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de Sitter black hole with a conformally coupled scalar field in four dimensions
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A four-dimensional black hole solution of the Einstein equations with a positive cosmological constant
coupled to a conformal scalar field is given. There is a curvature singularity at the origin, and the scalar field
has a divergence inside the event horizon. The electrically charged solution, which has a fixed charge-to-mass
ratio, is also found. The quartic self-interacting coupling constant becomes bounded in terms of Newton’s
constant and the cosmological constant. The solution satisfies both dominant and the strong energy conditions.
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In this paper we report an exact black hole solution in G,,+Ag,,=87GT,,, 2
four dimensions with electromagnetic and conformally
coupled scalar fields. This black hole only exists for a posi- 1
tive cosmological constant, in agreement with recent ob- Ue¢— 5R¢—4a¢3=0, (©)
servations[1], and if a quartic self-interaction coupling is
considered. This coupling does not spoil the conformal inwhereDeg“”V#Vy, and
variance of the scalar field equation. There is a curvature
singularity at the origin, and the scalar field is regular both 1
on and outside the event horizon. The electrically charged 1= u®dsb= 50,9 0adpd
solution exists with a fixed charge-to-mass ratio, which is

given in terms of the fundamental constants of the action. 1 5 4

This last feature implies a bound for the self-coupling con- + g[gMVD_V#VV+GMV]¢ —ag,, 9" (4)
stant, which is also obtained through the analysis of the so-

lution with a nonvanishing constant scalar field. Since the matter part of the action is invariant under confor-

Static scalar field configurations such as those presentedal transformations,
here, which are regular both at the horizon as well as outisde,
are unexpected in view of the no-hair conject(see, e.g., 9= Q%(00,,, =27 (X, )
[2]). Furthermore, this solution can be seen to satisfy the

dominant and the strong energy conditions, which corre:[he stress tensor is traceless, and as a consequence, the scalar

sponds to real matter under normal conditions. This is surSUrvature Is constant:
prising in view of the recent observation that there can be no R=4A 6)
scalar hair for a positive cosmological constant and for a
large class of potentials which, however, do not include the The field equations are solved by the following line ele-
form of coupling considered hef8,4]. ment:

The conformal coupling for the scalar field is the unique
prescription that guarantees the validity of the equivalence ) GM\? )
principle in curved spacetimig]. From a different point of ds?=—|— 3" +1- I dt

GM 21-1

interest[6—8]. 1- T) dri+r2dQ?  (7)

For a negative cosmological constant, exact black hole
solutions with a nontrivial conformally coupled scalar field, where O<r<w, dQ? is the metric ofS?, and the scalar
which is regular everywhere, are known only in three dimen-ield is given by

view, conformally coupled scalar fields have been shown to

play an important role in diverse settings of current physical N A 2,
—=r
3

sions[9,10].
We begin with the electrically neutral case. The action is B 3 \/6 M g
YO=Ngzr—em' ®
. R—-2A 1 . . . ) .
I[gw,cﬁ]:J d x\/—_g[ —59"79,¢0,¢ This solution exists only for=—57AG, and describes a
167G 2 static and spherically symmetric black hole, provided the
1 cosmological constank is positive, and the mass satisfies
- 1—2R¢2—aq§4 , (1)  0<GM<I/4, where the cosmological radiuslis 3/A.
The geometry of this black hol€7) is the same as the
Reissner—Nordstro—de Sitter solution for the electric
wherea is a dimensionless constarft£c=1). charge equal to the mass. The inner, event, and cosmological
The field equations are horizons satisfy 8r _<GM<r <I/2<r . <I, where
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| 2 27AG
r_=5(~1+ 1+ 4GMID), @) (%) =G(l+ ga ) (14)
| and the scalar field reads
r+=§(1—\/1—4GM/I), (10)
B =\ oo O (15)
I "“Nar r—am
(s (14 V1= 4GMIT). (11) 4m r-GM
There is a curvature singularity at the origin, and the simple _ A GM (16)
pole in the scalar field is located a=GM, which lies be- 6ar—GM’

tweenr_ andr, . . .

The massless solution has a vanishing scalar field antfote that Eq.(14) determines the charge-to mass ratio only
corresponds to de Sitter spacetime, which has a cosmologic) terms of the fundamental constants of the action, and im-
horizon atr, , =1. For the maximum allowed value of the Plies that the bound
mass,M=1(4G) !, the event and cosmological horizons
coalescer, =r,,=1/2. In case of negative mass or fiot
>1(4G) ! the singularities become naked, thus these values as<— §7TAG (17)
of M are excluded by cosmic censorship.

Note that the scalar field does not endow the black holenust hold in order for the electrically charged solution to
with a new hair becausg cannot be switched off keeping exist. This solution describes a regular black hole with a
the mass fixed. In facM is the only integration constant and nonvanishing real scalar field providéd>0. Moreover, the
for $—0, the geometry approaches de Sitter spacetime. Fubound (17) is saturated for the uncharged case previously
thermore, for a given mass there are two fairly differentdiscussed.
static and spherically symmetric black hole solutions: one As it occurs for the uncharged case, this solution has only
with ¢=0, which is the standard Schwarzschild—de Sitterone independent integration constant, and thus, the scalar
black hole, and the new one with metiig), and ¢=¢(r)  field does not add a new hair. In the vanishing cosmological
given by Eq.(8), which only exists for positive\ and a constant limit,A=0, the solution with a nontrivial scalar
quartic self-coupling withw=—(2/9)7AG. field exists only fora =0, and in this case the electric charge

In the vanishing cosmological constant limit—0, the s not related to the mass. The geometry of this solution is
geometry is described by the extremal Reissner-Nomistro described by the metrid2), where the electric field is given
metric by Eq.(13), and the scalar field by Eq15), which diverges

at the horizon. This asymptotically flat solution was previ-
ously found in Ref[12].
It can be directly checked that the dominant and strong
(120  energy conditions hold both for the charged and uncharged
solutions. Indeed, the stress energy tensor is of type | in the

which has coalesced inner and event horizons @r_  cjassification of Ref[13]. In an orthonormal frame,
=GM. However, as the scalar field remains unchanged in

this limit, it diverges at the horizon. This asymptotically flat

GM\? GM)\ 2
dSZZ_(l—T) dtz"r 1—T> dr2+r2d92,

solution only exists forx=0 and was previously found in- Tab_ 1 dia G*M? G’M? G’M? G’M?
dependently by Bronnikov, Melnikov, and BocharojL] 8mG S SO A
and Bekensteifi12]. .
Electrically charged scalar black holeAn electrically =diag(p,p1,P2,P3)-
charged black hole supporting a nontrivial scalar field is ) )
found, adding to the action the Maxwell term Hence, p=0 and — p<p;<p imply the dominant energy

condition. Moreover,p+p;=0V i, and T3=0 imply the
strong energy condition.
167 d“x\/—_gFM”FW_ Solutions with a constant scalar fiel§ince the electro-
magnetic stress energy tens'ltﬁy is traceless, and by virtue
This static and spherically symmetric solution is describedf Egs.(3) and (6), solutions with a nonvanishing constant
by the same metric as in E¢f), where the only nonvanish- scalar field exist for
ing component of the electromagnetic field is

Q P (18
Fre=dA=—, (13 0 6a’
r
provided A and a has opposite signs, and for any metric
where the charge-to-mass ratio is given by satisfying Einstein’s equations
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— ~TE
G.,tAg,,=87GT,,, (19 1+ 27TAG>0 (21)
9a
whereG is the effective Newton constant, given by must hold, which in the case of a negative cosmological
. constant means that the>—-27AG/9, and for a positive
&=cl1+ ZWAG) (20 cosmological constant, the bound?), imposed by the
9a ’ charge-to-mass ratio, is recovered from a different point of

view.
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