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Lepton polarization and forward-backward asymmetries in b\st¿tÀ
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We study the spin polarizations of botht leptons in the decayb→st1t2. In addition to the polarization
asymmetries involving a singlet, we construct asymmetries for the case where both polarizations are simul-
taneously measured. We also study forward-backward asymmetries with polarizedt ’s. We find that a large
number of asymmetries are predicted to be large,*10%. This permits the measurement of all Wilson coeffi-
cients and theb-quark mass, thus allowing the standard model~SM! to be exhaustively tested. Furthermore,
there are many unique signals for the presence of new physics. For example, asymmetries involving triple-
product correlations are predicted to be tiny within the SM,O(1022). Their observation would be a clear
signal of new physics.

DOI: 10.1103/PhysRevD.67.034007 PACS number~s!: 13.20.He, 14.65.Fy
in
e
ea
es

iou

f t

il-
n

in
ffi

l
u
l

h
th
r
nt
ym
r
s,
ro
th
le

f the
ry

le
on-

of
om-
for
p-
re-

ns
ons

ides
as

end
se
his
and

on-

m

ich
n the

hi-

tors
the
er-
I. INTRODUCTION

There has been a great deal of theoretical work examin
the decayb→s,1,2, both at the inclusive and exclusiv
levels@1#. As usual, the hope is that, through precision m
surements of this decay, one will find evidence for the pr
ence of physics beyond the standard model~SM!. Indeed,
this decay mode has been extensively studied in var
models of new physics@2#.

Some years ago, it was noted that the measurement o
polarization of the final-statet2 in the inclusive decayb
→Xst

1t2 can provide important information about the W
son coefficients of the underlying effective Hamiltonia
@3–5#. Within the SM, this inclusive decay is described
terms of five theoretical parameters: the four Wilson coe
cients (C7 , C10 and real and imaginary parts ofC9), and the
mass of theb-quark,mb . In principle, all of these theoretica
parameters can be completely determined using meas
ments of the threet2 polarization asymmetries, the tota
~unpolarized! rate, and the forward-backward~FB! asymme-
try.

In practice, however, the SMt2 polarization asymmetry
along the normal component is expected to beO(1022) @6#,
and is therefore probably too small to be measured. T
situation can be remedied to some extent if, in addition to
polarization asymmetries of thet2, we also consider simila
asymmetries for thet1 @7#. This adds one more independe
observable. However, even if the sizable polarization as
metries of botht1 andt2 can be separately measured, the
are only as many measurements as there are unknown
that there are no redundant measurements to provide c
checks for the SM. Furthermore, this program requires
the flavor of theb quark be tagged: in an untagged samp
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there are only four observables, since the measurement o
FB asymmetry requires tagging. It will therefore be ve
difficult to rigorously test the SM if only single
t-polarization measurements are made inb→Xst

1t2.
In this paper we try to construct the maximum possib

number of independent observables. This is achieved by c
sidering the situation in which botht1 andt2 polarizations
are simultaneously measured. As we will see, a variety
new asymmetries can be constructed in this case. We c
pute the polarization and forward-backward asymmetries
both singly polarized and doubly polarized final-state le
tons. A large number of these new asymmetries do not
quire the tagging of theb quark.~Note that, in an untagged
sample, while the FB asymmetry for unpolarized lepto
vanishes, some of the FB asymmetries for polarized lept
are nonvanishing.! On the other hand, ifb tagging is pos-
sible, the measurement of these new asymmetries prov
even more information. The polarized FB asymmetries
well as the double-spin polarization asymmetries all dep
in different ways on the Wilson coefficients, so that the
coefficients can be obtained in many different ways. T
redundancy provides a huge number of cross-checks,
allows the SM to be exhaustively tested. An interesting c
sequence of the large number of observables is thatmb can
be extracted. If the phenomenologically obtained value ofmb

were to agree with theoretical estimates@8#, this would be an
important step in confirming our understanding of QCD.

In our calculations we consider only contributions fro
SM operators. However, using arguments based onCPT in-
variance and the properties of the SM operators underC, P
andT, we derive relations between these observables wh
are clean tests of new physics. Some of these tests rely o
fact that within the SM there are negligibleCP-violating
contributions to the decay mode being considered. Our p
losophy is to test for the presence of new physics~NP! with-
out considering the detailed structure of the various opera
that can contribute to NP. Should a signal for NP be seen,
consideration of specific NP operators would help in det
©2003 The American Physical Society07-1
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mining the nature of NP contributions~for example, see Ref
@7#!.

We begin in Sec. II with a discussion of the calculation
uMu2, whereM is the amplitude forb→st1t2 ~the results
of the calculation ofM are complicated, and are present
in the Appendix!. The polarization asymmetries and forwar
backward asymmetries are examined in Secs. III and IV,
spectively. We discuss these asymmetry measurem
within a variety of scenarios in Sec. V. We conclude in S
VI.

In total, we numerically evaluate the differential dec
rate and 31 asymmetries as a function of the invariant lep
mass. Note that it will be extremely difficult to measu
asymmetries smaller than 10%, as they would require;1010

B mesons for a 3s signal~not including efficiencies for spin
polarization measurements and for tagging!. We therefore
consider only asymmetries larger than 10% as measurab
one can only measure an individualt1 or t2 spin, but can-
not tag the flavor of theb quark, then there are only tw
sizable observables. Ifb tagging can be done and one me
sure the spin of thet1 or t2, this increases to 6 measurab
asymmetries. However, if the polarizations of both thet lep-
tons can be measured and flavor tagging of theb is possible,
we find that nine of the asymmetries constructed here
large in the SM. Including the decay rate, this leads to
sizable observables, which allows for a redundant test of
SM.

In addition, we find that the violation of certain SM asym
metry relations are clean tests of NP. Some of these relat
are violated only in the presence ofCP-violating NP. A large
numbers of these asymmetries areO(1022) in the SM, so
that the observation of larger asymmetries would be sign
of NP. Certain combinations of these asymmetries are id
tically zero in the SM, and hence are litmus tests of NP.

II. zMz2 FOR b\st¿tÀ

We begin by considering the calculation ofuMu2 for b
→st1t2. Including QCD corrections, the effective Hami
tonian describing the decayb→st1t2 @9# leads to the ma-
trix element

M5T91T101T7 , ~1!

where

T95
aGF

A2p
C9

e f fVtbVts* @ s̄LgmbL#@ t̄2gmt1#, ~2!

T105
aGF

A2p
C10VtbVts* @ s̄LgmbL#@ t̄2gmg5t1#, ~3!

T75
aGF

A2p
C7

e f fVtbVts* F22imb

q2 G@ s̄LsmnqnbR#@ t̄2gmt1#.

~4!

In the above,q is the momentum transferred to the lept
pair, and we have neglected thes-quark mass. The Wilson
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coefficients Ci are evaluated perturbatively at the ele
troweak scale and then evolved down to the renormaliza
scalem. The coefficientsC7

e f f andC10 are real, and take the
values

C7
e f f520.315, C10524.642 ~5!

in the leading-logarithm approximation@5#. On the other
hand, the coefficientC9

e f f is complex, and its value is a func

tion of ŝ[q2/mb
2 : C9

e f f(m)[C9(m)1Y(m,ŝ), where the

function Y(m,ŝ) contains the one-loop contributions of th
four-quark operators@3,9#. An additional contribution toC9

e f f

arises from the long-distance effects associated with reacc̄
resonances in the intermediate states@10#. Thus, within the
SM, the decayb→st1t2 is described by four Wilson coef
ficients for a given value ofŝ: C7

e f f , C10, Re(C9
e f f) and

Im(C9
e f f).

Because the expressions inuMu2 are complicated, we
present the actual results of this calculation in the Append
Note that the polarization and forward-backward asymm
tries, which will be discussed in subsequent sections,
calculated as functions of the terms ofuMu2. Also, some
signals of new physics are derived using theC, P and T
properties of the terms at theuMu2 level.

There is one point which is worth mentioning here. In t
calculation of uMu2, there are terms which involve th
imaginary pieces of the Wilson coefficients@e.g. the
Im(C9

e f fC10* ) term in Eq.~A4!#. These are the coefficients o
terms like emabf ps

mp2
a s2

b p1
f in uMu2, which give rise to

triple-product correlations@e.g. pW 2•(pW 13sW2)]. Naively,
these triple products appear to violate time-reversal sym
try ~T! and so, by theCPT theorem, should also be signals
CP violation. However, all the amplitudes in Eq.~1! have the
same weak phase~neglecting the smallu-quark contribution
in the loop!, so that their interference cannot give rise toCP
violation. Thus, there appears to be an inconsistency.

What is happening is the following: a triple product is n
a trueT-violating signal, since the action ofT exchanges the
initial and final states. Because of this, triple-product cor
lations can be faked by the presence of strong phases, ev
there is noCP violation. This is the situation which arise
here—nonzero strong phases of the Wilson coefficients
lead to triple products. Usually, it isCP violation which in-
terests us, and we wish to eliminate such fake signals. H
ever, in this case, we are interested in measuring the im
nary parts of the Wilson coefficients in order to test the S
so that these fake signals will be quite useful.

III. POLARIZATION ASYMMETRIES

In the computation of the various polarization asymm
tries we choose a frame of reference in which the lept
move back to back along thez axis, with thet2 moving in
the direction1 ẑ. The s quark then goes in the same dire
tion as theb quark, with thes-quark making an angleu with
the t2. Our specific choices for the 4-momenta compone
are as follows:
7-2
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pt2
m

5$AP21mt
2,0,0,P%,

pt1
m

5$AP21mt
2,0,0,2P%, ~6!

ps
m5$K,0,K sinu,K cosu%,

pb
m5$AK21mb

2,0,K sinu,K cosu%.

Using the calculation ofuMu2, we can compute the deca
rate for unpolarized leptons by summing over the lep
spins and integrating over the angular variables. As a fu
tion of the invariant mass of the lepton pair, this decay rat
given by

S dG~ ŝ!

dŝ
D

unpol

5
GF

2 mb
5

192 p3

a2

4 p2
uVtb Vts* u2 ~12 ŝ!2

3A12
4 m̂t

2

ŝ
D, ~7!

wherem̂t[mt /mb , and

D5S 12 Re~C7
e f fC9

e f f* !1
4uC7

e f fu2~21 ŝ!

ŝ
D S 11

2m̂t
2

ŝ
D

1~ uC9
e f fu21uC10u2!S 112ŝ1

2~12 ŝ!m̂t
2

ŝ
D

16~ uC9
e f fu22uC10u2! m̂t

2 . ~8!

This agrees with the earlier results@3–5,9,11# in the appro-
priate limits.
03400
n
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We now consider the possibility that the polarizations
the final-state leptons can be measured. The spins of thet6

are defined in their rest frames to be

ŝt2
m

5$0,sx
2 ,sy

2 ,sz
2%, ŝt1

m
5$0,sx

1 ,sy
1 ,sz

1%. ~9!

One can obtain the spins of thet6 in the frame of Eq.~6!
straightforwardly by performing a Lorentz boost:

st2
m

5H P

mt
sz

2 ,sx
2 ,sy

2 ,
AP21mt

2

mt
sz

2J ,

st1
m

5H 2
P

mt
sz

1 ,sx
1 ,sy

1 ,
AP21mt

2

mt
sz

1J . ~10!

We now define differential decay rate as a function of t
spin directions of thet6, s1 and s2, wheres1 and s2 are
unit vectors in thet6 rest frames. This is given by

dG~s1,s2,ŝ!

dŝ
5

1

4 S dG~ ŝ!

dŝ
D

unpol

@11~P x
2sx

21P y
2sy

2

1P z
2sz

21P x
1sx

11P y
1sy

11P z
1sz

1!

1~Pxx sx
1sx

21Pxy sx
1sy

21Pxz sx
1sz

2

1Pyx sy
1sx

21Pyy sy
1sy

21Pyz sy
1sz

2

1Pzx sz
1sx

21Pzy sz
1sy

21Pzz sz
1sz

2!#,

~11!

where the single-lepton polarization asymmetriesP i
7( i

5x,y,z) are obtained by evaluating
P i
25

FdG~s25 î , s¿5 î !

dŝ
1

dG~sÀ5 î , s¿52 î !

dŝ
G2FdG~sÀ52 î , s¿5 î !

dŝ
1

dG~sÀ52 î , s¿52 î !

dŝ
G

FdG~sÀ5 î , s¿5 î !

dŝ
1

dG~sÀ5 î , s¿52 î !

dŝ
G1FdG~sÀ52 î , s¿5 î !

dŝ
1

dG~sÀ52 î , s¿52 î !

dŝ
G ,

P i
15

FdG~sÀ5 î , s¿5 î !

dŝ
1

dG~sÀ52 î , s¿5 î !

dŝ
G2FdG~sÀ5 î , s¿52 î !

dŝ
1

dG~sÀ52 î , s¿52 î !

dŝ
G

FdG~sÀ5 î , s¿5 î !

dŝ
1

dG~sÀ52 î , s¿5 î !

dŝ
G1FdG~sÀ5 î , s¿52 î !

dŝ
1

dG~sÀ52 î , s¿52 î !

dŝ
G .

~12!

Similarly, the double spin asymmetriesPi j can be obtained:

Pi j 5

FdG~s¿5 î ,sÀ5 ĵ !

dŝ
2

dG~s¿5 î ,sÀ5Àĵ !

dŝ
G2FdG~s¿52 î ,sÀ5 ĵ !

dŝ
2

dG~s¿52 î ,sÀ52 ĵ !

dŝ
G

FdG~s¿5 î ,sÀ5 ĵ !

dŝ
1

dG~s¿5 î ,sÀ52 ĵ !

dŝ
G1FdG~s¿52 î ,sÀ5 ĵ !

dŝ
1

dG~s¿52 î ,sÀ52 ĵ !

dŝ
G , ~13!
7-3
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where î and ĵ are unit vectors along thei and j directions.
Note that bothP i

6 andPi j depend also onŝ. However, the

explicit dependence onŝ has been suppressed for simplici
of notation.

Before presenting explicit expressions for these qua
ties, it is useful to make the following remark. With ou
choice of 4-momenta@Eq. ~6!#, the decay takes place in th
yz plane. Therefore, the only vectors which can havex̂ com-
ponents are the spinss¿ and sÀ. This implies that the only
scalar product which involvesx̂ components is the dot prod
uct of two spins. Thus, any term that has only one com
nent of spin alongx̂ ~i.e. Px , Pxy andPxz) must come from
a triple-product correlation. This holds even in the prese
of new physics. It is therefore these quantities which pro
the imaginary parts of the products of Wilson coefficients

The P’s take the form

P x
15

23p

2AŝD
@2 Im~C7

e f fC10* !

1Im~C9
e f fC10* !ŝ#m̂tA12

4m̂t
2

ŝ
~14!

P y
15

3p

2AŝD
S 4uC7

e f fu2

ŝ
12 Re~C7

e f fC10* !

14 Re~C7
e f fC9

e f f* !1Re~C9
e f fC10* !1uC9

e f fu2ŝD m̂t

~15!

P z
15

2

D
~6 Re~C7

e f fC10* !1Re~C9
e f fC10* !~112ŝ!!

3A12
4m̂t

2

ŝ
~16!

P x
25P x

1 ~17!

P y
25

3p

2AŝD
S 4uC7

e f fu2

ŝ
22 Re~C7

e f fC10* !

14 Re~C7
e f fC9

e f f* !2Re~C9
e f fC10* !1uC9

e f fu2ŝD m̂t

~18!

P z
25P z

1 ~19!
03400
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-

e
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Pxx5
1

D S 24 Re~C7
e f fC9

e f f* !
m̂t

2

ŝ

14uC7
e f fu2

@~211 ŝ!ŝ12~21 ŝ!m̂t
2#

ŝ2

1~ uC9
e f fu22uC10u2!

@~12 ŝ!ŝ12~112ŝ!m̂t
2#

ŝ
D

~20!

Pyx5
22

D
Im~C9

e f fC10* !~12 ŝ!A12
4m̂t

2

ŝ
~21!

Pzx5
23p

2AŝD
@2 Im~C7

e f fC10* !1Im~C9
e f fC10* !#m̂t ~22!

Pxy5Pyx ~23!

Pyy5
1

D F24 Re~C7
e f fC9

e f f* !m̂t
2

ŝ

24~ uC9
e f fu21uC10u2!

~12 ŝ!m̂t
2

ŝ

1~ uC9
e f fu22uC10u2!S ~211 ŝ!1

6m̂t
2

ŝ
D ~24!

1
4uC7

e f fu2@~12 ŝ!ŝ12~21 ŝ!m̂t
2#

ŝ2 G ~25!

Pzy5
3p

2AŝD
@2 Re~C7

e f fC10* !2uC10u21Re~C9
e f fC10* !ŝ#m̂t

3A12
4m̂t

2

ŝ
~26!

Pxz52Pzx ~27!

Pyz5
3p

2AŝD
@2 Re~C7

e f fC10* !1uC10u21Re~C9
e f fC10* !ŝ#

3m̂tA12
4m̂t

2

ŝ
~28!
7-4
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Pzz5
1

D
F 12 Re~C7

e f fC9
e f f* !S 12

2m̂t
2

ŝ
D

1

4uC7
e f fu2~21 ŝ!S 12

2m̂t
2

ŝ
D

ŝ

1~ uC9
e f fu21uC10u2!S 112ŝ2

6~11 ŝ!m̂t
2

ŝ
D ~29!

1
2~ uC9

e f fu22uC10u2!~21 ŝ!m̂t
2

ŝ
G . ~30!

The coefficientP z
2 was computed in Ref.@4#, P x

2 , P y
2 and

P z
2 were obtained in Ref.@5#, andP x

1 , P y
1 andP z

1 were
calculated in Ref.@7#. ~Note: while we agree with the calcu
lations of Refs.@4,5#, we disagree with Ref.@7# about the
expression forP y

6 @the equation following their Eq.~24!#.!

We plot the functionsP x
2 , P y

2 andP z
2 as functions ofŝ in

Fig. 1. For the purpose of numerical computations, we f
low the prescription of Ref.@5# and include long-distance
effects inC9

e f f associated with realcc̄ resonances in the in
termediate states. We take the phenomenological param
kV multiplying the Breit-Wigner function in Ref.@5# to be
unity.

Note that ourP z
2 is the same as the longitudinal polariz

tion asymmetry of thet2, PL
2 of Refs. @5,7#. However,

P z
152PL

1 , since thet1 moves along the2 ẑ axis. Simi-
larly, P x

25PN
2 and P x

152PN
1 . ~Note: the distribution of

our PN differs from that of Ref.@5#, resulting in a somewha
smaller value of̂ PN&t .) The transverse direction defined

FIG. 1. The polarization asymmetries for thet2 and t1, as

functions ofŝ, the invariant mass of thet pair, without~thick lines!
and with ~thin lines! the long-distance resonance contributions.
03400
l-

ter

these references lies along the negativeŷ direction for both
t2 andt1, so thatP y

252PT
2 andP y

152PT
1 . The double-

spin polarization asymmetries are shown in Fig. 2.
Previously, we noted that it is very likely that only asym

metries larger than 10% will be measurable. One charac
ization of the data is to calculate the average values of
above asymmetries.1 These are defined as

^P&[

E
4m̂t

2

1

PdG

dŝ
dŝ

E
4m̂t

2

1 dG

dŝ
dŝ

. ~31!

In Table I we list the average values of all polarization asy
metries. From this table we see that onlyP y

6 , Pz , Pyy , and
Pzy can be considered sizable.~Note that here,P z

15P z
2

[Pz .)
In Eqs.~14!–~30!, there are certain relations between t

P’s when the spinss1 and s2 are interchanged. Some o
these relations are equalities, e.g.P x

25P x
1 , Pxz5Pzx , etc.

For other pairs ofPi ’s, the expressions are similar, but on

1It is also possible that the average value of an asymmetr
small, but that large values of the asymmetry are still possible

certain values ofŝ. For example, seePzz.

FIG. 2. The double-spin polarization asymmetries, as functi

of ŝ, the invariant mass of thet pair, without~thick lines! and with
~thin lines! the long-distance resonance contributions.
7-5
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some of the terms change sign~e.g. P y
1 vs P y

2). As we
describe below, it is possible to understand these relation
considering also the conjugate processb̄→ s̄t2t1.

The processesb→st1t2 and b̄→ s̄t2t1 are related by
CPT as follows@12#:

b~pb!→s~ps!t
1~p1 ,s1!t2~p2 ,s2!,

b̄~pb!→ s̄~ps!t
2~p1 ,2s1!t1~p2 ,2s2!.

~32!

In the absence ofCP violation, observables which areP odd
must vanish in the (C even! untagged sample. Consider fir
the terms involving triple-product~TP! correlations. While
all triple products areT odd, they can be eitherP even orP
odd. Triple products involving two spins are necessarilyP
odd and, in the absence ofCP violation, C odd. Because of
this, in the SM, these triple products must vanish in the
tagged sample. Thus, we have TPb̄

P odd
52TPb

P odd. This re-
lation can be violated in the presence ofCP-violating new
physics. On the other hand, triple products involving o
spin areP even andC even, so that TPb̄

P even
51TPb

P even, in
the absence ofCP violation. Thus, these triple products ca
survive in the untagged sample due to the presence of
strong phases which can fakeCP-violating effects.

We now apply these observations toP x
1 andP x

2 , which
involve a single spin. As noted earlier, terms with a sin
spin alongx̂ must come only from a triple-product correla
tion. The general triple-product term giving these quantit
can be written aseabmr pb

aps
b(ap1

m s1
r 1bp2

m s2
r ), where

a and b are arbitrary coefficients. For the conjuga
process @Eq. ~32!#, the corresponding term i
2eabmr pb

ap1
b (ap2

m s2
r 1bp1

m s1
r ). Since TPb̄

P even
5

1TPb
P even, this implies thata52b ~in the absence ofCP

violation!. Using the 4-vectors of Eq.~6!, it is then straight-
forward to show that this results inP x

151P x
2 . Note that

this will hold even in the presence ofCP-conserving new
physics.

TABLE I. Numerical values of the various averaged sp
polarization asymmetries without including the long-distance re
nance contributions. We usemb54.24 GeV@8#. The corresponding
branching ratio isBR(B→Xst

1t2)51.19231027.

^P x
2&5^P x

1& 1.41331022

^P y
2& 0.723

^P z
2&5^P z

1& 20.336

^P y
1& 20.164

^Pxx& 28.65831022

^Pyx&5^Pxy& 2.86831023

^Pzx&52^Pxz& 5.32231022

^Pyy& 20.168
^Pzy& 20.281
^Pyz& 5.71731022

^Pzz& 21.125431022
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Similarly, the two-spin triple products, which contribu
to the pairs$Pyx ,Pxy% and $Pzx ,Pxz%, are proportional to
eabmr ps

apb
bs2

m s1
r . In the absence ofCP violation, theCP-

odd combination ofPyx andPxy ~and ofPzx andPxz) will
vanish in an untagged sample. Again, a simple calcula
then shows that this implies thatPyx51Pxy and Pzx5
2Pxz .

For the other terms that do not contain triple products, a
are hence alwaysT even, one can understand the relations
between theP’s in a similar fashion. For example, consid
P y

1 and P y
2 . Since only dot products of various momen

and one spin are involved, the coefficients of both ter
uC7

e f fu2 @Eq. ~A5!# and Re(C7
e f fC10* ) @Eq. ~A7!# are T even

and P odd. However, theuC7
e f fu2 term ‘‘ps•(s21s1)’’

switches sign underCPT for the conjugate process, while th
Re(C7

e f fC10* ) term ‘‘ps•(s12s2)’’ has the same sign for the
conjugate process. Since these terms areP odd andC odd~in
the absence ofCP violation!, they must vanish in an un
tagged sample. This explains the relative sign difference
tween theuC7

e f fu2 and Re(C7
e f fC10* ) terms inP y

1 and P y
2 .

This argument may be extended to all terms contributing
variousPi ’s. In particular, in the SM,P z

151P z
2 . On the

other hand, in presence of new physics, while the additio
terms must still beT even andP odd, they could be even o
odd underCPT, implying that the relation betweenP z

1 and
P z

2 could differ.
Of course, the above discussion assumes that there i

CP violation in b→st1t2, which is the case in the SM, to
good approximation. On the other hand, if newCP-violating
physics contributes to this decay, this gives us several c
tests for its presence. For example, any violation of the re
tion P x

15P x
2 ~or PL

21PL
150) is a smoking-gun signal o

such new physics.

IV. FORWARD-BACKWARD ASYMMETRIES

One observable which does not depend on the polar
tion of the final-state leptons is the forward-backward~FB!
asymmetry. In the frame of the reference described in
~6!, the forward-backward asymmetry is given by

AFB~ ŝ!5

E
0

1 d2G

dŝd cosu
d cosu2E

21

0 d2G

dŝd cosu
d cosu

E
0

1 d2G

dŝd cosu
d cosu1E

21

0 d2G

dŝd cosu
d cosu

5
3

D
@2 Re~C7

e f fC10* !1 ŝ Re~C9
e f fC10* !#

3A12
4m̂t

2

ŝ
. ~33!

This agrees with the result of Ref.@5# ~and that of Ref.@11#
when mt is neglected!. Note that the FB asymmetry is o
opposite sign for theCP-conjugate processb̄→ s̄t1t2, so

-

7-6
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that AFB
b 1AFB

b̄ 50. Thus, in order to measure the unpola
ized FB asymmetry, it will be necessary to tag the flavor
the decayingb quark.

If the polarization of the final-state leptons can be m
sured, then, in addition to the polarization asymmetries
cussed in the preceding section, one can also extract forw
backward asymmetries of the polarized leptons. While
unpolarized FB asymmetry of Eq.~33! requiresb tagging,
some of the polarized FB asymmetries are non-vanish
even in an untagged sample.

We can extract the forward-backward asymmetries co
sponding to various polarization components of thet2

and/ort1 spin by writing

AFB~s1,s2,ŝ!5AFB~ ŝ!1@A x
2sx

21A y
2sy

21A z
2sz

21A x
1sx

1

1A y
1sy

11A z
1sz

11Axxsx
1sx

21Axysx
1sy

2

1Axzsx
1sz

21Ayxsy
1sx

21Ayysy
1sy

2

1Ayzsy
1sz

21Azxsz
1sx

21Azysz
1sy

2

1Azzsz
1sz

2#. ~34!

The various polarized forward-backward asymmetries
then evaluated to be

A x
150 ~35!

A y
15

2

D
Re~C9

e f fC10* !
~12 ŝ!m̂t

Aŝ
A12

4m̂t
2

ŝ
~36!

A z
15

1

D S 6 Re~C7
e f fC9

e f f* !2
6uC7

e f fu2

ŝ
23~ uC9

e f fu22uC10u2!

3m̂t
2212 Re~C7

e f fC10* !
m̂t

2

ŝ
26 Re~C9

e f fC10* !
m̂t

2

ŝ

2
3

2
~ uC9

e f fu21uC10u2!ŝS 12
2m̂t

2

ŝ
D D ~37!

A x
250 ~38!

A y
25A y

1 ~39!

A z
25

1

D S 26 Re~C7
e f fC9

e f f* !2
6uC7

e f fu2

ŝ
23~ uC9

e f fu2

2uC10u2!m̂t
2112 Re~C7

e f fC10* !
m̂t

2

ŝ
16 Re~C9

e f fC10* !
m̂t

2

ŝ

2
3

2
~ uC9

e f fu21uC10u2!ŝS 12
2m̂t

2

ŝ
D D ~40!

Axx50 ~41!
03400
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Axy5
26

D
@2 Im~C7

e f fC10* !1Im~C9
e f fC10* !#

m̂t
2

ŝ
~42!

Axz5
2

D
Im~C9

e f fC10* !
~12 ŝ!m̂t

Aŝ
A12

4m̂t
2

ŝ
~43!

Ayx52Axy ~44!

Ayy50 ~45!

Ayz5S 2uC9
e f fu22

8uC7
e f fu2

ŝ
D ~12 ŝ!m̂t

DAŝ
~46!

Azx5Axz ~47!

Azy5Ayz ~48!

Azz5
23

D
@2 Re~C7

e f fC10* !1Re~C9
e f fC10* !ŝ#A12

4m̂t
2

ŝ
.

~49!

Note that, in the SM, it turns out thatAFB52Azz.
The nonzero single-spin forward-backward asymmetr

are depicted in Fig. 3 as functions ofŝ, while those with both
spins polarized are shown in Fig. 4. Interestingly, some
the forward-backward asymmetries are identically ze
within the SM:A x

1 , A x
2 , Axx andAyy . Nonvanishing val-

ues of these asymmetries would be clear signals of NP. A
as was discussed in the case of the polarization asymme
the discrete transformation properties of the operators
once again be used to understand the relations between
of forward-backward asymmetries in which the spinss1 and
s2 are interchanged.

The average values of the forward-backward asymmet
are defined similarly to Eq.~31! and are listed in Table II.
From this table, we see that only three asymmetries are
pected to be larger than 10% in the SM:A z

6 andAzz.

V. DISCUSSION

In the previous sections we have discussed the polar
tion and forward-backward asymmetries which can be
tained when the spins of thet1 and/or t2 are measured

FIG. 3. Forward-backward asymmetries of thet2 and t1, as

functions ofŝ, the invariant mass of thet pair, without~thick lines!
and with ~thin lines! the long-distance resonance contributions.
7-7
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Here we consider what can be learned from these meas
ments in a variety of scenarios.

First, suppose that the statistics are such that only a si
polarization can be measured~say that of thet2), and that
no tagging is possible. In this case only theP-even observ-
ables survive:P x

11P x
2 , A y

11A y
2 andA z

11A z
2 . Of these

asymmetries onlyA z
11A z

2 is measurable within the SM
Along with the differential decay rate, this therefore giv
only two observables, which is not enough to test the SM

On the other hand, if the polarizations of botht1 andt2

can be measured, still without tagging, then one adds ano
six observables:Pxx , Pyy , Pzy1Pyz , Pzz, Axy1Ayx , and
Axz1Azx . Of these only three—Pyy , Pzy1Pyz and
Pzz—are expected to be sizable in the SM, the last one be
measurable only as a distribution inŝ ~see Fig. 2!. We there-
fore have just enough measurements to determine the
unknownsC7

e f f , C10, Re(C9
e f f), Im(C9

e f f), and mb . How-
ever, there are not enough measurements to provide an i
nal cross-check of the predictions of the SM.

Now suppose that it is possible to tag the flavor of t

FIG. 4. Doubly polarized forward-backward asymmetries,

functions ofŝ, the invariant mass of thet pair, without~thick lines!
and with ~thin lines! the long-distance resonance contributions.
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decayingb quark. If only a singlet-spin measurement is
performed then, out of a total of 13 possible asymmetr
only six are sizable within the SM:AFB , P y

6 , Pz andA z
6 .

~Recall thatP z
15P z

2[Pz .)
In the best-case scenario, it will be possible to both tag

flavor of the decayingb, and to measure the polarizations
both final-statet leptons. In this case, one in principle has
asymmetries. However, within the SM only nine of these
accessible:AFB , P y

6 , Pz , A z
6 , Pyy , Pzy andAzz. Even so,

if these asymmetries could be measured, this would allow
to greatly overconstrain the SM. Ideally, we will find ev
dence for new physics, but if not, these will provide pre
sion determinations of bothmb and the Wilson coefficients
describing the decayb→st1t2.

In Table III we summarize the number of possible obse
ables, including the differential cross section, in the vario
scenarios discussed above.

Finally, we note that in some of these scenarios, it will
possible to extract the value ofmb . This is advantageous fo
two reasons. First, it permits a direct comparison with
theoretical estimates ofmb @8#. Second, for some measure
ments in theB system, it is necessary to inputmb from
theory, which increases the systematic~theoretical! uncer-
tainty of the measurement. By contrast, we see that
double-spin analysis ofb→st1t2 will not suffer from this
type of systematic error.

s

TABLE II. Numerical values of the various average polariz
forward-backward asymmetries without including the long distan
resonance contributions. We usemb54.24 GeV @8#. The corre-
sponding average unpolarized forward-backward asymmetry
^AFB&520.154.

^A y
1&5^A y

2& 21.30231022

^A z
1& 20.148

^A z
2& 20.490

^Axy&52^Ayx& 3.18431022

^Axz&5^Azx& 21.34731023

^Ayz&5^Azy& 4.29831022

^Azz& 0.154
ent

e case in
s the
TABLE III. The number of observables in various scenarios of initialb-flavor tagging andt-spin measurements. The columns repres
the cases with untagged and tagged samples, while the rows are for the scenarios in which only one of thet1 or t2 spin is measured, or
when botht1 andt2 spins are measured. Of the possible observables, those that are sizable in the SM are listed separately. In th
which both spins are measured, only the additional observables~indicated by1) are listed. The number in the square brackets represent
total number of observables possible in each case.P( i j ) indicates the sumPi j 1Pj i andP i

(6)5P i
11P i

2 , with identical definitions for the
A’s.

Untagged sample Tagged sample

Only one oft1 or t2 spin measured dG

dŝ
, P x

(6) , A y
(6) , A z

(6) @4#
dG

dŝ
, AFB , P x

6 , P y
6 , P z

6 , A x
6 , A y

6 , A z
6 @14#

SM
dG

dŝ
, A z

(6) @2#
dG

dŝ
, AFB , P y

6 , Pz , A z
6 @7#

Both t1 andt2 spins measured 1Pxx , Pyy , P(zy) , Pzz, A(xy) , A(xz) @10# All @32#

SM 1Pyy , P(zy) , Pzz @5# 1Pyy , Pzy , Pzz @10#
7-8
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VI. CONCLUSIONS

In the standard model~SM!, the inclusive decayb
→st1t2 is described by five theoretical parameters:C7

e f f ,

C10, Re(C9
e f f)( ŝ), Im(C9

e f f)( ŝ) andmb , whereŝ is related
to the momentum transferred to the lepton pair. We wo
like to be able to test this description.

In this paper we have calculated all single- and doub
spin asymmetries in the decayb→st1t2. We have shown
that there are many different ways of testing the SM desc
tion of this decay. In all, there are a total of 31 differe
asymmetries. However, only 9 of these are predicted to
measurable, i.e. have values larger than 10%.~Indeed some
asymmetries are expected to vanish in the SM.! Should any
of the small asymmetries be found to have large values,
would be a clear signal of new physics~NP!. Furthermore,
the SM predicts certain relationships among the asymme
when the spinss1 and s2 are interchanged. Should thes
relations be violated, this would also indicate the presenc
NP. In fact, this could give us some clue as to whether the
is CP conserving orCP violating.

Apart from these signals of NP, whether or not the S
can be tested depends crucially on which types of meas
ments can be made. For example, if one cannot perforb
tagging, and can measure only a single individualt spin,
then there are only two sizable observables. This is
enough to test the SM. On the other hand, if one can mea
botht spins, but cannot tag the flavor of theb, then there are
a total of five measurable observables. This is enough
determine the theoretical unknowns, but does not provide
necessary redundancy to test the SM.

On the other hand, if one can performb tagging, but can
only measure a singlet spin, then there are 7 sizable obser
ables. This can provide a redundant test of the SM. T
optimal scenario is ifb tagging is possible, and one ca
03400
d

-

-

e

is

es

of
P

e-

ot
re

to
e

-
e

measure the polarizations of both thet1 and t2. In this
case, there are a total of 10 independent measurem
which would greatly overconstrain the SM. If new physics
not found, this would precisely determine the five theoreti
parameters.

Note that testing the SM implies that the quantitymb will
be extracted from the experimental data. This will allow
to compare the experimental value ofmb with the theoretical
estimates of this same quantity. Furthermore, as the meas
ments do not rely on theoretical input, the systematic er
will be correspondingly reduced.
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APPENDIX

In this appendix we calculate the square of the amplitu
in Eq. ~1!, keeping the spins of both final-state leptons. W
definepb , ps , p1 andp2 to be the momenta of theb quark,
s quark, t1 and t2, respectively, withq5pb2ps5p1

1p2 . The spins of thet1 and t2 are denoted bys1 and
s2 , respectively. We have

uMu25uT9u21uT10u21uT7u212 Re~T9
†T10!12 Re~T9

†T7!

12 Re~T10
† T7!. ~A1!

Summing over thes-quark spin and averaging over th
b-quark spin, we find
1

2 (
b,sspins

uT9u25
a2GF

2

p2 uVtbVts* u2uC9
e f fu2H ~mb

22q2!

2 S 2p2•s1p1•s21
q2

2
s1•s21mt

2~12s1•s2! D
1~12s1•s2!~pb•p1ps•p21ps•p1pb•p2!2

q2

2
@pb•s1ps•s21ps•s1pb•s2#

1s1•p2@pb•p1ps•s21ps•p1pb•s2#1s2•p1@pb•p2ps•s11ps•p2pb•s1#

1mt@ps•~p11p2!pb•~s11s2!2pb•~p11p2!ps•~s11s2!#J , ~A2!

1

2 (
b,sspins

uT10u25
a2GF

2

p2 uVtbVts* u2uC10u2H 2
~mb

22q2!

2 S 2p2•s1p1•s21
q2

2
s1•s21mt

2~12s1•s2! D
1~11s1•s2!~pb•p1ps•p21ps•p1pb•p2!2S 2mt

22
q2

2 D @pb•s1ps•s21ps•s1pb•s2#

2s1•p2@pb•p1ps•s21ps•p1pb•s2#2s2•p1@pb•p2ps•s11ps•p2pb•s1#

2mt@ps•~p12p2!pb•~s12s2!2pb•~p12p2!ps•~s12s2!#J , ~A3!
7-9



l;
y pieces

BENSALAM et al. PHYSICAL REVIEW D 67, 034007 ~2003!
(
b,sspins

Re@T9
†T10#5

a2GF
2

p2 uVtbVts* u2H 2 Re~C9
e f fC10* !Fmt

2@ps•s2pb•s12pb•s2ps•s1#2
q2

2
~ps•p22ps•p1!

1mt@pb•p1ps•s21ps•p1pb•s22pb•p2ps•s12ps•p2pb•s1#G1Im~C9
e f fC10* !emabf

3$@2mt1~ps1pb!•s1#ps
mp2

a s2
b p1

f 2@2mt1~ps1pb!•s2#ps
mp1

a s1
b p2

f

2~ps1pb!•p1ps
mp2

a s2
b s1

f 1~ps1pb!•p2ps
mp1

a s1
b s2

f 1~p22p1!•psp2
m p1

a s1
b s2

f %J , ~A4!

1

2 (
b,sspins

uT7u25
a2GF

2

p2 uVtbVts* u2
mb

2

q4 uC7u2$4mb
2mt@ps•~p11p2!q•~s21s1!2q2ps•~s21s1!#

12mt
2mb

2~mb
22q2!@12s1•s2#1q2mb

2~mb
22q2!22q2~2@ps•p2pb•p11ps•p1pb•p2#

2q2pb•ps!@12s1•s2#24q2~s1•p2@ps•s2pb•p11pb•s2ps•p1#1s2•p1@ps•p2pb•s1

1pb•p2ps•s1# !12q2~mb
22q2!s1•p2s2•p112q4@ps•s2pb•s11pb•s2ps•s1#%, ~A5!

(
b,sspins

Re@T9
†T7#5

a2GF
2

p2 uVtbVts* u2
mb

2

q2 „Re~C9
e f fc7* !$~mb

22q2!@q212mt
222mt

2s1•s2#

24mt@pb•~p11p2!ps•~s11s2!2ps•~p11p2!pb•~s11s2!#%…, ~A6!

(
b,sspins

Re@T10
† T7#5

a2GF
2

p2 uVtbVts* u2
mb

2

q2 H 22 Re~C10C7
e f f* !F2

mt~mb
22q2!

2
@p1•s22p2•s1#

1q2@ps•p22ps•p1#22mt
2@ps•s2p2•s12p1•s2ps•s1#

1mtq
2ps•~s12s2!1mtps•~p22p1!~s2•p11s1•p2!G

24 Im~C10C7
e f f* !eabmr@2mtps

ap1
b s1

m pb
r1mtps

ap2
b s2

m pb
r1mt

2s2
a ps

bs1
m pb

r#J . ~A7!

In the above, we have used the conventione0123511. Note that, as mentioned in Sec. II,C7
e f f andC10 are expected to be rea

only C9
e f f is complex. However, in the expressions above, for completeness we have included both real and imaginar

of all Wilson coefficients.
c,

a,
.
,

ri,
.
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