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High-energy neutrino conversion into an electron-W pair in a magnetic field and its contribution
to neutrino absorption
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We calculate the conversion rate of high-energy neutrinos propagating in a constant magnetic field into an
electron-W pair (n→W1e) from the imaginary part of the neutrino self-energy. Using the exact propagators
in a constant magnetic field, the neutrino self-energy has been calculated to all orders in the field within the
Weinberg-Salam model. We obtain a compact formula in the limit ofB!Bcr[m2/e. We find that above the
process thresholdE(th)'2.231016 eV3(Bcr /B) this contribution to the absorption of neutrinos yields an
asymptotic absorption length'1.1 m3(Bcr /B)23(1016 eV/E).
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I. INTRODUCTION

The study of creation, propagation, energy loss, and
sorption of neutrinos in a magnetic field is important in se
eral astrophysical contexts and in early cosmology@1#. The
neutrino self-energy and dispersion relation is modified
magnetized media@2–4#, and processes where neutrinos
diate electron-positron pairs (n→n1e11e2) @5–7# or
gammas (n→n1g) @7–9# have been investigated in th
range of energies where it is possible to use an effec
four-fermion interaction and rates have been obtained in
limits of weak and strong magnetic fields. As an example
the importance of a macroscopic magnetic field as an ef
tive source of energy loss for energetic neutrinos, we re
that the estimate@5# for the raten→n1e11e2 in the strong
magnetic field near the surface of a neutron star is about
times the rate of pair production in the Coulomb field ne
the nucleus of metallic iron.

Conversion of neutrinos inW-lepton pairs in the presenc
of magnetic fields (n l→W1 l ) should be considered whe
studying the propagation of neutrinos of sufficiently hi
energies: we shall show that in this limit this process giv
an important contribution to neutrino absorption. A simil
processng→ lW1 has been studied by Seckel@10#, who
shows that at energies above the threshold forW production
this process is competitive withnn scattering at the sam
center of mass energies.

The process we are considering, where an extremely
ergetic neutrino creates a realW, is a second order process
the weak coupling constantg, while the radiation of ae1e2

pair through a virtualW or a virtual Z is a fourth order
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process. Therefore, there is an energy above which the
version into an electron-W pair becomes the dominant pro
cess. In addition, since we use the electroweak Lagran
and not an effective low-energy theory, our result is va
also at very high energies, much higher than theW mass;
actually, theW-electron decay rate contributes significan
to neutrino absorption only in this limit. Notice that event
ally the realW decays and that in about 10.5% of cases
final state contains a neutrino of the same flavor~e.g., ne
→W1e→nee

1e2), so that the process can be thought of
the radiation of a lepton pair; in about 21% of cases the fi
state contains a neutrino of different flavor~e.g.,ne→W1e
→nmme), and in the remaining 68.5% of cases the final st
contains hadrons.

In this paper we use Schwinger’s proper time method@11#
to calculate the neutrino self-energy in homogeneous m
netic fields and then we obtain the probability of decay in
a W-electron pair by extracting the imaginary part of th
self-energy. A similar strategy was used by Tsai and Er
@12# to extract the photon pair creation probability from th
vacuum polarization in intense homogeneous magn
fields.

In Sec. II we briefly review the notation and derive th
one-loop neutrino self-energy in constant magnetic field@2#;
in Sec. III we obtain the imaginary part of the self-ener
and the rate ofW-electron pair creation in a magnetic field
The ensuing discussion and conclusions are in Sec. IV.

II. NEUTRINO SELF-ENERGY IN A CONSTANT
MAGNETIC FIELD

In this section we review the calculation of the one-lo
neutrino self-energy in a homogeneous magnetic field, us
the exact fermion and gauge boson propagators in a con
magnetic field@2#. We consider a magnetic field with mag
nitude B pointing along the positivez direction. The only
©2003 The American Physical Society01-1
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nonvanishing components of the electromagnetic fi
strength tensorFmn are F1252F215B. The exact expres
sions for the electronS(x8,x9) @11,13# and W boson
Gmn(x8,x9) @2# propagators in a constant magnetic field a
obtained using Schwinger’s proper time method:

S~x8,x9!5f* ~x8,x9!E d4k

~2p!4 eik•(x82x9)S~k!, ~1!

Gmn~x8,x9!5f~x8,x9!E d4k

~2p!4 eik•(x82x9)Gmn~k!, ~2!

where the translationally invariant parts of the propagat
are

S~k!5 i E
0

` ds

coseBs
expF2 isS m22 i e1ki

21k'
2 taneBs

eBs D G
3F ~m2k” i!e

2 ieBss32
k”'

coseBsG ~3!

and

Gmn~k!5 i E
0

` ds

coseBs
expF2 isS ki

21k'
2 taneBs

eBs D G
3H e2 is(M22 i e)@gi

mn1~e2eFs!'
mn#1F S km

1klFml
taneBs

B D S kn1krFrn
taneBs

B D1 i
e

2
~Fmn

2g'
mnB taneBs!G S e2 is(M22 i e)2e2 is(xM22 i e)

M2 D J .

~4!

In the rest of the paper we shall drop the infinitesimal ima
nary contribution to the masses2 i e, which determines the
correct boundary conditions; if necessary it can be ea
reintroduced:m2→m22 i e and M2→M22 i e. In our nota-
tion, 2e and m are the charge and mass of the electr
M the W mass, x the gauge parameter,s35s12

5( i /2)@g1,g2#, and the metric isgmn5diag(21,11,11,
11). We choose the electromagnetic vector potential to
Am52 1

2 Fmnxn and, therefore, the phase factor in Eqs.~1!
and~2!, which is independent of the integration path, is@13#

f~x8,x9!5expF ieE
x9

x8
dxmAm~x!G5expS i

e

2
xm9 Fmnxn8D .

~5!
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For any four-vector am we use the notationai
m

5(a0,0,0,a3) anda'
m5(0,a1,a2,0); it is easy to show that

~e2eFs!mn5~gmn!'cos~2eBs!1
Fmn

B
sin 2~eBs!. ~6!

Note that theW and Goldstone scalar propagators were o
tained in Ref. @2# by introducing a new electromagnet
gauge invariant gauge fixing term~EGF! which is manifestly
invariant under electromagnetic gauge transformations.
advantage of the EGF gauge is that the electromagnetic
tential has no cross couplings with theW and Goldstone
fields and, therefore, these two fields do not mix in the pr
ence of a magnetic field.

In the remainder of this paper we focus our attention
electron-type neutrinos; the generalization tom andt neutri-
nos is straightforward. For the purpose of this work, it wou
seem convenient to work in the unitary gauge (x→`),
where the unphysical scalars disappear. However, theW
propagator is quite cumbersome in this gauge. We prefe
work in the Feynman gauge (x51), where the expression o
the propagator is much simpler. In principle the choice of
Feynman gauge carries the price of calculating an additio
bubble diagram: the one with the Goldstone scalar. But
scalar bubble diagram does not contribute to leading or
since it is suppressed by a factor ofm2/M2'4.04310211,
and can be neglected. Therefore, we only need to calcu
the bubble diagram with aW boson:

SW~x8,x9!5
ig2

2
gRgmS~x8,x9!gngLGmn~x8,x9! ~7!

where

gR5
11g5

2
, gL5

12g5

2
. ~8!

This expression is translationally invariant, since theW and
the electron carry opposite charge and therefore the ph
factor f in the W propagator cancels the phase factorf* in
the electron propagator. We can writeSW(p) in momentum
space using

SW~x8,x9!5E d4p

~2p!4 eip•(x82x9)SW~p! ~9!

as
SW~p!52
ig2

2 E d4k

~2p!4E
0

` ds1

cosz1
E

0

` ds2

cosz2
e2 is1[m21qi

2
1q'

2 (tanz1)/z1]e2 is2[ M21ki
2
1k'

2 (tanz2)/z2]gRgm

3F ~m2q” i!e
2 iz1s32

q”'

cosz1
G@gi

mn1~e2eFs2!'
mn#gngL ~10!
1-2
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where

q5p2k, z15eBs1 , z25eBs2 . ~11!

We now do the straightforwardg algebra, change vari
ables fromsi to zi , translate thek variables of integration as
follows:

~ki ,k'!→S ki1
z1

z11z2
pi ,k'1

tanz1

tanz11tanz2
p'D ,

~12!

and, finally, perform the four Gaussian integrations over
shifted variablesk. The result is

SW~p!5
g2

~4p!2E
0

`E
0

` dz1dz2

~z11z2!sin~z11z2!

3e2 i (m2/eB)[z11z2M2/m21(z11z2)w0]

3F z2

z11z2
p” ie

is3(z112z2)1
sinz2

sin~z11z2!
p”'GgL

1~c.t.! ~13!

where

w05
z1z2

~z11z2!2

pi
2

m2
1

sinz1 sinz2

~z11z2!sin~z11z2!

p'
2

m2
~14!

and the appropriate counterterms~c.t.! are defined such tha

~c.t.!52SW~p!uB50,p”502p” F]SW~p!

]p” G
B50,p”50

. ~15!

TheB-independent counterterms are unimportant for the p
pose of this work, since they do not contribute to the ima
nary part of the self-energy.

In order to more easily isolate the range of variables t
give most of the contribution to the integrals and the terms
the integrand that are negligible, we also find it convenien
change integration variables from (z1 ,z2) to (z,u):

z5
m2

eB
~z11z2![

1

b
~z11z2! and

u5
M2

m2

z2

z11z2
[

1

h

z2

z11z2
, ~16!

where we have introduced the two parametersb5eB/m2

andh5m2/M254.0376310211; the resulting expression i
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SW~p!5
g2

~4p!2 S eB

M2D E0

` dz

sinbz

3E
0

M2/m2

due2 iz[12hu1u1w0]

3Fhup” ie
is3bz(11hu)1sin

@bzhu#

sin
bzp”'GgL1~c.t.!

~17!

with

w05u~12hu!
pi

2

M2
1

sin@bz~12hu!#sin@bzhu#

hbz sinbz

p'
2

M2
.

~18!

III. RATE OF W-ELECTRON PAIR CREATION

Because of the oscillating phase exp(2iz), the main con-
tribution to the integral overz comes from the region wher
z&1. If we are only interested in neutrinos that trav
through a ‘‘moderate’’ magnetic fieldeB!m25eBcr , which
meansb!1, we can expand the terms in the integrand
power series ofbz!1. Furthermore, sinceSW is quite
small, of orderg2eB/M2, as can be inferred from the expre
sion ~17! or from the explicit calculation in Ref.@2#, we can
setp”50 in SW .

After this is all done, we obtain

SW~p!.
g2

~4p!2S eB

M2D 2

p”'gLE
0

`

dzzE
0

M2/m2

duuF2

3

1hu1
1

3
~hu!2G

3e2 iz[11u2hu1(1/3)(p'
2 /m2)(eB/M2)2z2u2(12hu)2] .

~19!

Notice that the term in the exponential proportional toz3

cannot be dropped in general, in spite of the fact thatbz
!1: the coefficient of (bz)2, i.e., (mp' /M2)2, could be
very large when the neutrino is very energetic. In fact, th
are two physically interesting regimes that are discrimina
by the dimensionless field dynamical parameter

j[
eBp'

mM2
, ~20!

which can be read from the ratio of thez andz3 terms in the
exponential of Eq.~19! or inferred from kinematical consid
erations and the momentum change of a virtuale-W pair in a
magnetic field.

At low energies,j!1, thez3 term in the exponential can
be dropped, the self-energy is real, and we obtain the re
of Ref. @2#; at high energies,j@1, the self-energy acquire
an imaginary part that we shall calculate in the following.
this last case we writeSW as
1-3
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SW~p!5
2

3

g2

~4p!2 S eB

M2D 2

p”'gLE
0

`

dzz

3E
0

`

duue2 iz[11u1(1/3)j2z2u2] ~21!

where we have dropped all nonleading terms inhu and ex-
tended the integration indu to `, due to the facts that the
main contribution to the integral indu comes from the re-
gion u&1 because of the oscillating phase exp(2izu) and
that h5m2/M2 is extremely small.

The integration indz of the imaginary part of the self
energy can be performed with the substitutionz
5yA11u/(ju) in terms of the modified Bessel function

K2/3~w!5A3E
0

`

y sinF3

2
wS y1

1

3
y3D Gdy ~22!

obtaining

ISW~p!52
2

3

g2

~4p!2 S eB

M2D 2

p”'gL

1

A3j2

3E
0

`

du
11u

u
K2/3FA3

j

2

u S 11u

3 D 3/2G . ~23!

The final integration indu yields

ISW~p!52
g2

24p S eB

M2D 2S 11A3
mM2

eBp'
De2A3mM2/~eBp'!,

~24!

and, therefore, the absorption coefficienta5
22p'I SW(p) is

a5
g2

12p\c

p'c

\c S m

M D 4S B

Bcr
D 2S 11A3

M

m

Mc

p'

Bcr

B D
3e2A3(M /m)(Mc/p')(Bcr /B). ~25!

From the exponential in Eq.~25! we can read the thresh
old for the process:1 if we definej (th)5A3 then

cp'
(th)5A3Mc2

M

m

Bcr

B
'~2.231016 eV!S Bcr

B D . ~26!

For energies well above the threshold, the absorption co
cient has the asymptotic behavior

1The kinematical threshold is obviously given by the sum of
massesM1m, below which the rate is rigorously zero: this thres
old is lost in our expansion, but it is unimportant as long as
effective threshold, below which the process is exponentially s
pressed, is very much larger thanM1m.
03300
fi-

a5
g2

12p\c

p'c

\c S eB

M2D 2

5
g2

12p\c

p'c

\c S m

M D 4S B

Bcr
D 2

50.935S p'c

1016 eV
D S B

Bcr
D 2

m21, ~27!

where we have used the numerical valueGF /(\c)3

5g2/@A2(2Mc2)2\c#51.1663931025 GeV22.
If we considernm (nt) instead ofne the corresponding

threshold energies are higher by a factormm /me
'206.8 (mt /me'3478), while the asymptotic behavio
does not change, since it depends only onM and not onm.2

IV. DISCUSSION AND CONCLUSIONS

In Fig. 1 we show the absorption coefficient forne→W
1e as a function of the neutrino transverse energyE[p'c

e
-

2In principle the full result would have additional dependences
the lepton mass coming from terms that containh5(m/M )2 and
that we have disregarded, since they are extremely small for e
trons; these corrections are larger for muons and especially taus
still small.

FIG. 1. Neutrino absorption coefficient for the processne→W
1e in inverse meters as function of the neutrino transverse ene
(E[p'c) in eV for five values of the magnetic field
B51021Bcr , B51022Bcr ,B51023Bcr , B51024Bcr , B
51025Bcr going from top to bottom, withBcr54.431010 G. The
same curves apply fornm (nt), if both the horizonal and the verti
cal scales are multiplied by (mm /me)5206.768266@(mt /me)
53477.6#.
1-4
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for several values of the magnetic fieldB: B51021Bcr ,
B51022Bcr , B51023Bcr , B51024Bcr , and B51025Bcr

with Bcr5m2/e54.431010 G. It is evident that the proces
has an energy threshold that grows for smaller values ofB, as
quantitatively described by Eq.~26!. If we consider the an-
gular coefficient, which is 1, and the spacing between
curves above the threshold, we find thata grows linearly
with E and quadratically withB, in agreement with Eq.~27!.
The same Fig. 1 is valid fornm (nt), if one multiplies both
the horizonal and the vertical scales by (mm /me)
5206.768266@(mt /me)53477.6#.

In Fig. 2 we compare the processne→W1e with the
processn→n1e11e2 which has a much lower threshold
this threshold can be estimated from the dimensionless
dynamical parameter characteristic of this processk
[eBp' /m3, which is analogous toj of Eq. ~20! with the
substitutionM→m: the threshold is smaller by a factor o
aboutm2/M2'4310211. The curves plotted as function o
k show clearly that the thresholds of both processes are f
tions only of the productBp' @see Eq.~26!#. For the process

FIG. 2. Neutrino absorption coefficients for the processesne

→W1e ~solid curves! and n→n1e11e2 ~dashed curves! in in-
verse meters as function of the dimensionless characteristic pa
eter k[eBp' /m3 for two values of the magnetic field:B
51021Bcr andB51023Bcr going from top to bottom.
cs
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n→n1e11e2 we use the result shown in Eq.~8! of Ref.
@6#:

a~n→ne1e2!5
GF

2~gV
21gA

2 !

~3p!3
m4ES B

Bcr
D 2

3S ln~k!2
ln~3!

2
2gE2

29

24D , ~28!

which the authors claim is valid forE!M3/eB @k
!(M /m)3'431015#: we plot Eq.~8! of Ref. @6# @see Eq.
~28!# up to k51015. We show results only forB50.1Bcr
~top curves! and B50.001Bcr ~bottom curves!. We see that
the processn→n1e11e2 ~dashed curves! dominates be-
low the threshold ofn→W1e ~solid curves!, but above this
thresholdn→W1e is almost two orders of magnitude large
~about a factor of 50!. Therefore, above the thresholdE
'(mM2)/eB @k'(M /m)2'231010#, the effective La-
grangian~four-fermion interaction! cannot be used. The rat
of n→n1e11e2 can instead be estimated using the rate
n→W1e, which gives the total absorption times the branc
ing ratio of W→ne1e, which is (10.6660.20)%.

In conclusion, we have calculated the absorption rate
very-high-energy neutrinos in a magnetic field. Our ma
result is given by the compact formula in Eq.~25! valid for
electron neutrinos. The result for muon or tau neutrinos
be obtained by substituting the electron massm with the
muon or tau mass, remembering that the electron masm
appears also inBcr5m2/e.

This process is exponentially suppressed, and, therefo
can be disregarded, for energies below a threshold en
inversely proportional to the magnetic field; for a field on
tenth of the critical field this energy is of the order
1017 eV @see Eq.~26! and Fig. 1#.

Above this threshold the absorption coefficient grows l
early with energy and quadratically with the field as sho
in Eq. ~27!: for a field one-tenth of the critical field and a
energy of 1018 eV the absorption coefficient is about 1 m21

~see Fig. 1!.
Above the threshold this process substitutes the radia

of e1e2 pairs as the dominant mechanism forn absorption
in a magnetic field~see Fig. 2!.
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