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Alternatives to quintessence model building
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We discuss the issue of toy model building for the dark energy component of the universe. Specifically, we
consider two generic toy models recently proposed as alternatives to quintessence models, respectively known
as Cardassian expansion and the Chaplygin gas. We show that the former is entirely equivalent to a class of
quintessence models. We determine the observational constraints on the latter, coming from recent supernovae
results and from the shape of the matter power spectrum. As expected, these restrict the model to a behavior
that closely matches that of a standard cosmological conatant
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[. INTRODUCTION one does have to tweak some parameters in the scalar field
potential in order to obtain the desired behavior, so this can-
Currently available observations, especially from high- not really be claimed as a satisfactory solution to the prob-
type la supernovae combined with cosmic microwave backlem. .
ground(CMB) results[1], suggest that about one-third of the , ©On the other hand, given that one has yet to see a scalar
critical energy density of the Universe is in the form of or- fi€ld in action, it is clear that all such toy models are not
dinary matter(including classical dark matterwhile the re- much'better Justlflgd than a classical cps_mologlcal constant
maining two-thirds are in an unclustered form which is com-(deSp'te some claims to the_ contrhry'ms_ is further com-
monly called dark energy. Among other effects, thispounded by the fact that, given some time dependence for

unknown component produces a recent accelerated expaffi€ Scalé factor and energy density, one is always able to
onstructa potential for a quintessence-type model which

sion, a behavior which standard decelerating Friedmanfi 4
models are unable to match—though £k The cosmologi- reproduces thenisee for examplg5]). One is therefore re-

cal constantA is arguably the simplest candidate for this Minded of Occam's razor and can legitimately ask if obser-

dark energy, although it is well known that theoretical pre_vational data provide any strong justification for them, as

dictions for its value are many orders of magnitude off fromc0mpared to the conceptually simpler cosmological constant.
observationally acceptable values Here we make a contribution to this ongoing discussion

Noteworthy among the many proposed alternatives ar@y studyjng two pa'rticularly illuminating such toy models.
time varying scalar fields, dubbed quintessef&d]. Quin- Cardassian expansmﬁﬁj] has rec_ently bef_en suggested as a
dnodel for an accelerating flat Universe without any use of a

&Rsmological constant or vacuum energy whatsoever but

often suffer from a major problem that also afflicts the co:s—SOIe'y depending ona purely matter driven acc_gleration_. This
mological constant: fine-tuning. This is often referred to ag'2S beéen accomplished by the use of a modified version of

the “why now?” problem: why is the cosmological constant the Friedmann equation where an additioealipirical term

(or a quintessence fieldo small, and why does it become h_as been added. Unfortunately, as we show here, the Cardas-

dominant over the matter content of the Universe right aboufia" model does not bring anything particularly new since,
the present day? There are so-called “tracking’ models or most practical purposes, it reduces to a class of quintes-

where one obtains that quintessence energy density is reasq??nhce modtTIIsaAnhex;':\m.ple of an sltirn%tlve to qr:JlnFesl.T,ence
ably independent of initial conditions, but on the other handS € so-calle Chaplygin g48], which obeys a physically
exotic equation of statéalthough it can be motivated, at
some level, within the context of higher dimensions brane
*Present address: Centro de Fisica do Porto, Rua do Campt eory. I.n this Cas.e we will show that, as expected, 9“rfe”t
observations restrict the model parameters to a gravitational
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parametrized by an equation of state of the fam w;p; (in and compare it to the standard equation of motigr; K
fundamental unitswherew; is related to a scalar field func- +V, of the fictitious particle. This allows us to relate the

tion. Given that our chances of dlStIﬂgUlShlng between S€Veurvature term to the mechanical energy of the sysémp

eral scalar field models yielding various different time vary-jts kinetic energy and the remaining term to the potential felt

ing w; seem rather blead,10], we will for the time being by the particle. We can push forward this Newtonian analogy

take w; to be constant. We shall start by reviewing somepy calculating the force- dV/da felt by the particle and see

basic properties of this class of models. the Raychaudhuri equation emerge. Each fluid then contrib-
utes with a partial force of

A. Basic dynamical properties
i i i . —dVi/daI—(1+3wi)Qia7(2+3‘”i), (6)
The total energy density appearing in the Friedmann

equation can be expanded into a sum of quintessential fluigo that fluids with— 1/3<w<1 decelerate expansion while

components, therefore turning fluids with o< —1/3 accelerate it.
H2:87TG _ 5 (1) B. The Cardassian model in a quintessence framework
3 a2’

Consider the Friedmann equation for a flat matter domi-
nated Universe, i.e., #Ap,, where A=87G/3. Since

pmca” 2 we havea’=Ap0a !, hence a decreasing func-
tion of the scale factor. Now, the easiest way of making this
decreasing function of the scale factor a growing one is by
1-, Qi) a2 (2)  empirically adding some other function that countersahé
[ decreasing term. Arguably, the simplest function one can add
is a power law of the scale factoa™ with m>0; let us

Here ;= pjo/pco is theith density parameterp¢ being the  choosem=2-3n. So now we have the following form for
critical density and the subscript O refers to present time. Wethe time derivative of the scale factor:

have also takemag=Hy=1.

wherea is the scale factor, Ha/a, the dot stands for time
derivative andk, the curvature term, into

i Pi

HZZE Qiﬂ'F
0

Now, an adiabatic flow is usually assumed for each indi- a?=Apnoa t+Ba? 3", (7)
vidual fluid component, so that(p;a®) + p;d(a®)=0. This
in turn implies, for each fluid which we can easily show to be rewritable as
pi=piod 2T =pig(1+2)30F ), 3 H2=Apn+B’pp, ®

wherez=1/a—1 is the usual redshift parameter. Of course,whereB’=B/pp,. This is precisely the Cardassian model
for w;=0 and w;=1/3 we retrieve the usual relations for Which consists of a modification to the Friedmann equation

dust and radiation. Inserting this adiabatic condition into Eqmotivated by theories with extra dimensions.

(2) we finally obtain However, sincepn/pmo=a_> we can immediately re-
write Eq. (8) in the form
H2=Y, Qa 3Fed+|1-3 Qi)az. (4) H?=Qa 3+Q,a %" 9
| I

_ 3 where we have defined=Q,/pmo, B'=Q,/pno andn
Notice also how forw;=—1 a constant); term appears, =1+ (note thatQ,,+Q,=1).

formally acting as a\ cosmological constant. Notice the equivalence between E¢B). and(9). We can
A physical restriction onw; stems from the square of the jyarhret the Cardassian empirical term in the modified

sound speed velocity of each fluid component, given byiieqmann equation as the superposition of a quintessential
dpi/dp; for constant entropy. The speed at which informa-g,ig with w=n—1, to a background of dust. Note that since
tion is carried by the fluid must necessarily be smaller or,~ 4 thenn<2/3 implying o< — 1/3.

equal to unity, so thab;<1 in the present case. We empha-  \ye thys see that any Cardassian model can readily be

size that this congtrajnt is only valid .fpr constastsince in expressed as a quintessence model with constaand is
generaldp;/dp; will involve an additional term due t0 @ herefore, for most practical purposes, indistinguishable from
possible deper_1dence @k on Pi- ) it. We say “for most practical purposes” due to the fact that
The dynamics of a collection of two or more different cargassian models do not specify the behavior of cosmologi-
fluids can easily be studied if we interpret the Friedmann.g| gensity fluctuations on scales larger than the horizon,
equation as an energy integral of motion of a one-yhough it is assumed that Newtonian gravity holds on small
dimensional fictitious particle moving with amcoordinate.  gcales. Cardassian models are therefore incomplete, effective
Consider Eq/(2) rewritten in the following form: toy models which describe thaverage universewhich is
what one needs for most practical purposes. On the other
a?— > Qa (1r3e)= ( 1-> Qi) , (5)  hand, if one wanted to calculate, e.g. the CMB anisotropy on
i i large angular scales, one would need to go beyond this sim-
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1

and from it obtain the equivalent expression to E8),

0s namely

0.8

p=po[A+(1-Aja (e (12)

0.7

whereA= Alp3*®. This quantity can be related to the Chap-
lygin gas sound speed which we can easily show to;i)e

=aA/p!t® so that, at present, we hav§0= aA.

Again, restrictions must be imposed on the valuesxof
since we expect this velocity to be limited by the speed of
light. In Fig. 1 we find the sound speed evolution with the
scale factor for a generalized Chaplygin gas. We note that it

is bounded bya whena—o; henceaA<a=<1 implying

a<1 andA<1. If we assume the generalized Chaplygin gas
to be a good approximation of the Universe for all times then
these later constraints apply. On the other hand, if we chose
to make no assumptions about the future behavior of the
FIG. 1. Sound speed and=p/p evolution for the case of a Universe and treat the Chaplygin gas only asedfective
generalized Chaplygin gas—we have taken0.8 andA=0.6, but  model in the sense of effectively reproducing the Universe

this behavior is generic. Notice the phase transition from dust ( today without assuming anything beyond, then m@gl

=O)_ to a cosmological constanb& —1). The accelerating regime applies. We will take this approach and use supernovae re-

begins al=a, , and the present epoch correspondatoa,=1.  gyits in order to constrain the values @f in the phenom-
enological spirit discussed above.

plified procedure. It is also worth emphasizing that one can- 50 of the most interesting characteristics of the Chaply-
not meaningfully claim that one model is much better justi-gin gas resides in its ability to mimic the cosmological con-
fied than the othd6], at least at this stage, since both are no

more than toy models. %
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Il. THE CHAPLYGIN GAS MODEL ar

There are various ways in which one can explain the tran- 4
sition from a matter dominated Universe to one with an ac-
celerated expansion using fluid components with more exotic “
state equations. Examples include brane-inspired mti€ls sl
and vacuum metamorphodi$2]; another is the generalized 3
Chaplygin gag8] obeying an equation of state of the form s} 4

p=-—, (10 i
p 324

whereA is a positive constant aned=0. The original form
of the Chaplygin gag8,13] wherea=1 can be motivated by
considering ad-brane in a space-time af+2 dimensions;
no such motivation exists fax# 1. In this case its Nambu-
Goto action can be seen as describing a Newtonian fluid with FIG. 2. The Hubble diagram for two fluid models of matter and
an equation of state given by Ed.0). We should note that as C_haplygin gas. A flat Universe with=0.652 was assumed. Small
of now the Chaplygin gas is the only fluid known to admit acwcle_s depict our datgsc_et_ of 92 supernova measureniemts bgrs_
supersymmetric generalization. At a toy model level, one caiot displayed Thre_e limiting cases are shown. The lower solid line
trivially generalize this to a different dependence on the dencorresponds to th&=0 case(matter only, the upper solid line is
sity, as described if8,14]. We emphasize that, at this simple the A=1, 0,,=0.3 case(ordinary and dark matter plus a cosmo-
toy-model level, this should be seen as a generalization simegical constant and the dashed line corresponds to the1,
ply for the purpose of phenomenological analysis. Q.,=Q,=0.04 case(baryonic matter only, plus a cosmological
As discussed in the above references, the Chaplygin gasnstant General A, a) models forQ,,=0.3 lie between the solid
can be described in terms of a scalar field with a given poeurves while forQ,,=,=0.04 the region extends to the dashed
tential. As for the quintessence case, we are able to retrievairve. The matter plus cosmological constant provides a good fit so
an integral of motion from energy-momentum conservation that good Chaplygin models should approach it. This means that
high A models are preferred. On the other hand, the pure baryonic
d[al 9 (ptte—A)]=0, (11)  case is significantly disfavored.
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FIG. 3. Assuming a flat Universe where only nonrelativistic matter and a generalized Chaplygin gas are present, we show the confidence
regions resulting from a standaxd analysis fit in the Q4.A) plane, using the 92 available supernovae from the combined SCP and HzST
results fora=0.5 (top left), =1 (top righy anda=2 (bottom). The Hubble parameterghas been removed by integration using standard
procedures.

stant whenA=1 and ordinary matter wheA=0. We note IV. CONSTRAINTS FROM OBSERVATIONAL
that the accelerating regime begins afigr given by RESULTS

We have shown the Cardassian model to be formally
equivalent to a quintessence model if we takeen—1.
Therefore, it is possible to use recent constraintseoto
place limits on the Cardassian model parameteSeveral
Thus, fora>a, we are able to expand the energy density inpapers using supernova data have constrainedthed the
Eq. (12) into p~B+Ca 3(*® where B and C are con- dark energy density, name[§¢5—18. Some even introduced
stants. What this tells us is that the Chaplygin gas in thea spatial(or temporal dependency om= w(z) and tried to
accelerating regime describes a kind of mixture between ascertain the first expansion coefficiefit®]. However, this
cosmological constant and a type of matter known as stifivork is still severely impaired by the small data set available
matter obeying the equation of stade- ap. Note that thisis today.
again very similar to the quintessence results, though not For a flat Universe, these analyses determined with a 95%
quite identical: a Chaplygin cosmology can be interpreted asonfidence level that»<<—0.45 which includes theé\ cos-
an interpolation from a dust to a de Sitter universe. This wanological constant. On the other hand, CMB restrictions
can see most clearly in Fig. 1 where we have also drawn thg20] placew much closer to a\ scenario, in fact, with a 68%
evolution of w=p/p for a generalized Chaplygin gas which confidence level should be smaller thar-0.85. Without
resembles a phase transition studied1g]. further observational data, no significantly different analysis

=[(1—A)/2A]RA ), (13
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somewhat more restrictivf23]. Note that in this type of
model the equation of state changes abruptly as the line of
sight goes across a domain wall separating two such regions.
] In this sense, this model is similar, for observational pur-
poses, to vacuum metamorphogl)].

g60

06g 0.95 .
. \ \ - A. Type la supernovae
i 20 ose Following thq release of the results fr.om the Supernova
0718 \ T Cosmology Projec{SCP [24] and the Highz Supernova
\ 095 095 Search Team (EBT) [25] there has been a surging interest
—Y ek in the study of the energy content of the Universe using type
o6l i la supernovae. Here we will use the combined observational

results from both groups, using a procedure first described in

[26], to produce constraints on the parameters of the Chap-

5 . . . . . . . lygin gas—much simpler estimates were dong2].

000 e e e s R w2 As usual, the parameter fit is based upon the luminosity

) ) ) distanced, defined through¥= £/47d,? where£ stands for
FIG. 4. Assuming there is only baryonic matter and a puréy,e intrinsic luminosity of the source agéfor the measured

Chaplygin gas, we plot the confidence regions resulting frogt a ¢, "From the Friedmann metri@8] it follows that the lu-

fit in the (Q¢4,A) plane, using the 92 supernovae from the com-mingsity distance, for a flat geometry, as a function of red-
bined SCP and EBT results. A value of),=0.04 was assumed. ¢yt is given by

Note that the Hubble parameteg Has been removed by integration
using standard procedures.

z !

dL:dH(1+Z) d_z, (14)
from the work by previous authors can be done. Therefore, 0 E(z')
we concentrate upon the addition of a Chaplygin gas to a
standard model. wheredy is the Hubble distancec(Hy,=1 in geometrized

We should also point out that a conceptually very differ-units) and

ent possibility for a redshift-dependent equation of state is
that of an inhomogeneous universe, for example one perme- _ (1-A) Nta
ated by a network of light domain walls, which divides it E%(2)= Q3+ Q| A+ — (15
. i X N . -3(1+a)
into regions with different cosmological parametggsl]. X

Since these regions tend to become more and more different

as the universe evolves, it turns out to be quite difficult towherex= 1+ z for the case of a mixture of two fluids: one of
exclude this type of scenario, or even distinguish it from theordinary matter and the other of generalized Chaplygin gas.
standard one. In particular, the presently available superndrhe apparent magnitude of a supernovéa parameter more
vae data still allow for significant variations in the matter andoften used than the measured flé&xo which it is relategl at
vacuum densitie§22], whereas the CMB constraints are a given magnitude is then given by

0.8 b

1.0

09
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FIG. 5. A forecast of the supernovae constraints on the Chaplygin gas modely widtb (left) and @=1 (right), for a fiducial model
Qm=1-0Q.=0.3. Again the Hubble parameter, Has been removed by integration using standard procedures.
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to that ofA. This reflects the fact that the luminosity distance
is fairly insensitive to time variations af [10].

Results for the constraints imposed on the values of the
Chaplygin gas density and i& parameter, fore=0.5,1,2
are shown in Fig. 3 where we have performegaanalysis
using the combined SCP andz8IT data set of the 92 mea-
sured supernovae, assuming a flat universe filled only by
ordinary matter and a Chaplygin ga€,+Q.=1. We
should point out, however, that there are potert&aleatsto
the chi-squared analysis: see for exanpi@. Here we have
also integrated the Hubble parameter so as to remove its
uncertainties from the results.

In analogy with quintessence models, where a large

amount of dark energy with a less negativelays the same

O o1 oz 08 04 05 o8 07 08 08 1 role as a smaller amount of energy with a more negative
[24], it is perceptible that the Chaplygin gas models with a

FIG. 6. 2dF constraints oA as a function ofe, for Q,,=0.3  higher value ofx need a greatek to reproduce models with
(solid) andQ,,=0.04 (dashedl In both cases the allowed region is an inferior «, even though alkr values indicate roughly the
enclosed by the two respective lines. A valuehet0.65 was as- same Chaplygin gas density.

sumed for the Hubble parameter. The A parameter is restricted with a 95% confidence level
to be in the region 0.66A<1 in the case of a pure Chap-
lygin gas form, to 0.62A<1 for «=0.5 and to 0.75 A

M being the absolute magnitude of the superngetated to <1 Whena=2. Notice, however, that in the latter case the
its intrinsic luminosity £). Following Wang[26], we use limitation «A<<1 implies sound velocities fok>0.5 greater

results from both the SCP and the$T even though their than the speed of light. Hence the case 2 is in fact com-
published data sets differ in their presentation. We define thgletely ruled out. Similar arguments can be used to obtain

m=M +5 logd, + 25, (16

distance modulus to be sound velocity restrictions on the values Afand  (more
specifically, their produgt it is often the case that the values
Ho="5 logd, +25, (17 given a higher probability by thg? analysis are physically

. o unreasonable.
as presented in the3T comprising 50 supernovae. Com-  \we should point out, however, that since one of the stron-
paratively, SCP publlshed its measured effective rest- framgest claims of the Chaplygin gas is that of a unified expla-
B-magnitudemg" for 60 supernovae which relate to the nation for the dark matter and dark energy, one might expect

HzST results through that the only components of the universe would be the Chap-
of lygin gas and standard baryonic matter. In this case, since
my =Myp+ o, (18  0,=1-0.,~0.04, we see that the supernovae data

strongly exclude a\-like behavior, that is the casge=1.
Therefore, we lift the flatness restrictigmodifying the
minosity distance definitioi14) accordingly and assume

e energy content to be comprised of a pure Chaplygin gas
and baryonic matter with a present day density (df
=0.04. The results of this analysis are depicted in Fig. 4. A
large degeneracy is clearly evident. However, the plot does
seem to indicate thak should be around-0.8 and we can

Mp=me"— o= —19.33+0.25. (19  say with a 95% confidence Igvel thgl>0.§9. Note that for
lower values of the Chaplygin gas density we are forced to

Hence, assuming the valud,=—19.33 for the absolute approach the cosmological constant: 1. Note also that for

magnitude of the supernovae, we can convert SCP results {ge case of a plane geometry the acceptable valued for

distance modulus through E@L8). We then add 42 of these already exclude @& scenario.

supernovae to the data set fronz$T leaving out the 18 Finally we have tried to ascertain how future SNAP re-

already present, thus making a total of 92 supernovae usedy|ts will improve our results. Assuming a flat Universe filled
Our dataset is dISplayed n F|g 2 together with the I’ange§v|th Ord|nary matter and a Chaplyg|n gas portrayed(w

which the models under discussion can take within the dia=1 — Q¢q=0.3 we repeat the? analysis as detailed above,

gram. Note that for each region a Iargf&ercorresponds toa and show the corresponding results in Fig. 5.

larger value ofm— M at high redshift. The same is true for ~ Obviously the constraints are now much tighter, though it

large values ofx, though this effect is subdominant relative is also clear that there exists a fundamental degeneracy in the

whereM,, is the peakB-band absolute magnitude of a stan-
dard supernova. The published results of the SCP and tqg
HzST groups have 18 common supernovae, 16 of which arg,
from the Cala-Tololo Survey[29]. If we calculateM,, by
comparing results from these 18 supernovasing the re-
sults from the HST estimated by means of the MLCS
method, we are able to get
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(QCQ,K) plane. Again we notice that for the cag€g,=0.3 A=0.65 for all generalized Chaplygin models, a result in-
the model is restricted to be very similar to a standard cosdicative of the preference fok-type scenarios. In the best-

mological constantA~1, while for Q,=Q,~0.04 the motivated casea=1, the constraint is much tighte A
A-like case is excluded outright. =0.85.

B. The matter power spectrum V. RESULTS AND COMMENTS

The length scale of the co-moving horizon at the epoch of We have studied some cosmological implications of two
equality between matter and radiation is directly related tdlark energy models presented as an alternative to the now
the shape of the power spectrum of matter perturbations. It i§fandard cosmological constant scenario, and discussed how
straightforward to show that this scale is proportional to thehese toy models relate to the more familiar quintessence

scale factor at that epoch paradigm. We have shown that the Cardassian model is, for
most cosmological purposes, a standard quintessence model,
He’ql whereas the Chaplygin gas does in principle have distin-
acq *8eq- (200 guishing characteristics.

On the other hand, by using supernova and density per-
In the standard model it is a simple matter to show that  turbation growth constraints, we have shown that any Chap-
«(Q,,;h?) 1. The introduction of a generalized Chaplygin Y9in gas type component must have a behavior that is very

gas naturally implies a change in this expression which beclose to that of a “standard” cosmological constanf as-
comes suming that the density of “normal(clustered matter is

0,,~0.3. Of course, this result is also known to apply for
8o (Ut (1- Q) (1= AV *)h2) L, (21)  the standard quintessence model6]. Indeed, if by an in-
dependent method we were able to determine the total matter
where we have only assumed a flat universe. Note that sinceontent of the Universéncluding dark matterto be around
the Chaplygin gas behaves as cold dark ma@®M) ex- ~0.3, then in the context of this model we would in fact
cept near the present tinisee Fig. 1the shape of the power requirea cosmological constant so as to account for the cur-
spectrum goes unmodified by the evolution of density perturfent observational resultsee Fig. 3.
bations deep in the matter era, except for an overall ampli- Conversely, théarguably best-motivatgctase where the
tude change. Indeed, the shape of the power spectrum rgatter content is entirely baryoni€),~0.04), so that the
mains the same as for CDM except for the slightChaplygin gas provides both the dark matter and the dark
modification that Eq(21) introduces. It is common to ex- €nergy, is the one where the differences with respect to the
press the wave numbéiin units of Q;h? orTh, wherel' is ~ standard case would be maximal. In this case, Ahéke
known as the shape parame(@ere we ignore the small limit of this model is already strongly disfavored by obser-
correction due to the dependence on the baryon density vations. It should also be noted that future observations may
the case where a generalized Chaplygin gas is also presefg able to provide fairly tight constraints on the exponent
we can show by using Eq$20) and (21) that the shape in particular if the degeneracies discussed above are broken.

parameter reduces to We thus conclude that the potential relevance of the Chap-
lygin model, in the sense of yielding observational conse-
I'=(Qp+(1-Qnp)(1-A)Y9)h, (22 quences that are significantly different from those of the sim-

pler cosmological constant, is strongly dependent on the total
Recent work by[31] using data from the 2dF Galaxy Red- matter content of the Universe.
shift Survey(2dFGRS has constrained this parameter to be
of the order of~0.2+0.03, in agreement with preliminary ACKNOWLEDGMENTS
Sloan Digital Sky Survey(SDSS results[32]. Therefore, We are grateful to Irit Maor and Alessandro Melchiorri for
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