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Cosmological evolution of brane world moduli
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We study the cosmological consequences of nonconstant brane world moduli in five-dimensional brane
world models with bulk scalars and two boundary branes. We focus on the case where the brane tension is an
exponential function of the bulk scalar field,Ub}exp(af). In the limit a→0, the model reduces to the
two-brane model of Randall and Sundrum, whereas larger values ofa allow for a less warped bulk geometry.
Using the moduli space approximation we derive the four-dimensional low-energy effective action from a
supergravity-inspired five-dimensional theory. For arbitrary values ofa, the resulting theory has the form of a
biscalar-tensor theory. We show that, in order to be consistent with local gravitational observations,a has to be
small ~less than 1022) and the separation of the branes must be large. We study the cosmological evolution of
the interbrane distance and the bulk scalar field for different matter contents on each branes. Our findings
indicate that attractor solutions exist which drive the moduli fields towards values consistent with observations.
The efficiency of the attractor mechanism crucially depends on the matter content on each brane. In the
five-dimensional description, the attractors correspond to the motion of the negative tension brane towards a
bulk singularity, which signals the eventual breakdown of the four-dimensional description and the necessity of
a better understanding of the bulk singularity.
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I. INTRODUCTION

One of the most exciting ideas which has originated fr
theories of particle physics beyond the standard model is
our universe could be a three-dimensional object~called a
brane! embedded in a higher-dimensional space~the bulk!.
Special attention has been paid to models in which the b
is five dimensional. For these models, cosmological con
quences have been worked out in particular for the case
heterotic M theory—a five-dimensional theory with tw
branes, which are the boundaries of the bulk spacetime~see
e.g. @1–7#!—and the Randall-Sundrum model@8,9#, in both
the version with one brane and two branes~see e.g.@10–21#!.
In the case of the latter model, the bulk spacetime is hig
warped ~in fact, the bulk is an anti–de Sitter spacetim!,
whereas in heterotic M theory the bulk is ‘‘slightly’’ warped
Another essential ingredient in heterotic M theory is the
istence of a bulk scalar field, whereas in the original Rand
Sundrum model there is no such bulk scalar. It was la
introduced in order to stabilize the interbrane distan
@22,23#.

It was shown in several papers that the resulting fo
dimensional theories at low energies in both models h
much in common with~multi!scalar-tensor theories, wher
the interbrane distance and the bulk scalar field degre
freedom play the role of scalar degrees of freedom in
gravitational sector of the effective four-dimensional theo
@24–32#. From the cosmological point of view it is interes
ing to investigate the consequences of these moduli.
though it is usually assumed that these moduli fields
stabilized by some unknown mechanism in the early u
verse@33–36#, it is imaginable that they are not stabilized b
some potential. Instead, it might be that there is a cosmol
cal attractor mechanism at work, similar to the one found
0556-2821/2003/67~2!/023512~13!/$20.00 67 0235
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Brans-Dicke type theories, which drives the theory towa
four-dimensional general relativity during the cosmologic
evolution by generating very small matter couplings of t
moduli @37–39#. If this is the case, there could be cosmolog
cal consequences of the time-evolution of the moduli, su
as varying constants, time-varying masses, etc., leadin
observational consequences, such as in the cosmic m
wave background radiation, large scale structures, tim
varying constants, equivalence principle violations, and
on. Indeed, there is another motivation for our work: name
the claim of a time-varying fine-structure constant made
@40# and @41#. If this claim is confirmed by future observa
tions, this would suggest that at least some moduli fields
not stabilized but slowly varying.

In this paper we investigate the cosmological evolution
moduli fields arising in brane world models and address
question of whether there is a cosmological attractor for
brane world moduli. We also analyze the conditions un
which conditions such an attractor would be efficient enou
for the theory to agree with local experiments in the labo
tory and/or strong field limits@42#. We study these issues i
a broad class of models encapsulating features from both
Randall-Sundrum models and heterotic M theory, i.e.
warped background with a bulk scalar field.

The paper is organized as follows. In the next section
discuss the five-dimensional theory and derive in detail
effective low-energy action from the moduli space appro
mation, giving also the resulting field equations in the E
stein frame. In Sec. III we clarify the conditions under whi
the theory would predict time-varying coupling constan
such as the fine-structure constant, and investigate the
straints imposed by strong field limits. Cosmological cons
erations and solutions to the field equations are presente
Sec. IV, and we conclude in Sec. V.
©2003 The American Physical Society12-1
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II. MODULI SPACE APPROXIMATION

In this section we derive the four-dimensional low-ener
effective action using the moduli space approximation. F
the gravitational sector, our derivation follows closely that
@43#. We begin with the description of the static configur
tion, which was derived from supergravity@44#.

A. The static configuration

The bulk action consists of two terms which descri
gravity and the bulk scalar field dynamics:

Sbulk5
1

2k5
2E d5xA2g5S R2

3

4
@~]c!21U# D . ~1!

Further, our setup contains two branes. One of these br
has a positive tension, the other brane has a negative ten
They are described by the action

Sbrane 152
3

2k5
2E d5xA2g5UBd~z1!, ~2!

Sbrane 251
3

2k5
2E d5xA2g5UBd~z2!. ~3!

In these expressions,z1 andz2 are the~arbitrary! positions of
the two branes,UB is the superpotential;U, the bulk poten-
tial energy of the scalar field, is given by

U5S ]UB

]c D 2

2UB
2 . ~4!

We will also include the Gibbons-Hawking boundary ter
for each brane, which has the form

SGH5
1

k5
2E d4xA2g4K, ~5!

whereK is the extrinsic curvature of the individual brane
We impose aZ2-symmetry at the position of each brane.

The solution of the system above can be derived fr
Bogomol’nyi-Prasad-Sommerfield~BPS! like equations of
the form

a8

a
52

UB

4
, c85

]UB

]c
, ~6!

where 85d/dz for a metric of the form

ds25dz21a2~z!hmndxmdxn. ~7!

We will particularly focus on the case where the superpot
tial is an exponential function:

UB54keac. ~8!

The valuesa51/A3,21/A12 were obtained in a theory wit
supergravity in singular spaces@44#. The solutions read
02351
r

-

es
on.

.

-

a~z!5~124ka2z!1/4a2
, ~9!

while the scalar field solution is

c52
1

a
ln~124ka2z!. ~10!

In the a→0 we retrieve the AdS profile

a~z!5e2kz. ~11!

Notice that in that case the scalar field decouples altoget
Also, notice that there is a singular point in the bulk atz*
51/4ka2, for which the scale factor vanishes. This will b
important for the discussion on the cosmological evolution
Sec. IV.

In the following we will discuss the moduli space a
proximation. We will put matter on the branes as well
supersymmetry breaking corrections to the brane potent
Two of the moduli of the system are the brane positions. T
is, in the solution above the brane positions are arbitrary
the moduli space approximation, these moduli are assu
to be spacetime dependent. We denote the position of bra
with z15f(xn) and the position of brane 2 withz2
5s(xm). We consider the case where the evolution of t
brane is slow. This means that in constructing the effect
four-dimensional theory we neglect terms like (]f)3.

In addition to the brane positions, we need to include
graviton zero mode, which can be done by replacinghmn

with a spacetime dependent tensorgmn(xm). Thus, we have
two scalar degrees of freedom, namely the positions of
two branes which we will denote withf(xm) and s(xm),
and the graviton zero modegmn ~see@45# and @46#!. As we
will see below, in the coordinate system in which the bran
move, the kinetic terms of the moduli come from the boun
ary terms alone.

It would also be possible to consider another coordin
system, in which the branes are fixed. Then, the moduli a
spacetime dependent part which can be added to the
scalar field solution~10! and the 55-component of the metr
tensor becomes a four-dimensional effective field. In ad
tion, we have the graviton zero-mode. Thus, the numbe
moduli fields is independent of the coordinate system.

Note that the moduli space approximation is only a go
approximation if the time-variation of the moduli fields
small. This should be the case for late-time cosmology w
after nucleosynthesis, which we are interested in~in @47# and
@48# the moduli space approximation was also used in
context of brane worlds!.

B. Moduli space approximation: The gravitational sector

Let us first consider the bulk action. Replacinghmn with
gmn(xm) in Eq. ~7! we have for the Ricci scalarR5R(4)/a2

1R̃, whereR̃ is the Ricci-scalar of the background~7!. We
explicitly use the background solution~9! and~10!, so thatR̃
will not contribute to the low-energy effective action. Als
2-2
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in this coordinate system, where the branes move, there i
contribution from the part of the bulk scalar field. Collectin
everything we therefore have

Sbulk5
1

2k5
E dzd4xa4A2g4

1

a2
R (4)

5E d4xA2g4f ~f,s!R (4), ~12!

with

f ~f,s!5
1

k5
2Ef

s

dza2~z!. ~13!

We remind the reader thata(z) is given by Eq.~9!.
We now turn to the boundary terms. It is clear that t

integrals~2! and~3! do not contribute to the effective actio
for the same reason thatR̃ does not contribute. Let us there
fore turn our attention to the Gibbons-Hawking bounda
terms.

First, it is not difficult to construct the normal vectors
the brane:

nm5
1

A11~]f!2/a2
~]mf/a2,21!. ~14!

Then the induced metric on each brane is given by

gmn
ind,15a2~f!gmn

4 2]mf]nf, ~15!

gmn
ind,25a2~s!gmn

4 2]ms]ns. ~16!

Thus,

A2gind,15a4~f!A2g4F12
1

2a2~f!
~]f!2G , ~17!

A2gind,25a4~s!A2g4F12
1

2a2~s!
~]s!2G . ~18!

So the Gibbons-Hawking boundary terms take the form

1

k5
2E d4xa4A2g4F12

1

2a2~f!
~]f!2GK, ~19!

1

k5
2E d4xa4A2g4F12

1

2a2~s!
~]s!2GK. ~20!

The trace of the extrinsic curvature tensor can be calcula
from

K5
1

A2g5

]m@A2g5nm#. ~21!

Neglecting higher order terms this gives
02351
no

d

K54
a8

a F12
~]f!2

4a2 G . ~22!

The terms for the second brane can be obtained analogo
Using the BPS conditions and keeping only the kine
terms, we get for the Gibbons-Hawking boundary terms

1
3

4k5
2E d4xA2g4a2~f!UB~f!~]f!2, ~23!

2
3

4k5
2E d4xA2g4a2~s!UB~s!~]s!2. ~24!

Collecting all terms we find

SMSA5E d4xA2g4F f ~f,s!R (4)

1
3

4
a2~f!

UB~f!

k5
2 ~]f!2

2
3

4
a2~s!

UB

k5
2 ~s!~]s!2G . ~25!

Note that the kinetic term of the fieldf has the wrong sign.
This is an artifact of the frame we use here. As we shall sh
below, it is possible to go to the Einstein frame with a simp
conformal transformation, in which the sign in front of th
kinetic term is correct for both fields.

The effective action is valid for any model based
supergravity-inspired five dimensional models with tw
branes. In particular it is worth noticing that there is no p
tential for the moduli. The moduli describe flat direction
reflecting the no-force condition on boundary branes
BPS-like systems.

The effective action for the two modulif and s has a
nice interpretation in terms of supergravity. This is expec
as we started from a two-brane system satisfying BPS c
ditions. The resulting effective action has a supergrav
structure. Indeed one can write the Einstein-Hilbert term a
the kinetic terms of the moduli as

E d4xA2g4F f ~f,s!R (4)1
1

6
]F]F̄ f ]mF]mF̄

1
1

6
]S]S̄ f ]mS]mS̄G , ~26!

where

f5
1

2
~F1F̄!, s5

1

2
~S1S̄ !. ~27!

In terms of supergravity, the fieldsF and S are the scalar
parts of two chiral multiplets. One can read off the Kah
potential for these two moduli fields as
2-3
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K523 ln f . ~28!

In the Randall-Sundrum case, we retrieve that

K523 ln~e2k(F1F̄)2e2k(S1S̄)!. ~29!

Notice that in that case one can rewrite the Kahler poten
as

K523k~F1F̄!23ln~12e2k(T1T̄)!, ~30!

where

T5S2F ~31!

is the radion superfield. Moreover we immediately see th
in the Randall-Sundrum case, the fieldF can be eliminated
by a Kahler transformation; this shows that one of the t
moduli decouples, leaving only the radion as the relev
physical field. We will retrieve this result later when we an
lyze the equations of motion.

Coming back to the action above, we redefine the field
the following way:

f̃25~124ka2f!2b, ~32!

s̃25~124ka2s!2b, ~33!

with

b5
2a211

4a2
; ~34!

then, the gravitational sector can be written as

SMSA5
1

2kk5
2~2a211!

3E d4xA2g4F ~f̃22s̃2!R (4)

1
6

2a211
@~]f̃ !22~]s̃ !2#G . ~35!

This is an action of the form of a multiscalar tens
theory, in which one scalar field has the wrong sign in fro
of the kinetic term. Furthermore, in this frame there is
peculiar point where the factor in front ofR can vanish,
namely whenf̃5s̃, which corresponds to colliding brane
We will call the frame in which the action has the form of th
equation above thebulk frame.

It is useful to go to the Einstein frame. In order to avo
mixed terms like (]mf̃)(]ms̃), we shall define two new
fields:1

f̃5Q coshR, ~36!

1Do not confuse the Ricci scalarR with the new fieldR.
02351
al

t,

o
t
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in

t

s̃5Q sinhR. ~37!

To go to the Einstein frame we perform a conformal tran
formation:

g̃mn5Q2gmn . ~38!

Then @49#

A2gQ2R5A2g̃S R̃2
6

Q2
~ ]̃Q!2D . ~39!

Collecting everything we get the action in the Einstein fram
~where we now drop the tilde!:

SEF5
1

2kk5
2~2a211!

3E d4xA2gFR2
12a2

112a2

~]Q!2

Q2

2
6

2a211
~]R!2G . ~40!

Clearly, in this frame both fields have the correct sign
front of the kinetic terms. Note that fora→0 ~i.e. the
Randall-Sundrum case! the Q field decouples. In this case
the field R plays the role of the radion, i.e. it measures t
distance between the branes. Furthermore, we can ide
the gravitational constant:

16pG52kk5
2~112a2!. ~41!

C. Moduli space approximation: The matter sector

In the following we introduce matter as well as supersy
metry breaking potentialsV(Q,R) and W(Q,R) on each
brane. We begin with the potentials: to first order in t
moduli space approximation we get

E d4xA2g4@a4~f!V~f!# ~42!

with a4(f)5f̃4/(112a2). The expression for a potentialW on
the second brane is similar witha(f) replaced bya(s). In
the Einstein frame we have~dropping the tilde from the met
ric!

E d4xA2gQ28a2/(112a2)~coshR!4/(112a2)V~Q,R!

[E d4xA2gVeff~Q,R!, ~43!

where we have defined

Veff~Q,R!5Q28a2/(112a2)~coshR!4/(112a2)V~Q,R!.
~44!
2-4
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The expression forW(Q,R) in the Einstein frame is

E d4xA2gQ28a2/(112a2)~sinhR!4/(112a2)W~Q,R!

[E d4xA2gWeff~Q,R!, ~45!

where

Weff~Q,R!5Q28a2/(112a2)~sinhR!4/(112a2)W~Q,R!.
~46!

For matter, the action has the form

Sm
(1)5Sm

(1)~C1 ,gmn
B(1)! and Sm

(2)5Sm
(2)~C2 ,gmn

B(2)!,
~47!

wheregB denotes theinducedmetric on each brane andC i
the matter fields on each brane. Note that we do not cou
the matter fieldsC i to the bulk scalar field, and thus not t
the fieldsQ andR. In going to the Einstein frame, we get
-
n

02351
le

Sm
(1)5Sm

(1)
„C1 ,A2~Q,R!gmn…

Sm
(2)5Sm

(2)
„C2 ,B2~Q,R!gmn…, ~48!

In this expression we have used the fact that, in going to
Einstein frame, the induced metrics on each brane transf
with a different conformal factor, which we denote withA
andB. We have neglected the derivative terms in the mod
fields when considering the coupling to matter on the bra
They lead to higher order operators which can be easily
corporated. The energy-momentum tensor in the Eins
frame is defined as

Tmn
(1)52

1

A2g

dSm
(1)
„C,A2~Q,R!g…

dgmn ~49!

with an analogous definition for the energy-momentum t
sor for matter on the second brane.

In the Einstein frame, the total action is therefore
om

freedom
SEF5
1

16pGE d4xA2gFR2
12a2

112a2

~]Q!2

Q2
2

6

2a211
~]R!2G2E d4xA2g@Veff~Q,R!1Weff~Q,R!#

1Sm
(1)
„C1 ,A2~Q,R!gmn…1Sm

(2)
„C2 ,B2~Q,R!gmn…. ~50!

The theory derived has a form similar to the one discussed in@50,51#, although we have here two scalar degrees of freed
in general. However, these scalar fields couple differently to the two matter types on each individual brane.

D. The field equations in the Einstein frame

From the action derived above we can now derive the field equations for the metric and the two scalar degrees of
in the Einstein frame. They are

Gmn58pG~Tmn
(1)1Tmn

(2)2gmnVeff2gmnWeff!1
12a2

112a2

1

Q2 F ~]mQ!~]nQ!2
1

2
gmn~]Q!2G

1
6

112a2 F ~]mR!~]nR!2
1

2
gmn~]R!2G ~51!

hR58pG
112a2

6 F]Veff

]R
1

]Weff

]R
2aR

(1)T(1)2aR
(2)T(2)G ~52!

hQ

Q2
2

~]Q!2

Q3
58pG

112a2

12a2 F]Veff

]Q
1

]Weff

]Q
2aQ

(1)T(1)2aQ
(2)T(2)G . ~53!
ext
cos-
he
In these expressionsT( i ) is the trace of the energy
momentum tensor for each brane’s matter; the coupling fu
tions aQ

( i ) andaR
( i ) are defined as

aQ
(1)5

] ln A

]Q
, aQ

(2)5
] ln B

]Q
; ~54!
c- aR
(1)5

] ln A

]R
, aR

(2)5
] ln B

]R
. ~55!

We will give the expressions for these quantities in the n
section and discuss solutions to the field equations in a
mological setting in Sec. IV. Because of the coupling of t
2-5
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moduli to the branes, cosmological matter is not conser
but satisfies

DmTi
mn5aQ

i ~]nQ!Ti1aR
i ~]nR!Ti ~56!

for each type of matteri 51,2. In deriving this equation we
have assumed that the matter fields obey the equatio
motion. Notice that matter nonconservation is directly link
to the spacetime variations of the moduli fields.

III. COUPLINGS TO MATTER AND STRONG FIELD
CONSTRAINTS

In this section we will be interested in the coupling
matter living on both branes to the bulk. In particular we w
pay particular attention to the constraints imposed by str
field limits. This, in turn, leads to stringent constraints on t
parametera and the allowed values of the fieldR.

Let us first notice that matter on the branes couples to
induced metric. The form of the induced metric implies th
we have to deal with a bimetric theory. This is a gene
result for moving branes. In the following we will only b
interested in the nonderivative couplings between the
moduli and the matter fields. Indeed we are dealing wit
low energy expansion and derivative interaction leading
higher order operators. If need be, these derivative inte
tions can easily be incorporated in the following.

First of all couplings to the two branes result from a L
grangian

E A2gBLm~fm ,gB!, ~57!

where fm can either be a scalar, fermion or vector bos
field. We will study each case separately. Let us start wit
scalar field, i.e. the Lagrangian is given by

Lm5
1

2
gB

mn]mfB]nfB2V~fB!. ~58!

We first write the boundary action in terms of the Einste
frame metricg̃5V2g leading to

E A2g̃@a2~f!V2g̃mn]mfB]nfB2a4~f!V4V~fB!#,

~59!

whereV251/f (f,s). Now we can redefine the scalar fie
f̃5a(f)VfB in such a way that the action becomes

E A2g̃F g̃mn]mf̃]nf̃2a4~f!V4VS f̃

a~f!V
D G , ~60!

up to derivative interactions. Let us apply this to a simp
renormalizable potential

V5
1

2
m2fB

21lf4. ~61!

In the Einstein frame, the couplings become
02351
d

of

g
e

e
t
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o
a
o
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n
a

m̃5a~f!Vm, l̃5l. ~62!

Clearly, in this frame the mass of the scalar field becom
time-dependent.

We can apply the same technique to vector bosons w
action

Sm52
1

4g2E A2gBgB
mrgB

nlFmrFnl ~63!

We find that in the Einstein frame

gE5g, ~64!

as expected vector bosons are conformally coupled
therefore the gauge coupling constant is time-independ
Finally let us deal with Dirac fermions:

Sm5E A2gB~ i c̄gB
mDmc2mc̄c!, ~65!

where gB
m are the gamma matrices for the induced metr

Using the results derived in@52#, we can rewrite the action a

Sm5E A2g̃@ c̄̃g̃mDmc̃2ma~f!Vc̄̃c̃#, ~66!

where we have used the conformality of the coupling
massless Weyl fermions and definedc̃5@a(f)V#3/2c.
Again we find that fermion masses become time-depend

m̃5a~f!Vm. ~67!

Notice that the time dependence of the fermion and sc
masses is the same. This is not true when comparing di
ent particle species on the positive tension brane with spe
on the negative tension brane. However, particles on
negative tension brane are candidates for dark matter~they
couple to the standard model particles only via gravit!.
Constraints imposed on dark matter by equivalence princ
violations are less restrictive.

In conclusion we see that, in the Einstein frame, the o
time-dependent couplings in the matter Lagrangian are
masses. Indeed, in a general frame we have the follow
invariant relating Newton’s constant to masses:

I 5Gm25G̃m̃2, ~68!

which is a dimensionless quantity. In particular we find th
in the frame where masses are time-independent the New
constant becomes time-dependent. As suchI gives the true
measure of time variations in the brane-world models that
consider.

The fact that the coupling constants are fram
independent@see Eq.~64!# and therefore spacetime indepe
dent means that in the theory we consider we would
expect a time-varying fine-structure constant, as reporte
@40,41#. In order to explain a time-varying coupling constan
2-6
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one needs to couple vector bosons directly to the bulk sc
field and thus toQ andR. We do not consider this possibilit
in this paper.

Let us now consider the constraints imposed by
strong-field limits. For that it is convenient to write th
moduli Lagrangian in the form of a nonlinear sigma mod
with kinetic terms

g i j ]f i]f j , ~69!

where i 51,2 labels the modulif15Q and f25R. The
sigma model couplings are here

gQQ5
12a2

112a2

1

Q2
, gRR5

6

112a2
. ~70!

Notice the potential danger of thea→0 limit, the RS model,
where the coupling toQ becomes very small. In an ordinar
Brans-Dicke theory with a single field, this would corr
spond to a vanishing Brans-Dicke parameter which is ru
out experimentally. Here we will see that the coupling
matter is such that this is not the case. Indeed we can w
the action expressing the coupling to ordinary matter on
brane as

Sm5Sm~fm ,A2g̃!, A5a~f!V, ~71!

where we have neglected the derivative interaction
expressed2 gB5Ag̃. Notice thatA enters in both the coupling
of matter to the brane and the time variation of masses
such it represents the actual time-dependence of coupling
our models. Let us introduce the parameters

aQ5]Qln A, aR5]Rln A. ~72!

We find that@l54/(112a2)#

A5Q2 a2l/2~coshR!l/4, ~73!

leading to

aQ52
a2l

2

1

Q
, aR5

l tanhR

4
. ~74!

Observations constrain the parameter

u5g i j a ia j ~75!

to be less than 1023 @53#. We obtain therefore a bound on

u5
4

3

a2

112a2
1

tanh2R

6~112a2!
. ~76!

The bound implies that

a&1022, R&0.2. ~77!

2The parameterB which defines the coupling of matter to th
second brane is similarly defined byB5a(s)V.
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This already rules out the supergravity model based ona2

51/12 @44#. The smallness ofa indicates a strongly warped
bulk geometry such as an anti–de Sitter spacetime. In
casea50, we can easily interpret the bound onR. Indeed in
that case

tanhR5e2k(s2f), ~78!

i.e. this is nothing but the exponential of the radion fie
measuring the distance between the branes. We retrieve
well-known fact that gravity experiments require the bran
to be sufficiently far apart. WhenaÞ0 but small, one way of
obtaining a small value ofR is for the hidden brane to be
come close to the would-be singularity wherea(s)50. In
the following we will analyze the cosmological behavior
the present model and in particular the robustness of
conditionR!1 to cosmological evolution.

IV. COSMOLOGICAL EVOLUTION OF THE TWO BRANE
SYSTEM

As we have seen from the last section, the fieldR has to
be small today in order for the theory to be in agreem
with observations. This required smallness ofR could result
from one of the following possible features of our mod
firstly, the minimum ofVeff or Weff could be at small values
of R, and consequentlyR would have been driven toward
this minimum in the very early universe; the form of th
potential has to be derived from an underlying theory, who
form is unknown. A much more interesting alternative is th
R could be driven towards small values during the late c
mological evolution, i.e. after nucleosynthesis, via an attr
tor mechanism. In scalar-tensor theories such a mechanis
well known ~see e.g.@37–39#! and the question we addres
in this section is whether such an attractor mechanism ex
for the brane world models we have discussed so far. Clea
in our model there aretwo moduli fields,Q andR, and even
if R is rapidly driven towards small values, there is the da
ger that the dynamics of theQ field has no attractor behavio
This could jeopardize the cosmology of the model we co
sider. Furthermore, even if such an attractor mechanism
ists, it is nota priori clear whether it is efficient enough.

To address these important issues, we now discuss cos
logical solutions to Eqs.~51!, ~52! and ~53!. In this case the
field equations are as follows (aÞ0): The Friedmann equa
tion reads

H25
8pG

3
~r11r21Veff1Weff!

1
2a2

112a2
ḟ21

1

112a2
Ṙ2, ~79!

where we have definedQ5expf. The second Einstein equa
tion is
2-7
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Ḣ1H252
4pG

3
~r113p11r213p2

22Veff22Weff!2
4a2

112a2
ḟ22

2

112a2
Ṙ2

~80!

The field equations forR andf read

R̈13HṘ528pG
112a2

6 F]Veff

]R
1

]Weff

]R
1aR

(1)

3~r123p1!1aR
(2)~r223p2!G . ~81!

f̈13Hḟ528pG
112a2

12a2 F]Veff

]f
1

]Weff

]f
1af

(1)

3~r123p1!1af
(2)~r223p2!G . ~82!

For the model we consider here, we have

af
(1)52

2a2

112a2
, af

(2)52
2a2

112a2
, ~83!

aR
(1)5

tanhR

112a2
, aR

(2)5
~ tanhR!21

112a2
. ~84!

We will study numerical solutions of the system in mo
detail below, but if we consider matter on the positive te
sion brane only we can draw some conclusions concern
the evolution of the fieldsf andR:

We considerer that throughout the radiation- and mat
dominated eras the potentialsVeff and Weff are negligible.
This is a similar condition to that imposed in quintessen
models. Then, in the radiation-dominated era, the trace
the energy-momentum tensors vanish, implying that

Ṙ5a23, ḟ5a23 ~85!

in such a way thatR remains small if it is small initially.
Moreover, there is no change to the time dependence of
scale factor.

In the matter-dominated era, the equations of motion r

H25
8pGN

3
r11

2a2

3~112a2!
ḟ21

1

112a2
Ṙ2

R̈13HṘ52
8pGN

6
r1R'2

H2

2
R,

f̈13Hḟ5
8pGN

6
r1'

H2

2

together with the conservation equation
02351
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ṙ113Hr1'22a2r1ḟ ~86!

where we assume that botha and R0 are small to comply
with the tests of the equivalence principle. Assuming that
energy density of matter dominates the expansion rate,
solutions to these equations are given by

r15r0S a

a0
D 2322a2/3

, a5a0S t

t0
D 2/324a2/27

~87!

together with

f5f01
1

3
ln

a

a0
,

R5R1S t

t0
D 21/3

1R2S t

t0
D 22/3

~88!

as soon ast@t0. Note, that this solution is consistent wit
our assumptions on the expansion rate as long asR is small
at t5t0. Notice further thatR converges towards zero, henc
retrieving general relativity at late times and that the chan
of the expansion rate is of ordera2 and therefore small. The
solution above is in good agreement with the numerical
lution described below. We therefore conclude that dur
the matter-dominated eraR is driven to zero, providedR was
small at the beginning of the matter era.

A. Numerical results

We now describe numerical solutions of the cosmologi
equations. There are different interesting cases to st
Firstly, all matter types could live on the positive tensio
brane; a more intriguing alternative might be that the d
matter lives on the negative tension brane, whereas radia
and baryons live on the positive tension brane. We will d
cuss these cases below.

1. No potentials

We begin the analysis with the assumption that the pot
tials V and W are identically zero~in other words, that the
brane potentials are unbroken from their supersymmetric
ues!; thus, we follow the evolution of the fields during radia
tion and matter domination. Both matter and radiation li
on the positive tension brane. The calculations are made
a50.01.

The evolution ofR and f is shown in Figs. 1 and 2
respectively. One can clearly see that during radiation do
nation both fields are frozen in, because the trace of
energy-momentum tensor is effectively zero. Soon after m
ter becomes important, both fields are forced to evolve du
the nonvanishing trace of the matter energy-momentum
sor. For the initial conditions we have chosen, the constr
R,0.2 can be fulfilled. However, ifR is initially large, it has
not enough time during matter domination to evolve to sm
enough values. Thus, there is a constraint thatR has to be
2-8
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small enough during radiation domination.
If we put matter on the second brane as well, the evo

tion of R is modified, as can be seen in Fig. 3~see Fig. 4 for
the evolution off). For these cases, the matter on the s
ond brane never dominates the expansion of the unive
However, due to the coupling functionaR

(2) , the evolution of
R andf is affected strongly by matter on the second bra
Indeed, as can clearly be seen,R is driven faster towards
small values even with only a small amount of matter on
second brane. The fieldf stays constant longer after radi
tion domination if there is matter on the second brane.

We conclude that there is a cosmological attractor wh
drivesR towards small values and that the efficiency is e
hanced if the energy density of matter on the second bran
not negligible initially.

2. Including potentials

We now include potentials on the branes. We will stu
the case where there is only a potential on the positive
sion brane. For the potential we assume that it starts to do
nate the energy density only recently in the cosmic histo
because we are interested in the evolution of the mo
fieldsR andf. In principle, bothf andR are candidates fo

FIG. 1. The evolution ofR with different initial conditions for
the case of radiation and matter on the positive tension brane an
matter on the negative tension brane. We find thatR is driven to-
wards zero.

FIG. 2. The evolution off for different initial conditions with
the same cosmology as in Fig. 1.
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the dark energy. However, we do not address the coincide
problem, nor do we want to provide a model for dark ene
in this paper~for a discussion about dark energy arising
particle physics models, see e.g.@56–64# and references
therein!. Instead, we use the simplest model for the potent
namely we assume thatV has the form of an exponentia
potential. To be specific, we assume that supersymmetr
broken by tuningUB away from the form~8! by setting

V5~T21!4keac. ~89!

Here,TÞ1 is a supersymmetry breaking parameter (c is the
bulk scalar field!. Expressed in terms off andR we have

V~f,R!54~T21!ke212a2f/(112a2)

3~coshR!(424a2)/(112a2). ~90!

Notice that forR close to zero, this is nothing but an exp
nential model with the fieldf playing the role of a quintes
sence field. In the following we will set 4k(T21) such that
the universe starts to accelerate at a redshift around 1.

no
FIG. 3. The evolution ofR with different initial conditions for

the case of radiation and matter on the positive tension brane
pressureless matter on the negative tension brane. We find thaR is
driven towards zero for all cases. Note, that if the ratior2 /r1

grows,R evolves faster towards zero. The ratios ofr2 /r1 are given
by 0, 0.11, 0.25, 0.42, and 0.5, for the curves from the right to
left.

FIG. 4. The evolution off for different initial conditions with
the same cosmology as in Fig. 3.
2-9
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The evolution of the cosmological parameters is shown
Fig. 5. After the usual matter dominated era, the unive
becomes dominated by the potential energy of the fields
starts to accelerate.

The evolution forR is shown in Fig. 6. We have chose
the same initial conditions forR as in Fig. 1 and it can be
seen that the evolution ofR is not much affected by the
presence of a potential which dominates today. In Fig. 7
have plotted the evolution off. Note that as soon as th
potential dominates the expansion, the evolution off is af-
fected.

3. Time-variation of masses or the gravitational constant

As explained in Sec. III, the quantityI, defined in Eq.
~68!, is an invariant under conformal transformations. T
quantity specifies the variation of masses in the Eins
frame ~or the gravitational constant in the frame where t
masses on the positive tension brane are time-independ!.
The variation of the gravitational constant~and therefore of
I ) is constrained by nucleosynthesis~see e.g.@54# and @55#

FIG. 5. Evolution of the density parameterV i as a function of
redshift for radiation, matter and the scalar fields. When the po
tial of the moduli dominates, the universe is accelerating. Note,
in order to explain the values for the energy density of dark ene
one has to fine-tune the parameters of the theory. For these plo
have seta50.01. The dark matter lives on the positive tensi
brane, there is no matter on the negative tension brane.

FIG. 6. Evolution of the fieldR as a function of redshift with
different initial conditions. The constraint today isR,0.2.
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for a recent discussion!. We have plotted the evolution ofI
for different initial conditions, one with initial conditions
leading to an evolution in agreement with observations~Fig.
8! and one extreme case which is ruled out by nucleosyn
sis constraints~Fig. 9!. Therefore,the initial conditions for
the fields R andf are not arbitrary, but constrained by nu
cleosynthesis.The details of the evolution ofI are strongly
dependent on the matter contents on the branes.

B. The five-dimensional picture

Having applied the four-dimensional effective theory
cosmology, we turn our attention to the five-dimensional
terpretation of the solutions above. Specifically, we consi
the brane positions, which are related withf andR via Eqs.
~32!, ~33!, ~36! and ~37!. They are shown in Fig. 10. It be
comes clear from Eq.~37!, that R50 corresponds tos
51/4ka2, i.e. the negative tension brane is attracted towa
the singularity. Negative values ofR do not make sense in
this description, when the transformations~32!, ~33!, ~36!
and ~37! are applied. Therefore, cosmological solutio
based on the moduli space approximation in whichR is
negativedo not have a sensible five-dimensional interpre
tion.

n-
at
y,
we

FIG. 7. Evolution of the fieldf as a function of redshift with
different initial conditions. Note that when the potential ener
starts to dominate,f changes its time-evolution.

FIG. 8. Evolution ofI /I 0 @Eq. ~68!# for initial conditions which
are allowed by nucleosynthesis. The value of the gravitational c
stant at nucleosynthesis was of order one percent larger tha
value today.
2-10
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COSMOLOGICAL EVOLUTION OF BRANE WORLD MODULI PHYSICAL REVIEW D67, 023512 ~2003!
There are two obvious interpretations of this result:
~i! At the singularity~i.e. at R50) the negative tension

brane will be destroyed. There is only one remaining sca
degree of freedomf. The late time evolution is essentiall
that of a one brane system.

~ii ! The negative tension brane is repelled from the sin
larity. It is tempting to speculate that the repelling can
described by an effective potential in the effective fou
dimensional description. This option will be briefly discuss
below.

Thus, for a complete understanding of brane cosmol
with a bulk scalar field and two branes one needs a be
understanding of the singularity, which might appear fro
string theory ~for a discussion on singularities in strin
theory see e.g.@65# and@66#!. Nevertheless, we would like to
emphasize that the net effect remains the same:R is initially
attracted towards small values.

C. Avoiding the singularity?

Given that during the matter dominated epoch the ne
tive tension brane is attracted towards a singularity, we w
now investigate the response of the system with the adop
of the second option mentioned above; i.e. we add a pote
which drives the branes away from the singularity. What
the conditions for such a potential? First, whatever type

FIG. 9. Evolution ofI /I 0 @Eq. ~68!# for initial conditions which
are forbidden by nucleosynthesis.

FIG. 10. Evolution of the brane positions for the cosmology
in Fig. 5.
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matter we have on the branes, near the singular point,
Q50 (f52`) and/or R50, the potential term in the
Klein-Gordon equations must dominate. This can
achieved by an inverse-power law potential. A second ing
dient is that for consistency with the limita→0, the deriva-
tive of the potential must be proportional toa2 or some
higher power@see Eq.~53!#. A simple example of a potentia
which fulfills these requirements is

Vadd5V0~Qa2
R!2g. ~91!

However, once the negative tension brane is repelled fr
the singularity, the fieldR grows again and is at the prese
epoch, generically, too large to be consistent with obser
tions. Therefore, adding a potential which repels the bra
from the singularity jeopardizes the valuable properties
the attractor mechanism during the matter dominated ep
This can be easily understood: the attractor mechanism
due to the coupling functionsaR

(1) andaR
(2) appearing in the

Klein-Gordon equation~81!. If at some point during the mat
ter dominated epoch these terms become negligible c
pared to the potential term, the fieldR will be driven by the
gradient of the potential. For the potential above, this will
towards larger values ofR. Then, at some point the potentia
term in the Klein-Gordon equation becomes negligible ag
compared to the matter-coupling terms, which driveR to-
wards smaller values until the potential term domina
again. During this interplay between the terms in the Kle
Gordon equation,R will be driven towards larger and large
values because the density of matter drops and it takes m
and more time for the potential term to be negligible. T
expansion of the universe is never dominated by the poten
energy of the moduli fields for the potential~91!.

What happens in the dark energy dominated regime? T
depends clearly on the nature of the dark energy. If the fie
f and R are responsible for dark energy, then we need
modify the potential at largeR, as otherwiseR will be too
large to be consistent with observations and, as explai
above, the potential~91!, for example, will not lead to an
accelerating universe. An example which delivers an ac
erating universe would be the potential~90! added to Eq.
~91!. However, this corresponds to the situation where
total potential has a minimum atR!1, which has to be
fine-tuned. A cyclic universe can be modeled by the inc
sion of a potential which is negative in value for some ran
of the moduli fields@48#.

If instead the dark energy has a different origin and is
field which is confined on a brane, then there is an import
interplay between the potential term and the coupling term
Eq. ~81!. We will investigate this possibility in future work

V. CONCLUSIONS

In this paper we have investigated the cosmological e
lution of brane world moduli for a general class of bra
world models with two boundary branes and a bulk sca
field. The theory we have used contains the Rand
Sundrum model as a special case. The parametera regulates
how strongly the bulk geometry is warped; small values oa

s

2-11
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correspond to highly warped geometries, whereas large
ues ofa correspond to only slightly warped geometries.

We have obtained the four-dimensional effective the
from the five-dimensional theory using the moduli space
proximation. As we are interested in late time cosmolo
namely from nucleosynthesis on, the moduli space appr
mation should be accurate enough. We have discussed o
vational constraints and found that the parametera must be
small, pointing towards a warped bulk geometry. Furth
more, the fieldR must be small enough today, meaning th
the distances between the branes must be large enough

As long as matter is not directly coupled to the bulk sca
field, and therefore tof andR, the theory predicts that cou
pling constants such as the fine-structure constant are
spacetime dependent. Thus, if the observations made in@40#
and @41# hold, more complicated models of brane worl
have to be investigated.

Finally, we have discussed the cosmological evolution
the moduli fields. We focused in particular on the question
whetherR is driven towards small values during the cosm
logical evolution in order to be consistent with observatio
today. Our findings indicate that there are cosmological
tractors for the fieldR, similar to the attractor found in
scalar-tensor theories@37–39#. We have also found that th
efficiency of the attractor strongly depends on the ma
content on the negative tension brane. In the fi
dimensional picture, the attractor solution drives the nega
v

s

v.
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tension brane towards a bulk singularity. WhenR50, the
negative tension brane hits the singularity. Negative val
of R correspond to the situation where the singularity is b
tween the branes. As the four-dimensional solution sugg
an oscillating behavior ofR around 0, one has to be caref
when interpreting this behavior. Indeed, a proper understa
ing of the singularity is absolutely necessary in order to fu
understand the cosmology of the two brane system. In
case with the brane repelled by the singularity we have
gued that in this case the details of the evolution of the t
brane system can be significantly altered.

We would like to emphasize again that the class of bra
world models we have considered in this paper predicts
coupling functions~83! and~84!. These functions control the
evolution of the fieldsf andR and the coupling to the dif-
ferent matter species.
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