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Cosmological limit on the neutrino mass

Steen Hannestad*
NORDITA, Blegdamsvej 17, DK-2100 Copenhagen, Denmark
~Received 2 September 2002; published 27 December 2002!

We perform a careful analysis of constraints on the neutrino mass from current cosmological data. Combin-
ing data from the cosmic microwave background and the 2dF galaxy survey yields an upper limit on the sum
of the three neutrino mass eigenstates of(mn<3 eV ~95% C.L.!, without including additional priors. Includ-
ing data from SNIa observations, big bang nucleosynthesis, and HST Hubble key project data onH0 tightens
the limit to (mn<2.5 eV ~95% C.L.!. We also perform a Fisher matrix analysis which illustrates the cosmo-
logical parameter degeneracies affecting the determination of(mn .
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I. INTRODUCTION

The absolute value of the neutrino masses is very diffic
to measure experimentally. On the other hand, mass di
ences between neutrino mass eigenstates (m1 ,m2 ,m3) can
be measured in neutrino oscillation experiments. Obse
tions of atmospheric neutrinos suggest a squared mass d
ence ofdm2.331023 eV2 @2,1#. While there are still sev-
eral viable solutions to the solar neutrino problem, the
called large-mixing-angle solution gives by far the best
with dm2.531025 eV2 @3,4#.

In the simplest case where neutrino masses are hiera
cal, these results suggest thatm1;0, m2;dmsolar, andm3

;dmatmospheric. If the hierarchy is inverted@5–10#, one finds
instead m3;0, m2;dmatmospheric, and m1;dmatmospheric.
However, it is also possible that neutrino masses are de
erate @11–21#, m1;m2;m3@dmatmospheric, in which case
oscillation experiments are not useful for determining
absolute mass scale.

Experiments which rely on kinematical effects of the ne
trino mass offer the strongest probe of this overall m
scale. Tritium decay measurements have been able to p
upper limit on the electron neutrino mass of 2.2 eV~95%
C.L.! @22#. However, cosmology at present yields an ev
stronger limit which is also based on the kinematics of
neutrino mass. Neutrinos decouple at a temperature of
MeV in the early universe, shortly before electron-positr
annihilation. Therefore, their temperature is lower than
photon temperature by a factor (4/11)1/3. This again means
that the total neutrino number density is related to the pho
number density by

nn5
9

11
ng . ~1!

Massive neutrinos with massesm@T0;2.431024 eV
are nonrelativistic at present and therefore contribute to
cosmological matter density@23–25#
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Vnh25
( mn

92.5 eV
, ~2!

calculated for a present-day photon temperatureT0
52.728 K. Here,(mn5m11m21m3. However, because
they are so light, these neutrinos free stream on a scal
roughlyk.0.03meVVm

1/2h Mpc21 @26–28#. Below this scale,
neutrino perturbations are completely erased and there
the matter power spectrum is suppressed, roughly byDP/P
;28Vn /Vm @26#.

This power spectrum suppression allows for a determi
tion of the neutrino mass from measurements of the ma
power spectrum on large scales. This matter spectrum is
lated to the galaxy correlation spectrum measured in lar
scale-structure~LSS! surveys via the bias parameter,b2

[Pg(k)/Pm(k). Such analyses have been performed sev
times before@29,30#, most recently using data from the 2d
galaxy survey@31#. This investigation finds an upper limit o
1.8–2.2 eV for the sum of neutrino masses. However,
result is based on a relatively limited cosmological parame
space.

It should also be noted that, although massive neutri
have little impact on the cosmic microwave backgrou
~CMB! power spectrum, it is still necessary to include CM
data in any analysis in order to determine other cosmolog
parameters.

In the present paper, we perform an extensive analy
carefully discussing the issue of parameter degeneracies.
next section is devoted to a Fisher matrix analysis of
problem which establishes possible parameter degenera
and yields a general idea of the precision with which t
neutrino mass can be measured. Section III describes a
numerical likelihood analysis of data from CMB and LS
which yields a robust limit on the neutrino mass. Final
Sec. IV contains a discussion and conclusion.

II. FISHER MATRIX ANALYSIS

Measuring neutrino masses from cosmological data
quite involved since for both CMB and LSS the power spe
tra depend on a plethora of different parameters in addi
to the neutrino mass. Furthermore, since the CMB and ma
©2002 The American Physical Society11-1
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power spectra depend on many different parameters,
might worry that an analysis which is too restricted in p
rameter space could give spuriously strong limits on a gi
parameter. Therefore, it is desirable to study possible par
eter degeneracies in a simple way before embarking on a
numerical likelihood analysis.

It is possible to estimate the precision with which t
cosmological model parameters can be extracted from
given hypothetical data set. The starting point for any para
eter extraction is the vector of data points,x. This can be in
the form of the raw data, or in compressed form, typica
the power spectrum@Cl for CMB andP(k) for LSS#.

Each data point has contributions from both signal a
noise, x5xsignal1xnoise. If both signal and noise are
Gaussian-distributed, it is possible to build a likelihood fun
tion from the measured data which has the following fo
@32#:

L~Q!}expS 2
1

2
x†@C~Q!21#xD , ~3!

whereQ5(V,Vb ,H0 ,ns ,t, . . . ) is avector describing the
given point in model parameter space andC(Q)5^xxT& is
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the data covariance matrix. In the following, we shall alwa
work with data in the form of a set of power spectrum co
ficients,xi , which can be eitherCl or P(k).

If the data points are uncorrelated so that the data cov
ance matrix is diagonal, the likelihood function can be
duced toL}e2x2/2, where

x25 (
i 51

Nmax ~xi ,obs2xi ,theory!
2

s~xi !
2

~4!

is a x2 statistics andNmax is the number of power spectrum
data points@32#.

The maximum likelihood is an unbiased estimator, whi
means that

^Q&5Q0 . ~5!

HereQ0 indicates the true parameter vector of the under
ing cosmological model and̂Q& is the average estimate o
parameters from maximizing the likelihood function.

The likelihood function should thus peak atQ.Q0, and
we can expand it to second order around this value. T
first-order derivatives are zero, and the expression is thu
x25xmin
2 1(

i , j
~u i2u!S (

k51

Nmax 1

s~xk!
2 F]xk

]u i

]xk

]u j
2~xk,obs2xk!

]2xk

]u i]u j
G D ~u j2u!, ~6!
ost
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d
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wherei , j indicate elements in the parameter vectorQ. The
second term in the second derivative can be expected t
very small because (xk,obs2xk) is in essence just a random
measurement error which should average out. The remai
term is usually referred to as the Fisher information matr

Fi j 5
]2x2

]u i]u j
5 (

k51

Nmax 1

s~xk!
2

]xk

]u i

]xk

]u j
. ~7!

The Fisher matrix is closely related to the precision w
which the parameters,u i , can be determined. If all free pa
rameters are to be determined from the data alone with
any priors, then it follows from the Cramer-Rao inequal
@33# that

s~u i !5A~F21! i i ~8!

for an optimal unbiased estimator, such as the maxim
likelihood @34#.

In order to estimate how degenerate parameteri is with
another parameter,j, one can calculate hows(u i) changes if
parameterj is kept fixed instead of free in the analysis. Sta
ing from the 232 submatrix

Si j 5~F21! i j , ~9!

one then finds
be

ng
,

ut

m

-

s j fixed~u i !5A 1

~S21! i i

. ~10!

We therefore define the quantity

r i j 5
s j fixed~u i !

s~u i !
<1 ~11!

as a measure of the degeneracy between parametersi and j.
In order to perform an actual calculation, we use the m

present data from CMB and LSS.
CMB data set. Several data sets of high precision are no

publicly available. In addition to the Cosmic Backgroun
Explorer ~COBE! @35# data for smalll, there are data from
BOOMERANG@36#, MAXIMA @37#, DASI @38# and several
other experiments@39,40#. Wang, Tegmark, and Zaldarriag
@39# have compiled a combined data set from all these av
able data, including calibration errors. In the present wo
we use this compiled data set, which is both easy to use
includes all relevant present information. Altogether the
are 24 CMB data points in this compilation.

LSS data set. At present, by far the largest survey ava
able is the 2dF@41#, of which about 147 000 galaxies have s
far been analyzed. Tegmark, Hamilton, and Xu@42# have
calculated a power spectrum,P(k), from these data, which
we use in the present work. The 2dF data extend to v
small scales where there are large effects of nonlinea
1-2
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COSMOLOGICAL LIMIT ON THE NEUTRINO MASS PHYSICAL REVIEW D66, 125011 ~2002!
Since we only calculate linear power spectra, we use~in
accordance with standard procedure! only data on scales
larger thank50.2h Mpc21, where effects of nonlinearity
should be minimal. Making this cut reduces the number
power spectrum data points to 18.

For calculating the theoretical CMB and matter pow
spectra, we use the publicly availableCMBFAST package@43#.
As the set of cosmological parameters, we chooseVm , the
matter density;Vk512Vm2VL2Vn , the curvature pa-
rameter;Vb , the baryon density;H0, the Hubble parameter
ns , the scalar spectral index of the primordial fluctuati
spectrum;t, the optical depth to reionization;Q, the normal-
ization of the CMB power spectrum;b, the bias parameter
andVn , the neutrino density. In all cases we take the nu
ber of massive neutrinos to be 3. The reason is that if n
trinos are to have an impact on CMB and matter spec
their masses must be much larger than the mass spli
inferred from atmospheric neutrino observations (dm;0.05
20.1 eV), and therefore neutrino masses will be degene
with m1;m2;m3@dmatmospheric.

In principle, one might include even more parameters
the analysis, such asr, the tensor to scalar ratio of primordia
fluctuations. However,r is most likely so close to zero tha
only future high-precision experiments may be able to m
sure it. The same is true for other additional paramet
Deviations from the slow-roll prediction of a simple powe
law initial spectrum@44–47# or additional relativistic energy
density @48–56# could be present. However, such effec
only appear in cosmological models which are more com
cated than the ‘‘standard’’ cold dark matter model with
cosmological constant (L CDM). The parameters we us
fully describe the features of the simplest working model

In the end, one can check the consistency of the nume
parameter extraction by calculating thex2 per degree of free-
dom. In Sec. III, we find that the best fit is consistent w

FIG. 1. Values of the parameterr i j , defined in Eq.~11!.
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expectations and therefore it is unlikely that there are ot
parameters significantly affecting the power spectra.

Figure 1 shows the matrixr i j , calculated for the Wang-
Tegmark-Zaldarriaga~WTZ! 1 2dF data set errors, around
reference cosmological model with parametersVm50.3,
VL50.7, Vbh250.020, H0570 km s21 Mpc21, ns51.0,
andt50, i.e., theL CDM concordance model. Note thatr ii
is an ill-defined quantity. For plotting purposes, we simp
set r ii 51, but this has no physical significance.

From this general matrix, one can study themn-related
degeneracies more closely. Clearly the two parameters m
degenerate withmn are Vm , the matter density, andb, the
bias. This is not surprising because a nonzero neutrino m
has little effect on the CMB acoustic peaks and a large ef
on the matter power spectrum on scales below the fr
streaming scale.

Therefore, any parameter which behaves in a similar w
will cause degeneracy. This is indeed the case forVm ; if this
parameter is changed while keepingVk fixed, there is little
effect on CMB. On the other hand, changingVm changes the
normalization of the matter power spectrum at small sca
relative to large scales. Changingb also mimics a nonzero
neutrino mass. The reason is that present-day LSS data
large error bars around the free-streaming scale, for li
neutrinos in the eV range. On low scales the effect of m
sive neutrinos is simply to lower the fluctuation level rough
as @26#

DP

P
.28

Vn

Vm
, ~12!

i.e., it is scale-independent and therefore indistinguisha
from changing the bias,b. This degeneracy can be broken b
precision measurements around the free-streaming s
where the break in the power spectrum occurs. A good
ample of how the mass limit on neutrinos can be tightene
bias is fixed comes from Ref.@30#. Here the mass limit
comes from comparing the overall normalization of the sp
tra at COBE scales@35# with those on cluster scales@57#.
However, we believe that, at present, keeping bias as a
parameter yields a much more robust constraint. To a m
lesser extent, the neutrino mass is also degenerate with
Hubble parameter.

It should be noted that there is little degeneracy withns ,
the spectral index. In Refs.@26,31# a significant degenerac
betweenVn andns was found when only LSS data are co
sidered. However, this is broken when CMB data are
cluded~as is also noted in Ref.@26#!, the reason being tha
changingns affects both CMB and matter power spectra, n
just the matter spectrum.
ree
TABLE I. The different priors on parameters other thanVnh2 used in the analysis.

Prior type Vm Vbh2 h n t Q b

CMB1LSS 0.1–1 0.008–0.040 0.4–1.0 0.66–1.34 0–1 free f
CMB1LSS1BBN1H0 0.1–1 0.02060.002 0.7060.07 0.66–1.34 0–1 free free
CMB1LSS1BBN1H01SNIa 0.2860.14 0.02060.002 0.7060.07 0.66–1.34 0–1 free free
1-3
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STEEN HANNESTAD PHYSICAL REVIEW D66, 125011 ~2002!
Clearly, it would be desirable to fix the parameters w
which the neutrino mass is most degenerate;Vm , b, andH0.
As for Vm , one can use the Supernova Type Ia~SNIa! result
Vm50.2860.14 which applies to a flat universe@58#. How-
ever, this value is not much more restrictive than what
found from the CMB1LSS data alone. Fixing the bias
much more difficult since it is not a physically wel
understood parameter. In Elgaroyet al. @31# bias was kept as
a free parameter, and we follow this line.H0 has been deter
mined precisely by the Hubble Space Telescope~HST! key
project to beH057067 km s21 Mpc21 @59#.

If all the above parameters are included in the Fisher m
trix analysis, the estimated 1s precision onmn is 1.8 eV,
equivalent to a 95% confidence limit of 3.6 eV.

III. NUMERICAL RESULTS

The Fisher matrix analysis can only give a general idea
the constraints which can be found from a given data se
reality, the likelihood is non-Gaussian and away from t
best-fit point the formalism breaks down. In order to g
reliable estimates, it is necessary to perform a full numer
likelihood analysis over the space of cosmological para
eters.

In this full numerical likelihood analysis, we use a slight
restricted parameter space with the following free para
eters:Vm , Vb , H0 , ns , Q, b, andt. We restrict the analysis
to flat models,Vk50. This has very little effect on the
analysis because there is little degeneracy betweenmn and
Vk . In order to study the effect of the different priors w
calculate three different cases, the priors for which can
seen in Table I. The big bang nucleosynthesis~BBN! prior on

FIG. 2. x2 as a function ofVnh2, plotted for the three differen
priors. The dotted curve is for CMB1LSS, the dashed for
CMB1LSS1BBN1H0, and the full curve for CMB1LSS1BBN
1H01SNIa.
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Vbh2 comes from Ref.@60#. The actual marginalization ove
parameters other thanVnh2 was performed using a simu
lated annealing procedure@61#.

Figure 2 showsx2 for the three different cases as a fun
tion of themn . The best-fitx2 values are 24.81, 25.66, an
25.71 for the three different priors, respectively. In compa
son, the numbers of degrees of freedom are 34, 35, and
meaning that the fits are compatible with expectatio
roughly within the 68% confidence interval.

We identify the 95% confidence limit onmn with the
point whereDx254. These limits are shown in Table II. Fo
the most restrictive prior we find a 95% confidence upp
limit of (mn<2.47 eV. This is compatible with the finding
of Ref. @31#, which finds that (mn&1.822.2 eV for a
slightly more restrictive parameter space.

Based on the present analysis, we consider(mn<3 eV
~95% C.L.! a robust upper limit on the sum of the neutrin
masses. This corresponds roughly to the value found for
CMB1LSS data alone without any additional priors. Ev
though this value is significantly higher than what is quot
in Ref. @31#, it is still much more restrictive than the valu
(mn<4.4 eV@39# found from CMB and PSCz@62# data. As
is also discussed in Ref.@31#, the main reason for the im
provement is the much greater precision of the 2dF surv
compared to the PSCz data@62#.

IV. DISCUSSION

We have studied cosmological constraints on the neut
masses from present CMB and LSS data. Initially a Fis
matrix analysis was performed which illustrates the main
generacies ofmn with other cosmological parameters used
the analysis. From this simplified analysis it was estima
that the precision on(mn should be roughly 3.6 eV at 95%
confidence from CMB1LSS data alone.

However, in order to obtain reliable estimates, we p
formed a full numerical likelihood analysis. Using reaso
able priors onVm , Vbh2, and H0 we obtained a limit of
(mn<2.47 eV at 95% confidence, while using no priors
the CMB1LSS data yielded(mn<3 eV, again at 95% con-
fidence. We believe this to be a robust upper limit.

Our analysis shows, not surprisingly, that priors are
tremely important for parameter estimation ofmn . Our most
restrictive prior yields a result similar to that found by Re
@31#, while our no-prior case yields a significantly loos
constraint.

The Fisher matrix analysis showed that the parame
most degenerate withmn is the bias parameter,b. In order to
obtain much stronger limits, one must either determineb
TABLE II. Best fit x2 and upper limits on(mn,max for the three different priors.

Prior type Best fitx2 (mn,max (eV) ~95% C.L.!

CMB1LSS 24.81 2.96
CMB1LSS1BBN1H0 25.66 2.65
CMB1LSS1BBN1H01SNIa 25.71 2.47
1-4
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precisely in an independent way or obtain better LSS po
spectrum statistics around the scale corresponding to
free-streaming scale for neutrinos,k.0.0220.03h Mpc21.
The Sloan Digital Sky Survey@63# will measure the power
spectrum shape with higher precision on the relevant sc
and these data, combined with CMB data from the Mic
wave Anisotropy Probe~MAP! experiment@64#, will either
push the limit by a factor of at least a few or indeed detec
nonzero neutrino mass directly. It was estimated in Ref.@26#
that (mn&0.65 eV can be reached.
cl
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Finally, we note that the present cosmological limit is s
nificantly stronger than current laboratory limits. The Mai
tritium experiment@22# currently quotes a 95% upper limit t
the ne mass of 2.2 eV, which translates to a sum of roug
6.5–7 eV for the three mass eigenstates. As is also note
Elgaroyet al. @31#, the cosmological limit is compatible with
the very controversial detection of neutrinoless double b
decay by the Heidelberg-Moscow experiment@65#. If this
finding is confirmed, it would imply a sum of masses
order 1 eV, within range of the MAP1SDSS data.
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