may lead to different predictions. Moreover, fornu
51 or nd51 the CKM matrix has three independentCP
violating phases, whereas fornu52 or nd52 there are five.
Hence, in our numerical analysis we will consider also
situation when two singlets can have large mixing,nu52,
nd50 or nu50, nd52, to give a more complete picture. I
the rest of the paper we write the expressions for only
extra singlet for simplicity.
03500
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III. DIRECT LIMITS

Even though in these SM extensions the 333 CKM ma-
trix is not unitary, in the two examples under study it is st
a submatrix of a 434 unitary matrixV. The direct determi-
nation of the moduli of CKM matrix elements@5# in Table I
sets not only direct limits on these CKM elements the
selves but also unitarity bounds on the rest. After the requ
ment of Vtb;1 from precision electroweak data~see Sec.
IV ! these bounds are stronger. In this case, the Tevatron
straint @6#

uVtbu2

uVtdu21uVtsu21uVtbu2
50.9720.24

10.31 ~10!

is automatically satisfied.
The non-observation of top decayst→qZ, q5u,c at

Tevatron@41# provided the first limit on FCN couplings in
volving the top quark,uXqtu<0.84 with a 95% confidence
level ~C.L.! ~from now on we omit the superscript when it
obvious!. These figures have improved with the analysis
single top production at LEP in the processe1e2→tq̄

1 t̄ q, which sets the boundsuXqtu<0.41 with a 95% C.L.
@42#. LEP limits are model dependent because in single
production there might possibly be contributions from agtq
effective coupling. These vertices are very small in most S
extensions, in particular in models with quark singlets@43#,
thus in our case the photon contribution may be safely
nored.

As long as new quarks have not been observed
Tevatron or LEP, there are various direct limits on th
masses, depending on the decay channel analyzed@5#. We
assumemT ,mB.200 GeV in our evaluations.

IV. LIMITS FROM PRECISION ELECTROWEAK DATA

A. Rb , Rc and FB asymmetries

In the discussion after Eqs.~9! we observed that FCN
interactions can be bounded by examining the deviation fr
unity of the diagonal ones. This is a particular example o
more general feature of these models, that the isosin
component of a mass eigenstate can be determined from
diagonal couplings with theZ boson. In this section we will
explain how the experimental knowledge ofRb , Rc and the
FB asymmetries of theb andc quarks constrains their mix
ing with isosinglets. We will study in detail the case of th
bottom quark; the discussion for the charm is rather simi

Rb is defined as the ratio

TABLE I. Direct measurements of CKM matrix elements.Vub is
obtained fromuVcbu and the ratiouVub /Vcbu.

uVudu 0.973560.0008
uVusu 0.219660.0023
uVubu (3.661.0)31023

uVcdu 0.22460.016
uVcsu 0.9760.11
uVcbu 0.040260.0019
3-3
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Rb5
G~Z→bb̄!

G~Z→hadrons!
. ~11!

The partial width to hadrons includesuū, dd̄, ss̄, cc̄, and
bb̄. The numerator of this expression is proportional
(cL

b)21(cR
b)2 plus a smaller term proportional tomb . The

pole FB asymmetry of theb quark is defined as

AFB
0,b5

s~cosu.0!2s~cosu,0!

s~cosu.0!1s~cosu,0!
, ~12!

where u is the angle between the bottom and the elect
momenta in the center of mass frame.1 The coupling param-
eterAb of the bottom quark is defined as

Ab5
~cL

b!22~cR
b !2

~cL
b!21~cR

b !2
. ~13!

It is obtained from the left-right-forward-backward asymm
try of theb quark at the SLD, and considered as an indep
dent parameter in the fits, despite the fact that the FB as
metry can be expressed asAFB

0,b53/4AeAb , with Ae the
coupling parameter of the electron.

At the tree level,cL
b52Xbb12/3sW

2 , cR
q52/3sW

2 ; hence
in a first approximation the mixing of theb quark with down
singlets in model II decreasesXbb from unity and thus de-
creasesRb , Ab , andAFB

0,b . The effect of some electrowea
radiative corrections can be taken into account using a m
fied minimal subtraction scheme (MS) definition of the sine
of the weak angle,sZ

250.23113@5# and for the electron cou
pling an ‘‘effective’’ leptonic sin2u lept

eff 50.23137@1#. Other
electroweak and QCD corrections that cannot be abso
into these definitions are included as well@44,45#. They are
of order 0.6% foru, c and20.25% ford,s,b. Furthermore,
for the bottom quark there is an important correction ori
nated by triangle diagrams involving the top quark@46#:

1These two observablesdo not include the photon contributions
and AFB

0,b is defined for massless external particles. They are

tracted from the experimental measurement ofe1e2→bb̄ after cor-
recting for the photon contribution, external masses and other
fects @1,2#.

TABLE II. SM calculation ofRb , Rc , AFB
0,b , AFB

0,c , Ab , Ac

and experimental values.

SM Experimental Total
prediction measurement error

Rb 0.21558 0.21646 0.00065
Rc 0.1722 0.1719 0.0031
AFB

0,b 0.1039 0.0990 0.0017
AFB

0,c 0.0744 0.0685 0.0034
Ab 0.935 0.922 0.020
Ac 0.669 0.670 0.026
03500
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dcL
b52S a

2p D uVtbu2F~xt! ~14!

~note that we use a different normalization with respect
Ref. @46#!, with xt5(mt /MW)2 and

F~xt!5
1

8sW
2 @xt12.880 logxt26.716

1~8.368 logxt23.408!/xt

1~9.126 logxt12.260!/xt
2

1~4.043 logxt17.410!/xt
31•••#. ~15!

We have omitted the imaginary part ofF(xt) since it does
not contribute todcL

b . This large correction;(mt /MW)2 is a
consequence of the non-decoupling behavior of the
quark, and CKM suppression makes it relevant only for
bottom quark. It decreases the value ofRb by 4s and has the
indirect effect of increasingRc slightly. Its inclusion is then
crucial to compare the theoretical calculation with expe
ment. In Table II we collect our SM predictions forRb , Rc ,
AFB

0,b , AFB
0,c , Ab and Ac calculated using the parameters

Appendix A, together with the experimental values found
Ref. @1#. The masses used areMS masses at the scaleMZ .
The correlation matrix necessary for the fit is in Table III.

The mixing of theb quark with down isosinglets de
creasesVtb , making this negative correction smaller
modulus. This is however less important than the effect
the deviation ofXbb from unity. The net effect is that in
model II Xbb , and hence alsoVtb , is tightly constrained by
Rb to be very close to unity.

In model I the mixing of the top quark with singlets mod
fies theZtt interactions, and the expression fordcL

b in Eq.
~14! must be corrected accordingly~see Ref.@47# and also
Ref. @48#!. The decrease inXtt can be taken into account wit
the substitutionF→F1F2, with

F2~xt!5
1

8sW
2

Xtt21

2
xtS 22

4

xt21
logxtD . ~16!

Moreover, there are additional triangle diagrams with t
mass eigenstateT replacing the top quark, or involvingt and
T. The T quark contribution is added to Eq.~14! as the top

-

f-

TABLE III. Correlation matrix for the experimental measure
ments ofRb , Rc , AFB

0,b , AFB
0,c , Ab , andAc .

Rb Rc AFB
0,b AFB

0,c Ab Ac

Rb 1.00 20.14 20.08 0.01 20.08 0.04
Rc 20.14 1.00 0.04 20.01 0.03 20.05
AFB

0,b 20.08 0.04 1.00 0.15 0.02 0.00
AFB

0,c 0.01 20.01 0.15 1.00 0.00 0.01
Ab 20.08 0.03 0.02 0.00 1.00 0.13
Ac 0.04 20.05 0.00 0.01 0.13 1.00
3-4
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term but multiplied byuVTbu2. Thet2T contribution is given
by Vtb* VTbF3(xt ,xT), with xT5(mT /MW)2 and2

F3~xt ,xT!5
1

2sW
2

ReXtT

2 F2
1

xT2xt
S xT

2

xT21
logxT

2
xt

2

xt21
logxtD 1

xtxT

xT2xt
S xT

xT21
logxT

2
xt

xt21
logxtD G . ~17!

In model I this radiative correction gives the leading e
fect onRb of the mixing. However, the presence of the ne
quark may make up for the difference in the top quark c
tribution. Should the new mass eigenstate be degenerate
the top quark,mT5mt andxT5xt , one can verify that

uVtbu2F~xt!1uVTbu2F~xT!5uVtbu2@F~xt!1F2~xt!#

1uVTbu2@F~xT!1F2~xT!#

1Vtb* VTbF3~xt ,xT!, ~18!

as intuitively might be expected. SinceuVtbu21uVTbu2

5uVtbuSM
2 , this means that for degeneratet,T the correction

has the same value as in the SM~and in this situation the
terms withF2 andF3 cancel each other!. For mT;mt , dcL

b

has a similar magnitude as in the SM and low valuesVtb
;0.6 are allowed. For heavierT, the size of this radiative
correction sets limits on the CKM angleVTb , and thus on
Vtb .

The study of the charm mixing and the constraints on
couplings fromRc , Ac and AFB

0,c is completely analogous
~interchanging the roles of up and down singlets!. In prin-
ciple, the presence of a new heavy down quarkB induces a
largemB

2-dependent correction, but this is suppressed by
CKM factor uVcBu2 and hence the analysis is simplified. Th
pole FB asymmetry of the quarks has also been measure
recently, AFB

0,s50.100860.0120 @49#, although not nearly
with the same precision as theb and c asymmetries. This
determination assumes that the FB asymmetries of theu,d
quarks and theZ branching ratios are fixed at their SM va
ues and thus cannot be properly taken as a direct mea
ment. We do not include it as a constraint, but anyway
have checked that at this level of experimental precisio
would not provide any additional constraint on the mode

B. Oblique parameters

The oblique parametersS, T and U @50,51# are used to
summarize the effects of new particles in weak currents
compact form. Provided these particles are heavy and co
weakly to the known fermions, their leading effects in pr

2In obtaining Eq.~17! from the results quoted in Ref.@46# we
have assumed a CKM parametrization withVtb* VTb real. This is our
case with the parametrizations used in the numerical analys
Sec. VIII.
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cesses with only SM external particles are radiative corr
tions given by vacuum polarization diagrams~oblique cor-
rections!, rather than triangle and box diagrams~direct
corrections!. We will use the definitions@52,53#

S5216p
P3Y~MZ

2!2P3Y~0!

MZ
2

,

T5
4p

MZ
2sW

2 cW
2 @P11~0!2P33~0!#,

U516pS P11~MW
2 !2P11~0!

MW
2

2
P33~MZ

2!2P33~0!

MZ
2 D .

~19!

They are equivalent to the ones used in Ref.@5#, as can be
seen by a change of basis. In these expressions only
contributions of new particles are meant to be included. R
diative corrections from SM particles must be treated se
rately because their leading effects are direct, not obliq
The parametersS,T,U are extracted from precision elec
troweak observables, and their most recent values ar
Table IV. The contributions toS, T and U of an arbitrary
number of families plus vectorlike singlets and doublets ha
been computed in Ref.@53#. In our models there are no ex
otic vectorlike doublets, hence right-handed currents are
sent and their expressions simplify to

S5
Nc

2p S (
a51

Nu

(
s51

Nd

uVasu2c1~ya ,ys!

2 (
b,a

N u

uXab
u u2c1~ya ,yb!2 (

t,s

N d

uXst
d u2c1~ys ,yt!D ,

T5
Nc

16psW
2 cW

2 S (
a51

Nu

(
s51

Nd

uVasu2u1~ya ,ys!

2 (
b,a

N u

uXab
u u2u1~ya ,yb!2 (

t,s

N d

uXst
d u2u1~ys ,yt!D ,

U52
Nc

2p S (
a51

Nu

(
s51

Nd

uVasu2x1~ya ,ys!

2 (
b,a

N u

uXab
u u2x1~ya ,yb!2 (

t,s

N d

uXst
d u2x1~ys ,yt!D ,

~20!

whereNc53 is the number of colors,yi5(mi /MZ)2 and we
use theMS definition of sW

2 , as well asMS masses at the
scaleMZ . The functions multiplying the mixing angles are
in

TABLE IV. Experimental values of the oblique parameters.

S 20.0360.11
T 20.0260.13
U 0.2460.13
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c1~y1 ,y2!5
22y1114y2

9
2

1

9
log

y1

y2
1

11y111

18
f ~y1 ,y1!1

7y221

18
f ~y2 ,y2!,

u1~y1 ,y2!5y11y22
2y1y2

y12y2
log

y1

y2
,

x1~y1 ,y2!5
y11y2

2
2

~y12y2!2

3
1F ~y12y2!3

6
2

y1
21y2

2

2~y12y2!
G log

y1

y2
1

y121

6
f ~y1 ,y1!1

y221

6
f ~y2 ,y2!

1F1

3
2

y11y2

6
2

~y12y2!2

6 G f ~y1 ,y2!. ~21!

The functionf is defined as

f ~y1 ,y2!55 22ADS arctan
y12y211

AD
2arctan

y12y221

AD
D , D.0,

A2D log
y11y2211A2D

y11y2212A2D
, D<0,

~22!
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with D5212y1
22y2

212y112y212y1y2. The functions
c,u,x are symmetric under the interchange of their va
ables, andu,x satisfyu(y,y)50, x(y,y)50.

These expressions are far from transparent, and to ha
better understanding of them we will examine the example
an up singlet mixing exclusively with the top quark. In th
limit, the new contributions are

S5
Nc

2p
$uVTbu2@c1~yT ,yb!2c1~yt ,yb!#

2uXTtu2c1~yT ,yt!%,

T5
Nc

16psW
2 cW

2 $uVTbu2@u1~yT ,yb!2u1~yt ,yb!#

2uXTtu2u1~yT ,yt!%,

U52
Nc

2p
$uVTbu2@x1~yT ,yb!2x1~yt ,yb!#

2uXTtu2x1~yT ,yt!%. ~23!

The factorsuVTbu2,uXTtu2 describing the mixing of the quar
T are not independent: as can be seen from the results in
II, for nu51 we have the relation

uXTtu25uVTbVtbu25uVTbu2~12uVTbu2!. ~24!

For t andT degenerate,T andU would automatically vanish
independently of the mixing, andS520.16uXTtu2. In order
to obtain a simple approximate formula whenmT@mt , we
approximate 12uVTbu2;1 and keep only the leading orde
in yT . @Needless to say, we use Eqs.~20!–~22! for our fits.#
Using the numerical values ofyb ,yt , this yields
03500
-

a
f

ec.

S5
Nc

2p
uVTbu2@20.341O~yT

21!#,

T5
Nc

16psW
2 cW

2
uVTbu2@218.417.8 logyT1O~yT

21!#,

U52
Nc

2p
uVTbu2@20.601O~yT

21!#. ~25!

These expressions give a fair estimate of the effect of the
mixing in the oblique parameters. We notice that the eff
on S,U is very small,S520.16uVTbu2, U50.29uVTbu2, but
sizable for T ~for instance, T52.7uVTbu2 for m̄T
5500 GeV). Indeed, theT parameter bounds the CKM ma
trix elementVTb ~and henceVtb) more effectively than the
radiative correction toRb and better than low energy obser
ables.

In model II the analysis is similar, but the constraints fro
Rb and FCN processes at low energies are much more
strictive than these from oblique corrections.

V. LIMITS FROM FCN PROCESSES AT LOW ENERGIES

In this section we discuss low energy processes involv
meson mixing and/or decays. An important point is that
most all the observables analyzed receive short-distance
tributions from box and/or penguin diagrams withQ52/3
quark loops~otherwise it will be indicated explicitly!. The
top quark amplitudes are especially relevant due to the la
top quark mass, and are proportional toVtd* Vts , Vtd* Vtb or
Vts* Vtb ~or their squares!, depending on the meson consi
ered. The observables are then sensitive toVtd andVts ~also
to Vtb , but the most important restrictions on its modul
come from precision measurements examined in the last
3-6
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tion!. Additionally, there are extra contributions in the mo
els under study: either new box and penguin diagrams w
an internalT quark in model I or diagrams with tree-leve
flavor-changing neutral currents~FCNC! mediated by theZ
boson in model II. In any case, the new terms depend
products of two elements of the fourth row ofV (VTd* VTs ,
VTd* VTb or VTs* VTb in model I and FCN couplingsXds , Xdb

or Xsb in model II!.
The a priori unknown top quark and new physics term

are added coherently in the expressions of all these obs
ables. Then, in principle there may exist a ‘‘conspiracy’’ b
tween top quark and new physics contributions, with the fi
very different from the SM prediction and new physics ma
ing up for the difference. As long as we use a sufficien
exhaustive set of low energy observables and reproduce
experimental values, this possibility can be limited. This
because the productsVtd* Vts , . . . , VTd* VTs or Xds , etc. ap-
pear in the expressions of these observables in combina
with different coefficients.

Our observables for models I and II includeudmBu,
udmBs

u,«,«8/«, the branching ratios forb→se1e2, b

→sm1m2, K1→p1nn̄, KL→m1m2 and theCP asym-
metry acKS

. For model I we useudmDu as well. It must be
stressed thatthey are all independentand give additional
information that cannot be obtained from the rest. For
ample, if we remove« from the list we can find choices o
parameters of our models for which all the remaining obse
ables agree with experiment~the precise criteria of agree
ment used will be specified in Sec. VIII! but « is more than
5 standard deviations from its measured value. This pro
dure applied to each one shows that none of them can
dismissed.

Once the values of the observables in these sets ar
agreement with experiment, the predictions for the mass
ferenceudmKu and some other partial rates, likeb→sg, B

→snn̄, B→m1m2, Bs→m1m2, agree with SM expecta
tions (b→sg is nevertheless included in the fits!. An impor-
tant exception is the decayKL→p0nn̄, which will be stud-
ied in Sec. VII. SeveralCP asymmetries can also differ from
SM expectations, and are thus good places to search fo
partures from the SM or further restrict the models un
consideration.

In the rest of this section we review the theoretical cal
lation within models I and II of the observables listed abo
together with their experimental status.

A. Neutral meson oscillations

1. The DFÄ2 effective Lagrangians

The complete Lagrangian forQ521/3 external quarks in
the presence of extra down singlets has been obtained in
@54# and we follow their discussion except for small chang
in the notation. We ignore QCD corrections for the mome
and neglect external masses. The Lagrangians forK0, B0 and
Bs

0 oscillations are similar up to CKM factors, and for sim
plicity in the notation we refer to the kaon system. The b
contributions can be written as
03500
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Leff
box52

GF

A2

a

4psW
2 F (

a,b5u,c,t
lsd

a lsd
b F~xa ,xb!G

3~ s̄LgmdL!~ s̄LgmdL!, ~26!

with lsd
a 5Vas* Vad , etc. The functionF is not gauge invari-

ant, and its expression in the ’t Hooft–Feynman gauge
be found, e.g., in Ref.@55#. ~This and other Inami-Lim@56#
functions are collected in Appendix B.! The terms involving
the u quark can be eliminated using

(
a

lsd
a 5Xsd ~27!

and settingxu50, resulting in

Leff
box52

GF

A2

a

4psW
2 F (

a,b5c,t
lsd

a lsd
b S0~xa ,xb!

18Xsd (
a5c,t

lsd
a B0~xa!1Xsd

2 G
3~ s̄LgmdL!~ s̄LgmdL!, ~28!

where the gauge-independent functionS0 is given in terms of
the true box functionF by

S0~xa ,xb!5F~xa ,xb!2F~xa,0!2F~0,xb!1F~0,0!,
~29!

andB0 is given in terms ofF by

4B0~xa!5F~xa,0!2F~0,0!. ~30!

In addition there are two terms to be included in the L
grangian. The first corresponds toZ tree-level FCNC,

Leff
Z 52

GF

A2
Xsd

2 ~ s̄LgmdL!~ s̄LgmdL!. ~31!

The second originates from diagrams with one tree-le
FCN coupling and one triangle loop. Its contribution plus t
B0 term in Eq.~28! can be compared with the short-distan
effective Lagrangian forK0→m1m2 ~see Ref.@54# for the
details!, concluding that the sum of both gives the gaug
invariant Inami-Lim functionY0 with a minus sign. The full
gauge-invariantDS52 effective Lagrangian then reads

Leff
II 52

GF

A2
F a

4psW
2 (

a,b5c,t
lsd

a lsd
b S0~xa ,xb!

28
a

4psW
2

Xsd (
a5c,t

lsd
a Y0~xa!1Xsd

2 G
3~ s̄LgmdL!~ s̄LgmdL!. ~32!

We use the II superscript to refer to model II. TheXds
2 term in

Eq. ~26! is subleading with respect toLeff
Z , and it has been

omitted.
3-7
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The SM Lagrangian can be readily recovered by sett
Xds50 in the above equation. In model I the Lagrangi
reduces to the SM-like box contributions but with terms
volving the new mass eigenstateT,

Leff
I 52

GF

A2
F a

4psW
2 (

a,b5c,t,T
lsd

a lsd
b S0~xa ,xb!G

3~ s̄LgmdL!~ s̄LgmdL!. ~33!

In the B0 and Bs
0 systems the approximation of vanishin

external masses is not justified for theb quark. However, the
two terms involvingS0(xc)[S0(xc ,xc) and S0(xc ,xt) are
much smaller than the one withS0(xt)[S0(xt ,xt) and can
be neglected, and for the lattermb!mt and the approxima-
tion is valid. The effective Lagrangian forD0-D̄0 mixing is
more problematic and we will deal with it later.

Short-distance QCD corrections are included in th
Lagrangians ash factors multiplying each term in the usu
way. These factors account for high energy QCD effects
renormalization group~RG! evolution to lower scales@57#.
When available, we use next-to-leading order~NLO! correc-
tions @58#. For the nonstandard contributions we use lead
logarithmic ~LL ! RG evolution @59#. The differences be-
tween LL and NLO corrections are minimal provided we u
MS massesm̄i(mi) in the evaluations@58#. Some represen
tative QCD corrections for the new terms are

hZ
K5@as~mc!#

6/27Fas~mb!

as~mc!
G6/25Fas~MZ!

as~mb! G
6/23

,

hTT
B 5@as~mt!#

6/23Fas~mT!

as~mt!
G6/21

. ~34!

Here the superscriptsK,B refer to the neutral mesons, an
the subscripts to the term considered.

2. K0 oscillations

The elementM12 of theK0-K̄0 mixing matrix is obtained
from the effective Lagrangian~see for instance Ref.@57#!,

M12
K 5

GF
2MW

2 f K
2 B̂KmK0

12p2
@~lds

c !2hcc
K S0~xc!1~lds

t !2h tt
KS0~xt!

1lds
c lds

t hct
K S0~xc ,xt!1DK#. ~35!

In this expressionmK05498 MeV is the K0 mass, f K
5160 MeV the kaon decay constant taken from experim
and B̂K50.8660.15 @60# the bag parameter. The QCD co
rections are hcc

K 51.3860.20, h tt
K50.57, hct

K 50.47 @61#
~we do not explicitly write the errors when they are neg
gible!. The extra pieceDK in models I and II is

DK
I 5~lds

T !2hTT
K S0~xT!1lds

c lds
T hcT

K S0~xc ,xT!

1lds
t lds

T h tT
K S0~xt ,xT!,
03500
g

-

e

d

g

t

DK
II 528Xds@lds

c hZ
KY0~xc!1lds

t h tt
KY0~xt!#

1
4psW

2

a
hZ

KXds
2 , ~36!

with hTT
K 50.58, hZ

K50.60. We estimatehcT
K .hct

K , h tT
K

.hTT
K , and expect that this is a good approximation beca

RG evolution is slower at larger scales.
In the neutral kaon system the mass differencedmK can

be written as

dmK52 ReM12
K 1dmK

LD ~37!

where the second term is a long-distance contribution
cannot be calculated reliably. For the first term we obt
(4.6460.68)31023 ps21 within the SM, whereasdmK
55.3031023 ps21. The large;30% long-distance contri-
bution prevents us from usingdmK as a constraint on ou
models, but we observe anyway that the short-distance
2 ReM12

K always takes values very close to the SM pred
tion once all other constraints are fulfilled.

The CP violating parameter« is calculated as3

«5eip/4
Im M12

K

A2dmK

~38!

and in the SM it is close to its experimental value (2.2
60.017)31023 after a proper choice of the CKM phased
~see Appendix A!. The SM prediction with the phased
51.014 that best fits«, «8/«, acKS

and udmBu is «5(2.18

60.38)31023. Notice that there is a large theoretical err
in the calculation, mainly a consequence of the uncertaint
B̂K , which results in a poor knowledge of the CKM pha
that reproduces« within the SM. In models I and II this
parameter receives contributions from severalCP violating
phases and thus it cannot be used to extract one in partic
Instead, we let the phases be arbitrary and require that
prediction for« agrees with experiment.

3. B0 oscillations

The elementM12
B of the B0-B̄0 mixing matrix is

M12
B 5

GF
2MW

2 f B
2B̂BmB0

12p2
@~ldb

t !2h tt
BS0~xt!1DB# ~39!

with mB055.279 GeV. We usef B5200630 MeV, B̂B
51.3060.18 from lattice calculations@63#. The terms corre-
sponding toS0(xc) and S0(xc ,xt) have been discarded a
usual, because in the SM, as well as in our models, they
numerically 2–3 orders of magnitude smaller than theS0(xt)
term ~the CKM angles are of the same order and theS0

functions are much smaller!. The QCD correction ish tt
B

50.55. The nonstandard contributions are

3This expression assumes a phase convention whereVud* Vus is
real. For a rephasing-invariant definition of« see Ref.@62#.
3-8



re

-
g

h
ap

s

on
f
g

li-

of
cer-
-

e

-
a

-

for

aint
n in

in
iani
h-
aly-
sion

n
a

n-

be

EFFECTS OF MIXING WITH QUARK SINGLETS PHYSICAL REVIEW D67, 035003 ~2003!
DB
I 5~ldb

T !2hTT
B S0~xT!1ldb

t ldb
T h tT

B S0~xt ,xT!,

DB
II528Xdbldb

t h tt
BY0~xt!1

4psW
2

a
hZ

BXdb
2 . ~40!

The termsS0(xc ,xT) in DB
I and Y0(xc) in DB

II have been
dropped with the same argument as above. The QCD cor
tions for the rest arehTT

B 50.55, hZ
B50.57 and we approxi-

mateh tT
B .hTT

B .
SinceuG12

B u!uM12
B u, the mass difference in theB system is

udmBu52uM12
B u, ~41!

and is useful to constrainldb
t and the new physics param

eters,ldb
T or Xdb depending on the model considered. Lon

distance effects are negligible in theB system, and the SM
calculation yieldsudmBu50.4960.16 ps21, to be compared
with the experimental value 0.48960.008 ps21.

A second restriction regardingB oscillations comes from
the time-dependent asymmetry in the decayB0→cKS ~see
for instance Ref.@62# for a precise definition!. This process is
mediated by the quark-level transitionb̄→ c̄cs̄ and takes
place at the tree level, with small penguin corrections. T
amplitude for the decay can then be written to a good
proximation asA5ÃVcb* Vcs , with Ã real. Therefore the
asymmetry is@8# acKS

5Im lcKS
, with

lcKS
52

~M12
B !*

uM12
B u

Ā

A

M12
K

uM12
K u

52
~M12

B !*

uM12
B u

VcbVcs*

Vcb* Vcs

M12
K

uM12
K u

~42!

and provides a constraint on the combination of phase
B,K mixing and the decayb̄→ c̄cs̄, which are functions of
the CKM CP violating phases and angles. Our calculati
within the SM givesacKS

50.71, and with other choices o
parameters for the CKM matrix the prediction may chan
by 60.08. The world average isacKS

50.73460.054 @64#.
This asymmetry can also be expressed as

acKS
5sin~2b12uB22uK!, ~43!

with b one of the angles of the well-knowndb unitarity
triangle,

b5argF2
VcdVcb*

VtdVtb*
G , ~44!

anduB ,uK parametrizing the deviation of the mixing amp
tude phases with respect to the SM,

2uB5arg
M12

B

~M12
B !SM

, 2uK5arg
M12

K

~M12
K !SM

. ~45!
03500
c-

-

e
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In the absence of new physics, or if the extra phasesuB ,uK
cancel,acKS

5sin2b.

The phase ofM12
K is relatively fixed by the determination

of « and dmK . Despite the good experimental precision
both measurements, the former has a large theoretical un
tainty from B̂K and the latter from long-distance contribu
tions. This allowsuK to be different from zero, but it must b
small anyway. The agreement ofacKS

with experiment then

constrains the phaseuB . The asymmetry in semileptonic de
cays depends also onuB @65# and does not provide any extr
constraint on the parameters of these models.

4. Bs
0 oscillations

The analysis ofBs
0 oscillations is very similar to the pre

vious one for theB0 system, with

M12
Bs5

GF
2MW

2 f Bs

2 B̂Bs
mB

s
0

12p2
@~lsb

t !2h tt
BsS0~xt!1DBs

# ~46!

and mB
s
055.370 GeV, f Bs

5230635 MeV, B̂Bs
51.30

60.18 @63#. The S0(xc) and S0(xc ,xt) terms have again
been neglected, and the QCD correction for theS0(xt) term
is h tt

Bs50.55. The new contributions are

DBs

I 5~lsb
T !2hTT

BsS0~xT!1lsb
t lsb

T h tT
BsS0~xt ,xT!,

DBs

II 528Xsblsb
t h tt

BsY0~xt!1
4psW

2

a
hZ

BsXsb
2 ,

~47!

with the terms involvingS0(xc ,xT) in DB
I andY0(xc) in DBs

II

discarded. The QCD correction factors are the same as
M12

B . The SM estimate for udmBs
u52uM12

Bsu is 17.6

65.9 ps21. Experimentally only a lower bound forudmBs
u

exists, udmBs
u>13.1 ps21 with a 95% C.L., which can be

saturated in models I and II and thus provides a constr
not always considered in the literature. Larger values tha
the SM are also possible.

5. D0 oscillations

In contrast with theK0 and B0 systems,D0 mixing is
mediated by box diagrams withQ521/3 internal quarks.
This circumstance leads to a very small mass difference
the SM, as a consequence of the Glashow-Iliopoulos-Ma
~GIM! mechanism. In addition, the approximation of vanis
ing external masses is inconsistent, and with a careful an
sis including the charm quark mass an extra suppres
;(ms /mc)

2 is found @66,67#, resulting in udmDu
;10217 GeV. NLO contributions, for example dipengui
diagrams@68#, are of the same order, but to our knowledge
full NLO calculation is not available yet. Long-distance co
tributions are estimated to beudmDu;10216 GeV @69#.

On the other hand, the present experimental limit,udmDu
,0.07 ps2154.6310214 GeV with a 95% C.L., is still or-
ders of magnitude above SM expectations. This limit can
3-9



en

se

tte

e

t
te
c
re

t

g

d

ly

the

-

in

or

in
e.

am-

a
re-

ty.
s.
n

died
y-

ne
-

l
.

ion
h-

m

ng-
r i

J. A. AGUILAR-SAAVEDRA PHYSICAL REVIEW D 67, 035003 ~2003!
saturated in model I with a tree-level FCN couplingXcu @70#.
In model II with a new quarkB the GIM suppression is
partially removed but we have checked thatD0 mixing does
not provide any additional constraint for a massmB
,1 TeV. Hence here we only discuss model I. The elem
M12

D is then

M12
D 5

GF
2MW

2 f D
2 B̂DmD0

12p2 F4psW
2

a
hZ

DXcu
2 G , ~48!

wheremD051.865 GeV andf D5215615 MeV @71#. We as-
sumeB̂D51.060.3. We have omitted the SM terms, who
explicit expression can be found for instance in Ref.@67#,
since they are generically much smaller than the one wri
above. In contrast withK0 and B0 oscillations, the terms
linear in Xcu are both negligible due to the small mass
ms ,mb , and we have dropped them.4 The QCD correction is
hZ

D50.59. The mass difference is given byudmDu
52uM12

D u, and provides the most stringent limit onXcu .

B. K decays

1. K¿\p¿nn̄

The importance of the rare kaon decayK1→p1nn̄ in
setting limits on the FCN couplingXsd has been pointed ou
before @40#. This is a theoretically very clean process af
NLO corrections reduce the scale dependence. The un
tainty in the hadronic matrix element can be avoided by
lating this process to the leading decayK1→p0e1n̄ using
isospin symmetry, and then using the measured rate for
latter:

Br~K1→p1nn̄!

Br~K1→p0e1n̄ !
5

r K1a2

2p2sW
4 uVusu2

3 (
l 5e,m,t

ulsd
c XNL

l 1lsd
t h t

XX0~xt!

1DK1u2. ~49!

The factor r K150.901 @73# accounts for isospin breakin
corrections. The charm contributions at NLO are@74# XNL

e,m

5(10.661.5)31024, XNL
t 5(7.161.4)31024, and the

QCD correction to the top term ish t
X50.994@75#. The func-

tion X05C024B0 can be found in Appendix B. The top an
charm terms have similar size becauseX0(xt)@XNL

l but

lsd
t !lsd

c . With Br(K1→p0e1n̄)50.00487 we obtain the

SM value Br(K1→p1nn̄)5(6.460.6)310211, where in
the uncertainty we include only that derived frommt and
XNL

l , and not that from CKM mixing angles. Experimental

4Extending the discussion in Ref.@54# to the case ofD0-D̄0 mix-
ing, we can argue that the functions multiplying the terms linea
Xcu are the Inami-Lim functions appearing inD0→m1m2, which
are also in this case2Y0 @72#.
03500
t
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s
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there are only twoK1→p1nn̄ events@76#. The correspond-
ing 90% C.L. interval for the branching ratio is@3.2,48#
310211.

The new physics contributions are denoted byDK1, and
in models I and II they read

DK1
I

5lsd
T hT

XX0~xT!,

DK1
II

5CU2ZXsd , ~50!

where the factorCU2Z in DK1
II is @77#

CU2Z52
p2

A2GFMW
2

52
psW

2

a
. ~51!

In model I there is another consequence of the mixing of
top quark not considered in these expressions:Xtt and XTT
are different from unity~hence the functionC0 correspond-
ing to Z penguins changes! and there are extra penguin dia
grams withT and t, proportional to the FCN couplingXtT .
This is the same kind of modification that we have seen
the discussion of the radiative correction toRb . There it was
found that the net effect of the top mixing would cancel f
mT5mt and is small formT;mt . The magnitude of the
correction required to take this effect into account
Br(K1→p1nn̄) can be estimated in analogy with that cas
We find that the correction grows withXtT andmT ; however,
these cannot both be large, as required by oblique par
eters. The result is that the error made using Eqs.~49!,~50! is
smaller than the combined uncertainty fromXNL and mt
~10%!. For XtT in its upper limit it amounts to a 6% extr
systematic error, unimportant with present experimental p
cision. For each value ofXtT andmT we include the estimate
of the correction required in the total theoretical uncertain
Bearing in mind the approximation made in using Eq
~49!,~50!, we also omit the QCD factors in the calculatio
because they represent a smaller effect.

This decay sets relevant constraints onlsd
t , lsd

T andXsd

that cannot be obtained from the rest of the processes stu
in this section. This fact has been explicitly proved by stud
ing what the range of predictions for Br(K1→p1nn̄) would
be if the rest of the restrictions were fulfilled but not the o
regardingK1→p1nn̄. Since in some regions of the param
eter space Br(K1→p1nn̄) would be out of the experimenta
interval, this process cannot be discarded in the analysis

2. KL\µ¿µÀ

A complementary limit onlsd
t , lsd

T andXsd comes from
the short-distance contribution to the decayKL→m1m2. Al-
though theoretically this is a clean calculation, the extract
from actual experimental data is very difficult. The branc
ing ratio Br(KL→m1m2)5(7.1860.17)31029 @78#, can be
decomposed into a dispersive part@ReA#2 and an absorptive
part @ Im A#2. The imaginary part can be calculated fro
Br(KL→gg) and amounts to (7.0760.18)31029 @5#, which
almost saturates the total rate. The extraction of the lo
distance component from the real part@ReA#25(1.1

n

3-10
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62.4)310210 is not model independent@79#, but as long as
our aim is to place limits on new physics we can use
model in Ref.@80# as an estimate, obtaining the 90% C
bounduReASDu2<1.931029.

On the theoretical side, the calculation of the sho
distance part of the decay is done by relating it toK1

→m1n,

Br~KL→m1m2!SD

Br~K1→m1n!

5
tKL

tK1

a2

p2sW
4 uVusu2

3@YNLRelsd
c 1h t

YY0~xt!Relsd
t 1DKL

#2, ~52!

with tKL
55.1731028 s, tK151.23831028 s. The factor in

the charm term isYNL5(2.9460.28)31024 at NLO @74#.
The functionY05C02B0 can be found in Appendix B, and
the QCD correction for the top is very close to unity,h t

Y

51.012 @75#. Using Br(K1→m1n)50.6343 from experi-
ment, the SM prediction is Br(KL→m1m2)SD5(6.6
60.6)310210. The new physics contributions are

DKL

I 5hT
YY0~xT! Relsd

T ,

DKL

II 5ReCU2ZXsd . ~53!

As in K1→p1nn̄ the mixing of the top quark modifies th
Inami-Lim functionC0 and adds a newt2T term. The net
effect is small and has been taken into account in the th
retical uncertainty.

C. B decays

1. B\Xsg

The inclusive decay widthG(B→Xsg) can be well ap-
proximated by the parton-level widthG(b→sg). In order to
reduce uncertainties, it is customary to calculate instead
ratio

Rg[
G~b→sg!

G~b→cen̄ !
~54!

and deriveG(b→sg) from Rg and the experimental mea
surement ofG(b→cen̄). The ratioRg is given by

Rg5
ulsb

t u2

uVcbu2
6a

p f ~z!
uC7g~m!u2, ~55!

wherez5mc /mb ~pole masses! and

f ~z!5128z218z62z8224z4 logz ~56!

is a phase space factor forb→cen̄. The Wilson coefficient
C7g(m) is obtained from the relevant coefficients at the sc
MW by RG evolution.
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The study ofb→sg in the context of SM extensions with
up and down quark singlets was carried out at leading or
~one loop! in Refs. @81,82#. The Wilson coefficients at the
scaleMW relevant for this process are, using the notation
Ref. @57#,

C2~MW!52
lsb

c

lsb
t

, ~57!

C7g~MW!52
1

2
D08~xt!1DC7g~MW!,

C8G~MW!52
1

2
E08~xt!1DC8G~MW!,

C3~MW!5DC3~MW!,

C7~MW!5DC7~MW!,

C9~MW!5DC9~MW!.

The extra terms in model I are straightforward to include

DC7g
I ~MW!52

1

2

lsb
T

lsb
t

D08~xT!,

DC8G
I ~MW!52

1

2

lsb
T

lsb
t

E08~xT!,

DC3
I ~MW!50,

DC7
I ~MW!50,

DC9
I ~MW!50. ~58!

In model II there are contributions fromZ penguins with one
or two FCN couplings, plusH penguins and other term
originated by the non-unitarity ofV. The expressions rea
@81#

DC7g
II ~MW!5

Xsb

lsb
t S 23

36
1js

Z1jb
ZD1

XsBXBb

lsb
t

3@jB
Z~yB!1jB

H~wB!#,

DC8G
II ~MW!5

Xsb

lsb
t S 1

3
23js

Z23jb
ZD23

XsBXBb

lsb
t

3@jB
Z~yB!1jB

H~wB!#,

DC3
II~MW!52

1

6

Xsb

lsb
t

,

DC7
II~MW!52

2

3
sW

2 Xsb

lsb
t

,

DC9
II~MW!5

2

3
~12sW

2 !
Xsb

lsb
t

, ~59!
3-11
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with yi5(mi /MZ)2, wi5(mi /MH)2. The functionsj are
given in Appendix B. We have made the approximationsys
50, yb50, ms /mb50, and a very small term proportiona
to XsdXdb has been omitted inDC7g

II andDC8G
II . Note also

that C2(MW)51 in the SM, but not necessarily in models
and II. The RG evolution to a scalem55 GeV gives@81,83#

C7g~m!520.158C2~MW!10.695C7g~MW!

10.085C8G~MW!10.143C3~MW!

10.101C7~MW!20.036C9~MW!. ~60!

From this coefficient we getRg52.6231023 in the SM. In
order to incorporate NLO corrections we normalize our L
calculation to the NLO value@84# with an ad hoc factor5

Kg51.12, and we keep the normalizing factor for the calc
lation of Rg in models I and II. This is adequate provided t
nonstandard contributions are small. The systematic erro
this approximation is estimated to be smaller than;Kg(Kg
21)@Rg2Rg(SM)#, and vanishes if the new physics term
scale with the same factorKg . We have found that in prac
tice this error is of orderO(1025), and in the worst case
231024, smaller than the uncertainties present in the
and NLO calculations. With this procedure and using Brb

→cen̄)50.102 we obtain Br(b→sg)53.3431024, in very
good agreement with the world average (3.360.4)31024

@85–87#. We take as theoretical uncertainty the one quote
Ref. @84#, 0.3331024.

2. B\Xsl
¿lÀ

The analysis of the decayB→Xsl
1l 2 is very similar to

the previous one ofB→Xsg. Again, the process can be a
proximated byb→sl1l 2 and the quantity theoretically ob
tained is the differential ratio

Rll ~ ŝ![
1

G~b→cen̄ !

d

dŝ
G~b→sl1l 2!, ~61!

with ŝ5(pl 11pl 2)2/mb
2 the normalized invariant mass o

the lepton pair. The calculation at LO@88# involves two more
operators at the scaleMW , Q9V , and Q10A . Defining for
convenienceC̃9V ,C̃10A by

C9V5
a

2p
C̃9V , C10A5

a

2p
C̃10A , ~62!

the latter are

C̃9V~MW!52
4

9

lsb
c

lsb
t

1
Y0~xt!

sW
2

24Z0~xt!1DC̃9V~MW!,

5We obtain the factorKg by comparing our LO and the NLO
calculation ofRg in Ref. @84# with a common set of parameters.
03500
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C̃10A~MW!52
Y0~xt!

sW
2

1DC̃10A~MW!. ~63!

The extra terms in model I are analogous to the ones co
sponding to the top quark,

DC̃9V
I ~MW!5

lsb
T

lsb
t FY0~xT!

sW
2

24Z0~xT!G , ~64!

DC̃10A
I ~MW!52

lsb
T

lsb
t

Y0~xT!

sW
2

,

and in model II we have@89#

DC̃9V
II ~MW!5S 1

sW
2

24D CU2Z

Xsb

lsb
t

,

DC̃10A
II ~MW!52

CU2Z

sW
2

Xsb

lsb
t

. ~65!

The RG evolution to a scalem55 GeV gives the coefficients
of the relevant operators,

C1~m!520.221C2~MW!,

C2~m!51.093C2~MW!,

C̃9V~m!5C̃9V~MW!11.838C2~MW!,

C̃10A~m!5C̃10A~MW!, ~66!

and C7g as in the processb→sg. We define for brevity in
the notation an ‘‘effective’’C̃9V ,

C̃9V
eff ~m!5C̃9V~m!1g~z,ŝ!@3C1~m!1C2~m!#, ~67!

where theŝ-dependent functiong is @88#

g~z,ŝ!52
8

9
logz1

8

27
1

16

9

z2

ŝ
2

2

9
AU12

4z2

ŝ
US 21

4z2

ŝ
D

3

¦

2 arctan
1

A4z2

ŝ
21

, ŝ,4z2,

logU11A12
4z2

ŝ

12A12
4z2

ŝ

U1p i , ŝ.4z2.

~68!
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Then, the differential ratioRll is written as

Rll ~ ŝ!5
a2

4p2f ~z!

ulsb
t u2

uVcbu2
~12 ŝ!2@~112ŝ!~ uC̃9V

eff u21uC̃10Au2!

14~112/ŝ!uC7gu2112 ReC7g* C̃9V
eff #. ~69!

The partial width Br(b→sl1l 2) is derived by integratingŝ
from 4ml

2/mb
2 to 1 and multiplying by the experimental valu

of Br(b→cen̄). Within the SM we obtain Br(b→se1e2)
57.331026, Br(b→sm1m2)55.031026. These values
are a little sensitive to the precise value ofsW

2 used. We use
as throughout the paper, theMS definition. Experimentally,
Br(b→sm1m2)5(8.962.7)31026 but for electrons only
an upper bound exists, Br(b→se1e2),11.031026 with a
90% C.L. @90#. The NLO values@91# are 10% larger but in
view of the experimental errors it is not necessary to inc
porate NLO corrections to set limits on new physics. T
theoretical uncertainties, including the possible modificat
of the C0 functions, do not have much importance either~in
contrast with the decayb→sg) and we do not take them int
account in the statistical analysis.

Despite the worse experimental precision, in model Ib
→sl1l 2 sets a stronger limit on the FCN couplingXsb than
b→sg. This is understood because in this model the de
b→sl1l 2 can be mediated by tree-level diagrams involvi
Xsb , while in the processb→sg this vertex appears only in
extra penguin diagrams and unitarity corrections, of the sa
size as the SM contributions. Bothl 5e and l 5m have to be
considered, as the former sets the best upper bound an
latter provides a lower bound. In model I it also gives a mo
restrictive constraint thanb→sg, but we still include the
latter in the fit.

D. The parameter «8

This parameter measures directCP violation in the kaon
system~its definition can be found for instance in Ref.@62#!.
For several years the experimental measurements have
inconclusive, but now the determination has settled, wit
present accuracy of;10%. On the contrary, the theoretic
prediction is subject to large uncertainties. Instead of ca
lating «8 directly, we calculate«8/«.Re«8/«, using the
simplified expression@92#

«8

«
5F«8~xt!Im lsd

t 1D«8 , ~70!

with

F«8~xt!5P01PXX0~xt!1PYY0~xt!1PZZ0~xt!1PEE0~xt!

~71!

andD«8 representing the new physics contribution. The fa
tors multiplying the Inami-Lim functions are

P0523.167112.409B6
(1/2)11.262B8

(3/2),

PX50.54010.023B6
(1/2),
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PY50.38710.088B6
(1/2),

PZ50.47420.017B6
(1/2)210.186B8

(3/2),

PE50.18821.399B6
(1/2)10.459B8

(3/2), ~72!

with B6
(1/2),B8

(3/2) non-perturbative parameters specified b
low. The new contributions are

D«8
I

5F«8~xT!Im lsd
T ,

D«8
II

5CU2Z~PX1PY1PZ!Im Xsd .
~73!

In D«8
I we approximate theP coefficients inF«8(xT) with the

corresponding ones inF«8(xt). From lattice or largeNc cal-
culationsB6

(1/2)51.060.3, B8
(3/2)50.860.2. Corrections ac-

counting for final state interactions@93,94# modify these fig-
ures to B6

(1/2)51.5560.5, B8
(3/2)50.760.2 yielding «8/«

5(1.6460.70)31023 in good agreement with the world av
erage (1.7260.18)31023 @3,4#. With largeNc expansions at
NLO very similar results are obtained@95#. Notice that the
large theoretical error in theB parameters partially takes int
account the different values from different schemes. Th
uncertainties, together with cancellations among terms, b
about a large uncertainty in the prediction. In spite of th
fact «8/« is very useful to constrain the imaginary parts
lsd

t , lsd
T , andXsd @77#.

E. Summary

The combined effect of the low energy constraints fromK
and B physics is to disallow large cancellations and ‘‘fin
tuning’’ of parameters to some extent. As emphasized at
beginning of this section, the various observables depend
the CKM anglesVtd ,Vts ,Vtb and the new physics param
eters in different functional forms. Therefore, if theoretic
and experimental precision were far better the param
space would be constrained to a narrow window around
SM values, and perhaps other possible regions allowed
cancellations. However, as can be seen in Table V, pre
theoretical and experimental precision allow for relative
large contributions of the new physics in models I and
with large deviations in some observables.

Other potential restrictions on these models have b
explored: the rare decaysB→ l 1l 2, Bs→ l 1l 2 and B

→Xsnn̄. With present experimental precision they do n
provide additional constraints, nor do the predictions
their rates differ substantially from SM expectations. An im
portant exception is Br(KL→p0nn̄). This decay mode doe
not provide a constraint yet, but in models I and II it ca
have a branching ratio much larger than in the SM. Its ana
sis is postponed to Sec. VII.

VI. OTHER CONSTRAINTS

The diagonal couplings of theu,d quarks to theZ boson
are extracted from neutrino-nucleon scattering proces
atomic parity violation and the SLAC polarized electron e
3-13
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periment~see Ref.@5# and references therein for a more e
tensive discussion!. The values ofcL,R

u ,cL,R
d derived from

nN neutral processes have a large non-Gaussian correla
and for the fit it is convenient to use instead

gL
25

1

4
@~cL

u!21~cL
d!2#,

gR
25

1

4
@~cR

u !21~cR
d !2#,

uL5arctan
cL

u

cL
d

,

uR5arctan
cR

u

cR
d

. ~74!

The SM predictions for these parameters, including radia
corrections@5# and using theMS definition of sW

2 , are col-
lected in Table VI, together with their experimental value
The correlation matrix is in Table VII.

The interactions involved in atomic parity violation an
the SLAC polarized electron experiment can be parametr
with the effective Lagrangian

TABLE V. Experimental values of the low energy observab
used in the fits, together with the SM calculations with the para
eters in Appendix A. The theoretical errors can be found in the t
The mass differences are in ps21.

SM prediction Expt. value

« 2.1831023 (2.28260.017)31023

udmBu 0.49 0.48960.008
acKS

0.71 0.73460.054
udmBs

u 17.6 .13.1 (95%)
udmDu ;1025 ,0.07 (95%)

Br(K1→p1nn̄) 6.4310211 ~3.2–48)310211 (90%)

Br(KL→m1m2)SD 6.6310210 ,1.931029 (90%)
Br(b→sg) 3.3431024 (3.360.4)31024

Br(b→se1e2) 7.331026 ,11.031026 (90%)
Br(b→sm1m2) 5.031026 (8.962.7)31026

«8/« 1.6431023 (1.7260.18)31023

TABLE VI. SM calculation ofgL
2 ,gR

2 ,uL ,uR and experimental
values.

SM Experimental
prediction measurement Error

gL
2 0.3038 0.3020 0.0019

gR
2 0.0300 0.0315 0.0016

uL 2.4630 2.50 0.034
uR 5.1765 4.58 20.27

10.40
03500
on,

e

.

d

L52
GF

A2
(

i 5u,d
@C1i ēgmg5eq̄ig

mqi1C2i ēgmg5eq̄ig
mg5qi #

~75!

plus a QED contribution. We are not considering mixing
the leptons, and hence the coefficientsC1i ,C2i are at the tree
level @19#

C1u52S Xuu

2
2

4

3
sW

2 D ,

C1d52S 2
Xdd

2
1

2

3
sW

2 D ,

C2u5XuuS 2
1

2
12sW

2 D ,

C2d52XddS 2
1

2
12sW

2 D . ~76!

The parametersC1u and C1d can be extracted from atomi
parity violation measurements. The combinationC̃2[C2u
2C2d/2 is obtained in the polarized electron experiment.
Table VIII we quote the SM predictions ofC1u ,C1d , C̃2,
including the radiative corrections to Eqs.~76!, and the ex-
perimental values. The correlation matrix is in Table IX.

The leading effect of mixing with singlets is a decrease
Xuu ~in model I! andXdd ~in model II!, which reducesgL

2 and

the modulus ofC̃2 in both cases, and also the modulus
C1u or C1d , depending on the model considered. The an
uL grows when the up quark mixes with a singlet and d
creases when the mixing corresponds to the down quark.
right-handed couplings are not affected by mixing with s
glets, and thusgR

2 anduR remain equal to their SM values
However, they have to be included in the fit because of

-
t.

TABLE VII. Correlation matrix for the parameters
gL

2 ,gR
2 ,uL ,uR .

gL
2 gR

2 uL uR

gL
2 1 0.32 20.39 ;0

gR
2 0.32 1 20.10 ;0

uL 20.39 20.10 1 0.27
uR ;0 ;0 0.27 1

TABLE VIII. Experimental values and SM calculations of th
parametersC1u ,C1d in the Lagrangian in Eq.~75! and the combi-

nationC̃25C2u2C2d/2.

SM Experimental
prediction measurement Error

C1u 20.1886 20.209 0.041
C1d 0.3413 0.358 0.037

C̃2
20.0492 20.04 0.12
3-14
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EFFECTS OF MIXING WITH QUARK SINGLETS PHYSICAL REVIEW D67, 035003 ~2003!
experimental correlation. Another consequence of the mix
may possibly be the modification of the small radiative c
rections to Eqs.~74!,~76!. We neglect this subleading effec
and assume that the corrections remain with their SM valu

VII. SOME OBSERVABLES FROM K AND B PHYSICS
WITH LARGE NEW EFFECTS

There is a large number of observables of interest that
be tested in experiments under way and for which our m
els lead to departures from the SM. Necessarily, our stud
not complete and we pass over many relevant processes
deserve further attention. We discuss for illustration
CP-violating decayKL→p0nn̄ and the time-dependentCP
asymmetry inBs

0→Ds
1Ds

2 .

A. The decayKL\p0nn̄

This decay is closely related toK1→p1nn̄, but its de-
tection is much more difficult. At present it is still unob
served, and the 90% C.L. limit on this decay mode
Br(KL→p0nn̄)<5.931027 @96#. It is calculated as

Br~KL→p0nn̄!

5r KL

tKL

tK1

Br~K1→p0e1n̄ !
a2

2p2sW
4 uVusu2

3 (
l 5e,m,t

@XNL
l Im lsd

c 1h t
XX0~xt! Im lsd

t

1Im DK1#2, ~77!

with the corresponding isospin breaking correctionr KL

50.944. The SM prediction for this partial width is (2.
60.17)310211, one third of the value for Br(K1

→p1nn̄). As only the imaginary parts of the CKM produc
enter in the expression for Br(KL→p0nn̄), it is possible to
have this decay rate much larger while keeping Br(K1

→p1nn̄) in agreement with experiment. However, there i
model-independent limit

Br~KL→p0nn̄!

Br~K1→p1nn̄!
<4.376 ~78!

that holds provided lepton flavor is conserved@97#. We will
find later that in our models this bound can be satura

TABLE IX. Correlation matrix for the parametersC1u , C1d

andC̃25C2u2C2d/2.

C1u C1d C̃2

C1u 1 20.9996 20.78
C1d 20.9996 1 0.78

C̃2
20.78 0.78 1
03500
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leading to an increase in Br(KL→p0nn̄) of an order of mag-
nitude, even keeping Br(K1→p1nn̄) at its SM value.

B. The CP asymmetry in Bs
0\Ds

¿Ds
À

The ‘‘gold plated’’ decayBs
0→Ds

1Ds
2 is mediated by the

quark-level transitionb̄→ c̄cs̄. This decay is dominated by
single tree-level amplitudeA}Vcb* Vcs and it is then free of
hadronic uncertainties@98#. The time-dependentCP asym-
metry is written asaD

s
1D

s
25Im lD

s
1D

s
2, with @99#

lD
s
1D

s
25

~M12
Bs!*

uM12
Bsu

VcbVcs*

Vcb* Vcs

~79!

and also

aD
s
1D

s
25sin~2z22uBs

!, ~80!

with

z5argF2
VcbVcs*

VtbVts*
G ~81!

anduBs
parametrizing the deviation of the phase ofM12

Bs with
respect to its SM value,

2uBs
5arg

M12
Bs

~M12
Bs!SM

. ~82!

In the SMz.0, so the asymmetryaD
s
1D

s
2 is predicted to be

very small (aD
s
1D

s
2.0.03 with the parameters for the CKM

matrix in Appendix A!. Therefore, its measurement offers
good opportunity to probe new physics, which may manif
itself if a nonzero value is observed@99#.

Another possible final state given by the same quark-le
transition iscf. This state has a clean experimental sign
ture at hadron colliders,c→ l 1l 2 andf→K1K2, providing
better chances to measure sin(2z22uBs

) at Tevatron@100#.

However, in this case both particlesc and f have spin 1,
and then the orbital angular momentum is not fixed.~In Bs

0

→Ds
1Ds

2 the twoD mesons have spin 0, and therefore th
are produced in al 50 CP-even state.! Thecf are produced
in an admixture ofCP-even andCP-odd states, which can
be disentangled with an analysis of the angular distribut
of their decay productsl 1l 2,K1K2 @101#. We will loosely
refer to the CP asymmetries containing the phase (2z
22uBs

) as aD
s
1D

s
2, understanding that this includes th

asymmetries corresponding to final statesDs
1Ds

2 , cf,
Ds*

1Ds*
2 , etc. Finally, it is worthwhile mentioning tha

cos(2z22uBs
) can also be measured, on condition that t

width difference between the two mass eigenstates is siz
@102#. This can be done without the need for tagging t
initial state (Bs

0 or B̄s
0) and provides an independent me

surement of this important phase.
3-15
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VIII. RESULTS

We are more interested in the departures from SM pre
tions originated by mixing with exotic singlets than in fin
ing the best fit to all experimental data. Therefore we m
specify the criteria for what we will consider as agreemen
these models with experiment, and of course our predicti
depend on this choice. We require~i! individual agreement of
observables with data, and~ii ! that the jointx2 of the observ-
ables, divided in subsets, is not much worse than thex2 of
these subsets in the SM. For the first condition, the num
of standard deviations allowed in a single observable is s
lar to the departure already present in the SM. The sec
condition consists in requiring that thex2 of a group of vari-
ables is smaller than or equal to the SMx2 value increased
by a quantity numerically equal to the number of variables
the group. On average, this condition means admitting as
deviation for a variable which in the SM coincides with th
experimental measurement, an extra departure of 0.41s for a
variable which is at 1s within the SM, or 0.24s for a vari-
able which is already at 2s in the SM. This second condition
is in practice much stronger than the first one. These crit
are best explained by enumerating them.

~1! The moduli of the CKM anglesVud ,Vus ,Vub ,Vcd ,
Vcs ,Vcb can be at most 2s away from the figures in Table I
The sum of thex2 must be smaller than the SM result plus

~2! The predictions forRb ,Rc ,AFB
0,b ,AFB

0,c ,Ab ,Ac may be
up to 3s away from the central values in Table II. We allo
larger departures than in the previous case because the
prediction ofAFB

0,b is almost 3s from the experimental mea
surement. We also require that thex2 ~calculated with the
correlation matrix in Table III! is smaller than the SM resu
plus 4 ~in model I! or plus 3~in model II!. The number of
variables in this subset that effectively change with the m
ing are 4 and 3 in models I and II, respectively.

~3! The contributions to the oblique parametersS,T,U
from new physics have to be within 2s of the values in
Table IV. The sum of thex2 of the three variables must b
smaller than the SMx2 value plus 3.

~4! The observables«, udmBu and acKS
are allowed to

move within 2.5s of the numbers in Table V. The totalx2

has to be smaller than the SM value plus 3.
~5! The branching fractions forb→sg and b→sm1m2

are required to agree with the experimental figures in Ta
V within 2s, and theirx2 has to be smaller than the SM
result plus 2.

~6! The departure of«8/« from the experimental measure
ment in Table V can be at most 1s larger than the departur
within the SM.

~7! The parametersgL
2 , gR

2 , uL , uR , C1u , C1d and C̃2

have to be within 2s of the central values in Tables VI an
VIII. Their x2 computed with the correlation matrices
Tables VII and IX is required to be smaller than the S
value plus 5 (gR and uR are not affected by the mixing in
these models!.

The observables«, udmBu, Br(b→sg) and «8/« have
large theoretical errors that are of similar magnitude to
experimental ones. In the comparison of these observa
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with experiment we use the prescription explained in App
dix C, assuming that the theoretical errors are Gaussian.
udmDu, Br(K1→p1nn̄), Br(KL→m1m2)SD and Br(b
→se1e2) we require that the predictions are in the expe
mental intervals quoted in Table V~the upper limit ofudmDu
in the literature has a 95% C.L., instead of the more comm
one of 90%!. We also set the conditionudmBs

/dmBu>26.7,

rather thanudmBs
u.13.1 ps21, to avoid theoretical uncer

tainties. With all these restrictions we explore the parame
space to find the interval of variation of charged current
quark couplings, flavor-diagonal and flavor-changingZ cou-
plings and the observables introduced in the last section.
discuss the results for models I and II separately.

A. Mixing with an up singlet

One fundamental parameter in model I is the mass of
new quarkmT . We find that for lowmT the effects of mixing
can be huge, withVtd , Vts and Vtb very different from the
SM predictions. In this scenario the effects of mixing onRb
and oblique corrections almost cancel, while the new qu
can virtually take the place of the top quark in reproduci
the experimental values of the meson observables analy
This is viable because for smallmT the Inami-Lim functions
for the top and the new quark are alike. AsmT grows this
possibility disappears and the dominant contributions co
from the top quark, but still significant departures from t
SM can be found. In our analysis we have checked that
the values and plots shown the Yukawa couplings rem
perturbative. The decoupling limit is not reached in any
the cases considered.

One of the most striking results in model I is the deviati
of uVtbu from unity ~see Fig. 1!. The modulus ofVtb is de-
termined by the couplingVTb in Fig. 2, and the latter is
bounded by theT parameter, as was seen in Sec. IV.~The
dependence on only one observable leads to the very sim
behavior of the curves in Figs. 1 and 2.! For mT
5200 GeV, uVtbu can be as small as 0.58. The lower lim
on uVtbu grows with mT , but even formT5600 GeV it is
uVtbu>0.977, substantially different from the SM predictio

FIG. 1. Allowed values ofuVtbu ~shaded area! in model I, as a
function of the mass of the new quark.
3-16
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EFFECTS OF MIXING WITH QUARK SINGLETS PHYSICAL REVIEW D67, 035003 ~2003!
uVtbu50.999. Although sizable and theoretically very impo
tant, this 2% difference is difficult to detect experimentally
LHC, which is expected to measure the size ofVtb with a
precision of60.07 @13#.

The top quark charged-current couplingsVts andVtd can
be very different from SM expectations as well. In the S
333 CKM unitarity fixesuVtsu.uVcbu. In model I uVtsu can
be between 0.002 and 0.061 formT5200 GeV~see Fig. 3!.
The allowed interval narrows asmT increases, and formT
5600 GeV the interval is essentially the same as in the S
The range of variation ofVtd is also considerably greate
than in the SM~see Fig. 4!. For mT<300 GeVVtd can be
almost zero~and in this case theT quark would account for
the measured values ofK andB observables!, or even larger
thanVts , as can be seen in Fig. 5. Again, for heavierT the
permitted interval decreases and formT5600 GeV it is prac-
tically the same interval as in the SM. We remark that
curves in Figs. 3–5 giving the upper and lower bounds a
from the various restrictions discussed in Secs. III–VI, es
cially those regarding meson observables; thus their com
cated behavior should not be surprising. We do not claim

FIG. 2. Allowed values of the couplinguVTbu of the new quark
~shaded area! in model I, as a function of its mass.

FIG. 3. Allowed values ofuVtsu ~shaded area! in model I, as a
function of the mass of the new quark.
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the blank regions in these three figures are excluded.
quoted allowed limits might be wider if some delicate ca
cellation not found in the numerical analysis allows a sm
region in parameter space withVtd ,Vts or their ratio outside
the shaded areas.

In contrast with the former, the intervals for CKM mixin
anglesVTd , VTs do not show a pronounced decrease w
mT . VTd can be in the interval 0<uVTdu<0.05 for themT
values studied, and the maximum size ofuVTsu decreases
from 0.06 formT5200 to 0.05 formT5600 GeV.

The counterpart of the departure from the SM predict
uVtbu50.999 is the decrease of theZtt coupling. Within the
SM, the isospin-related termXtt equals 1 by the GIM mecha
nism, while in model I the GIM breaking originated by mix
ing with a singlet reduces its magnitude. The modulus
Xtt , as well asVtb , is determined by the parameterVTb and
hence its possible size is dictated only by theT parameter.
The interval allowed forXtt is plotted in Fig. 6, where we
observe that formT5200 GeV it reaches down toXtt
50.34. The lower limit of the interval grows withmT and is
approximatelyXtt50.96 for mT5600 GeV. TheZtt cou-

FIG. 4. Allowed values ofuVtdu ~shaded area! in model I, as a
function of the mass of the new quark.

FIG. 5. Allowed values of the ratiouVtd /Vtsu ~shaded area! in
model I, as a function of the mass of the new quark.
3-17
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pling will be precisely measured int t̄ production at TESLA.
With a c.m. energy of 500 GeV and an integrated luminos
of 300 fb21, 34800 top pairs are expected to be collected
the detector in the semileptonic channelln j j j j , with l an
electron or a muon. The estimated precision in the deter
nation ofXtt with this channel alone is of 0.02. Then, eve
with mT5600 GeV a 2s effect could be visible.

FCN couplings are perhaps the most conspicuous m
festation of mixing with quark singlets, and offer anoth
excellent place to search for new physics. In the SM th
vanish at the tree level by the GIM mechanism, and
effective vertices generated at one loop are very small a
consequence of the GIM suppression@103#. This results in a
negligible branching ratio Br(t→Zc);10214 within the SM.
In model I the FCN couplingXct can be sizable@39#, leading
to top quark decayst→Zc @104#, Zt production at LHC
@105,106# and single top production at linear colliders@107–
110#. For mT;mt the new contributions to meson obser
ables involvingT diagrams are small, and this FCN couplin
can be relatively large,uXctu50.036~see Fig. 7!.6 A coupling
of this size yields a branching ratio Br(t→Zc)56.031024

~nine orders of magnitude above the SM prediction! that
would be seen at LHC with 18s statistical significance in
top decays and 4.6s in Zt production~with an integrated
luminosity of 100 fb21), and at TESLA with 8.2s signifi-
cance in single top production~with 300 fb21). For larger
mT , the contributions of theT quark to meson observable
~in particular toK1→p1nn̄ and the short-distance part o
KL→m1m2) decrease monotonically the upper limit o
uXctu, with some very small local ‘‘enhancements’’ that ca
be observed in Fig. 7. ForT very heavy there is still the
possibility of uXctu50.009, giving Br(t→Zc)53.831025,
which would have a 1.2s significance in top decay pro
cesses at LHC.

In model I theXut coupling can have the same size
Xct . This contrasts with other SM extensions~for instance,

6The reduction with respect to the number quoted in Ref.@39# is
mainly due to the improved limit onudmDu.

FIG. 6. Allowed values ofuXttu ~shaded area! in model I, as a
function of the mass of the new quark.
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supersymmetric or two Higgs doublet models! where observ-
able FCN tc vertices can be generated buttu vertices are
suppressed. The observability of aZtu FCN coupling is the
same, and even better in the case ofZt production processe
at LHC. The couplingXtT between the top and the new ma
eigenstate ~which is a function of the charged-curren
coupling VTb) can reach the maximum value permitted
the model,XtT50.5 formT<210 GeV, descending slowly to
a maximum ofXtT50.2 whenmT5600 GeV~see Fig. 8!.

The mixing with a new singlet may also give new effec
in low energy observables. The branching ratio ofKL

→p0nn̄ can reach 2310210 for ‘‘low’’ mT , and
4.4310210 for mT>300 GeV, one order of magnitud
above the SM prediction Br(KL→p0nn̄)52.4310211.
These rates would be visible already at the E391 experim
at KEK, which aims at a sensitivity of 3310210, and up to
;40 events could be collected at the KOPIO experim
approved for construction at BNL~for a summary of the
prospects on the rare decaysK1→p1nn̄ andKL→p0nn̄ see
for instance Ref.@111#!. The ratio Br(KL→p0nn̄)/Br(K1

FIG. 7. Allowed values of the FCN couplinguXctu ~shaded area!
in model I, as a function of the mass of the new quark.

FIG. 8. Allowed values of the couplinguXtTu of the new quark
~shaded area! in model I, as a function of its mass.
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EFFECTS OF MIXING WITH QUARK SINGLETS PHYSICAL REVIEW D67, 035003 ~2003!
→p1nn̄) of the decay rates of the two kaon ‘‘golde
modes,’’ plotted in Fig. 9, can be enhanced an order of m
nitude over the SM prediction;0.35, and saturate the lim
in Eq. ~78! for mT>310 GeV. This enhancement and
larger value of Br(K1→p1nn̄) ~compatible with experi-
mental data! lead to the maximum value Br(KL→p0nn̄)
54.4310210. On the other hand, a strong suppression
this decay mode is possible, with values several orders
magnitude below the SM prediction.

The mass difference in theBs system is predicted to b
;18 ps21 within the SM. The existing lower bound
udmBs

u>13.1 ps21 can be saturated in practically the who

interval ofmT studied. The ratioudmBs
/dmBd

u has been pro-

posed for a determination ofuVts /Vtdu @5#. Of course, this
determination is strongly model dependent, because
physics may contribute to both mass differences. This r
equals 36 in the SM, and in model I it may have valu
between the experimental lower limit of 26.7 and 77. Fina
the asymmetryaD

s
1D

s
2, which practically vanishes in the SM

provides a crucial test of the phase structure of the CK
matrix. The non-unitarity of the 333 CKM submatrix and
the presence of extraCP violating phases in model I let th
asymmetryaD

s
1D

s
2 have any value between21 and 1 inde-

pendently ofmT .

B. Mixing with a down singlet

In model II the mass of the new quark does not play
important role in the constraints on the parameters of
model. The only dependence onmB appears in theD0 mass
difference~which at present does not imply any restriction
least for masses up to 1 TeV!, b→sg ~less restrictive than
b→sl1l 2) and oblique parameters, which are less import
thanRb and have no influence in practice. Agreement of
latter with experiment requires thatuVtbu is very close to
unity, uVtbu>0.998. This is indistinguishable from the SM
predictionuVtbu50.999, and forcesVtd andVts to be within
the SM range, 0.0059<uVtdu<0.013, 0.035<uVtsu<0.044.

FIG. 9. Range of variation of Br(KL→p0nn̄)/Br(K1

→p1nn̄) in model I ~shaded area!.
03500
g-

f
of

w
io
s
,

n
e

t

t
e

The CKM matrix elements involving the new quark are
small,uVuBu<0.087,uVcBu<0.035,uVtBu<0.041, but notice-
ably they can be larger thanVub .

FCN couplings between the light quarks are small~as
required by low energy observables!, especially the coupling
between thed and s quarks, uXdsu<1.031025. It makes
sense to study ReXds and ImXds separately, even though i
principleXds is not a rephasing-invariant quantity. This is s
because Eq.~38! assumes a CKM parametrization wit
Vud* Vus real. This requirement eliminates the freedom
rephaseXds ~up to a minus sign! and enables us to separa
its real and imaginary parts meaningfully. The region of
lowed values forXds is plotted in Fig. 10 for comparison
with other analyses in the literature@36–38#. This figure
must be interpreted with care: the density of points is
associated with any meaning of ‘‘probability,’’ but is simpl
an effect related to the random generation and CKM para
etrization used to obtain the data points, and the finitenes
the sample. The height of the allowed area is determined
the«8/« constraint, and the width byKL→m1m2. Compar-
ing this plot with the ones in Refs.@36,38# we see that the
left part of the rectangle determined by«8/« and KL
→m1m2 is practically eliminated by the constraints fro
K1→p1nn̄ and«, except the upper left corner. The heig
of the rectangle is also smaller, meaning that in our case
requirement from«8/« ~using the prescription in Appendix
C! is more stringent.

The upper bounds forXdb andXsb found in our analysis
areuXdbu<1.131023, uXsbu<1.131023. Plots analogous to
Fig. 10 are not meaningful for these parameters, beca
there is a freedom to rephase theb field and change the
phases ofXdb and Xsb arbitrarily. The only meaningful
bounds are hence the limits on their moduli. The FCN co
pling XbB is not so limited by low energy measurements, a
can reach 0.041.

Despite these restrictions onXds ,Xdb ,Xsb and the fact
that CKM matrix elements involving the known quarks mu
be within the SM range, the presence of tree-level FCN c
plings has sizable effects on low energy observables, of

FIG. 10. Allowed region for the real and imaginary parts of t
FCN couplingXds in model II.
3-19
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J. A. AGUILAR-SAAVEDRA PHYSICAL REVIEW D 67, 035003 ~2003!
same magnitude as in model I. A decay rate Br(KL

→p0nn̄)51.6310210 can be achieved, and the rat
Br(KL→p0nn̄)/Br(K1→p1nn̄) can equal 4.34. The lowe
limit on udmBs

u can be saturated, and the ratioudmBs
/dmBd

u
can be up to 67. As in model I, the asymmetryaD

s
1D

s
2 may

have any value between21 and 1.

C. Mixing with two singlets

Mixing with more than one singlet lets two quarks of th
same charge, for instance thed and s quarks, mix signifi-
cantly with exotic quarks without necessarily generating
FCN couplingXds between them, by virtue of Eqs.~9!. This
allows a better fit to the measured CKM matrix eleme
and u,d diagonal couplings to theZ boson, especially in
model II. In this model the global fit can be considerab
better than in the SM, for instance with the CKM matrix

uVu5S 0.9742 0.2187 0.0037 0.0325 0.0442

0.2183 0.9750 0.0401 0.0076 0.0097

0.0074 0.0396 0.9992 0.0061 0.0036

0.0539 0.0001 0.0028 0.7370 0.6737

0.0160 0.0002 0.0066 0.6750 0.7376

D ,

argV5S 0.00 0.00 3.09 0.00 0.00

5.63 2.49 0.28 5.66 5.61

1.79 5.36 0.00 0.02 2.92

0.69 2.56 0.00 3.60 4.02

3.96 2.70 0.00 2.91 0.19

D . ~83!

The actual masses of the two extra down quarks are not
relevant, and have been taken as 200 and 400 GeV in
calculation. In this example thex2 of the six measured CKM
matrix elements is 1.14, while in the SM best fit it is 4.7
The parameters describing theZuu and Zdd couplings are
gL

250.3024,uL52.4612,C1d50.3398,C̃2520.0492, and
the others are unchanged with respect to their SM valu
Thex2 of these parameters is 7.73, improving the SM va
of 10.5. The agreement of the rest of the observables w
experiment is equal to or better than that within the SM,
can be seen in Table X~the experimental results for« and
dmB can be accommodated with slightly largerB̂ param-
eters!. This example of ‘‘best fit’’ matrix gives the predic
tions uXbBu50.006, uXbB8u50.004,aD

s
1D

s
2520.96. The re-

sult Br(KL→p0nn̄)52.0310210 is very similar to the SM
case, but other examples with a little worsex2 can be found,
having enhancements~or suppressions! of this rate by factors
up to 3. Therefore, this example shows explicitly that n
physics effects are not in contradiction with good agreem
with experimental data, although our restrictive criteria
agreement with experiment at the beginning of this sec
already made it apparent.

Finally, we have also noticed that the predictions for t
parameters and observables under study do not chang
03500
a

s

ry
he

.

s.
e
th
s

nt
r
n

e
ap-

preciably in either model I or model II when we allow mix
ing with more than one singlet of the same charge.

IX. CONCLUSIONS

The aim of this paper has been to investigate how
existence of a new quark singlet may change many pre
tions of the SM while keeping agreement with present
perimental data. In model I the mixing with aQ52/3 singlet
might lead to huge departures from the SM expectation
the CKM matrix elementsVtd ,Vts ,Vtb and the diagonal cou
pling Ztt. Additionally, observable FCN couplingsZtu and
Ztc may appear. These effects depend on the mass of
new quark, as has been shown in Figs. 1–9. FormT
;200 GeV the new quark might effectively replace the t
quark in reproducing the experimental observables inK and
B physics, allowing for values ofVtd andVts very different
from the SM predictions. On the other hand, for largermT
the leading contributions toK andB observables are the SM
ones, with possible new contributions from the new qua
This effect can be clearly appreciated in Figs. 3–5, wher
is also apparent how important a direct determination ofVtd
and Vts would be. Unfortunately, the difficulty in tagging
light quark jets at Tevatron and LHC makes these meas
ments very hard, if not impossible. Any experimen
progress in this direction would be most welcome.

The mixing of the top with the new quark results in valu
of Vtb and the Ztt coupling parameterXtt significantly
smaller than 1. These deviations from unity would be obse
able at LHC@13# and TESLA, respectively. For largermT ,
uVtbu anduXttu must be closer to unity, as can be seen in Fi
1 and 6. However, the decrease inXtt would be visible at
TESLA even formT5600 GeV. The FCN couplingsZtu
andZtc could also be observed at LHC for a wide range
mT @104–106#.

TABLE X. Values of some observables for the ‘‘best fit’’ matri
in model II with two extra singlets. The mass differences are
ps21.

Observable Value

Rb 0.21590
Rc 0.1724
AFB

0,b 0.1039
AFB

0,c 0.0744
Ab 0.935
Ac 0.669
« 2.0831023

udmBu 0.45
udmBs

u 17.6
acKS

0.74

Br(K1→p1nn̄) 6.0310211

Br(KL→m1m2)SD 6.3310210

Br(b→sg) 3.3531023

Br(b→se1e2) 7.331026

Br(b→sm1m2) 5.031026

«8/« 1.631023
3-20
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The effects of top quark mixing are not limited to larg
colliders. Indeed, the observables inK andB physics studied
here provide an example where these effects do not di
pear when the mass of the new quark is large. We h
shown that the predictions for the decayKL→p0nn̄, the
dmBs

mass difference and theCP asymmetryaD
s
1D

s
2 can be

very different from the SM expectations, and effects of n
physics could be observed in experiments under way
planned. These predictions for model I are collected in Ta
XI. Before LHC operation, indirect evidence of new physi
could appear in the measurement ofCP asymmetries atB
factories. A good candidate is the asymmetryaD

s
1D

s
2 dis-

cussed here, but many other observables andCP asymme-
tries are worth analyzing. If no new physics is observ
further constraints could be placed onCP violating phases.

In model II the effects of the newQ521/3 singlet on
CKM matrix elements are negligible and FCN couplings b
tween known quarks are very constrained by experime
data. However, the predictions for meson observables, s
marized in Table XII, are rather alike. In addition, we ha
shown how the mixing with two singlets can improve t
agreement with the experimental determination of CKM m
trix elements andZuu,Zdd couplings. This can be don
keeping similar and in some cases better agreement
electroweak precision data andK andB physics observables
The ‘‘best fit’’ example shown would also lead toaD

s
1D

s
2

520.96, in clear contrast with the SM value.
All the effects of mixing with singlets described are si

nificant, but of course the decisive evidence would be
discovery of a new quark, which might happen at LHC
even at Tevatron, provided it exists and it is light enough.
this case, the pattern of new physics effects would allow
to uncover its nature. Conversely, the non-observation o
new quark would be very important as well. If no new qua
is found at LHC, the indirect constraints on CKM matr

TABLE XI. Summary of the predictions for model I.

Quantity Range

uVtbu 0.58 1
uVtdu 431025 0.044
uVtsu 0.002 0.06
uVtd /Vtsu 631024 2.9
uVTdu 0 0.052
uVTsu 0 0.063
uVTbu 0 0.81
uXttu 0.34 1
uXutu 0 0.038
uXctu 0 0.036
uXtTu 0 0.5

Br(KL→p0nn̄) ;0 4.4310210

Br~KL→p0nn̄!

Br~K1→p1nn̄!
;0 4.35

udmBs
/dmBu 26.7 77

aD
s
1D

s
2 21 1
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elements and nonstandard contributions to meson phy
would improve considerably.
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I thank F. del Águila, R. Gonza´lez Felipe, F. Joaquim, J
Prades, J. Santiago and J. P. Silva for useful comments. I
thank J. P. Silva, F. del A´ guila, A. Teixeira and G. C. Branco
for reading the manuscript. This work has been supported
the European Community’s Human Potential Program un
contract HTRN–CT–2000–00149 Physics at Colliders a
by FCT through project CERN/FIS/43793/2001.

APPENDIX A: COMMON INPUT PARAMETERS

Unless otherwise specified, experimental data u
throughout the paper are taken from Refs.@1,5#. We use the
results in Ref.@112# to convert the pole massesmi to theMS
scheme and to perform the running to the scaleMZ . The
results are in Table XIII. Foru,d,s we quote theMS masses
at 2 GeV instead of the pole masses. The numbers in pa
theses are not directly used in the calculations.

TABLE XII. Summary of the predictions for model II.

Quantity Range

uVtbu 0.998 1
uVtdu 0.0059 0.013
uVtsu 0.035 0.044
uVuBu 0 0.087
uVcBu 0 0.035
uVtBu 0 0.041
uXdsu 0 1.031025

ReXds 21.031025 3.431026

Im Xds 22.731026 2.431026

uXdbu 0 1.131023

uXsbu 0 1.131023

uXbBu 0 0.041

Br(KL→p0nn̄) ;0 1.6310210

Br~KL→p0nn̄!

Br~K1→p1nn̄!
;0 4.34

udmBs
/dmBu 26.7 67

aD
s
1D

s
2 21 1

TABLE XIII. Quark masses~in GeV! used in the evaluations
The uncertainty inmt is taken as65.1 GeV. Foru,d,s we write

the MS massesm̄i(2 GeV) instead of the pole masses.

mi m̄i(mi) m̄i(MZ)

mu (0.003) 2 0.0016
md (0.006) 2 0.0033
mc 1.5 1.22 0.68
ms 0.12 2 0.067
mt 174.3 164.6 175.6
mb 4.7 4.12 2.9
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The running massesm̄c(m̄c)51.28, m̄b(m̄b)54.19 are
also needed. The lepton pole masses areme50.511 MeV,
mm50.105 andmt51.777 GeV. We takeMZ591.1874,
GZ52.4963,MW580.398, andMH5115 GeV. The electro-
magnetic and strong coupling constants at the scaleMZ are
a51/128.878,as50.118. The sine of the weak angle in th
MS scheme issZ

250.23113.
The CKM matrix used in the context of the SM is o

tained by a fit to the six measured moduli in Table I, and
determined by uVusu50.2224, uVubu50.00362, uVcbu
50.0402, and the rest of the elements obtained using 333
unitarity. The phased in the standard parametrization@5# is
determined performing a fit to«, «8/«, acKS

, and udmBu
with the rest of the parameters quoted, and the resud
51.014 is very similar to the one obtained in the fit in R
@5#.

APPENDIX B: INAMI-LIM FUNCTIONS

In this appendix we collect the Inami-Lim functions us
in Sec. V. The box functionsF and S0 appear in meson
oscillations.D08 , E0 andE08 are related to photon and gluo
penguins. The functionsX0 andY0 are gauge-invariant com
binations of the box functionB0 and theZ penguin function
C0 , X05C024B0 , Y05C02B0. The function Z0 is a
gauge-invariant combination of photon andZ penguins.
Their expressions read@56,57#

E0~xi !52
2

3
logxi1

xi~18211xi2xi
2!

12~12xi !
3

1
xi

2~15216xi14xi
2!

6~12xi !
4

logxi , ~B1!

D08~xi !52
8xi

315xi
227xi

12~12xi !
3

1
23xi

312xi
2

2~12xi !
4

logxi ,

~B2!

E08~xi !52
xi

325xi
222xi

4~12xi !
3

1
3xi

2

2~12xi !
4

logxi ,

~B3!

F~xi ,xj !5
427xixj

4~12xi !~12xj !

1
428xj1xixj

4~12xi !
2~xi2xj !

xi
2 logxi

1
428xi1xixj

4~12xj !
2~xj2xi !

xj
2 logxj , ~B4!
03500
s

.

S0~xi ,xj !52
3xixj

4~xi21!~xj21!

1
xixj~xi

228xi14!

4~xi21!2~xi2xj !
logxi

1
xixj~xj

228xj14!

4~xj21!2~xj2xi !
logxj , ~B5!

S0~xi !5
4xi211xi

21xi
3

4~12xi !
2

2
3xi

3

2~12xi !
3

logxi ,

~B6!

Z0~xi !52
1

9
logxi

1
18xi

42163xi
31259xi

22108xi

144~xi21!3

1
32xi

4238xi
3215xi

2118xi

72~xi21!4
logxi , ~B7!

B0~xi !5
1

4 F xi

12xi
1

xi

~xi21!2
logxi G , ~B8!

C0~xi !5
xi

8 Fxi26

xi21
1

3xi12

~xi21!2
logxi G , ~B9!

X0~xi !5
xi

8 Fxi12

xi21
1

3xi26

~xi21!2
logxi G , ~B10!

Y0~xi !5
xi

8 Fxi24

xi21
1

3xi

~xi21!2
logxi G . ~B11!

The functions appearing in theZ FCNC penguins involved in
the calculation ofb→sg are @81#

js
Z5

1

54
~2312sW

2 !, ~B12!

jb
Z5

1

54
~2324sW

2 !, ~B13!

jB
Z~yB!52

8230yB19yB
225yB

3

144~12yB!3

1
yB

2

8~12yB!4
logyB , ~B14!
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jB
H~wB!52

16wB229wB
217wB

3

144~12wB!3

1
22wB13wB

2

24~12wB!4
logwB , ~B15!

where we have approximatedys50, yb50 andms /mb50.

APPENDIX C: STATISTICAL ANALYSIS
OF OBSERVABLES WITH THEORETICAL

UNCERTAINTY

The most common situation when comparing a theoret
prediction xt with an experimental measurementxe is that
the uncertainty in the former can be ignored. This does
happen for some observables analyzed in this article, wh
are subject to low energy QCD uncertainties. For example
we have for « xe5(2.28260.017)31023 and xt5(2.42
60.42)31023, how many standard deviations isxt from xe?
To answer naively that it is at 8.1s is clearly wrong, and the
comparison between both should weigh in some way
error onxt . Here we explain how we obtain in such case
reasonable estimate of the agreement between the theor
and experimental data.

Let us recall howxe andxt are compared when the forme
has a Gaussian distribution with meanme and standard de
viation se andxt is error-free and equalsm t ~see for instance
Ref. @113#!. Thex2 value is defined as

x25S me2m t

se
D 2

, ~C1!

and from it theP number is computed as

P5E
x2

`

f ~z;1!dz, ~C2!

wheref (z;n) is thex2 distribution function forn degrees of
freedom,

f ~z;n!5
zn/221e2z/2

2n/2G~n/2!
. ~C3!

The P value is the probability of obtaining experimentally
x2 equal to or worse than the actual one, that is, a re
equally or less compatible with the theory. Performing t
integral in Eq.~C2!,

P512erfAx2

2
512erf

ume2m tu

A2se

, ~C4!

with erf the well-known error function. The probability o
obtaining an equal or better result is 12P. For instance,
with ume2m tu5se we have 12P5erf(1/A2)50.68, corre-
sponding to one Gaussian standard deviation, as it obvio
must.

Whenxt is not considered as a fixed quantitym t but has
some distribution functiong(xt) ~that may be Gaussian o
03500
al

ot
h
if

e
a
ical

lt
e

ly

may not!, we use the probability law P(A)
5( i P(AuBi)P(Bi), with ( i P(Bi)51, to convolute the
xt-dependentP number withg:

P5E
2`

1`

Pum t→xt
g~xt!dxt512E

2`

1`

erf
ume2xtu

A2se

g~xt!dxt .

~C5!

The assumption thatxt5m t without error can be translated t
Eq. ~C5! choosing the ‘‘distribution function’’g(xt)5d(xt
2m t), in which case we recover Eq.~C4!.

An adequate~but not unique! choice of the functiong(xt)
may be a Gaussian. One source of systematic uncertainti
often due to the input parameters involved in the theori
calculation (mt , as , CKM mixing angles, etc.!, whose ex-
perimental values are given by a Gaussian distribution. I
then likely that the distribution functiong(xt) ~wherext is
also a function of its input parameters! has a maximum atm t
and falls quickly for increasinguxt2m tu. This feature can be
implemented in a simple way by choosingg(xt) as Gaussian,
and we expect that the results are not very sensitive to
precise shape of the functiong(xt).

Let us then assume thatg(xt) is a Gaussian with meanm t
and standard deviations t . Intuitively, we expect that ifs t
!se , Eq. ~C5! should reduce to Eq.~C4!. This is easy to
show. Writing the explicit form ofg(xt),

P512E
2`

1`

erf
ume2xtu

A2se

e2(xt2m t)
2/2s t

2

A2ps t

dxt . ~C6!

The limits of this integral can be taken asm t2n s t , m t
1ns t , with n>4. The integral is negligible out of thes
limits due to the exponential~the error function takes value
between 0 and 1!. Changing variables toD t5xt2m t , we
observe thatuD tu!se under the assumption thats t!se .
Expanding the error function in a Taylor series to orderD t ,
the integral can be done analytically,

P512erf
n

A2
erf

ume2m tu

A2se

. ~C7!

For n>4, erfn/A2.1 to an excellent approximation an
we obtain Eq.~C4!, as we wanted to prove.

Results forP values can be expressed in a more intuiti
form as standard ‘‘number of sigma’’ns inverting Eq.~C4!,

ns5A2 erf21~12P!, ~C8!

with erf21 the inverse of the error function. However, thisns

does not retain the geometrical interpretation of the dista
betweenme andm t in units of se that has whens t;0.

We apply this procedure to the example at the beginn
of this appendix, withxe5(2.28260.017)31023 and xt
5(2.4260.42)31023. Assuming for simplicity that the dis-
tribution of xt is Gaussian, we obtain the much more reas
able result ofns52.25. This number must be compared wi
ns58.1, obtained without taking into account the theoreti
error, i.e., calculating naively (m t2me)/se . The use of the
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theoretical error in the statistical comparison mitigates
discrepancy and implements numerically, in a simple but
fective way, what one would intuitively expect in this cas
The resultns52.25 reflects the fact that the theoretical a
experimental values can have a good agreement ifxt is
smaller than its predicted valuem t52.4231023 but a bad
one if xt is larger, which is also possible because the th
retical error is of either sign. The prescription presented h
has also one very gratifying property: if we changem t

→m t85m t1dm t , with dm t!s t , the P value is hardly af-
fected. Form t852.3531023, ns changes only to 2.23, while
the pull calculated naively decreases to 4.

This construction can be generalized when not all
range of variation ofxe ,xt is physically allowed. We write
v.

.

D

03500
e
f-
.

-
re

e

without proof the expression forP in this case. Assuming
that the physical region isxe>0, xt>0,

P512F11erf
me

A2se
G21

3E
0

`S erf
ume2xtu

A2se

1erf
max$me ,ume2xtu%

A2se
D g~xt!dxt .

~C9!

Finally, notice that the expressions in Eqs.~C5!,~C9! for
the P number are not symmetric under the interchange
theoretical and experimental data, even ifg(m t) is Gaussian.
This reflects the fact thatP(datautheory)ÞP(theoryudata),
but they are related by Bayes’ theorem.
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