PHYSICAL REVIEW D 66, 114001 (2002

Two-loop amplitudes with nested sums: Fermionic contributions toete™—qqg
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We present the calculation of thg contributions to the two-loop amplitude fa*e™—qqg and give
results for the full one-loop amplitude to ordef in the dimensional regularization parameter. Our results
agree with those recently obtained by Garlahal. The calculation makes extensive use of an efficient method
based on nested sums to calculate two-loop integrals with arbitrary powers of the propagators. The use of
nested sums leads in a natural way to multiple polylogarithms with simple arguments, which allow a straight-
forward analytic continuation.
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[. INTRODUCTION quarks and only one external massive leg.
The by now more or less standard approach to calculating
The last 30 years of experimental studies at colliders, totwo-loop four-point functions has been inspired by the tech-
gether with theoretical investigations, have taught us thafiques developed in the calculation of two-point functions.

perturbative quantum chromodynami€3CD) gives an ex- The starting point is a reduction of the tensor integrals

cellent description of short-distance scattering of strongly in_through Schwinger parametrizatipp2—24. This yields im-

teracting partons. Indeed. today the theorv has reached a s ediately scalar integrals with a higher dimension and raised
. g par AR y vy ) lé}]owers of the propagators. The usual way to proceed then is
ficient maturity that it is no longer the target of experimental

. _ : to apply repeatedly algebraic relations between these inte-

studies, but rather a tool in the search for new physics begyais " which follow from Poincar@and Lorentz invariance

yond the standard model. , . , [25-27. Finally, one ends up with a small set of so-called
The search for new physics in particle physics, being purmaster integrals which must be solved analytically. While for

sued at present and upcoming collider experiments at thgimple topologies it is often straightforward to find the re-
Fermilab Tevatron and the CERN Large Hadron Colliderduction scheméi.e., “triangle rule”), in general it is a non-

(LHC), relies on our ability to make precise predictions for trivial task to solve this problem.
QCD and QCD-associated processes. The accuracy reachedin a recent publicatioh28,29, we therefore proposed a
already in present collider experiments demands next-todifferent method to attack this problem. The basic idea is the
next-to-leading orde(NNLO) theoretical predictions within  following. We solve the scalar integrals in higher dimensions
the framework of perturbation theory. For example, theand with raised powers of propagators directly in terms of
strong coupling constankg, whose precise value affects nested sums instead of reducing all the integrals to a small
many cross sections, can be measured by using the data fest of master integrals. The aim of this paper is to illustrate
e*e” —three jets. At present, the error on the extraction ofthis method in the calculation of the fermionic contributions
ag from this measurement is dominated by theoretical uncero the two-loop amplitudee™e™—qqg, i.e., the contribu-
tainties[1], among the main sources there being the truncations proportional to the number of quark flavars. We
tion of the perturbative expansion at a fixed order. Up topresent our results in terms of multiple polylogarithf88—
now, event shapes in three-jet events have been calculated3g], which arise naturally from the use of nested sums. In
next-to-leading ordefNLO) for massles$2—6] and massive addition, we show that these multiple polylogarithms can
quarks[7-11]. To reduce the theoretical uncertainties, it is easily be continued analytically. As a consequence the am-
necessary to extend the calculation for massless quarks itudes fore™ e ™ —qqg presented here can also be used for
next-to-next-to-leading order. The calculation ef e” (2+1)-jet production in deep inelastic scattering and the
—three jets at NNLO requires the tree-level amplitudes forproduction of a vector bosofW, Z or Drell-Yan paij in
e"e” —five partons[12,13, the one-loop amplitudes for hadron-hadron collisions. The respective amplitudes can be
e*e” —four partons[14-17, as well as the two-loop am- obtained by the crossing symmetry and simple coupling con-
plitude for e*e” —qqg together with the one-loop ampli- stant modifications.
tudee*e” —qqg to ordere? in the dimensional regulariza- The outline of the paper is as follows. In Sec. Il we
tion parameter. present a few properties of the two-loop amplitude. In par-
While for inclusive quantities like the total hadronic crossticular, we discuss the kinematics, the ultravidldV) renor-
section ine™ e~ annihilation even higher orders have beenmalization, and the structure of the soft and collinear singu-
calculated in the padtl8-20, the calculation of two-loop larities. In Sec. Ill we outline the calculation. In the
four-point scattering amplitudes has been the main obstacl®llowing Sec. IV we present our results and compare them
for a long time. Because of tremendous activity in that fieldwith those recently obtained by Garlartlal. [33]. We give
during the past three yea21], this problem can be consid- our conclusions in Sec. V. Appendix A contains the results
ered to be solved—at least for the case of massless internfir the one-loop amplitude to ordef and Appendix B sum-
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marizes properties of multiple polylogarithms under analyticof the SUN) gauge group is given by?. The indicesi, i,
continuation. and a describe the color of the outgoing quarks and gluon.

The normalization of the color matrices is taken to be
Il. PRELIMINARIES

1
A. Kinematics Tr(TaT?) = 5 5P, (6)
In the following we study the reaction

o We note that the amplitudd, can be further decomposed
e"+e —g+g+0. (1) according to the color structure:

We treat all quarks as massless, which means we work in 5 1 N

QCD with n; massless quark flavors. To be consistent with Ay=N"Ax+Ag+ WZA—Z"'”fNAnf,l"‘ NAnf —1
earlier work[14,15 we calculate the amplitude for the reac-
tion with all particles in the final stat@-ig. 1),

4 N
N

+nfAR+ 3 As,. @)

0—q(py)+9(p2) +q(ps) +e (py)+e (ps). (2

. - . In the following we consider onlA, . ;. The contribution
The kinematical invariants are denoted by g Py 21

An§ arrises from the renormalization procedure and can be

si=(Pi+p)?  sik=(Pi+Pj+pP? S=Sia, (3  extracted without calculating any generic two-loop diagram.
. . . , . _._The last term in Eq(7) is generated by diagrams where the
and it is convenient to introduce the dimensionless quam't'eﬁhoton is coupled to a closed quark loop. As a consequence
St Sps > invplves a sum over the charge of the active flavors. The
Xi=——, Xp=—o0. (4)  leptonic current is given by
S123 S123

L,=u v , 8
For pure photon exchange, the complete amplitudefor w=U(Pa)7,7(Ps) ®
e"e” —(qqg can be written as the product of a leptonic cur-with u, v denoting the spinors of the outgoing leptons. As we
rentL, with the hadronic curreniti , : will show later, it is sufficient to consider pure photon ex-
change: Working in a helicity basis, the pure photon ex-
change amplituded, allows the reconstruction of the full
amplitude includingZ-boson exchange by adjusting the cou-
plings. Using the anticommutation relations for thenatri-
with Q9 denoting the electric charge of the outgoing quarksces, one can always achieve the following form of the had-
in units of the elementary charge= y47«. The generator ronic current:

Y i M

i
A,=— geZQQT.ﬁL Hi=—-e?QIT A, (5)

1 1 1 1
HM201§<91|¥52|F)3>89M+ C2?<p1| B2l p3) (&g pl)p3”+ C3?<p1|lb2|p3>(89' p3)p1#+ CAg(p1|I62| P3)(&g- pl)plﬂ
1 1
+ C5?<p1| B2|p3)(eq- ps)p3M+ Ceg<p1| YulP3)(eg-P1)
1 1 1 1 1
+ C7§<p1| Y.ulP3)(gq-P3) + ng<p1|ég| p3>p1u+ ng<pl|ég| p3>p3u+ 010§<p1|égp27#| P3)+ C11§<F)1|ég| p3>p2#

1 1
+ Cl2?<p1| B2l Ps)(eg- Pl)Pzﬂ+ 013§<p1| B2l ps)(eq- ps)pzﬂ, 9

where we have usetb,| and|ps) as a shorthand notation Due to various constraints, for example current conservation,
for the spinorsu(p;) and »(p3) of the outgoing quark and

antiquark. The dimensionless functions depend only on (P17t P2ut P3u)H =0, 1D

the ratiosx;, the spacetime dimensiah=4-—2¢, and the

o the functionsc; are not all independent of each other. It can
renormalization scalg.,

be easily shown that,, c,, Cg, Cy5 are sufficient to recon-
) struct all remaining functions. A similar conclusion has been
u . .
Ci=ci| Xy 30,8, . (10) drawn in Ref..[33]. The relatlons between,, ¢4, Cg, C12
S and the remaining functions are
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c Xo)=—C X1), D1
3(X1,X2) 2(X2,X1) Ps
Cs5(X1,X2) = —Ca(X2,X1), 2
C13(X1,X2) =~ C1AX2,X1), (12 D4
p3

and
1 1 X FIG. 1. Labeling of the external legs for the amplitude. The
C1=— = (1—X5)Ca— = (1—X;)Ca+ _106 lepton pair is denoted bg, andps.
2 2 Xo
1 is set to 4 at the end of the calculation. It has the advantage
—E(xl+x2)cl3, that it respects supersymmetric Ward identities up to two
loops. The four dimensional scheme defined 38] keeps
the Dirac algebra in four dimensions and allows the use of

07:_206, four dimensional Fierz and Schouten identities, at the ex-
X2 pense of having to restore Ward identities. These schemes
can lead to considerable simplifications, in particular if many
c =—£x c —Ex c external particles are involved. For the procesSe”
8 2%3 1%4, : : : .
2 2 —three jets, the number of external particles is relatively
small and we do not consider these schemes further.
1 1 In this paper we keep our calculation rather general and
Co= = 5 X167 5 X2Cs, we decompose the amplitude into spinor strings, which we
can compute without any reference to the dimensionality of
1 1 the external polarization vectors. Internal particles and the
C10=+ 7 (17%1)(C27Cs) — 7 (1= Xz)(C3—Cy) Dirac algebra are treated thdimensions. From these spinor
strings we can easily deduce the results in the CDR scheme
1 (X3+X5) 1 and the HV scheme. The result in the CDR scheme is ob-
5 X—2C6+ 7 (X1 X%2)(C12~ Cag), tained by interfering the two-loop amplitude with the Born
amplitude. On the other hand, by contracting with explicit
1 1 X1 representations of polarization vectors, we obtain helicity
€11~ 5 (1=X2)Ca+ 5 (1=X1)C5— - Co amplitudes in the 't Hooft—Veltman scheme.
2 Including the Z-boson exchange, the situation becomes
1 1 slightly more complicated. Due to the presenceygf a spe-
+ 5%X1C137 5 X101z (13)  cific scheme has to be chosen. Schemes which allow for a

consistent treatment ofs are, for example, the HV scheme

In the actual calculation we have not used these constraint§r the scheme defined [138]. In both schemes, the regular-
Instead, we calculated ail—c;3 and used Eqg12) and(13) ization procedure violates certain Ward identities, which
as a cross-check on our calculation. have to be restored by finite renormalizations. However,
Beyond the leading order, one encounters UV as well asince the amplitudes considered in this paper do not contain
soft and collinear singularities. We use dimensional regularclosed fermion loops with axial-vector couplings, the results
ization [25,34 to regulate both types of singularities. There for Z-boson exchange can be obtained from the ones for pure
are several variants of dimensional regularization which ar@hoton exchange by a simple adjustment of the electroweak
used in loop calculations in QCD. Conventional dimensionalcouplings.
regularization(CDR) [35] continues all momenta and all po- It should be noted that in general the finite parts of the
larization vectors tod dimensions. The 't Hooft—Veltman amplitudes are also scheme dependent. As long as soft and
(HV) schemd25] takes the momenta and the helicities of thecollinear singularities are considered, this is not really an
unobserved particles id dimensions, whereas the momentaissue. Using the same scheme in the calculation of the diver-
and the helicities of the observed particles are four dimengent contributions from the real corrections any scheme de-
sional. The CDR scheme is often employed within the interfendence cancels out at the end. For the UV divergences,
ference method, but is not suited for the calculation of amhowever, one has to keep in mind that in general the cou-
plitudes. Enforcing the CDR scheme in the calculation ofpling constant is scheme dependent. The values of the cou-
amplitudes requires the introduction of external states wittpling constant in two different schemes are related by a finite
“ ¢" helicities [36]. Furthermore, there are several versions offenormalization. The coupling constants in the CDR scheme
four dimensional schemes on the market. Despite the nan@nd the HV scheme are identical, since the internal states in
“four dimensional schemes,” they are variants of dimen-these two schemes are treated in the same way. The CDR or
sional regularization. The name refers to how these scheméddV scheme, together with the modified minimal subtraction
treat unobserved internal particles and the Dirac algebra. Therescription MS), defines the usual Coupllr‘ng;';"S and it is
four dimensional helicitf FDH) scheme[37] introduces an  most useful to quote our results in these schemes.
additional parametet, for unobserved internal states, which ~ To obtain the results in the 't Hooft—\eltman scheme we
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work in the helicity basis. For fermions, spinors of definite <q+|yﬂ|k+)
- : e, (kg)=——"7-—"7"—, 1
helicity are given by «(K,Q) Varkd] (17)
1 . . _
u.(p)= 5(1i75)u(p)’ wherek is the gluon momentum ang is an arbitrary null

reference momentum. The dependence on the reference mo-
mentum drops out in final gauge-invariant amplitudes. An
1 appropriate choice aj can lead to a significant reduction in
v=(p)=5 (15 y5)v(p). (14 the number of diagrams that need to be evaluated.
Helicity conservation for massless quarks and leptons en-
We introduce the following shorthand notation for spinorssures that there are only’28 possible helicity configura-

with definite helicity: tions fore e~ —qqg, namely, two choices for each fermion
_ line together with two possible gluon polarizations. Because
lix)=[pix)=u.(p)=r=(p), the electron line couples through the curréat-|y#|5+)
. — _ =(5x|y*|4%), it is trivial to reverse its helicity simply by
(ix]=(pix|=u=(p)=7=(P), (15 ex<<:hangingp4?—>p5 and by adjusting the weak couplings.
and the spinor products are then defined as Parity and charge conjugation can be used to further reduce
the number of helicity amplitudes that need to be calculated.
(pay=(p—|q+), Parity reverses all helicities simultaneously and is imple-
mented by complex conjugating all spinor produéssg.,
[pgl={(p+|g—). (16 (ijy«<[ji]). Charge conjugation reverses the arrows of each

fermion line. In addition, there is a factqr-1) for each
Gluon polarization vectors are expressed in terms of Weybxternal gauge boson. Thus we are left with just one inde-
spinors a§39-44 pendent helicity amplitude, which we take to be
A(17,2"37,4"5).

e (k,q)= m Keeping the reference momentuqin the gluon polariza-
a v2(qk) tion vector arbitrary we obtain
U B S 1 1
A(1727,374757) = oo | 201(a5)[42[121(23) + oy (a1 121[43(39[12)(23) +c5 (a3)[32)[41K(19)

1 1
X[12)(23) + e (q1)[12][41)(15)[12](23) + c5 - (q3)[32][43](35)[ 12](23) + 2c6(q1)[ 12]
X[41](35)+ 2¢,(q3)[ 32][ 41](35) + 2c4(q3)[ 12][41](15) + 2co(q3)[ 12][43](35) + 4C1(q2)

1 1
X[12][42](35) +2¢1x(a3)[12][42](25) + €12 (q1)[12][ 42)(25)[ 12(23) + ¢15 (a3)[ 32][42]

X(25)[12](23) . (18

Using g= p5; and the constraints of E¢13) this can be sim- 2
plified to X[12]|[43](35)| co+ x, 06 C12
i [12] +[41)(15)(cs—C12) } (19
A (17,273 4" 5)= 5 —Sr[3<35>[42]{(1—x1)
x| cyt ECG_C12) We see that for this choice of helicities agahe amplitude
X2 A, is described by three linear combinationscgf c,, Cg,
C1-
_ _ _ The perturbative expansion of the functiorysand A, is
+(1 C4—Cyp+2C 31
(1=x2)(CsCr2) 12~ (3D defined through !
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2
as as
Ci=\/47ras Ci<o)+ E)Ci(l)_l_ E) Ci(2)+0(a§) y
T a0 [ @) a0 [ %) r 3

A7= Admag| AL+ e Ay + e A,y +0(ag)|.

(20
Inserting the leading-order result for tlog,

cV=c¥=c9=0, c=—, (22)

X1
one gets the following result for the tree amplitude:

(352

(0) 1+ ot o= 2+ £—\ — ;
A0(1%,27 37 4" 5 )_2\/2|<12><23><45>.

(22

In the helicity basis one can easily account for #iboson
exchange by adjusting the couplings:
Ayz(11,242,3%,444,5%) = [ — QI+ 1 1l Py(9)]
XA,(14,242,33, 4 BYs),
(23)

with

Pz(s)= (29

S— m%+|mzrz '

Here,m; andI'; are the mass and the width of tAéoson.

The left-and right-handed couplings of fermions to the

boson are

¢ 13=Qysir Oy,

f _Qf sin HW
Vo m———————, =
Sin 6y, coSsby,

vy=—————, (29

cosfy
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is the typical phase-space volume factodin4—2¢ dimen-
sions,yg is Euler’s constant, an@, and 8, are the first two
coefficients of the QCIB function:

11 2
Bo= ECA_ §TRnfi
17 , 5
B1= gCA_ §CATRnf_CFTRnf! (28)
with the color factors
N?—1 1
CA:N, CF:W, TR:E (29)

It is convenient here and for the subsequent discussion of the
soft and collinear singularities to introduce a different nota-
tion [45]. In an orthogonal basis of unit vectdisi,a) in the
three-parton color space we define an abstract vegtor
through

A=(ii,a| M), (30)
with the expansion in the couplings defined by
IM)=4madrag| | MO)+ Za—;) | M)
o2V v@)y 0y (3D
o ag) |-

Then the renormalized two-loop amplitude can be expessed
as

M=, M)

. (32

as (1) ds 2 (2) 3
+ om |Mren>+ on |Mren>+o(as)

the weak isospin of the fermiohand 6\, is the Weinberg

angle.

B. Ultraviolet renormalization

The amplitudes we present are the renormalized ones, i.e.,

bare amplitudes is given by

[ Mien) = Migrd,

_ Bo
M= il £y,

the ultraviolet subtraction has been performed. To obtain the

renormalized amplitudes in thdS scheme, one replaces the

bare couplinga, with the renormalized couplingrs(?)
evaluated at the renormalization scalé&

ao=a3881[l— @(ﬁ)

e \2mw
(Qié— f—;) (2“—# o, @
where
S.=(4m)e e @7

, 3Bo
M= Az - 205 gy

385 B

_ - (0)
+ gg 48)|Mbar . (33)

Thus, we obtain for the renormalized functio)se,
Ci(l),ren: S; lCi(l),bare,
_ 3Bo
Ci(z),ren: Ss ZCi(z),bare_ > Ss lcgl),bare (34)

for i={2,4,12 and
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e"e” —qqg is rather trivial and the color operators are pro-

_ Bo
Cél) =g lCEal) bare_ ZCEO), portional to the identity matrix in color space:
1
C(62),ren: SS—ZC(62),bare_ % Ss_ 1C(61),bare TqTq__ TRN '
2¢e
2 TqTq=TqTg=—TgN. 42
8" 4e Explicitly, the one-loop insertion operator reads ffe”

o
In this paper we set the renormalization scale=s. The q99
complete scale dependence is easily recovered by expanding

the prefactor

RS

" 1 1 2\ &
=5 F e ¢ =) TR

2\ le
2 2 (1 31
?) f (36) X N(l_xl_xz) ?4‘5;
ﬁlcic.)mpanymg amloop amplitude to the appropriate order NG %) 874_ §_Z+ E)ZH' 43)

C. Infrared structure The two-loop insertion operator has the form

Based on universal properties of soft and collinear limits, 5 1., L 1
the infrared pole structure of two-loop amplitudes has been 1?(e)=— §|( '(e)| 1! )(8)+2Bo;
predicted by Catanf45]. Here, we briefly review how to

organize these infrared poles fere” —qqg. We start with . T(1=2¢) 1 o @
the one-loop amplitude, which can be written as te Ve ———| Bo tK|[I'V(2e) +H'7,
I'(l—¢) €
[M®) =13 (o) MO +] 7). 37 49
Herel™®(e) contains all infrared double and single poles in Where
1/e and|FY) is a finite remainder. At two loops, the corre- )
: 67 w 10
sponding formula reads | _
5 & /Cr g TR (45)

M) =10 ()| MD)+1P() MO+ | 72). (38) N
The functionH®) is process and scheme dependent and for

The one-loop insertion operattf®) is given by e’e —qqg it is given by[46,47

1 1
1 1 1 (2)_— eve_ (H(2) (2) (2)
|(1)(8):§me8752i -I—_ZVI(S) H 4—r(1_8)e S(Hq +Hg +Hq ), (46)
I
u? | whereH{)=H{ and
x> TiT,-(—_S‘_> ; (39)
= L qo [T, 1, 409 ,
where . ng_%w 864
L L +( 15 a2 41)
Vile) =T+, (40) 4°37 96 108
3 % 3\1 [@® 25\N?-1
and the coefficient§? and y; are + —§§3+ 8 3 er 28 216 N Mt
2_42__ 2__
Te=T2=Cg, T=Ca, L1 5
HP=| 2+ = a2+ —|N2
3 9 2 144 12
VqZYQ__ECFv Y¢=Bo- (41) .\ _7,._2_& " _ﬁ_,_in “n
72 108" 4N ' 27

In general, the color operatoi§T; give rise to color corre-

lations. However, the color structure for the amplitudeUsing the above results we define the finite functiofts™:
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Ci(l),fin:Ci(l),ren

C§2),fin: Cgl),ren_ | (1)(8)Ci(1),ren, (48
fori={2,4,12, and
Cgl),finzcgl),ren_|(1)(8)CESO),
c@1fin_ clburen_ | (1) g)clhren_2)(5)cl® (49

Explicit results for the functions(?»™ are given in Sec. IV
and forc{®™ in Appendix A.

IIl. METHOD OF CALCULATION

PHYSICAL REVIEW D 66, 114001 (2002

the quadratic form and the momentum integration can be
performed as Gaussian integrals over the shifted loop mo-
menta according to

f d’ Pk? ! 53
a2 EXAPKY) = 7. (53
Lorentz invariance immediately allows one to relate the fol-
lowing symmetric tensor integrals to scalar integrals:

J

d'k KMk (K2
L (k%)

_1 ,uvf ddksz k2
=39 | KTk,

In this section, we will discuss the method to calculate the

virtual amplitudes fore*e”—qqg. We have usedGRAF
[48] for the generation of all Feynman diagrams that contrib
ute to the process*e™ —qqg up to two loops.

The evaluation of the diagrams leads to tensor integrals,

which multiply the various spinor structures of Ef). Note,

that there is no need here to consider projectors for the vari-

ous spinor coefficients.

The tensor integrals are mapped to combinations of scalar

integrals with higher powers of propagators and differen
values of d [22—-24. For this purpose, one introduces
Schwinger parameters for the propagators

1

S 0

Lfocdxleexp(xkz)
F'(v) Jo '

Combining the exponentials arising from different propaga

tors one obtains a quadratic form in the loop momenta. Fo

instance, for a given two-loop integral with loop momekia
andk,, one has then

J

E Xiki2

i=1

d
d%k,
7Td/2

ddk, 1
i 71_d/2 (_ ki)vl_ . ( _ kﬁ)vn

- 1 * vj—1
— ) ia ([[1 I‘(Vi)fo dxx )

o3 1)

> xik2=alk?+bki+2ck, - ky+2d- Kk, +2e-kp+ f.
i=1
(52

I(d,vl,...,vk)ZJ :

d%, [ d%,

,n_d/Z

(51)

and

The momentaks,... k, are linear combinations of the
loop momenté&, , k, and the external momenta. The coeffi-
cientsa,b,g d*, e*, andf are directly readable from the
actual grapha(b)=ZXx;, where the sum runs over the legs
in the k; (k,) loop, andc=Xx; with the sum running over

d’k )
f —ap KKKk (k)

= KVQPO L qrPQVT
d(d+2)(g g’ +g*g

d

d’k .,
rgrrgn) [ Sptod, 6

tand the generalization to arbitrary higher tensor structures is
obvious.

In the remaining Schwinger parameter integrals, the ten-
sor integrals introduce additional factors of the parameters
and of 1/P. These additional factors can be absorbed into
scalar integrals with higher powers of propagators and
shifted dimensions, by introducing operatofs which raise
Phe power of propagatdrby 1, or an operatod™ that in-
creases the dimension by 2,

L1 1
vil (_kiZ)Vi_Vi(_kiZ)Vi+l
1 - vi—1 2
:F(y-) deixi' X; exp(xik?),
i
L d% ) d'@ 2k )
d fmﬁexp(Pk )=f|ﬂ_(d—+2),2exq77k)
11

At this stage, we are left with sets of scalar integrals of a
given topology in 4+2m—2¢ dimensions, and with raised
powers of propagators, whera is a non-negative integer.
Then, for some topologies like the PentaBox in Fig. 2, im-
mediate simplifications are possible. By means of integration
by parts[25,26] these topologies reduce to simpler ones. For
the PentaBox in Fig. 2, for instance, partial integration pro-
vides the following triangle relations:

[(d_ZVZ_ V33— V5)_ V33+2__ V55+(2__ 1_)]

the legs common to both loops. With a suitable change of

variables for the loop momentq , k,, one can diagonalize

X PentaBoxm,vq,...,v7) =0,
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1 2

\\3\\3

4

FIG. 2. The PentaBox represents a typical diagram where the "'C: 3- The generic CBox. For the CBpxthe upper right ex-
triangle relation can be applied. In the present calculation, the |Owe}ernal leg is massive.
left leg is massive.
wherek,=k;—p;—p,, kg=k,—p3. It can be written as a
[(d—vy—2vs— ve)— 1,23 — w57 (3" —47)] combination of hypergeometric functiong-,. The series
representation for this integral is given by
X PentaBoxm, vq,...,v7)=0. (56)
Trip(m, vy, v,,v3;X1)
These relations can be used to eliminate the propagators 1
and 4, such that the PentaBox becomes reducible to the F(e—m+ vy l'(l-e+m—vyg)(Mm—e—v;y)

CBox, shown in Fig. 3. B T'(v)T(vo)T (v3)T(2Mm—2— 159
After having performed obvious simplifications based on
triangle relations, we are then able to calculate directly all

" [(i;+v)l(ip—e+m—w,)

m—e—v
necessary scalar integrals with the method of nested sums XZ‘O ! “ C(i,+1+m—e— 1y
[28]. For each topology, this requires analytical solutions
valid in any dimension and for anynot necessarily integer I(iq+vy)l(ii—m+e+ vy
power of the propagators in terms of nested sums. For the T T(igrl-mtetue (58)

fermionic contributions tee*e”—qqg up to two loops, it
suffices to have these analytical expressions for the GBoxypq one-loop box integral is defined by
[28], the one-loop box with one external md4$9], and the
one-loop triangle with two external masqé&g)].

We give the explicit representations as nested sums for th
basic integrals. As a shorthand notation, we uge v; + v; f do%, 1 1

BOX(M, v1,v,73, 743Xy, Xp) = (—S129 """ 11234

for sums of powers of propagators in the following. The
one-loop triangle with two external masses is defined by

i,n.d/Z (_ki)vl (_kg)vz

Triz(mvylvy21v3;xl) X 1 , (59)
Sme (—k§)"> (—kg)™
:(_3123) €T V123 3 4
d, 1 1 1 wherek,=k;—p1, ks=k,—p,, andk,=ks;—p5. This inte-
[ 012 (_ki)vl (_kg)vz (—k%)%’ gral can be expressed in_ terms of a cor_nbination of Appel!
functions of the second kind and the series representation is
(57) given by
|
B ( ) F(m_S_Vlzg)F(m_S_V234)F(1+ Vi3~ m+8)r(l+ V234_m+8)
OX(M,vq,V5,V3,V4;X1,X0) =
Lra T et F(v) T (vo) T (wa) T (vg)I'(2M—2e — v1239
y i X X2 [ T+ va) (gt vp)T(ig+ig— M+ e+ v1ps)
i1=01i,=0 |1' |2| F(I1+ 1_m+8+V123)F(i2+ 1_m+8+V234)
_Xm_s_VlZS F(i1+m_8_Vlz)r(i2+V2)F(i1+i2+V4)
1 F(|1+ 1+m_8_V123)F(i2+ 1_m+8+ V234)
ms—vpgy LUt pg)T(iatm—e—vgg)T(iy+iz+wy)
2 F(|1+1_m+8+ v123)l_'(i2+1+m—8—1/234)
+Xm787]}123xm7871/2341—‘(i1+m_8_Vlz)r(i2+m_8_V34)F(il+i2+m_8_7/23)
1 2 F(i1+1+m_8_V123)F(i2+1+m_8_1/234)
(60)
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Finally, the two-loop CBox is defined by

oo SRRSO Y AP S T S S
0% (M, vq,Vy,V3,V4,V5;X1,X Sq ety " " ” ” -l
2 1:V2,V3,Y4,V5,A1,A2 dr2 d/2 k2 1( 2) 2(_|§) 3(_k421) 4(_|§) 5

(61)
with I,=k;+15—p1, [3=1,—ps, ky=k;—p123. The formula for this integral is given by

F(2m—2£— V1235)F(1+ V1235_2m+ 28)F(2m_28_ V2345)F(1+ Vo3a5— 2m+ 8)
(v (v) L (v3) I (v4)T (v5)I'(3M—3e — v1p349

CB0OX(M,vq,vy,v3,V4,V5; X ,X0) =

T(M—e— )T (M—e—13) < < X X7

T(2m=2e—vy9  i=Z0i:=0 i1! i7!

F(Il+ V3)r(i2+ V2)F(|l+|2_2m+ 2+ V1234§F(i1+i2_m+8+ V235)
F(|1+ 1-2m+2¢+ V1235)F(i2+ 1-2m+2¢+ V2345)F(i1+i2+ V23)

2m—2e—v
_X]_ 1235
F(|1+ 2m—2g— V125)F(|2+ V2)F(|1+|2+ V4)F(|1+|2+m &€ V]_)

F(|1+1+2m 28_V1235)F(|2+1 2m+2e+ V2345)F( 1+|2+2m 28_1/15)

2m—2e—vozys5
2

—X
F(i1+V3)F(i2+2m_28_V345)F(i1+i2+Vl)r(i1+i2+m_8_1/4)

F(il+1_2m+28+V1235)F(i2+1+2m_28_V2345)I‘(i1+i2+2m_28_1/45)
2m—2e— V123%(2m 26— vygus F(i1+2m_28_Vlzs)r(i2+2m_28_V345)

1 F(|l+1+2m 28_V1235)F(|2+1+2m 28_7/2345)

+X

F(il+i2+ 2m—2e— V235)F(il+i2+ 3m—3e— V12345)
F(I1+I2+4m—4s— V12345 V5)

(62

Then, the evaluation of the multiple nested sums proceedshe key feature oZ sums is the fact that they interpolate
systematically with the help of the algorithms[@8]. These between Goncharov’'s multiple polylogarithms and Euler-
algorithms rely on the algebraic properties of the so-called Zagier sums, which occur in the expansionlofunctions,
sums and allow us to solve by means of recursion the nested

sums in terms of a given basis thsums to any order in the I'(n+te)=T(1+&)I'(N)[1+eZ,(n—1)+&?Zy(n—1)

expansion parameter Z sums are defined by 63Z (1) 44 e
& £11\N— e

i ik
X X XZq1..4(n=1)]. (66)
1 k 11---1
Z(Nimy, e MXg e X = NZ”N e
=i>i; k=0l 63 In summary, the evaluation of the multiple nested sums pro-
ceeds by expanding tHefunctions to the desired order, and
o I by using then the algebraic properties of theums. In this
They are generalizations of Euler-Zagier sui5$,52 way, we could calculate all loop integrals contributing to the
_ . ) one- and two-loop virtual amplitudes very efficiently in
Zmy mk(n)—Z(n,ml,...,mk,l,...,l), (64) terms of multiple polylogarithms. All algorithms for this pro-

cedure have been implemented on a computer in symbolic
or of harmonic sum¢$53-5§ involving multiple ratios of  manipulation programs. We have chosen to work Witikm
scales. The latter are well known from calculations of Mellin[61] and in thecinac framework[62,63.
moments of deep inelastic structure functid®8,57-6Q.
An important subset oZ sums are multiple polylogarithms V. RESULTS
[30-32, obtained by lettingn go to infinity in Eq.(63): :
Let us now discuss our results for the finite coefficients
my (i X2) = Z(95My oo MG X X ¢ through order=? and then; contributions toc(?)-i"
(65) We have made the following checks on our result. First of
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all, after UV renormalization, the infrared poles agree withThey have obtained by an independent method the result for

the structure predicted by Catddb]. This provides a strong

the squared matrix elemerj46], i.e., the interference of the

check of the complete pole structure of our result. Secondwo-loop amplitude with the Born amplitude, and the inter-

having calculated all coefficients;—c43, we could use the
various relations Eqs(12) and (13) betweenc,;—c;3 as a
cross-check. Note that farg there is an additional symme-
try: one can show that the combinatiancg is symmetric
under the exchange{«>X,),

(67)

Finally, we could compare with recent work of Garlagidal.

X1Cg(X1,X2) =X2Cq(X2,X1).

X2

Ra(X1,X2) 3

ference of the one-loop amplitude with itself, as well as the
result for the one- and two-loop amplitudg3]. Their re-
sults are given in terms of one- and two-dimensional har-
monic polylogarithms, which form a subset of the multiple
polylogarithms[30—32. Thus, we have performed the com-
parison analytically. We agree with both of their results.
Here, we present explicitly the functi@y®™, i=2, 4, 6,
12. All formulas for the one-loop amplitude are deferred to
Appendix A:

In(x,)?

(2),fin _
c X1,X5)=n¢N| —2 R1(Xq,Xo) +
2 ( 1 2) f (X1+X2)§ l( 1 2)

1 (—6+19%,+25x,)

(1-x1—%)2 4 (1—x)(1—x1—Xp)

1 (—2X1+ XX+ X2— 2+ 2X,)

Bt xR T LT 2
1 ['n(X1)+|n(X2)2]§2_ 1 (2= 2%3+Xy) IN(x,)?
4 (1-x1—Xp) 4 (1-x3=X2)(1=X%2)Xg
1 (44xy—31XyXp+ 13x2+ 26x,— 26x2) 1 (1+x,)  24x
I8 000 ) (1) (1 X xo) '”(Xz”l_z[_ TTx) Gt
(13+6x%4) Xo  (1+X5) R(X1,X5) 1 12
(1=X1=X) = X1~ (1=X) | (Xg+X2)(1=X1=Xg) 12|  Xq(X1+Xp)
PR o, S O Liy(1=x)~Lin(1—x,)]
(X tX%2)° X3 (1=X2) X(1=X1)(1=X1=Xz)
11 1 1 _
+§X—1 _(1_X2)+3(1_X1)(1_X1_X2) Hia(1=xz)

LM 0d5)
N 3x21x22

1
Lig(Xq+Xp) + Lig(1—X;—Xp) + Eln(x1+x2)ln(1—x1—x2)2

- %ln(xl) R(Xl,l_ Xl_XZ) + %[In(xl)z_ |n(X1)|n(X2) + |n(X2)2]|n(1—X1—X2)

1 1 |1 5
- Z'n(xz) R(X2,1=X1—Xp) |+ lez[i Lio(1—X%p)— 2 R(X1,1=X1—X3) — 245

5
+ 5 Liz(1=xg)~ Lio(1—X1—X2) — IN(1—X;—X)2— (X1 + X5) IN(1—X; — X5)

11 ) 1 )
+3—Xz Zln(xl) In(l—xl—xz)—Eln(xl)ln(l—xl—xz)

1
— 5 R(X2,1=X;—X%3)
2 2

1 1
- Eln(xl)z IN(1—x4)— Z'n(xz)[Liz(l_Xl)_Liz(l_xz)]_ Lig(xq) —Lig(1—xy)

1
Eln(xz)ln(l—xl—xz)2

19 1
—In(X1)R(X1,1= X3 = X2) + = R(X1,1=X1—Xp) |+ 52
6 3x]

1 1 1 . .
- Zln(xz)2 IN(1—x;—X,)+ Eln(xz)2 IN(1=x7) = ZIN(x)[Liz(1=X;) =~ Lio(1-xz)]
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19
+Lig(X5) +Lig(1—X5) +INn(X2) R(X5,1— X1 — X5) — 3 R(X5,1— X1 —X5)

1 (19%;+13xy) 1 (—143%+X)

- - = _ _ _ 2
18 X1 X,(X1+X5) IN(1=x;=xz) + 4 (1—x1)(1—X1— X)X, In(x1)

- — n(x = X5,1—X;—X
18 X5(1—X1)(1—X1— X)) ! 3 X1 (1=X1=X2) (X1 +X3) 2 v
1 1—X,+X 1 19— 19%,+ 13X 1 Li,(1—x
Lo ( 21 X1) IN(x,)2— — ( 2 1) In(x,) + = 2( 2)
4 X1(1=X2)(L=X1—Xp) 18 X1 (1—X2)(1—X3—Xy) 3 X1(1—Xy)
! ! + ! [{2+R( )—Lix(1—=xq)—Lix(1—X;)]
- — — X1,X5)— Lio(1—X4)—Lis(1—X
12{X1(1=X2)  Xp(1=X1) Xg(1=X9)(1—=X1—Xp) 2 Lz 2 ! 2 2
N E [Lio(1—Xq) = Lix(1=Xp) —R(X1,1= X3 = X5) ] Lio(1—xq)
3 X1(X1+Xz) (1=X1)(1=X1—Xp)
1[Lis(1—X%X1)+2R(X1,1=%X;—X%X5)] 2 Liy(1—X5)
§ Xz(l_xl_XZ) _§Xl(1_X1_X2)
3 In(x 1 2—2X,+X 3 R(Xq,X
HmfN(_ (x) L @o2erx) 3 RO 2)
2 (1=X)(1=%X1—=X2) 2 X3 (1=X)(1=%X;—Xy) 2 (1—-%X1—Xp)
i7ng (11 I 11 Rixo1 1In(1—%x;—X5)
N 2% (X1, _Xl_xz)_ix_i (X2, —X1—X2)+§T
1 (—1+3xy,+X;) 1 (1—Xy+X;) )
- = n(x;)— = In(x5) |, 68
2 Xo(1=X1)(1=X1—Xp) (1) 2 X1(1=X3)(1=X1—X3) (x2) (69
C(z)'ﬁ”(xl,xz)=an(i In(x5) (1+x%q) _E)_ 50 (1—3%x9)(1—x4) B E) 1
4 36 (1—Xp) | (Xp+Xz) Xp X1(1—Xp) X1(1—X1—Xp) 18 x1(1—X5)
(X1 —X3) 5 (2-Xp) , 1 (2-xp) ,, 1
le(Xl-xz)_ 1_2X1(1—X2)2 (X1 %2 LIZ(l_X2)+Zm In(xy) +§§2
1 (7x3—5xX,—6XXo+5X5+X3) R(X1,X5) 17 35 19

X1)

TR Il X=X (Xt xg) M

T @x ) (I x) (X +xp) | 62 1270 12
1 (14Xy) 1(1-3%x)(1—X;) 5%X5 5X, Xq(1+X%,)

.\ .\ 1 (2-x%p) 2
12(1-%X,) 3 (1—X1—Xp) 12, 6X; = (X3+Xp)

12%3(1=%5)2  (Xg+Xp)2

1 19
-3 ?[Liz(l—xl—x2)+In(l—xl—x2)2+In(x1+x2)ln(1—x1—x2)]+ —
1

18 (1—X5)Xy

X Li(1 )+nf
i2(1—Xq) N

1

(X1 tX2) | ) , 1 . 1
> N(X1)7 IN(1—X;—X5) +[IN(X1+X5) —IN(X5) JIN(1— X3 —X5) +§In(x1)L|2(1—x1)—§

3
3X3y

X Liy(1—X5)In(Xq) —2Liz(1—X,) + 2Lig(X1+Xy) +2Lig(1— X, —X5) — 2Lig(Xp) — %In(xz)ln(xl)ln(l—xl—xz)

+In(X2)? IN(1— X, —Xp) — %In(xl)R(xl,l— X1—Xp) — gln(xz)R(xz,l— X1—X5) —IN(X2)? IN(1—X5)

1 [76x2(1—x2)+61x1—11x1x2]| . (17X + 61X, X+ 38%5)
36 X2(1—xp)? nixz 18 (X1 + X5)

R(X2,1—X;—X35)
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1 (—2x2+2x2 2X1+X1Xo) [ 1 (X1—X5)

- + +
2 C(1—x,)2 7 R(X1,%2) In(x,)? _XZWR(XL]- X1~ X2)

(— 8+ 14x,— 6X5— 2X1 + X1 Xy) C 1 n(x) | 1(16x3+19%)
2E(1—x,)? 2 12%(1—X5) 9 X3(Xy+Xp)

IN(1—Xx;—X5)

1 (—10x3+5x3x,— 14X, + 8X X+ X X5 — 10x, + 10x3)

- — Li»(1—X
12 (0t X E(1—x,)? 212

1 (—2X5+ X3xp+ 2X1 — 8X1Xo+ 5X X5 — 2Xp+ 2X5)

- — Li(1—x
12 (0t X1 x;)? A=) |+

|’7Tnf 1
N _zln(l X1~ X2)

1 (— 2%+ 2X5— 2X1 + X1X5) 1 1 (Xq+X5)

—Z In(x,) + = 4
2 X5(1—x,)? n(xz) 2 (1-%,)%, X3

R(X2,1—X;— Xz))

, 1 (2-x%) 1 1
—I'JTan(—X—Xzzln(Xz)-FEm , (69)

IN(1—Xx;—X5)

91 1 1
IN(1—X;—Xy)— er Z§2+ §In(x1+x2)

, ng(1)1
X1C57 (X, %) = N (5 3

1 (523X, + 4Tx X5 — 45X X, — 14X+ 143 — 192+ 19¢3) (Xq+2X5)

1
"3 (1 X1 —X0) (X T X)%s RXp1=x=x0) + —5 | +3

X In(1— xl)ln(xl)z——ln(xz)le(l x2)+1L|2(l xl)ln(x2)+1 IN(X)IN(1—X;—X5)?+ Lig(Xy)

(X3+ X2+ 4%,X5)

1 1
12(1)(2 + Z|n(X2)|n(X1)|n(1_Xl—X2)— Eln(X1+X2)

1
+Lig(1—x%q) |+ gLiz(l—xl—x2)+

1 (X5+5x5+12¢;X,)

XIN(1—X;—X5)2— Lig(1—X;—X,) — Lig(Xg+Xp) [+ IN(X7)R(X1,1— X1 —X5)

24 X1X2

1 (—43x,+ 312+ 63X X+ 12— 12X5) 1 Xy(1—x;—3xy) )
+ = In(xy)+ = In(x4)

36 (1=X)(1=X1—X3) 8 (1-X1)(1—X1—Xz)

1 (2x§+x§+6xlx2)I 211 4085+ 1 1 (Xg+2%XXp— 1+Xy)

24 X1Xo )T IN(L=X1=%0) = Segot 72437 22 (T—xp) (1—x1—x,) 2

1 X1(—1+4x5) 1 3 15 2(4x,—5) 8X, )
YT ———R(X1,X2)+ 7 — T T o o Lio(1—xq)

24 (1—=X2)(1—=X1—Xp) 24 (1-%) (1-x1) (I=x1—%3) (Xg+Xp)

\ 1 (—82x+41%+ l4x1x2+41—41x2)| , 7 4345

N T2 (1x)(1—xX,—xp) N(x1)"~ 354" 3592

1 (31— 56x;— 31x,+ 25¢2 — 20X X,) 1 58  (9x5+9x,+58)
+ = In(x2)+ = —33x%+58x, + 58— +

%/ Ax)d—x—xy "o TS0 T T (1w

(4x3—51x3+ 58— 69, ) R(X1,X) 1 (2X3+ X1 Xp+2x3)

R1(X1,X2)

(1=X1—Xp) (1—X;—Xp) (X + %) 12 (X1+Xp)?

. 1 (24X —4Xp+ 2X5+ X1 Xp+ 2X3) 45 9(4x,+1)
12 (1=X1—Xp)* (1- Xz) (1-x1)  (1=Xx3—Xp)
1 XX In(xy) 1 (1340¢— 1023, x,— 670¢2 + 688>x, — 335)

AT T 2 14 (1= %) (1= %) (1=X3 = %z) 5

11+

R (X1,X2)+

6xy
(X1+X3)
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LN 1 (—31+13x1)x2+31(1—x1)2| 1x1x2 8x1+2+4x§R

B R T B S
. 5) imng 1 xl(—1+x1+3x2) o RO 1 —

1—252 72 N 4 (1—x)(1—X1—Xp) In(X1) — (Xz X1)R(X2,1—= X1 —X5) N(1—X;—Xy)
1 191
_Efz 1 + (X1 X2), (70

In(x4) 1 1
(X1+X2)2 2 X1(1—xy)

1 , 1 _
_Em(xz) _5§2+L|2(1_X2)

ci2M(xy,x)=n;N (3

1 (13x3+ 36x;— 10x X, — 18%,+ 31x3) (—X5— 2%, + 4%+ x3) 1 1
In(xz)+ 7 Ri(X1, X))~ 5 oo
18 (X1 +X2)2X1(1—X5) (X1 +X2) 12 X1(X1+X5)
(1+%1)2  (1—3x,+3x9) x2 (1+2x%7) 6
X| 5Xo+42%x,+5— - - R(Xq,X5)+
2 ! (1-X5) (1=X1—Xp) (X1+X2) (X1 %2) X1(Xp+X2)? (X +Xp)°
L1 i Li,(1 B S VY D S S
12 X,(1—X,) [Lia(1=x,) = Liz(17x)] (X1 +X2)X1] N1 9 Xy(X1+X2)
1 (13¢2— 29, + 42x; X, — 38X, + 38x3) 1 (2—2X,—X1) ,
+ 75 2 n X2)+ _2—|n(X2)
18 X7(X1+X2)(1—X5) 4 x7(1—x5)
1 (—32><1—19><2+16x"{+35x1x2+19x§)I . (1—X1—Xp) | )
5 Xi(xl+x2)2 n( X1 XZ) S—Xi (XZ)

— ;In(xl)ln(xz) + %In(x1)2+ IN(X1+X5)IN(1L—X;—X5) — In(xz)ln(l—xl—xz)] IN(1—X;—Xy)

—In(xx)2In(1—x,) — —L|2(1 X2)IN(xq) —2Lig(1—X5) —2Lig(X5) +2Lig(1—X;—X5) +2Liz(X1 +X5)

L In(xoLin(L L xR 2 In(%,)R(¥.1 L_InGa)
2 N L(1=X1) = FINX) R, 1=X37%0) = Z () R(Xe 1mX1 =Xp) |4 5 2 =2

1 (X234 2% X0+ X2— 2%, — X5)
- - 12 72 i [IN(1—X;— %) 2+ IN(X1+ Xo)IN(1— X, —X5) + Lio(1—X; —X5)]

3 X3(Xq+Xp)?
(2—2X,—X;) (4X1+ X+ X3 —X3) L] 1 6 (2X1+X5)
—————R(Xq{,X5) + R(Xq,1—X;—X +—— o ——
2E(1—x;) VT TR Ty RO 1) X060+ %)
Lio(1—X,) (1+x) 2 6 Lio(1—Xy) (1+xy) 10 6
12x1(X1+X5) S (1- X2) (Xp+X2)]  12X3(X1+Xp) (1—xp) (Xp+X2)
1 R(X5,1—X;—X X, 23 Xo(1—X 9
- (2 1 2) +61—2———38 2( , 2)
18  Xxq(Xq+Xy) X1 Xq X3 (X1 +X5)
i 7Ny (x§+2x1x2+x§—2xl—x2)I . 1(2—2%,— Xl)l
N Eoxaxg)? X Ty e T GO,
(1=X1—Xp) ) 1 In(xz)
————5—R(X;,1-X1—Xp) | — 5imnN{N————. 71
3 (X2 1~ X2) 2 Kalli X1 (1—x,) (71)
We have introduced the function ®R(,x,), which is well known from Ref[2]:
R(X1,X2) = (5 IN(X1)IN(X) = IN(X1)IN(1=X1) + 3 {5—Lin(Xq)) + (X1 Xy). (72)
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In addition, it is convenient to define the symmetric function$x®,x,) and R(X;,X,) as

1 1
— Eln(l—xl— X2) o= In(X1)Lis(X1+X5) — > In(X1)IN(X5)IN(1—X1—X5)

) 1
Ry(X1,X2) =] In(Xq)Liq 4 2,X1+X2

X
X1+ X

. X1 .
X1+ X; _L|2,1(—X1+X21X1+X2)+|—'3(X1+X2) + (X1 X2),

1
Lijo ——
1'2( X1 + Xo

Ra(X1,%2) = (3 IN(x1)?IN(1=X3) = § In(X1)?IN(x2) = & IN(x1)Lip(1=X;) = 7 IN(Xp)Liz(1—xy) = Lig(1—xy) + Lig(Xy))

+ (X1 X2). (73

We see in Eq968)—(71) that the multiple polylogarithms all The results presented in this paper represent one contribu-
have simple arguments of a particular structure, which camion to the full next-to-next-to-leading order calculation of
easily be continued analytically. Details of this procedure aree™ e~ —three jets. At the same time, it provides an important

discussed in Appendix B. cross-check on the results recently obtained by Gardarad.
[33] with a completely independent method. Extending our
V. CONCLUSIONS approach to the calculation of the remaining contributions to

the two-loop amplitude fore*e™—qqg, i.e., the terms

Determinations of the strong coupling constantfrom —\yhich are not enhanced oy, can be done along the lines of
data fore"e” —three jets demand next-to-next-to-leading gec_ .

theoretical predictions in perturbative QCD. In this paper we
have calculated the fermionic contributions to the two-loop
amplitudee*e” —qqg. Furthermore, we have obtained the ACKNOWLEDGMENTS
full .one—loop amplitudg to ordes? in dimensional regular- We would like to thank A. Brandenburg for carefully
ization, needed for the interference of the one-loop ampl'tUd‘?eading the manuscript.
with itself.

We have used a systematic, fast, and efficient method for
the calculation of loop integrals. Our procedure allows for a APPENDIX A: ONE-LOOP AMPLITUDE
direct evaluation of all scalar integrals in arbitrary dimen- ) - (1) fin
sions and with arbitrary powers of propagators by means of Hereé we list the result for the orle;loqp functiofy ™ to
nested sums. The approach relies on the ability to solve affrdere>. The remaining functions{"™, i=2,4,6, are ofa
nested sums in terms of mu'“p'e polylogaritth, which ap_SImllaI’ Ien.gt.h, and in order to save a few treeS, we do nlot list
pear to be the natural class of functions for virtual correcthem explicitly here. All results for the one-loop functions
tions in perturbative QCD. As a consequence, the result§”""™", i=2,4,6,12, together with the fermionic contribu-
allow for analytic continuation in a straightforward manner. tions c¢{?", i=2,4,6,12, to the two-loop amplitude can be
Therefore, they apply also to ¢21)-jet production in deep obtained as aorMm file from the preprint server http://
inelastic scattering or to the production of a massive vectoarXiv.org by downloading the source file of this article. Fur-

boson in hadron-hadron collisions. thermore, they are available upon request from the authors.
: In(x) [6In(x2)—IN(x2)*]  R(X1,%)
(1).fin _ ; i 2 _
Cig ' (X1,X2) N(1+I7Ts)xl(1_xz)+(s+l7'rs )N 21— X%, =X —xp)%s
(1+ime) [ 2 In(x5) 2 IN(1—X1—X5) IN(1—Xx;—X5)
N XXz (I=X2)Xy  (X1+X2)Xz (X1+X2)°X, X1Xy
IN(1—x4;—Xy)—In(x 1-x,—X
Ao —intg) o (1-x 2>R(X2’1_X1_X2))
X1 X1
(e+ime?) [[4—In(x)—IN(1—X;—X)] (1—Xy)
+ N X% — Xixz [IN(1—Xx;—X%5) —3]IN(1—X1—X5)
(1—%1+X5) (1—3x1—X5)
+X—Z [3—In(x5)]In(x5) ——Xlxz— R(X1,1—X;—X5) +—X3—R(x2,1—xl—x2)
1 2 1
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1[6In(x))—IN(x2)?] _[2=In(1=x;=Xp)] [4=In(1—x;—Xp)]
_E (1_)(2))(1 — (X1+X2)X2 - (X1+X2)2X2 -n(l—Xl—Xz)

(1_X1_X2) 2
2 01— )~ In(1— 33— X2) IN(X0) 2~ 2Ry( 1= Xy~ X, Xz)
1

+[2Lin(1—Xxy) — 4L, —In(1— X1 — X5)2]IN(Xy) + 6 Lig(1—X;—X) + 6Lig(Xy)
+1In(X1+X)IN(1— X1 —X)2— 2[ Lio(1— X1 —X5) + £5]IN(1— X, — X,)}

1[—214,+36—9 In(xy) +In(X,)?] 1
+82N(g X1(1=X%p) In(x2)+le(1_xl_xz)

X {—6Lig(X1) —6Lig(Xp) =3 IN(Xz)%IN(1—Xp) +[ —3 In(1—xX;) +In(x,) ]IN(X7)?
+41n(Xp) L~ [2Lin(1=Xg) = IN(X2) 2= 4£5]IN(X1) = BR(X1,X2) + 2Ry (X1, X)

. g2 (1 [214,—36+9 In(xy) — In(x,)?]
—2Li5(1—x,)In(x,)} +Nl5 (=%, In(xy)
(1—X1+3X,) [8=7L,—4In(1—X;—Xp) +IN(1—X;—X,)?]
X RO x0) = (X1FX2)X;

1In(1—X;—X5)

- e _ _ _ _ _ _ 2
+3 X %)%, [214,—24+6 In(1—X;—X5) —IN(1—X;—X5)7]

(1—Xq+X5)

2

R1(X1,1= X3 —X5) —Lia(1—X3)In(X,)
X1X5

+ %[In(xl)—In(x1+x2)]ln(1—x1—x2)2+2 In(x;)o— gln(xl)2 In(1—x;)—3Liz(x;)

1
+ 5[2 Lo+ 2Lin(1— X, —Xp) +1In(X1)2]IN(1— X, — X5) — 3Lig(1—X;— X5)

(1=3x1=X%2) | . . .
T Lio(1—X5)In(X5) — Ry(1—Xq—X5,X5) +3Lig(1—Xq1—X,) +3Lig(X5)

+ %[In(xl+x2)— IN(X5)]IN(1—X;—X5)2— Lio(1—X;—Xp)IN(1— X1 —X5)

1
+3R(Xp,1— X1 — Xp) — Eln(xz)z[ln(l—xl—xz)—3 IN(1—x,)]

IN(1—X;—X5)
+
xlzx2

1 ) 3 1
6—7¢,+ §In(1—xl—x2) —Eln(l—xl—xz) +E 8—-7¢5

3 2
Eln(l—xl—xz)

1
+ —
X2

1 1
—2In(1—x;—X,)+ Eln(x1)2+ Eln(l—xl—xz)z—Z In(xy)
1

1
+91IN(1—X;—Xp)o— §In(1—x1—x2)3+4R(x2,1— X1—Xz) — 6 In(1—X;—X;)

1-x,—X
+( Xl3 2)[_2 Ri(1—X1—X3,X2)
1

3 1
—31In(X,) {,+6 In(xy) — > In(x,)2+ 3 In(x,)3

3
XIn(1—x1—Xy)— ggg—[z IN(X5) +IN(1—X;—X5) + 2R(X1,X5) + 4R(X1,1— X1 —X5)
+5R(X9,1—X1—X5) Lo+ 12Li4(1—Xq) — 14Lis(1— X1 —X5) — 14Lis(X5) — 3Lix(1—Xq)
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1
XIN(1—x;—Xp)%+ | 2£,—In(Xq)IN(1—X; —X,) — Lin(1—X) + Eln(l—xl—xz)z— Lio(1—X5) |In(x,)?

1
- §In(xl+x2)ln(1—x1—x2)3+ Lio(1—X3—Xp)IN(1—X;—Xp) 24+ 4Liy 4 1,1-x,)

1 . X2
+ = [IN(1=X;— %) — 4 In(1—x,) ]In(x,) 3+ L|11<—,1—x1) In(x,)?
3 ' 1_X1

+4Lip f1,1—X;)+4Lig(1,1—-Xq) +2[Lig(1—X1) + Lizg(1—X; = Xz) JIn(1—X;—X7)

—2[Lipq(1,1= %)+ Lip {1,1=xp) J[In(1— X3 —Xp) +In(Xx) ]+

. X2
2L|2’1 1——)(1 ,1_X1

—2Lig(1—Xq)+In(1—x;—X5)IN(X1)2— 2 IN(1— X1 — X5) Lip(1—X1) + 2Li5(X5)

. X2 , X2
+2L|1'1 —X,l—Xl |n(l—X1—X2)+2LI1'2 VT 1_Xl
1

+1I 1 8
1_ 1_Xl’ § n( Xl XZ)

2 . X2 . X2
_3 |n(Xl)|n(l—X1—X2) +2L|l,1,1 1_—)(1,1,1_)(1 |n(X2)_6L|3’l 1_—)(1,1_X1

. X2 . 1-x1-X%z . X2
—2L|2'1’1 l_—xl,l,l—Xl —2L|1’1'2 1_—Xl,1,1—X1 —6L|2’2 1_—)(1,1—X1

. X2
—2LI1V1’2 1_—X1 1,1-x4

) X2 C(1=xmXx
—2LI1’2’1 1_—)(1,1,1—X1 —6LI2'2 1_—)(1,1—X1

1-x;—x
#,1,1—x1)—6Li1,3(

1_X1_X2
tacn,

. X3 .
—6LI1V3( 1_—X1,1—X1) —2LI2,1’1( 1—X1

1—X;—X
! 2,1,1—x1)—6Li&l

1-X1—X5
C1l-x, —'1_X1)

_2L|1'211 1_X1

+IN(1—x;—Xp)2+IN(X1)?— 2Lin(1— X1 — X5) — 2 IN(Xq + X5) IN(1— X, — X5) + 6 Lin(1—X%1) ]

X1— Xz
—,1-X
1-x; !

+3Li1,1(

IN(1—X;—X5)

|

. X2
—Lig 1-x, =Xy

APPENDIX B: ANALYTIC CONTINUATION

The multiple polylogarithms lﬁik ,,,,, rnl(yk,...,yl) are
analytic functions ink complex variabley;, j=1,..k. To

IN(1—x;—X,)2+2

1-X%x;—X

. 2 . X2
L|1‘1,1 1_—X1,1,1_X1 _L|2,l 1_—)(1,1—X1

(A1)

polylogarithms are real, if al; are in the interval &z
<2 and m;,z,) #(1,0). Ifzy,...,Zj_1,Z41,...,Z are fixed
in this interval, a given multiple polylogarithm is an analytic
function in the remaining variablg with a branch cut along

discuss the branch cuts it is convenient to change the varjne negative real axis starting from 0. We denote by Red

ables according to

ImZj the real and imaginary parts with respect to the variable

Zzi=1-y1¥> "Yj, (B1) z;. In_ the calcul_ation_ presented here, theés are ratios of
two kinematical invariants:

and one has

]

. . 1-2z 1-2, Zj:—_t-' (B3)
I—'mk ____ ml(yk ..... yl)_lek ..... my 1_Zk_1a---11_2111_zl . . !
(B2) In fact, the only ratios that occur are

The multiple polylogarithms have a representation as nested o212 1—x,= ~S23” S13
sums. From this represenation one deduces that the multiple —S123’ —Sip3
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—Sp3 —S1o—S13 de \" dt dt
Xo= , l—X=— —o| =—o0---—o0 (B8)
—S123 —S123 L t t
S——
s s s m times
—S13 —S127 523
1_X1_X2: , X1+X2:—. (B4) and
—S123 —S123

dt dt dtl tl dt2

The real and imaginary parts of the logarithm are given by i b=t act I
- - —l1 Jo D=1

(B9)

Re, Li(1—2)=—In|Z|,
' The imaginary part in the variablg is given by

i0

—s—i0
ImZLil(l—z)z—ImIn< e )

. 1-2z, 1-2,
ImszI My ml(

,1—21)
1-z7;
=mlo(s)—6(H].  (BY dt \m~t dt

) 1-24
Equation(B5) defines the sign of the imaginary part fora  =[Im L'l(l_zi)]xf (_") o
. . . . . . ) 0 t 1-t
ratio of two invariants. All imaginary parts of higher multiple
polylogarithms can be related to the imaginary part of the J(lzj)/(lzjl)t(dt )mjlft [ 9 ( )}
X o(t— °

logarithm. They are easily obtained from the iterated integral 0 T°
representation:
1 (1-z9/(1-zpt/dt ™1 dt
Ty ..., ml(xka---yxl) Xfo TO 1t (B10)
x(dt \™~1 dt
=f T° 1-t° Using partial integration, the iterated integral is then related
0 to multiple polylogarithms of reduced weight. For the diloga-
o dt \M2~1 dt rithm and the trilogarithm one obtains the well-known for-
f (—0) o: 1+ mulas
o 't 1-t
e/ dt \™1 dt ImLiy(1—2z)=In(1-2z)ImLi;(1-2),
fo (TO) 1-t’ (86
ImLiy(1—2)= = |n21 2)imLi(1-z (B11)
and the fact that o ) ( ) 1l .
1 9 In the two-loop amplitude there are also multiple polyloga-
M0 752 - (B7)  rithms depending on two variables in the form,((1
—2,)/(1-21),1-2;), where @,b)=(1,1), (1, 2, or (2, 1.
In Eq. (B6) we have used the notation In general, we have

1-2, 1-2z 1-z 1-z,
Ligpl 77— - 1 Z; ReZ ReZ Ligp| m—— - 1 Z; +|ReZ Im, L|ab - 1 Zy|+ilm, ReZ Ligp| 7—— 1-2, A1—2z;
- (1-2,
— |I'T'IZ:l |m22 Llab l_—Zl,l— Z]. (812)

For the imaginary parts we find
o [1—2z 1-2,
Im, Ligy 1_—21,1 =Li, 12 ImZ Li{(1—2zy),

. (1-2
ImZl Li 1l -2,

1-2,
A=z |=— Lll(Zl)Lll ImZl Li{(1—2y),
1-z 1-2,
Im,, Li21( l_—zi,l ) le( )|le Liy(1—2,). (B13)

o (1-12, 1-z4
Im, Ligy 1_—21,1— =|Li{(1—2y)— L|1 =, Imzlel(l Z,),
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1-z
|m22Li12<1_Zi,1— ) [le(l z)— L|2(

+L|1(22)L|1( ZHlmzzul(l Z),

+L|1(ZZ)L|1(1 Zl) |mZ2 L|l(l_22)

Im, L|21<1_22,1 z)z [le(l Zy)— L|2(1

1-2z,
(B14)
o (1-2; . .
Im,, Imz, Liyy 1_—21,1— Z,|= 49(zl—zz)lmZl Lll(l—zl)lm22 Li;(1—12,),
(123 . . .
ImZ |mz L|12 ,1_21 :_0(21_22)L|1(Zl)|mz L|1(1_Zl)|mz L|1(1_22),
1 2 1-z; 1 2
1-2, . . . .
Im,, Im, Liy 1_—21,1— Z,|=6(z;—2,)[Liy(z1) —Li 1(22)]ImZl L|1(1—zl)lm22 Li;(1—12,).
(B15
|
The imaginary parts of the harmonic polylogarithms 1-z,
Liap(1,1—2,) can be obtained from the formulas above by lim Im,, Im,, Li) ﬁ,l— z;
. - . 2,52 1
settingz,=z;. Special care has to be taken for the double 27A
imaginary part. Here one uses 1
— 5 Lia(zg)[Img, Liy(1-2)7%
1
O(x— 1)—0(x 1)=- [a(x 1)1? (B16)
2 9x 1-7,
. ) lim Im, Im, L| ——,1-z,|=0. B1
and a factor 1/2 appears in the final formulas: 2oz L 21( 1-2z, 1) (B17)
1—7 1 In the one-loop amplitude we encounter additional multiple
lim Im, Im, Li 11( —2,1— ): 5[Im,, Li;(1—2)]13% polylogarithms. We discuss here as an example the imagi-
22 1 nary parts of Lipn((1—2z3)/(1—2,),(1—2,)/(1—2,),1
—Z1):

i 1-z; 1-2, o (1-2z3 1-12
|mZ1 Lllll 1_—22,1_—21,1_21 :L|11 1— Z 1 Z Imzl Lll(l Zl)

) 1-2z;3 1-z 1-2;
ImZZL|111 1_—22,1_211 =Liy| 7—— - Liq(1—2z5)—Li; -

| T 1-12z 1—221 L 1-z 1 L 1-2z, 1— 2, L 1-2,
e R i L e T R et e e e

. (1= .
X L|1(1—zl)—L|1<1_—Z3)H Im, Li;(1—2z3),

Z;
22”ImZ Lii(1—2zy),

o (1723 1-17 . Z3 . .
Im,, Img, Ligy| 1_—22,1_—21,1—2l =6(z,—2,)Li, 1_—22 Im,, L|1(1—zl)ImZZL|1(l—zl),

(12, [1-2 ) _
L|1( 1_Zl> _L|1< 1_23):||le Lll(l_zl)lng L|1(1—23)’

1_23 1_22 1
1-2z,’1-z/

|mzl Imz3 Lilll( Zl) = 0(21_ 22)
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o (1723 1-7, . [1-z4 . .
|m22|rﬂ23 Lllll 1_—22,1_—21,1—21 :0(22—23) Lll(l—Zl)—Lll 1_—22 |m22 L|1(1—22)|m23 Lll(l—Zg),
. (1-23 1-7, : . .
Im,, Im,, Im,_Lij, 1_—22,1_—21,1—2l =0(2,—27) (2~ z3)Imy, L|1(1—zl)lmZ2 Lll(l—zz)lmZ3 Li;(1—2z3).

(B18)

From these formulas the imaginary parts ofk{(1—2z3)/(1—2z,),1,1—2,) can be obtained by settirpy=2z,. The double
imaginary parts irg; andz, are given by

. . 1-2z3 1-7, 1 (1-2z3 . 2
Z“an Im;, Im, Liyyy) 1-2,1-71 & =5Lh 1=z [Im,, Liy(1-29)]%
2 1
. o (173 1-75 1 . 2 .
lim Im,, Im,, Im,_ Liyq 1_—221_—21 -7 =50(21—23)[Im21L|1(1—zl)] ImZ3L|1(1_23). (B19)

Zp—17Zq

At weight 4 there are in addition the multiple polylogarithms with indices LLi,3, Liz;, as well as Lj;, Lijpq, and Lijq.
The imaginary parts of those are obtained in complete analogy.
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