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Spinning particles as a nonlinear realization of the superworldline reparametrization invariance
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The superdiffeomorphisms invariant description ofN-extended spinning particle is constructed in the frame-
work of the nonlinear realization approach. The action is universal for all values ofN and describes the time
evolution ofD12 different group elements of the superdiffeomorphisms group of the (1,N) superspace. The
form of this action coincides with the one-dimensional version of the gravity action, analogous to Trautman’s.
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I. INTRODUCTION

As is well known there exist several equivalent formu
tions of the massless relativistic particles. The second o
and first order formalisms are examples of them. One m
example is the conformally invariant description@1#, which
starts fromD12 dimensional spacetime. The appearance
this consideration of (111) additional coordinates~one
timelike and one spacelike! is not surprising because upo
quantization the physical wave functions in the model
subject to the conformally (O(D,2)) invariant equations o
motion @2,3#.

The existence of alternative approaches always sh
some new light on the nature of the physical system. In p
ticular, as opposed to the conventional description of rela
istic massless particles, when the particle coordinates
einbein being the fundamental variables play essentially
ferent roles, in the conformally invariant description bo
these types of variables are constructed from the more
damental ones@1,3#. The geometrical nature of these initi
variables has been understood@4# in the framework of the
nonlinear realizations approach and their connection with
dilaton~s! of the reparametrization symmetry of the worldlin
of the particle was established.

When it applied to different physical systems, the meth
of nonlinear realizations allows to understand the geome
cal meaning of the basic variables of the system and c
struct the corresponding Lagrangians following some st
dard procedure.

As was shown in@5#, gravity can be treated as a nonline
realization of the four dimensional diffeomorphisms grou
The consideration was based on the fact that the infinite
mensional diffeomorphisms group in four dimensional sp
can be represented as the closure of two finite dimensi
groups - conformal and affine ones@6#. As a consequence o
such a representation of the diffeomorphisms group, the
sic field in this consideration was the symmetric tensor fi
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of the second rank - the metric fieldgm,n , which corresponds
to symmetric generators of the affine group. The general
tion of this approach to the case of superspace was give
@7#.

Alternatively, one can consider a nonlinear realization
thewhole infinite dimensional diffeomorphisms group of th
arbitrary~super!space. Among the coordinates parametrizi
the group element~coset space! in such realization there ex
ist usual coordinates of the~super!space. The vielbeins an
connections are represented by the other coordinates o
coset space. This approach in the case ofD- dimensional
bosonic space-time naturally leads to the Trautman’s@8# de-
scription of the gravity action as an integral of external pro
uct of differential forms – two-form curvature and (D22)
one-form vielbeins.

Obviously, in such form the action can be written only f
D>2. Nevertheless, as was shown in@9#, the two-form cur-
vature in itself, as a consequence of the Maurer - Car
equation, is an external product of one-form vielbein w
another one-form, which is one of the Cartan’s forms, co
nected with the diffeomorphisms group of theD-dimensional
space. So, the approach can be applied for the case oD
51 space, in which it reproduces the conformally invaria
description of the massless relativistic particles@10#. Though
this approach was not applied to theD- dimensional super-
space~to describe the supergravity!, its application to the
(1,N) superspace with one bosonic andN Grassmann coor-
dinates (t,qa),(a51,2, . . . ,N) ~spinning particles! reveals
many features of the bosonic case.

The einbein and its superpartners, as well as space-
coordinates along with their own superpartners describ
the spin of the particle, are connected to some parame
~dilaton and its superpartners! parameterizing the superdif
feomorphisms group of the proper-time superspace (1,N).
As it was shown in@4#, there exist problems in constructin
the action in the superspace approach starting from the
N53. On the other hand, as it was claimed, the compon
approach, developed in the paper@4# for N51, is applicable
for an arbitrary value ofN.

In the present paper we construct the conformally inva
ant form of the action forN - extended spinning particle
@11,2# in terms of geometrical quantities of the reparame
zation group of the proper-time superspace (1,N). The action
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is invariant with respect to the general (1,N) group of super-
diffeomorphisms and coincides with the conformally inva
ant action@1,3# after some gauge fixing.

II. NONLINEAR REALIZATION OF THE
REPARAMETRIZATION IN THE „1,N… SUPERSPACE

With the help of the coordinate representation of the g
erators in an auxiliary (1,N) superspace (s,ha),

~1!

n<N,

one can calculate the corresponding algebra of diffeom
phisms and forget about this representation. In what follo
these generators will be considered as abstract ones. U
them one can write down thegroup elements of the diffeo-
morphismsgroup. Some parameters in the representation
this group elements transform under the left multiplication
the coordinates of the (1,N) superspace. They actually de
scribe the proper-time superspace of theN- extended spin-
ning particles.

To describe theD- dimensional spinning particle in a con
formally invariant way we introduce (D12) group elements
in the following form (I50,1, . . . ,D11):

GI5eitP0eiqa(t)PaeiraP0
a
eiC abP0

ab
eixa(P0

0a
1 iPa

0)eizab
c Pc

ab
eiAa

bPb
0a

3eikaPa
00

eiLabP0
0ab

eiLaP0
00a

eiLP0
000
•••eiQI

aG1/2
a

eiPIL1eiUIL0.

~2!

In the parametrization~2! all exponents, except last thre
ones, are arranged by the dimensionality of the correspo
ing generators~1! ~in units Dim s51,Dim ha51/2). This
choice leads to the most simple transformation laws of
corresponding parameters, as will be shortly discussed a
later. The third exponent in the second line is chosen to
such in order to simplify the form of resulting differentia
invariants. In total, the exponents in Eq.~2! are in one-to-one
correspondence with the subset of the generators~1!, which
does not include only the rotations in the (ha) subspace.

Strictly speaking, the expression~2! describes the param
etrizations of the coset space of the diffeomorphisms gr
over its SO(N) subgroup generated by the rotations in t
odd subspace of the proper-time superspace@12–14#. Since
the quantities which will be used for the construction of t
action are inert with respect to the stability subgroupSO(N),
one can consistently restrict the consideration to this co
space.

The elementsGI ~2! differ from each other only in the
last line, which represents the subgroup, generated by
tion L05P0

011/2Pa
a , one dimensional conformal boostL1
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0a and N superconformal transformationsG1/2
a 5

2 iPa
01P0

0a1Pb
ab . So, all (D12) elements have the sam

parameters in the group space, except the last three
QI

a ,PI ,UI . This property of the elements is unchanged
ter the left action

GI85G0GI ~3!

with an arbitrary constant group elementG0. It is a conse-
quence of the representation

GI5KHI ~4!

in which parameters of the cosetK transform independently
from the parameters of the subgroupHI .

In spite of the fact that the elementG0 is a constant ele-
ment, it contains infinite number of parameters, similarly
the elements~2!. Under such~infinitesimal! transformations

G0511 i e ~5!

the first two parameterst and qa transform exactly as the
coordinatesxM5$t,qa% of the (1,N) superspace@9#

dt5e~t,qb!, dqa5ea~t,qb!, ~6!

where infinitesimal superfunctionse(t,qb)5e0(xM) and
ea(t,qb)5ea(xM) are constructed out of parameters of t
infinitesimal element

e5eMPM1eM
M1

PM1
M1eM

M1M2
PM2M1

M1••• ~7!

which belong to the superdiffeomorphisms algebra. The
plicit form of the eM(x) is the following:

eM~x!5eM1eM
M1

xM11eM
M1M2

xM2xM11•••. ~8!

One can consistently consider all other parameters in
group element as superfields—as functions of all these
perspace coordinates. As it was already mentioned, such
perfield approach faces difficulties whenN>3. So, in this
paper we will consider the so called spontaneously bro
realization, i.e., when the parametersqa instead of being the
Grassmann coordinates of the superspace are the Gold
fieldsqa(t) which depend on only bosonic coordinatet. All
other parameters are the functions oft as well, though we do
not write this explicitly for shortness. The transformatio
laws ~6! appear in this case as

dt5e„t,qb~t!…, dqa5ea
„t,qb~t!…. ~9!

III. CONSTRUCTION OF THE INVARIANT ACTION

As is well known, the Cartan’s differential formsVI
5GI

21dGI are invariant under the transformations~3!. Their
expansion coefficients at different generators in the serie

VI5 ivI0P01 ivIaPa1•••1 ivI00
0 P0

001••• ~10!

are invariant differential one-forms which can be used for
construction of invariant action integrals. In one-dimensio
8-2
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space which is under the consideration the external prod
of one-forms vanish and the only nonvanishing differen
invariants are linear combinations of the coefficientsvI .

Consider the following expression for the action

S52
1

2
SIE vI00

0 , ~11!

where SI5(211•••112) is the signature ofD12 -
dimensional space-time and summation over external in
I is assumed.

The action~11! exactly coincides with the action forN
51 spinning particle@4# and is analogous to the Trautman
formulation@8# of the gravity~in the form which admits the
one-dimensional consideration@9#!. The expression for the
omega-formvI00

0 is rather complicated and contains all p
rameters explicitly written in the expression~2!. To make the
connection with the known action for the spinning partic
transparent, one has to gauge away some of them. Ind
the transformation law~6! shows that the Goldstone field
qa can be vanished by the appropriate choice of the par
eters ea(t,qb). Moreover, the residual symmetry can b
used to exclude some additional fields@9#, namely the fields
ra ,Cab andzab

c . Indeed, the transformation laws of all the
fields contain terms, proportional to the derivatives of t
transformation parameterse(t,qb(t)) andea(t,qb(t)) @9#:

dra~t!5
d

dqa~t!
e„t,qd~t!…1•••, ~12!

dCab~t!5
d2

dqa~t!dqb~t!
e„t,qd~t!…1•••,

~13!

dzab
c ~t!5

d2

dqa~t!dqb~t!
ec
„t,qd~t!…1•••.

~14!

These derivatives are indeed the variational derivatives
they have to be calculated at the pointqa(t)50 because we
already have made this gauge choice.

The explicit expression for thevI00
0 in this gauge is

vI00
0 5dteUI$PI

21ṖI2 i Q̇I
aQI

a23L2xaka1ẋaxa

2 ixaLa12iLaQI
a22kaQI

a22LabxbQI
a

22iAabxbQI
a1LabQI

aQI
b2 iAabQI

aQI
b%. ~15!

The rest of the parametersxa ,Aa
b and ka are ‘‘eaten’’ by

parametersL,La and Lab which become, correspondingly
L̃,L̃a and L̃ab :
02500
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L̃5L1
1

3
xaka2

1

3
ẋaxa1

i

3
xaLa ,

L̃a5La1 ika1 iLabxb2Aabxb ,

L̃ab5Lab2 iAab , ~16!

and play in the following the role of Lagrange multipliers
In addition, one can eliminate the fieldPI with the help

of its equation of motion

PI5
1

2
U̇I . ~17!

In terms of new variables

xI5eUI/2, CI
a5eUI/2QI

a ~18!

the action~11! gets the familiar form@3#

S5
1

2E dt~ ẋI
21 i ĊI

aCI
a13L̃xI

222i L̃aCI
axI2 i L̃abCI

aCI
b!.

~19!

So, the action~11! which is invariant with respect to the
diffeomorphisms group of the proper-time superspace (1N)
properly describes theN-extended spinning particle.

IV. CONCLUSIONS

In the framework of nonlinear realizations of infinite
dimensional diffeomorphisms groups of the (1,N) super-
space we have constructed the reparametrization inva
actions forN-extended spinning particle in arbitrary dime
sion D. It is achieved by simultaneous consideration ofD
12 group elements. The parameters of corresponding gr
points include the coordinates and momenta of the parti
The interaction between coordinates which effectively
duces the number of the space-time dimensions fromD12
to D is included in the action by the presence of the para
eters with higher dimensions, which play the role of t
Lagrange multipliers and are the same for all consideredD
12 points on the group space.

It is worth mentioning, that the action obtained for theN-
extended spinning particle have the same form as the Tr
man’s @8# action for the gravity@9#. The first of them is
invariant under the reparametrization of the (1,N) super-
space, having only one bosonic andN Grassmann coordi-
nates. The second one is written down inD-dimensional
bosonic space-time. This analogy is very intriguing. So
8-3
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would be interesting to apply the method developed her
higher dimensional superspaces to construct correspon
supergravity theories. In particular, such approach in tw
dimensional~super!space can be useful to construct the M
nelius - like description of the bosonic strings and sup
strings. The another possibility is the analogo
consideration of the nonlinearly realized W-algebras giv
the symmetries of the particle with rigidity.
t.

n.
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