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Glueball spectrum from a potential model
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The spectrum of two-gluon glueballs below 3 GeV is investigated in a potential model with a dynamical
gluon mass using the variational method. The short-distance potential is approximated by one-gluon exchange,
while the long-distance part is taken as a breakable string. The mass and size of the radial as well as orbital
excitations up to a principle quantum numioer 3 are evaluated. The predicted mass ratios are compared with
experimental candidates and lattice results.
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Quantum chromodynamia®CD) is widely accepted as whereq is the momentum transfer of the system. At long
the theory of strong interactions. It is generally bglieved thadistance, the non-Abelian nature of QCD implies gluon con-
the gluon self-coupling in QCD implies the existence of finement via nonperturbative effects. These nonperturbative

bound states of confined gluons known as glueballs. Theffects are implemented by introducing a string poteitig|
experimental discovery of these glueballs would be very imhich is assumed to be spin-independent,

portant and would give further support to the theory of QCD.
However, numerous technical difficulties have so far ham- _ _ a—pBmr
: A - Vsp=2m(1—e "), 2

pered our unequivocal identification of glueballs by experi-
ment, largely because glueball states can mix strongly witr\1N
nearbyqq resonances. Nevertheless, the estimation of mass
and size of pure gluon glueball states should still be pursued.
This could guide experimental searches, as well as provide a B==—= 3
calibration for models of glueballs. 2m

Over the past 20 years there has been an ongoing effort to
obtain a nonperturbative form for the gluon propagator. Perln the potentiaV g, the color screening of gluons is brought
haps one of the most interesting results is that the gluon magbout by a breakable string; that is, the adjoint string breaks
have a dynamically generated md4$. The existence of a When sufficient energy has been stored in it to materialize a
one assumes that gluons do not propagate to infinity; i.eintergluonic potential as seen in lattice calculatiphs|.
these propagators describe confined gluons. The concept of a Thus the gluon-gluon potential relevant for two-gluon
massive gluon has been widely used in independent fiel@lueballs is[8]
theoretic studies, and examples about the consequences of
massive gluons can be found in the literat[2e-7]. B

In this paper, we focus on the calculation of two-gluon Vag() ==X
glueball systems and extend our previous wfBk on the
estimation of the mass and size of low-lying glueball states, B i( (S.Vy2— ESZVZ) e
using the variational method in the potential model of Corn- 2m? 3
wall and Son{9,10]. The main feature of the present work is
the consideration of radial as well as orbital excitations, up to
principle quantum number= 3.

To exhibit both asymptotic freedom and the non-Abelian
nature of QCD, gluon dynamics can be described as massiwehere\ is defined as
spin-1 fields interacting through one-gluon exchange and a
breakable string. At short-distance the effective coupling 3g?
constant of the gluon-gluon interaction becomes small and A= A )
the interaction can be treated perturbatively. The short dis-
tance potential is approximated by one-gluon exchange an?,

can be extracted from the tree-level Feynman amplitude o ' Ps /
Fig. 1,
Dy

hereg is related to the adjoint string tensidty, via

1 1SZ 3 lea
2735t oSy

+ +2m(1—e AM), (4)
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r)= 3 | fi
(2m)° 4 E1:ExEqiEy; ' FIG. 1. Diagrams fogg— gg scattering.
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and is related to the strong-coupling strength of the processwumber of states. For example, we have &wave, three
The terms containing are from the short-distance potential. P-wave, and siXD-wave states with definitd"® correspond-
Note that the color wave functions have been contracted ouhg to principle quantum number= 3.

with the structure constants in gluon verti¢&$, so that the The Hamiltonian of a two-gluon glueball system is
strength of the gluon-gluon coupling is three times as large
as that of the gluon-quark coupling. In Ed), S=S,+S; is

the total spin of the two-gluon glueball. Note also ti&t

acts on the polarization vectoeg ande; while S, acts on the ) )
polarization vectorse, and e,. Each spin operatorS, Since the color wave function has been contracted out, the

1 2
H=2m= V24 Vy,. (10)

=(S',$?,S% is defined as$k)ij =—i€lX, which satisfy remaining wave function is of the form
[S,9]=ieks, ®  Waym(r)=[nljm)e o (r)]jm)
i.e., S, S%, andS® are SU(2) group generators as desired. B .
For this gluon-gluon potential we are left with three pa- :'/’”'(r)m=%:+ms <|m'3m5“m>Y'm|(‘9’¢)Xsms’
rameters: effective gluon mass string breaking parameter
B, and adjoint strong-coupling constant In this model, the 1D

constituent gluon mass is evaluated to be 600-700 MeVy here

which is roughly twice the constituent quark m@8s In the

intermediate or at least at long distances, the fundamental (A1) ()

string tensionKg is one of the most fundamental physical Xsm= > (IhdngsmyelVe?. 12
guantities in quark confinement, and is related to the Regge A2

slopea’ by [12] The trial radial wave fuctiongs, (r) are constructed by or-

thogonality as follows:

1
Ke= =0.18 GeV, 7
F 2mal @ ’»blo(r)“e_azmzrza
with the experimental value fat’=0.9 GeV 2. The adjoint Prog(1) o (1— a2m?r2) g~ am?ré2

string tensiorK 4 for gluon confinement can be related by the
ls;:tci)(r:lg \(/ai\gdence of the Casimir scaling hypoth¢$8 on the Yoy ) 22M2r 26 a?m?r %2
62 13
&N g ® ¢3o(r)°‘< 1— —a2m?r2+ —a4m4r4) e—a2m2r2/4’
Ke 4 51 68
Thus, the string breaking paramei@ris about 0.4—-0.6. For
the gluon propagator with a dynamical mass, the adjoint
strong-coupling constamt at the one-loop level turns out to

3
'//31(r)°<azm2r2( 1- ﬂaZer ) o a2l

be 7] ¢32(r)“a4m4r4e7a2m2r2/4, (13
\(Q?) 36m © wherea is the variational parameter. The spin wave function
(33— 2n;)In[ (Q2+ ém?)/A2] ' Xsm, IS construc(tfzt)j by th(e)\ (?lrect product of two-gluon polar-
ization vectorse; ¥’ ande, * and, in turn, the total angular

where {~4. The higher-order correction at the two-loop momentum eigenstaigm) can be constructed by the direct
level does affect the value, as shownzln the case of the furproduct of an orbital eigenstate, the spherical harmonics
damental strong-coupling constaai(Q*) [14]. However, it Y, (,4), and the spin wave functiogs . The coefficients

has not been solved so far in the literature. Nevertheless, (1n;1N,|sm) and(Im;smJjm) in Egs.(11) and (12) are
expected to be in the range of £8.5. _ just the Clebsch-Gordan coefficients.
The invariance of charge conjugation and parity for strond When considering the case with=0 [8], we drop the
interactions implies that a two-gluon glueball must have. i ~rhi ; '
bera™C— 1) on th her hand. s spin Qrblt and tensor ter_ms in Eqéﬁ). However, they do
quantum numbers - On the other hand, since contribute for the case with>0. Since only the tensor term
the gluon is a spin 1, color octet boson, the color singlein Eq. (4) is related to the total angular momentum eigen-

wave function of a two-gluon glueball is symmetric. Hence, states|jm), we need to calculate their expectation values.
a symmetric spin wave function with spin 0 or 2 must bepefining the tensor operator as

accompanied by a symmetric spatial wave function with an

even value of orbital angular momentum, and an antisym- T=5-3(S1)? (14)
metric spin wave function with spin 1 must be accompanied

by an antisymmetric spatial wave function with an odd valueintegrating out the spherical harmonics, and doing spin alge-
of orbital angular momentum. In this way, one can count thebraic calculation on spin wave functions, we obtain
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(00|T|00y=0 for 1=0s=0 (15
and
(2m|T|2 my=0 for 1=0s=2. (16)
Forl=1 ands=1, we have
1
(2m|T|2m)= —,
5
(Im|T|1m)=—-1,
(00|T|00)y=2; (17)
for =2 ands=0, we have
(2 m|T|2m)=0; (18
and forl =2 ands=2, we have
12
(4m|T|4m)= =
24
(3m|T|3m)=— =,
-
9
2m|T|2m)=-,
7
(Im|T|1m)=3,
(0 0|T|00)=6. (19

Hence the contribution to the glueball mégsan be written
as

M/m:2+EK+EY+E§+ELS+ET+ESU’ (20)
where
1
Ex=——(nl|V?nl),
m
Ey= A 1+1SS+1 Ie_mr |
T ma eSS Y

N 5
Es,=— ey 1- 55(s+ 1) [(nl|83(r)|nl),

1 mle ™
—+— nl
2 or)or '
1 m2 e—mr
r2 r 3] r
Eg=2(nl|(1—e A™"|nl),

and|nly= gy (r).

E 3 L-S| nl
= —_— . n
LS 2m3

).

(21)

A
Er=———=(jm|T|jm){ nl
T 2m3<1 Tl ><
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We then use the variational method with trial radial wave
function ¢,,(r) to evaluate the glueball madg and root-
mean-square radiugy,= \/<—r"7 for each glueball state. The
lightest scalar and tensor glueballs have been investigated in
Ref.[8]. For the lightest scalar glueball there is an attractive
S-function term in the potential and hence the Hamiltonian is
unbounded from below. It has been conjectured that this
maximum attraction channel in the"0 state could be re-
lated to the gluon condensation that triggers confinement. We
proposed a physical solution by smearing the gluon fields;
that is, we replace thé function by the smearing function

33
k*m C2m22

D(r)= e ,

(22)

Nl W

T

which approaches®(r) for k—. In contrast to the lightest
scalar glueball, the lightest tensor glueball is stable since the
o-function term is repulsive. As the variation is slight in the
mass and size estimati¢8] of a glueball in thex-8 param-
eter space, we take the central valuesiaf1.5, andp
=0.5[15].

The lattice result oM (11S,), M(1°S,)=1730, 2400
MeV is taken as input for the lightest'd and 2" * glue-
balls, respectively16,18. From the 2 " input, we find the
constituent gluon mass-670 MeV, about twice the con-
stituent quark mass, and the lightest tensor glueball is found
to have the typical hadron size ef0.8 fm.

The value fork in Eq. (22) is fixed by the mass ratio

M(1°S,)

mgl.?)g,

(23

from the converging lattice and experimental results. The
size of the lightest scalar glueball is found to be a mere
~0.1 fm. We note that, although we always have an attrac-
tive 6-function term in the potential for scalars, only for the
lightest scalar glueball is the smearing of gluon fields
needed. For all other scalars, thdunction potential gives
very small mass corrections. One can consider the sum of
kinetic energy and-function terms as the effective kinetic
energy. We find that the sum contributes less than 12% to all
glueball masses, except for the lightest scalar glueball, which
is 43%. This may be marginal for a nonrelativistic treatment,
and stretching the applicability of our relativistic expansion.

We list the mass spectrum and size of two-gluon glueballs
up ton=3 in Table I.

From Table |, we see that the glueball m&sdglecreases
with increasing orbital angular momentuurfor fixed n. For
fixed n andL=0,1(2), M increaseqddecreaseswith total
spin angular momentur@ In turn, bothM and size increase
with total angular momenturd for fixed n, L, andS. On the
other handM increases witm at fixed L and S All these
increments are slight, except for the=1 case in which the
attractiveé potential is present.

Our calculations show that glueball masses are almost in-
dependent ok, and increase witl8 only slightly [15]. Al-
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TABLE I. Masses and sizes of two-gluon glueballs uprto and 2" *. The masses are all around 2600 MeV,~o1.08
=3, with the lightest 0 * and 2" " masses taken as input. times the lightest 2*. They are also of similar size to the
lightest 2" *, the 0 " actually smaller, hence they are likely

n L S Je M(MeV) Frms (fM) more relevant in production processes.
0 ot {1730 0.1 The 0" " may be most interesting since it is the lightest
1 0 2 AR {2400 0.8 pseudoscalar glueball. Its mass of 2570 MeV is in remark-
0 o+ 2710 2.0 able agreement with the lattice result of 2590 MeV. The
0 2 e 2730 1.9 heaviness suggedtal] that there may be little glueball mix-
2 o~ 2570 0.7 ture in » and ', and Okubo-Zweig-lizukdOZI) rule vio-
1 1 1-+ 2605 1.0 lation in these mesons arises from vacuum effects. The 1
2= 2615 11 state with exotic quantum numbers cannot bgcameson
0 0"+ 2790 2.6 and is also very interesting. Again, its heaviness compared to
0 2 2t 2810 2.4 hybrid candidates such gs(1600 [22] suggests that the
0" 2765 2.4 search for the lightest hybrids is not complicated by the pres-
1 1 1 2770 2.4 ence of glueballs. For the 2 state, the mass of 2615 MeV
27" 2775 24 in the constituent model is in contrast with the lattice result
3 2 0 2 2700 1.6 of 3100 MeV, which has a 500 MeV excitation energy with
0" 2685 11 respect to the lowest-lying 0" state. This large gap is ab-
1+ 2690 1.3 sent in our constituent model, which can largely be traced to
2 2 2+t 2693 15 the tensor force.
3t 2694 1.6 The (n,L)=(2,0) and(3, 0) states of 0" and 2"* are
4+ 2695 1.7 straightforward radial excitations of the=1 states. Since

the lightest 0 * is especially light, the excitation energy is
more than 900 MeV. But for the 2" state, it seems that the
though our pure gluon glueballs are different from real glueradial excitation energy is only 300 MeV or so, while going
ball states which can mix strongly with nearluﬁ reso- Onton=3 states, the excitation energy is less than 100 MeV.
nances, the better way to compare with experimental data /e notice that the size has also reached beyond 2 fm, hence
to take mass ratios, either to eliminate theand 8 depen- the drop in excitation energy reflects the approach to string
dence or to reduce the effect of mixing. We list in Table |l breaking beyond a couple of Fermis. Such behavior, how-
the glueball masses in increasing order, together with thei@Ver, is not seen on the lattice, where the secohd &tate is
corresponding mass ratios with respect to the lightest tens@iso almost 900 MeV higher than the lightest one, which
glueball. Comparison with Table | shows that, for a givenagain appears more “stringy(*Regge”).
quantum number, the ordering in mass is also the ordering in The (n,L,S)=(3,2,0) and(3, 2, 2 states in the constitu-
size. ent model are close to degenerate, which arise again due to a
Although our predictions rely on the inputs of the lightestbalance between spin-orbit and tensor forces. Interestingly,
scalar and tensor glueball masses, 1730 and 2400 MeV, réhe 0" state constructed out df=S=2, possible only
spectively, from lattice calculation, we find that our predictedstarting withn=3, is slightly lighter than the radial excita-
mass ratios do find experimental correspondence, sometiméon of the lightest 0 * state. It is thus actually the second
even better than comparing with lattice calculations. Thidightest such state, with a size of 1.1 fm, comparable to the
may be due to the rather straightforward physical picture of dightest 2" * state but only half that of the radially excited
potential model. However, the experimental situation is faf0* * state. We note that its mass of 2685 MeV is in excellent
from settled, and comparison with the lattice is quite necesagreement with the second"0 state from the lattice, al-
sary. though our radial excitation states are also not in disagree-
As stated, the lightest tensor glueball is much more stablenent. The (,L,S)=(3,2,0) 2" state is also slightly lighter
within the model than the lightest scalar glueball, hence aland smaller in size than the radially excited 2 state. The
mass ratios are normalized to this state. We find that, excemterpretation of excitation energy for 0 versus 2
for the peculiar lightest 0F state, all ratios of two-gluon therefore could be rather different between our model and
glueball masses are of order 1, and mass ratios of three-gludhe lattice calculations.
to two-gluon glueballs are of order 3/2, respectively. Thisis The above two specidl=2 states are accompanied by
consistent with a constituent picture. We then need to undethe host of I'*, 2**, 3** and 4" * glueballs, which are
stand the difference from the lattice spectrum, which sugeomparable in mass and gradually growing in size. They
gests a considerably higher excitation energy. could be more interesting than the “usual” radial excitations
Going back to Table I, we note that the constituent pictureof the lightest 0 © and 2" * states, or0*, 1", and 2 *
gives certain multiplet structures governed mostlyrbgnd  states, which are two-and-a-half Fermi in size and rather
L, with relatively small splittings ir§ (except forn=1). We large. In contrast, the lattice’3 and 4" " states are close to
note that there are spin-orbit and tensor forces at work. Thug700 MeV, again appearing as stringy excitations.
the *first excitation” from then=1 states seems to be the = The experimental results are rather uncertain at present,
(n,L,S)=(2,1,1)[rather than(2, 0, O] statesof 0+, 1™, but there does seem to be many states in the 2000 MeV
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TABLE II. Comparison of predicted glueball mass@sass ra-  out on the lattice. The lightest pseudoscalar glueball mass is
tios, normalized to lightest 2") with lattice [16] and sample ex- 2570 MeV. However, there are the other two Ostates with
perimental data. The superscrigi, ¢, andd indicate data coming mass 2765 and 3780 MeV composed of two and three glu-
from [17], [18], [19], and[20], respectively. The experimental num- ons, respectively. Mixing among them should make the light-
bers are not meant to match the states listed to the left. The lagist 0" " two-gluon glueball mass lighter. On the other hand,
three entries with § in front of the J° are for three-gluon glue-  despite the lattice QCD prediction that the lowest-lying'l
balls[8]. The lightest 0 * and 2" " masses are taken as input. All glueball has mass heavier thahy [24], one should not ex-

masses are in MeV units. clude the T* glueball in a search below 3 Ge\25]. The
o= : _ : 17 and 3 ~ glueballs only exist in three-gluon glueball
J Constituent Lattice Experiment  states, hence their masses should be heavier than 3 GeV.

Scaling from the lattice result df1,++=2000-2400 MeV

{1739 (0.72 1730(0.72 1500 (0.76 [16,26,21, the mass range of these glueballs is 3.1-3.7 GeV,

ot 26851.12 2670(1.11 2103 (1.06 right in the ballpark of)/ ¢ and ¢’ masses. The proximity of
2710(1.13 2320 (1.17) the 17~ glueball to J/¢ or perhapsy’ may be what is
2790(1.19 needed from comparison df ¢ and ¢’ two-body hadronic

{2400 (1.00 2400(1.00 1980 (1.00 decayq28]. Before closing, we remark that the masses of the
2693(1.12 3290(1.37) 2020' (1.02 purely gluonic low-lying states 07, 2%, and 0" have

2%+ 2700(1.13 2240 (1.13 been reported to be around 1.5, 2.0, and 2.05 G249,

2730(1.14 2370 (1.20 respectively, by using QCD spectral sum rul@SSR. They

2810(1.19 are suitably close to the experimental candidates, and possi-
0" 2570(1.07) 2590(1.08 2140' (1.089 bly mixed with qq resonances. Nevertheless, it is interesting

2765(1.15 219C (1.1 that all glueball masses in our model would become lighter if
1+ 2605 (1.09 we take the QSSR result ofM(11Sy), M(1°S))

2770(1.15 =1.5,2.0 GeV as input for the lightest'0 and 2" * glue-
2=+ 2615(1.09 3100(1.29 2040 (1.03 balls.

2775(1.16 3890(1.62 2300' (1.16 In conclusion, two-gluon glueballs have been studied in a
1+t 2690(1.12) 2340 (1.19 potential model with constituent gluons. The potential is ap-
3+t 2694 (1.12 3690(1.54) 2000' (1.02) proximated by one-gluon exchange plus a breakable string.

2280' (1.15 The mass and size of radial and orbital excitations, up to
a4+t 2695(1.12 36504(1.52) 2044 (1.03 principle quantum number= 3, are evaluated by the varia-

2320 (1.17) tional method. With the I_owest-lying*O+ and 2" * masses
3g(0~ ) 3780158 3640(1.52 from the lattice taken as input, all masses of two-gluon glue-
39(1 ) 3680(1.53 3850(1.60 balls are .found to be below 3 GeV with size less than 3 fm.
39(37) 3690(1.54) 4130(1.72 The predicted masses for the secorid Gstate as well as the

lowest 0 * state are in excellent agreement with the lattice.
Further excitation patterns, however, differ considerably.
While lattice calculations find fewer states populating the
500 MeV range, hence an excitation energy of 500—900
. eV, our constituent model gives two moré 0 states, four
masg 18]. Glueball candidates abound but they are very hard\gore 2+ states, and an additional0 state, which are

KfuggaﬂgmhlZiggqgggttﬁzéagfﬁ rfﬁ:':iséhizzescglguff; tgi}2—17 % heavier than the lightest tensor. This pattern may
9 ; ' : PECyell be more consistent with experiment. There are also a
trum should give some hope for experimental search, al

though one clearly has a long way to go. For the Iattice-number of I'*, 27, 3%, and 4"" glueballs. Besides a
calc&]lations it is r?ot clear to L?S whyethergtﬁe short-distanc [ather small size for the lightest scalar, there is orie’ 0
’ S+, 07", 17", and 2 * glueball each that is 1 fm in size,

spin-orbit and tensor interactions, of great importance to our, . .
. : . each one the lightest member for the given quantum number,

model(though mysteriously balancing each otherre repli- e .

cated with 177 only slightly larger. The number of glueballs clus-

) 0 ; .
In our model, the size of the lightest scalar glueball is ofterlng at 13% or heavier than the lightest 2 glueball are

order 0.1 fm. The extreme smallness may be an artifact O&ypically 2 fm in size. Mass and size seem positively corre-

the treatment of the attractivipotential, but we do expect a I:_;\tgd. While the model_ certainly has it_s limitations, its heu-
physically smaller lightest scalar from the heuristic point ofrIStIC hature may provide some help in the long quest for
view, because of the extra attraction. A more direct calcula¥"cevernng glueball states in Nature.
tion of the 0" glueball mass and size on the lattice would This work is supported in part by the National Science
require relatively fine lattice spacing®3]. It would be inter-  Council of R.O.C. under Grant No. NSC-90-2112-M-002-

esting to see if our result of small"0" size could be borne 022.

region as compared to lattice suggestions. In part for reaso
of comparison, we take here 1980 MeV for &2 candidate
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