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Study of top-quark polarization in single-top-quark production at the CERN LHC
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This paper complements the study of single top-quark production at the CERN LHC aiming to estimate the
sensitivity of different observables to the magnitude of the effective couplings. In a previous paper the domi-
nantW-gluon fusion mechanism was considered, while here we extend the analysis to the subdominant~10%
with our set of experimental cuts! s-channel process. In order to distinguish left from right effective couplings
it is required to consider polarized cross sections and/or includemb effects. The spin of the top quark is
accessible only indirectly by measuring the angular distribution of its decay products. We show that the
presence of effective right-handed couplings implies necessarily that the top quark is not in a pure spin state.
We discuss to what extent quantum interference terms can be neglected in the measurement and therefore
simply multiply production and decay probabilities classically. The coarsening involved in the measurement
process makes this possible. We determine for each process the optimal spin basis where theoretical errors are
minimized and, finally, discuss the sensitivity in thes channel to the effective right-handed coupling. The
results presented here are all analytical and includemb corrections. They are derived within the narrow width
approximation for the top quark.
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I. INTRODUCTION

At present not a lot is known about theWtb̄ effective
coupling. This is perhaps best evidenced by the fact that
current experimental results for the~left-handed! Ktb matrix
element give@1#

uKtbu2

uKtdu21uKtsu21uKtbu2
50.9960.29. ~1!

In the standard model this matrix element is expected to
close to 1. It should be emphasized that these are the ‘‘m
sured’’ or ‘‘effective’’ values of the Cabibbo-Kobayash
Maskawa~CKM! matrix elements, and that they do not ne
essarily correspond, even in the standard model, to
entries of a unitary matrix on account of the presence
radiative corrections. These deviations with respect to u
tary are expected to be small—at the few percent leve
most—unless new physics is present and makes an unex
edly large contribution. At the Fermilab Tevatron the le
handed couplings are expected to be eventually meas
with a 5% accuracy@2#.

As far as experimental bounds for the right handed eff
tive couplings are concerned, the more stringent ones c
at present from the measurements on theb→sg decay at
CLEO @3#. Because of anmt /mb enhancement of the chira
ity flipping contribution, a particular combination of mixin
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angles and effective right-handed couplings can be bo
very precisely. The authors of@4# reach the conclusion tha
uRe(gR)u<0.431022. However, consideringgR as a matrix
in generation space, this bound only constrains thetb ele-
ment. Other effective couplings involving the top remain v
tually unrestricted from the data. The previous bound on
right-handed coupling is a very stringent one. It should
obvious that the CERN Large Hadron Collider~LHC! will
not be able to compete with such a bound. Yet, the meas
ment will be a direct one, thus ruling out some contriv
models where substantial cancellations might hypothetic
avoid theb→sg constraint. For the value of the effectiv
couplings in some specific models see e.g.@5#.

At LHC energies the mechanism underlying single to

quark production, therefore allowing a direct test of theWb̄t
effective couplingsgL and gR , consists of several differen
processes~see e.g.@6#!. The dominant process1 is the so-
called W-gluon fusion channel, ort-channel process. The
electroweak subprocesses corresponding to this channe

depicted in Fig. 1, where lightu-type quarks ord̄-type anti-
quarks are extracted from the protons. Besides this domin
channel~250 pb at LHC@7#! single top quarks are also pro
duced through the process where theW1 boson interacts
with a b quark extracted from the sea of the proton~50 pb!
@7# and in the quark-quark fusion ors-channel process~10
pb! which is depicted in Fig. 2. The numbers quoted he

1We refer here to single-top-quark production. The domin
mechanism at the LHC is, of course, top-pair production, but t
has no direct information onKtb.
©2002 The American Physical Society09-1
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D. ESPRIU AND J. MANZANO PHYSICAL REVIEW D66, 114009 ~2002!
correspond to total cross sections. The separation betw
the subdominant processes and the dominantW-gluon fusion
is purely kinematical@7,8#. By placing a cut on thepT of the
detectedb̄ quark, the former process can be eliminated a
gether. This also eliminates a sizeable fraction of the
quarks produced via theW-gluon fusion mechanism~about
two thirds for the cuts we use!. The cut onpT has the addi-
tional bonus of making the QCD corrections managea
One is therefore left with those single top quarks com
from theW-gluon fusion mechanism (t-channel! and the sub-
dominants-channel process. The latter one is actually
main object of our interest in this article, although we w
also have many comments to make on thet-channel process

In a proton-proton collision a bottom–top-antiquark p
is also produced through analogous subprocesses. The a
sis of such top antiquark production processes is simila
the top quark ones and the corresponding cross sections
be easily derived doing the appropriate changes.

In a previous paper@8# we have analyzed the sensitivity o
different LHC observables to the magnitude of the charg
current effective couplings considering only the domina
W-gluon fusion channel. In that work we did not consider t
subsequent decay of the top quark in any detail. We
however, a complete analytical calculation of the subproc
cross sections, for general left and right effective couplin
and including bottom mass corrections. ApT.30 GeV cut in
the transverse momentum of the producedb̄ quark was
implemented in@8# and, accordingly, only the so-called
→3 process was retained, excluding top-quark produc
off a b quark from the proton Fermi sea. Given the~pre-
sumed! smallness of the right handed couplings, the bott
mass plays a role which is more important than anticipa
as the mixed crossedgLgR term, which actually is the mos
sensitive one togR , is accompanied by ab quark mass. The

FIG. 1. Feynman diagrams contributing single top-quark p
duction subprocess. In this case we have ad as spectator quark.

FIG. 2. Feynman diagram contributing to single top-quark p
duction in the subdominants-channel process. The top decay is al
shown in this figure.
11400
en

-
p

e.
g

e

aly-
to
an

d
t

,
ss
s

n

d,

reader is encouraged to see@8#, where a very detailed analy
sis is presented.

Typically the top quark decays weakly well before stro
interactions become relevant, so we could in principle ‘‘me
sure’’ its polarization state with virtually no contamination
strong interactions~see e.g.@9,10# for discussions of this
point! and try to establish interesting observables based
this measurement. In fact it is not difficult to convince on
self that in order to disentangle left from right effective co
plings, it is almost compulsory to be able to ‘‘measure’’ th
polarization of the top quark. This will become appare
from the formulas presented in Sec. II. For this reason
have derived in this work and in@8# analytical expressions
for the cross sections for the production of polarized t
quarks or top antiquarks. To this end one introduces the s
projector

S 11g5n”

2 D ,

with

nm5
1

A~p1
0!22~pW 1•n̂!2

~pW 1•n̂,p1
0n̂!,

n̂251, n2521, ~2!

as the polarization projector for a particle or anti-particle
momentump1 with spin in then̂ direction. The calculations
of the subprocess cross sections have been performed in
work and in@8# for an arbitrary polarization vectorn̂.

Obviously, however, the top quark decays very shor
after production, so the only practical way one can meas
the spin of the top quark is through its influence on t
angular distribution of the leptons produced in the decay. I
tacitly assumed in most of the works published on this s
ject that the decaying top quark is in a pure spin state for
practical purposes; i.e. its polarization vector is pointing in
particular direction in space in a given reference frame.

In the tree-level standard model this is not quite true,
it is almost true. The tree level standard model correspo
in our notation to takinggL51 andgR50. Imposing the cut
on pT we have mentioned, only two subprocesses contrib
W-gluon fusion and thes-channel process. The latter pro
vides 100% polarized top quarks in a certain direction~to be
discussed later!. The situation in thet-channel process is a b
more complicated. The results from our previous analy
presented in@8# show that single top-quark production
highly, but not fully, polarized in this case too~84% in the
optimal basis, with the present set of cuts!. This is a high
degree of polarization, but still well below the 901 claimed
by Mahlon and Parke in@10#. We understand this as bein
due to the presence of a 30 GeV cut inpT . In fact, if we
remove this cut completely we get 91% polarization,
rough agreement with@10# ~note that we do not include th
2→2 or b-sea process!. Inasmuch as they can be compare
our results for the tree-level standard model are in go
agreement with those presented in@7# in what concerns the

-

-
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STUDY OF TOP-QUARK POLARIZATION IN SINGLE- . . . PHYSICAL REVIEW D 66, 114009 ~2002!
total cross section. These considerations are quite inde
dent of the choice of the strong subtraction scale, which is
far the largest source of uncertainty.2 Let us assume now fo
the sake of discussion that the polarization is indeed 10
The top quark subsequently decays~say emitting a positively
charged lepton!. One can compute the angular probabil
distribution of the lepton with respect to the polarization
rection in the standard model, multiply the two probabiliti
and compare the experimental result with the theoretical
diction.

In fact things are a lot more subtle. First of all, we ha
seen that even in the standard model, polarization is ne
100%. Furthermore, it turns out that whengRÞ0, i.e. be-
yond the standard model, the top can never be 100% po
ized ~see the discussion in Sec. II and in@8#!, not even in
principle. In other words, the top quark is necessarily in
quantum mixed state and is described by a density ma
The entries of this density matrix depend on the moment
the incoming and outgoing particles; that is to say, there is
entanglement between spin and momenta.

Of course this complication amounts to a small effect
causegR is surely quite small, even in most models beyo
the standard model, so in a first approximation the exp
mental consequences should be small. However, if our
pose is precisely to measuregR or at least to set a bound o
it, it is clear that the effect needs to be taken into accoun

The next step is to select the direction where one is
‘‘measure’’ the spin of the top. By tracing the appropria
spin operator with the density matrix one would determ
the expected probabilities of finding a top that~after the mea-
sure! would point in the given direction of our choice. The
is a privileged spin basis, namely the one where the den
matrix is diagonal, where the calculation is greatly simplifi
since one need not compute the off-diagonal terms. This
agonalization process has to be done event by event a
selects a particular vectorn̂ ~event dependent!. In sec. V we
provide explicit formulas for this privileged direction. E
ementary quantum mechanical considerations show that
is also the direction where the differential cross section
maximal ~or minimal depending on the sign of the spin!.
Using this 3-vector as spin basis, for instance, one can m
tiply the probability of producing a top quark polarized in th
positive1n̂ direction with the corresponding decay angu

2Since we perform a leading order calculation in QCD, the sc
dependence is large. We have made two different choices:~a! m
5pT

cut is used as scale inas and the gluon parton distribution func
tion ~PDF!, while the virtuality of theW boson is used as scale fo
the PDF of the light quarks in the proton. This gives an excell

agreement with the calculations in@7#. ~b! m25 ŝ, ŝ being the
center-of-mass energy squared of theqg subprocess. The total cros
section above the cut is then roughly speaking two thirds of
previous one, but no substantial change in the distributions ta
place. This is the typical error for LO calculations in the pres
kinematical regime. The total cross section has been known to N
for some time@11#, while NLO results for the differential cros
section have become available just recently@12#.
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probability distribution plus the probability of producing
top quark polarized in the negative2n̂ distribution times the
corresponding decay angular probability distribution. T
dependence on the effective left and right couplingsgL and
gR is obviously contained in the density matrix and also
the decay distributions.

Obviously, since the entries of the density matrix depe
on the spin basis, the final physically observable result of
previous analysis will certainly depend on the spin basis t
How is this possible? In fact this is as it should be; we a
multiplying probabilities and in fact we are neglecting th
quantum interference terms because we are assuming tha
polarization of the top quark is measured in the intermed
statebefore the top quark decays. Then there should be
surprise in the fact that the interaction between the top qu
and the apparatus measuring its spin modifies the final ph
cal results.

However, a proper measure of the top quark spinbeforeit
decays is impossible; the only way we learn about top-qu
polarization is precisely from thefinal decay products. So
the previous procedure is conceptually incorrect.3 The final
result has to be strictly independent of the intermediate s
basis one uses. Does this mean that the usual proce
—which is the one we just described—is totally flawed?
principle yes, however one expects that the coarsening
volved in the measuring process washes some or all of
interference effects. Then perhaps the previous proced
where one assumes that the spin of the top quark is w
defined and one proceeds as if it could be measured befo
decays it could be approximately correct. But what then
the errors involved? Do they jeopardize the determination
some of the effective couplings, in particular the distincti
betweengL andgR? These are some of the issues we wo
like to address in the present work.

II. THE DIFFERENTIAL CROSS SECTION FOR
POLARIZED TOP-QUARK PRODUCTION

We shall discuss here thet-channel production for the
sake of definiteness. This is the most involved process.
refer the reader to@8# for detailed expressions of the differen
amplitudes. We denote the matrix elements of the hard s

process of Fig. 1 byM 1
d . There will also be anM 1

ū , corre-

sponding to having instead aū as spectator quark. We wil
also eventually define the matrix elements corresponding

the processes producing top antiquarks asM 2
u , and M 2

d̄ .
With these definitions the differential cross section for pol
ized top quarksds can be written schematically as

ds5b~ f uuM 1
d u21 f d̄uM 1

ū u2!,

wheref u and f d̄ denote the parton distribution functions co
responding to extracting au-type quark and ad̄-type quark
respectively andb is a proportionality factor incorporating
the kinematics and also the gluon distribution function. U

e

t

e
es
t
O

3Even if one is considering, as we do here, only on-shell tops
9-3



D. ESPRIU AND J. MANZANO PHYSICAL REVIEW D66, 114009 ~2002!
ing our analytical results for the matrix elements given in the Appendix of@8# we obtain for the differential cross section

ds5b f uF ugLu2~a1an!1ugRu2~b1bn!1
gR* gL1gRgL*

2
~c1cn!1 i

gL* gR2gR* gL

2
dnG1b f d̄F ugRu2~a2an!1ugLu2~b2bn!

1
gR* gL1gRgL*

2
~c2cn!2 i

gL* gR2gR* gL

2
dnG

5~gL* gR* !AS gL

gR
D , ~3!

where

A5bS f u~a1an!1 f d̄~b2bn!
1

2
f u~c1cn1 idn!1

1

2
f d̄~c2cn2 idn!

1

2
f u~c1cn2 idn!1

1

2
f d̄~c2cn1 idn! f u~b1bn!1 f d̄~a2an!

D , ~4!
h
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and wherea, b, c, an , bn , cn anddn are independent of the
effective couplingsgR and gL and the subscriptsn indicate
linear dependence on the top-quark spin four-vectorn. All
these quantities depend only on masses and momenta. Tc,
cn and dn terms are proportional to the bottom-quark ma
and are therefore absent if one neglectsmb ~this at first sight
does not look unreasonable, given the energies involv!.
Inspection of the above differential cross section reveals
in the mb limit, the only way to tell left from right effective
couplings is precisely by considering and measuring po
ized cross sections~the terms inan ,bn) unless one is willing
to rely strongly on the parton distribution functions.4 For
these reasons, both polarization andmb terms are quite im-
portant.

We observe thatA is a Hermitian matrix and therefore it i
diagonalizable with real eigenvalues. Moreover, from
positivity of ds we immediately arrive at the constraints

detA>0, ~5!

TrA>0, ~6!

that is

@ f u~a1an!1 f d̄~b2bn!#@ f u~b1bn!1 f d̄~a2an!#

>
1

4
@c2~ f u1 f d̄!21~cn

21dn
2!~ f u2 f d̄!2

12ccn~ f u
22 f d̄

2
!#, ~7!

and

~ f u1 f d̄!~a1b!1~ f u2 f d̄!~an1bn!>0. ~8!

4The statement is exact if one uses the so-called effectiveW ap-
proximation, which is not terribly accurate for the present case
certainly not recommended@13#, but widely used in LHC physics.
11400
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Note that it is not possible to saturate both constraints for
same configuration because this would imply a vanishingA
which in turn would imply relations such as

a1b

an1bn
5

f d̄2 f u

f d̄1 f u

5
an2bn

a2b
,

which evidently do not hold. Moreover, since constraints~7!
and ~8! must be satisfied for any set of positive parton d
tribution functions we immediately obtain the bounds

ab1anbn2
1

4
~c21cn

21dn
2!>Uanb1abn2

1

2
ccnU

b21a22~bn
21an

2!>
1

2
@c22~cn

21dn
2!#.

In order to have a 100% polarized top we need a spin fo
vectorn that saturates the constraint~5! @that is Eq.~7!# for
each kinematical situation, that is we needA(n) to have a
zero eigenvalue which is equivalent to have a unitary ma
C satisfying

C†AC5diag~l,0!,

for some positive eigenvaluel. In general suchn need not
exist and, should it exist, is in any case independent of
effective couplingsgR and gL . Moreover, provided thisn
exists there is only one solution~up to a global complex
normalization factora) for the pair (gR ,gL) to the equation
ds50. This solution is just

gL5aC12,

gR5aC22. ~9!

Note that if one of the effective couplings vanishes we c
take the other constant and arbitrary. However if both eff
tive couplings are nonvanishing we would have a quoti
d

9-4
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STUDY OF TOP-QUARK POLARIZATION IN SINGLE- . . . PHYSICAL REVIEW D 66, 114009 ~2002!
gR /gL that would depend in general on the kinematics. T
is not possible so we can conclude that for a nonvanishinggR
(gL is evidently nonvanishing! it is not possible to have a
pure spin state~or else only for fine tunedgR a 100% polar-
ization is possible!.

Let us now give a very simple example to make the p
vious discussion more understandable: in the unphysical
ation wheremt→0 it can be shown that there exist two s
lutions to the saturated constraint~5!, namely

mtn
m→6S upW 1u,p1

0 pW 1

upW 1u
D . ~10!

Once we have found this result we plug it in the express
~9! and we find the solutions (0,gL) with gL arbitrary for the
1 sign and (gR,0) with gR arbitrary for the2 sign. That is,
physically we have zero probability of producing a rig
handed top when we have only a left handed coupling
vice versa when we have only a right handed coupling. N
that in this case it is clear that having both effective co
plings nonvanishing would imply the absence of 100% p
larization in any spin basis. This can be understood in g
11400
s

-
u-

n

d
te
-
-
n-

eral remembering that the top-quark particle forms in gene
an entangled state with the other particles of the proc
Since we are tracing over the unknown spin degrees of f
dom and over the flavors of the spectator quark we do
end up with a top quark in a pure polarized state.

III. CROSS SECTIONS FOR TOP-QUARK PRODUCTION
AND DECAY IN THE s CHANNEL

Let us now turn to thes-channel process. This is, as a
ready mentioned, subdominant but non-negligible since
roughly amounts to 10% of all single top quarks produc
after our set of cuts are imposed. It is also a lot cleaner fr
a theoretical point of view, as QCD corrections are small.
a by-product we shall derive the differential decay wid
which is applicable to both thet- ands-channel processes.

Using the momenta conventions of Fig. 2 and averag
over colors and spins of the initial fermions and summi
over colors and spins of the final fermions~remember that
we have included a spin projector for the top quark! the
squared amplitude for top-quark production is given by
–
el
r the
s
section

y

uMnu25
e4Nc

sW
4 S 1

k22MW
2 D 2H ug̃Lu2F ugRu2S q1•

p11mtn

2 D ~q2• p̃2!1ugLu2S q2•
p12mtn

2 D ~q1• p̃2!

1mb

gLgR* 1gRgL*

4
@mt~q1•q2!1~q2•p1!~q1•n!2~q2•n!~q1•p1!#1 imb

gLgR* 2gRgL*

4
«marsnmp1

aq1
rq2

sG J
1H ug̃Ru2F ugRu2S q2•

p11mtn

2 D ~q1• p̃2!1ugLu2S q1•
p12mtn

2 D ~q2• p̃2!1mb

gLgR* 1gRgL*

4
@mt~q1•q2!1~q1•p1!

3~q2•n!2~q1•n!~q2•p1!#1 imb

gLgR* 2gRgL*

4
«marsnmp1

aq2
rq1

sG J , ~11!

where g̃L and g̃R are left and right couplings to light quarks andgL and gR are the effective couplings to the top-quark
bottom-quark system. In the numerical results we have takeng̃L51, g̃R50; i.e. we stick to the tree-level standard mod
values in the light sector, but is quite straightforward to include more general couplings. Notice that, exactly as fot
channel, the crossedgLgR terms vanish in the differential cross section in themb→0 limit. Also for exactly the same reason
as in thet-channel analysis, modulo parton distribution function effects, the differential unpolarized production cross
would be proportional tougLu21ugRu2.

The differential cross section for producing polarized top-quarks is then

ds n̂5 f „x̃1 ,x̃2 ,~q11q2!2,LQCD…dx̃1dx̃2

1

4uq2
0q1
W2q2

W q1
0u

d3p1

~2p!32p1
0

d3p̃2

~2p!32p̃2
0

uMnu2~2p!4d4~q11q22p12p2!

where f „x̃1 ,x̃2 ,(q11q2)2,LQCD…dx̃1dx̃2 accounts for the quarks parton distribution functions.
The total decay rate of the top-quark, on the other hand, with arbitrary left and right effective couplings is given b

G5
e2

sW
2 H ~ ugLu21ugRu2!S mt

21mb
222MW

2 1
~mt

22mb
2!2

MW
2 D 212mtmb

gLgR* 1gRgL*

2 J A~mt
21mb

22MW
2 !224mt

2mb
2

64pmt
2p1

0
.

9-5
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D. ESPRIU AND J. MANZANO PHYSICAL REVIEW D66, 114009 ~2002!
The squared amplitude corresponding to the decay rate in
channel depicted in Fig. 2 summing over the top-quark
larizations~with a spin projector inserted!, averaging over its
color and summing over colors and polarizations of de
products, is given by

uMn
Du252

4

Nc
uMnu2~q1→k2 ,q2→k1 ,p̃2→2p2!, ~12!

where uMnu2(q1→k2 ,q2→k1 ,p̃2→2p2) is just expression
~11! with the indicated changes in momenta. In the abo
expressiong̃L and g̃R are the left and right couplings corre
sponding to the lepton-neutrino vertex. We have assum
g̃L51, g̃R50, but again this hypothesis can be relaxed. T
decay rate differential distribution for this channel is giv
by

dGn5
uMn

Du2

2p1
0

d3k1

~2p!32k2
0

d3k2

~2p!32k1
0

d3p2

~2p!32p2
0 ~2p!4

3d4~k11k21p22p1!.

Finally, using the narrow-width approximation, we have th
the differential cross sectionds corresponding to Fig. 2 is
given by
ne
f
ne

y
is

he
f
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al
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e
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ds5(
6n

dsn3
dGn

G
. ~13!

IV. THE ROLE OF SPIN IN THE NARROW-WIDTH
APPROXIMATION

Within the narrow-width approximation we just discuss
we decompose the process depicted in Fig. 2 in two cons
tive processes: the top-quark production and its consecu
decay. In that setup we denote the single top-quark prod
tion amplitude asAp,6n̂(p) and the top-quark decay ampl
tude asBp,6n̂(p) . In the polar representation we write

Ap,6n̂(p)5uAp,6n̂(p)ueiw6(p),

Bp,6n̂(p)5uBp,6n̂(p)ueiv6(p),

wherep indicate external momenta andn̂(p) a given spin
basis for the topquark. The differential cross section for
whole process is schematically given by

ds5E uAp,1n̂(p)Bp,1n̂(p)1Ap,2n̂(p)Bp,2n̂(p)u2dp.

~14!

Hence
ds5E uAp,1n̂(p)u2uBp,1n̂(p)u2dp1E uAp,2n̂(p)u2uBp,2n̂(p)u2dp12E uAp,1n̂(p)uuBp,1n̂(p)uuAp,2n̂(p)uuBp,2n̂(p)u

3 cos@w1~p!2w2~p!1v1~p!2v2~p!#dp

.E uAp,1n̂(p)u2uBp,1n̂(p)u2dp1E uAp,2n̂(p)u2uBp,2n̂(p)u2dp. ~15!
us

d to
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Since the axis with respect to which the spin basis is defi
is completely arbitraryds is independent of this choice o
basis. However within the narrow width approximation o
never computesds following formula ~14!. The commonly
used procedure@10,14# consists in computing the probabilit
of producing a polarized top quark and then multiplying th
probability by the probability of a given decay channel@see
Eq. ~13!#. This procedure is equivalent to the neglect of t
interference term in formula~15! as indicated there. First o
all, as discussed in the Introduction, if one neglects the
terference term, the result depends on the spin basis, i.e
the direction one chooses to measure the third compone
the top-quark spin. This is of course acceptable if one re
performs a physical measure of the spin@in the n( p̂) direc-
tion in this case# since the interaction with the apparat
modifies the state. A dependence on the spin frame is h
ever unacceptable if the spin is not measuredbeforethe top
quark decays.

Let us see whether this approximation can be justifi
nevertheless. Clearly, the integration over momenta enha
the positive-definite terms in front of the interference osc
d

-
on
of

ly

w-

d
es

-

lating one. If in addition we make a choice forn̂(p) that
diagonalizes the top-quark spin density matrix and th
maximizesuAp,1n̂(p)u and minimizesuAp,2n̂(p)u, then we ex-
pect the interference term to be negligible when compare
* uAp,1n̂(p)u2uBp,1n̂(p)u2dp even for a small amount of phas
space integration. In thes channel we will see in the nex
section that in the limit ofgR→0 there exists a spin basi
n̂(p) whereuAp,2n̂(p)u is strictly zero. This basis is given b

n5
1

mt
S mt

2

~q2•p1!
q22p1D .

From this it follows that for smallgR if we use that basis the
interference integrand is already negligible with respect
the dominant term* uAp,1n̂(p)u2uBp,1n̂(p)u2dp. ForgRÞ0 one
can still find a basis that maximizesuAp,1n̂(p)u ~and mini-
mizes uAp,2n̂(p)u) and therefore diagonalizes the top-qua
density matrixr. In the next section we will show how to
obtain such a basis that will be the one used in our numer
integration. In these simulations we have checked num
9-6
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cally that this basis is the one that maximizesds and there-
fore, on the same grounds, the one that minimizes the in
ference term. The same considerations can be applied to
t-channel process.

Given that the observables are strictly independent of
choice of spin basisonly if the interference term is included
we can easily assess the importance of the latter by chec
to what extent a residual spin basis dependence is pre
We have checked numerically this point by changing
definition of the spin basisn̂(p) and noting that our result
are actually only weakly dependent on the choice ofn̂(p)
even for a small amount of coarsening. A 4% maximu
variation inpT distributions was found between the optim
diagonal basis and another basis orthogonal to the beam
~that is, almost orthogonal to all momenta!. Moreover we
have checked that if spin is ignored altogether~by consider-
ing unpolarized top-quark production! roughly the same
amount of variation with respect to the diagonal basis
observed. Thus we conclude that even though the de
dence on the choice of spin basis is not dramatic, its con
eration is a must for a precise description using the narr
width approximation taking into account the presum
smallness of the effective coupling to be measured and
subtle the experimental distinction of left and right couplin
turns out to be.

V. THE DIAGONAL BASIS

As stated in the previous section, in order to calculate
top-quark decay we have to find the basis where the po
ized single top-quark production cross section is maxim
We can do this maximizing in the 4-dimensional space g
erated by the components ofn constrained by

n•p150, n2521, ~16!

wherep1 is the top-quark four-moment, that is
11400
r-
the

e

ng
nt.
e

xis

s
n-
d-
-

w

e
r-
l.
-

n05
n1p1

11n2p1
21n2p1

2

p1
0

,

~p1
0!25~p1

0!2inW i22~n1p1
11n2p1

21n2p1
2!2,

whereinW i5A(n1)21(n2)21(n3)2, that isni5inW i n̂i with n̂
the normalized spin three-vector. From above equations
obtain

inW i5
p1

0

A~p1
0!22~ n̂1p1

11n̂2p1
21n̂2p1

2!2
,

n05inW i
n̂1p1

11n̂2p1
21n̂2p1

2

p1
0

,

from which Eq.~2! follows immediately. Let us now find the
polarization vector that maximizes and minimizes the diff
ential cross section of single top-quark production.

A. The t channel

We will begin with thet channel that was analyzed in th
previous section. Using Eq.~3! we define

an5n•a, bn5n•b,

cn5n•c, dn5n•d, ~17!

and using Lagrange multipliersl1 and l2 for constraints
~16! we maximize

s1l1~n211!1l2n•p1 ,

obtaining the equations
n52
b

2l1
f uF ugLu2a1ugRu2b1

gR* gL1gRgL*

2
c1 i

gL* gR2gR* gL

2
dG1

b

2l1
f d̄F ugRu2a1ugLu2b1

gR* gL1gRgL*

2
c

1 i
gL* gR2gR* gL

2
dG2

l2

2l1
p1 , ~18!

05n211, ~19!

05n•p1 , ~20!

and thus using Eqs.~18! and ~20!

l252
b

mt
2

f uF ugLu2a•p11ugRu2b•p11
gR* gL1gRgL*

2
c•p11 i

gL* gR2gR* gL

2
d•p1G1

b

mt
2

f d̄F ugRu2a•p11ugLu2b•p1

1
gR* gL1gRgL*

2
c•p11 i

gL* gR2gR* gL

2
d•p1G ,

and therefore
9-7
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n5
b

2l1
H ~ f uugLu22 f d̄ugRu2!S a•p1

mt
2

p12aD 1~ f uugRu22 f d̄ugLu2!S b•p1

mt
2

p12bD 1
gR* gL1gRgL*

2
~ f u2 f d̄!S c•p1

mt
2

p12cD
1 i

gL* gR2gR* gL

2
~ f u2 f d̄!S d•p1

mt
2

p12dD J ,
n

t-
n
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u-

we
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only
with the normalization factorl1 given by Eq.~19!. Note that
in the idealized casef u5 f d̄5 f we obtain

n5aH ~a2b!•p1

mt
2

p12~a2b!J ,

wherea is the normalization constant that does not depe
on f or the effective couplings. In the SM (gR50) we obtain

n5aF f uS a•p1

mt
2

p12aD 2 f d̄S b•p1

mt
2

p12bD G ,

wherea is a normalizing factor.

B. The s channel

The s-channel differential cross section has the form

ds5b~ f uf d̄1 f cf s̄!F ugLu2~as1an!1ugRu2~bs1bn!

1
gR* gL1gRgL*

2
~cs1cn!1 i

gL* gR2gR* gL

2
dnG ,

where againb is a proportionality incorporating the kinema
ics, and wheref u,c and f d̄,s̄ denote the parton distributio
functions corresponding to extracting au,c-type quark and a
d̄,s̄-type quark respectively. Using again the decomposit
~17! and proceeding analogously to thet-channel calculation
we obtain

n5aH ugLu2S a•p1

mt
2

p12aD 1ugRu2S b•p1

mt
2

p12bD
1

gR* gL1gRgL*

2 S c•p1

mt
2

p12cD
1 i

gL* gR2gR* gL

2 S d•p1

mt
2

p12dD J , ~21!

wherea is the normalizing factor that in this case~unlike in
the t-channel result! does not depend on the parton distrib
tion functions. From Eq.~11! we obtain

am52mtq2
m~q1• p̃2!,

bm51mtq1
m~q2• p̃2!,
11400
d

n

cm51mb@q1
m~q2•p1!2q2

m~q1•p1!#,

dm52mb«ars
m p1

aq1
rq2

s ,

hence replacing in Eq.~21! we arrive at

nm5aH ugLu2@~q1• p̃2!~q2•p1!p1
m2~q1• p̃2!mt

2q2
m#

1ugRu2@~q2• p̃2!~q1•p1!p1
m2~q2• p̃2!mt

2q1
m#

1mbmt

gR* gL1gRgL*

2
@q1

m~q2•p1!2q2
m~q1•p1!#

1 i
gR* gL2gL* gR

2
mbmt«ars

m p1
aq1

rq2
sJ , ~22!

which is the basis we use in our numerical simulations. If
neglectgR we obtain

nm56
~q1• p̃2!~q2•p1!p1

m2~q1• p̃2!mt
2q2

m

A~q1• p̃2!2~q2•p1!2mt
22~q1• p̃2!2mt

4q2
2

,

where we have included the normalization factor and si
q2

250 the above reduces to

mtn56S mt
2

~q2•p1!
q22p1D ,

which is the result we have quoted in the previous sect
coinciding with @10#.

VI. NUMERICAL ANALYSIS OF s-CHANNEL SINGLE
TOP-QUARK PRODUCTION

Let us start this section by discussing the experimen
cuts we have implemented. Due to geometrical detector c
straints @15# we cut off very low angles for the outgoin
particles. The charged particles in the final state have
come out with an angle in between 10 and 170 degrees t
detected. These angular cuts correspond to a cut in pse
rapidity uhu,2.44. In order to be able to separate the j
corresponding to the outgoing particles we implement iso
tion cuts of 20 degrees between each other. These are
appropriate cuts for general purpose experiments such as
LAS or CMS.

The set of cuts used in this work is compatible with t
ones used in thet-channel. Since in the previous paper@8#
top-quark decay was not considered, the equivalence is
9-8
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approximate and a more detailed phenomenological ana
will be required in due course~it is actually quite straight-
forward with the help of the results presented here to r
the t-channel study, but this goes beyond the scope of
paper!. The present analysis should however suffice in a
case to identify the most promising observables and g
rough estimate of the precision that can be reached.

We use a lower cut of 20 GeV in theb̄ jet.5 This com-
pletely eliminates top-quark production from ab quark from
the proton sea and greatly reduces higher order QCD co
butions. In thet channel reduces the cross section to ab
one third of its total value, since typically theb̄ quark comes
out in the same direction as the incoming gluon and a la
fraction of them do not pass the cut. Similarly,pT
.20 GeV cuts are set for the top quark and spectator qu
jets. These cuts guarantee the validity of perturbation the
and will serve to separate from the overwhelming ba
ground of lowpT physics. These values come as a comp
mise to preserve a good signal, while suppressing unwa
contributions. They are very similar to the ones used in@7#
and @10#.

In order to calculate the cross sections of the process
pp→tb̄ we have used the CTEQ4 set of structure functio
@17# to determine the probability of extracting a parton w
a given fraction of momenta from the proton. To calcula
the total event production corresponding to different obse
ables we have used the integrating Monte Carlo prog
VEGAS @18#. We present results after one year~defined as
107 seg.) run at full luminosity in one detector (100 fb21 at
LHC!.

Since in order to be able to perform the effectiveWtb̄
coupling one definitely needs to tag the twob-type quarks,
this value for the luminosity is surely too high. Theb physics
program at ATLAS@19#, for instance, is planned to be don
at one tenth of the total luminosity to avoid pile-up effec
This is even more so in a dedicated detector such as LH6

@16# where the appropriate figure is expected to be 2 fb21.
ATLAS plans to do most of theb-physics runs before ful
luminosity is reached, for instance. We have nonethe
used the high luminosity figure since at this stage the exp
mental strategy is not totally settled yet.

The way we proceed is the following. We analyze t
kinematics of each event including ab̄ that passes the ex
perimental cuts and reconstruct the vectorn̂ using the ana-
lytic formulas presented in the previous sections. As
reader will remember, this provides us with a spin basis t
minimizes the quantum interference terms. We then proc

5In a previous paper@8# the value used was 30 GeV. We hav
decided to use this lower value here to have a larger total c
section without compromising the theoretical accuracy.

6This type of analysis is anyway not well suited for such a det
tor. The rapidity for LHCb is in the range 1.6,h,4.9 and the
angular separation cut between jets imposed here is totally un
sible. Furthermore, jet reconstruction is not possible. Clearly
implementation of this type of physics to this detector requires a
more ingenuity.
11400
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to multiply the probabilities classically—just as if we pre
tend that the top-quark spin has been measured in the d
tion determined byn̂ and we determine the decay probabili
distribution. We retain only those final states that pass
remaining cuts.

In the same way and choosing arbitrary spin directions
are able to see how much the physical results depend on
interference term. We have found a 4% difference betw
the worst case~a spin direction perpendicular to almost a
3-momenta involved! and the optimal case~found analyti-
cally here!. We have every reason to believe that, after
integration over momenta and the resulting coarsening,
interference term in this basis is all but negligible. The res
the results presented in this section are all worked out in
optimal spin basis.

Let us first review the results obtained in the framewo
of the tree-level standard model. This corresponds to tak
gL51 andgR50 in all our formulas. The results are sum
marized in Figs. 3, 4, and 5. The first of these figures sho
how the final products of the process are predominan
emitted in the axis direction~albeit not so much as in the
case of thet-channel production! and in the same direction
The plot shows the direction with respect to the beam
bottom quarks and bottom antiquarks. Recall that a 10
gree cut is implemented, as well as a separation cut of
degrees among all jets. Figure 4 shows thepT distribution for
the b̄, showing the 20 GeV cut on thepT of the b̄ enforced.

Figure 5 shows the invariant mass of the lepton a
bottom-quark system in the tree level standard model. Si
we are working in the narrow width approximation, the d
tribution falls to zero just below the physical mass of the t

ss

-

a-
e
t

FIG. 3. Distribution of the cosines of the polar angles of t
bottom quark and bottom antiquark with respect to the beam l
The plot corresponds to single top-quark production at the L
with top-quark decay included. The calculation was performed
tree level in the standard model. For the parton distribution fu

tions we usem25 ŝ5(q11q2)2.
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quark and this reflects the part of the total momentum of
top quark carried away by the undetected neutrino. Figure
and 7 actually show thepT distribution for the bottom quark
and lepton, respectively, that are produced in the top-qu
decay. As previously discussed, 20 GeV cuts on the res
tive pT are imposed. Even though some information is l
by the fact that the neutrino is not seen and therefore the
some amount of missing momentum, this does not seem
affect the sensitivity to the effective couplings too muc
One could as well consider channels in which theW1, pro-

FIG. 4. Bottom-antiquark transversal momentum distribut
corresponding to single top-quark production at the LHC. The c
culation has been performed at tree level in the SM (gL51,gR

50).

FIG. 5. Distribution of the invariant mass of the lepton~electron
or muon! plus bottom-quark system arising in top-quark decay fr
single top-quark production at the LHC. The calculation was p

formed at tree level in the standard model withm25 ŝ5(q1

1q2)2.
11400
e
6

rk
c-
t
is
to
.

duced in the top-quark decay, decays hadronically. In h
ronic decays of the top quark a full reconstruction of t
top-quark mass would be feasible.

Let us now move beyond the standard model. Sin
changing the value ofgL ~while keepinggR50) amounts to
a simple rescaling, we shall concentrate on the more in
esting case of varyinggR . As a rough order-of-magnitude
estimate for the effectivegR coupling we takeugRu55
31022. This is still worse than the limit implied byb
→sg, but is the sort of sensitivity that LHC will be able t
set. The effects are linear ingR , so it is easy to scale the
results up or down. We have considered the possibility ofgR

l-

r-

FIG. 6. Bottom-quark transversal momentum distribution cor
sponding to single top-quark production at the LHC. The calcu
tion has been performed at tree level in the SM (gL51,gR50).

FIG. 7. Lepton~electron or muon! transversal momentum dis
tribution corresponding to single top-quark production at the LH
The calculation has been performed at tree level in the SMgL

51,gR50).
9-10
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having a phase and, accordingly, the experimental sensit
to that phase.

We have found that the anti-lepton plus bottom-quark
variant mass distribution we just discussed in the previ
paragraph is actually sensitive togR . Figures 8 and 9 reflec

FIG. 8. Event production difference between nonvanishinggR

coupling caculations and the tree level SM ones (gR50). Differ-
ences are plotted versus the invariant mass of the lepton~electron or
muon! plus the bottom-quark system arising in top-quark dec
from single top-quark production at the LHC. We have takengR

51531022, 1 i531022, 2531022 and2 i531022 in plots~a!,
~b!, ~c! and ~d! respectively. With the present set of cuts, the to
number of events in the standard model is 181 000. The total ex
is 1200, roughly 1%.

FIG. 9. Plots corresponding to differences~a!, ~b! ~c! and~d! of
Fig. 8 divided by the square root of the event production per bin
LHC. The square of the quotient denominator can be obtained f
Fig. 5 multiplying ds/dminv by the LHC 1-year full luminosity
(100 fb21) and by the width of each bin~4 GeV in Fig. 5!. Taking
the modulus of the above plots we obtain the statistical significa
of the corresponding signals per bin. Note that statistical sign
cance has a strong and nonlinear dependence both on the inv
mass and the right couplinggR . However purely imaginary cou
plings are almost insensible to their sign.
11400
ty

-
s

this sensitivity with the second figure showing the statisti
significance per bin.

We shall now show the dependence of the threepT distri-
butions (b, b̄ and lepton! to the modulus and phase of th
effective couplinggR . In all cases the valuegL51 is taken.
The sensitivity to departures from the tree level SM is sho
in Figs. 10, 11 and 12.

We also include the statistical significance per bin for t
signal vs cos(utl) in Fig. 13 and vs cos(utb) in Fig. 14. cos(utl)
and cos(utb) are the cosines of the angle between the b

y

l
ss

t
m

e
-

iant

FIG. 10. Statistical significance per bin with respect to botto
antiquark transversal momentum. Like in Fig. 9 we have takengR

51531022, 1 i531022, 2531022 and2 i531022 in plots~a!,
~b!, ~c! and ~d! respectively. Note that here statistical significan
has a strong dependence on the bottom-antiquark transversa
mentum but is almost linear on Re(gR) and almost insensible to th
sign of Im(gR).

FIG. 11. As in Fig. 9 we have takengR51531022, 1 i5
31022, 2531022 and 2 i531022 in plots ~a!, ~b!, ~c! and ~d!
respectively. Note that here statistical significance has a strong
pendence on the bottom-quark transversal momentum and cle
favors positive values of Re(gR) and again is insensible to the sig
of Im(gR).
9-11
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D. ESPRIU AND J. MANZANO PHYSICAL REVIEW D66, 114009 ~2002!
reconstruction of top-quark momentum and the momenta
anti-lepton and bottom quark, respectively. In these figu
we can clearly see that low angles correspond to bigger
sitivities. This is in qualitative accordance with Eq.~12!
which, after inspection, tells us that anti-leptons are predo
nantly produced in the direction of the top-quark spin a
therefore most of those produced predominantly in the t

FIG. 12. Statistical significance of the corresponding signals
bin with respect to lepton~electron or muon! transversal momen
tum. As in Fig. 9 we have takengR51531022, 1 i531022,
2531022 and 2 i531022 in plots ~a!, ~b!, ~c! and ~d! respec-
tively. Note that again statistical significance has a strong dep
dence on the lepton transversal momentum and clearly favors p
tive values of Re(gR). The sign of Im(gR) cannot be distinguished

FIG. 13. Statistical significance of the corresponding numbe

events per bin with respect to cos(utl)5pW l•(pW l1pWb)/upW luupW l1pWbu where

pW l andpW b are respectively the tree momenta of the lepton~positron

or antimuon! and bottom quark. The combinationpW l1pW b is the best
experimental reconstruction of the top-quark momentum provi
the neutrino information is lost. As in Fig. 9 we have takengR5
1531022, 1 i531022, 2531022 and 2 i531022 in plots ~a!,
~b!, ~c! and ~d! respectively. Note that again statistical significan
has a strong dependence on cos(utl).
11400
of
s
n-

i-
d
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quark direction come from a top quark mainly polarized in
positive helicity state. Thus the quantity of those antilepto
is more sensitive to variations ingR . Even though this argu-
ment applies in the top-quark rest frame, the fact that mos
the kinematics lies in the beam direction makes it valid
least for this kinematics. With the cuts considered here,
standard model prediction at tree level for the total num
of events at LHC with one year full luminosity is 180 700
Using the valuesgL51, gR51531022 leads to an exces
of 1220 events which corresponds to a 2.9 standard de
tions signal. ThegL51, gR52531022 model has a deficit
of 480 events which corresponds to a 1.1 standard deviat
signal. Finally thegL51, gR56 i531022 model has an
excess of 367 events which corresponds to a 0.86 stan
deviation. We see that there is a large dependence on
phase ofgR .

It is perhaps interesting to remark that after consider
the decay process, the sensitivity togR is actually quite com-
parable to the one obtained in thet channel, where it was
assumed that the polarized top quark was observable. F
this point of view, not much information gets diluted throug
the process of top-quark decay.

The implementation of carefully selected cuts can sligh
improve these statistical significances but since here we
interested in an order of magnitude estimate we will not
ter into such analysis here. Moreover since backgrounds
bound to worsen the sensitivity the above results must
taken as order of magnitude estimates only. A more deta
analysis goes beyond the scope of this article.

VII. CONCLUSIONS

In this paper we have performed a full analysis of t
sensitivity of single top-quark production in thes channel to

r

n-
si-

f

d

FIG. 14. Statistical significance per bin with respect to cos(utb)

5pWb•(pW l1pWb)/upW luupW l1pWbu where pW l and pW b are respectively the tree
momenta of the lepton~positron or antimuon! and bottom. The

combinationpW l1pW b is the best experimental reconstruction of t
top-quark momentum provided the neutrino information is lost.
in Fig. 9 we have takengR51531022, 1 i531022, 2531022

and2 i531022 in plots ~a!, ~b!, ~c! and~d! respectively. Note that
again statistical significance has a strong dependence on cos(utb).
9-12
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the presence of effective couplings in the effective el
troweak theory. The analysis has been done in the conte
the LHC experiments. We have implemented a set of c
which is appropriate to general-purpose experiments suc
ATLAS or CMS. The study complements the one presen
in @8# that was devoted to the dominantt-channel process.

We have seen that the determination of the right effec
coupling in such an experimental context is quite challe
ing. One has to include both polarization effects andmb cor-
rections. Analytical formulas are presented.

Unlike in the discussion concerning the single top-qu
production through the dominantt channel, top-quark deca
has been considered. The only approximation involved is
consider the top quark as a real particle~narrow width ap-
proximation!.

We have paid careful attention to the issue of the t
quark polarization. We have argued, first of all, why it is n
unjustified to neglect the interference term and to procee
if the top-quark spin were determined at an intermedi
stage. We have provided a spin basis where the interfere
term is minimized. A similar analysis applies to thet-channel
process. We present here an explicit basis for this case
We get a sensitivity togR in the same ballpark as the on
obtained in thet channel~where decay was not considered!.
Finally we have obtained that observables most sensibl
up
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Parke, Phys. Lett. B411, 173 ~1997!; G. Mahlon, McGill/98-
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gR are those where anti-lepton and bottom-quark mome
are cut to be almost collinear.

Note added in proof.After submission of this work we
became aware of the work by del Aguila and Aguila
Saavedra~Ref. @20#! discussing somewhat similar issues
the context of top-pair production. We certainly agree w
them in the fact that defining a properly normalized asy
metry is the way to eliminate systematic errors related
uncertainties in luminosity, parton distribution functions a
so on. We stress that the results presented in the pre
paper are quite preliminary and that a more detailed anal
is required in due time.
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