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Two-loop amplitudes with nested sums: Fermionic contributions toe¿eÀ\qq̄g
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We present the calculation of thenf contributions to the two-loop amplitude fore1e2→qq̄g and give
results for the full one-loop amplitude to order«2 in the dimensional regularization parameter. Our results
agree with those recently obtained by Garlandet al.The calculation makes extensive use of an efficient method
based on nested sums to calculate two-loop integrals with arbitrary powers of the propagators. The use of
nested sums leads in a natural way to multiple polylogarithms with simple arguments, which allow a straight-
forward analytic continuation.
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I. INTRODUCTION

The last 30 years of experimental studies at colliders,
gether with theoretical investigations, have taught us t
perturbative quantum chromodynamics~QCD! gives an ex-
cellent description of short-distance scattering of strongly
teracting partons. Indeed, today the theory has reached a
ficient maturity that it is no longer the target of experimen
studies, but rather a tool in the search for new physics
yond the standard model.

The search for new physics in particle physics, being p
sued at present and upcoming collider experiments at
Fermilab Tevatron and the CERN Large Hadron Collid
~LHC!, relies on our ability to make precise predictions f
QCD and QCD-associated processes. The accuracy rea
already in present collider experiments demands next
next-to-leading order~NNLO! theoretical predictions within
the framework of perturbation theory. For example, t
strong coupling constantas , whose precise value affect
many cross sections, can be measured by using the dat
e1e2→three jets. At present, the error on the extraction
as from this measurement is dominated by theoretical unc
tainties@1#, among the main sources there being the trun
tion of the perturbative expansion at a fixed order. Up
now, event shapes in three-jet events have been calculat
next-to-leading order~NLO! for massless@2–6# and massive
quarks@7–11#. To reduce the theoretical uncertainties, it
necessary to extend the calculation for massless quark
next-to-next-to-leading order. The calculation ofe1e2

→three jets at NNLO requires the tree-level amplitudes
e1e2→five partons@12,13#, the one-loop amplitudes fo
e1e2→four partons@14–17#, as well as the two-loop am
plitude for e1e2→qq̄g together with the one-loop ampli
tudee1e2→qq̄g to order«2 in the dimensional regulariza
tion parameter.

While for inclusive quantities like the total hadronic cro
section ine1e2 annihilation even higher orders have be
calculated in the past@18–20#, the calculation of two-loop
four-point scattering amplitudes has been the main obst
for a long time. Because of tremendous activity in that fie
during the past three years@21#, this problem can be consid
ered to be solved—at least for the case of massless inte
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quarks and only one external massive leg.
The by now more or less standard approach to calcula

two-loop four-point functions has been inspired by the te
niques developed in the calculation of two-point function
The starting point is a reduction of the tensor integr
through Schwinger parametrization@22–24#. This yields im-
mediately scalar integrals with a higher dimension and rai
powers of the propagators. The usual way to proceed the
to apply repeatedly algebraic relations between these i
grals, which follow from Poincare´ and Lorentz invariance
@25–27#. Finally, one ends up with a small set of so-call
master integrals which must be solved analytically. While
simple topologies it is often straightforward to find the r
duction scheme~i.e., ‘‘triangle rule’’!, in general it is a non-
trivial task to solve this problem.

In a recent publication@28,29#, we therefore proposed
different method to attack this problem. The basic idea is
following. We solve the scalar integrals in higher dimensio
and with raised powers of propagators directly in terms
nested sums instead of reducing all the integrals to a sm
set of master integrals. The aim of this paper is to illustr
this method in the calculation of the fermionic contributio
to the two-loop amplitudee1e2→qq̄g, i.e., the contribu-
tions proportional to the number of quark flavorsnf . We
present our results in terms of multiple polylogarithms@30–
32#, which arise naturally from the use of nested sums.
addition, we show that these multiple polylogarithms c
easily be continued analytically. As a consequence the
plitudes fore1e2→qq̄g presented here can also be used
(211)-jet production in deep inelastic scattering and t
production of a vector boson~W, Z, or Drell-Yan pair! in
hadron-hadron collisions. The respective amplitudes can
obtained by the crossing symmetry and simple coupling c
stant modifications.

The outline of the paper is as follows. In Sec. II w
present a few properties of the two-loop amplitude. In p
ticular, we discuss the kinematics, the ultraviolet~UV! renor-
malization, and the structure of the soft and collinear sin
larities. In Sec. III we outline the calculation. In th
following Sec. IV we present our results and compare th
with those recently obtained by Garlandet al. @33#. We give
our conclusions in Sec. V. Appendix A contains the resu
for the one-loop amplitude to order«2 and Appendix B sum-
©2002 The American Physical Society01-1
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marizes properties of multiple polylogarithms under analy
continuation.

II. PRELIMINARIES

A. Kinematics

In the following we study the reaction

e11e2→q1g1q̄. ~1!

We treat all quarks as massless, which means we wor
QCD with nf massless quark flavors. To be consistent w
earlier work@14,15# we calculate the amplitude for the rea
tion with all particles in the final state~Fig. 1!,

0→q~p1!1g~p2!1q̄~p3!1e2~p4!1e1~p5!. ~2!

The kinematical invariants are denoted by

si j 5~pi1pj !
2, si jk5~pi1pj1pk!

2, s5s123, ~3!

and it is convenient to introduce the dimensionless quant

x15
s12

s123
, x25

s23

s123
. ~4!

For pure photon exchange, the complete amplitudeAg for
e1e2→qq̄g can be written as the product of a leptonic cu
rent Lm with the hadronic currentHm :

Ag52
i

s
e2QqT

ī i

a
LmHm52e2QqT

ī i

a
Ag , ~5!

with Qq denoting the electric charge of the outgoing qua
in units of the elementary chargee5A4pa. The generator
n

11400
c

in
h

s

s

of the SU(N) gauge group is given byTa. The indicesī , i,
and a describe the color of the outgoing quarks and gluo
The normalization of the color matrices is taken to be

Tr~TaTb!5
1

2
dab. ~6!

We note that the amplitudeAg can be further decompose
according to the color structure:

Ag5N2A21A01
1

N2 A221nfNAnf ,1
1

nf

N
Anf ,21

1nf
2An

f
21S f S 4

N
2NDA( f

. ~7!

In the following we consider onlyAnf ,61 . The contribution

An
f
2 arrises from the renormalization procedure and can

extracted without calculating any generic two-loop diagra
The last term in Eq.~7! is generated by diagrams where th
photon is coupled to a closed quark loop. As a conseque
( f involves a sum over the charge of the active flavors. T
leptonic current is given by

Lm5ū~p4!gmn~p5!, ~8!

with u,n denoting the spinors of the outgoing leptons. As w
will show later, it is sufficient to consider pure photon e
change: Working in a helicity basis, the pure photon e
change amplitudeAg allows the reconstruction of the ful
amplitude includingZ-boson exchange by adjusting the co
plings. Using the anticommutation relations for theg matri-
ces, one can always achieve the following form of the h
ronic current:
Hm5c1

1

s
^p1up” 2up3&«gm

1c2

1

s2 ^p1up” 2up3&~«g•p1!p3m
1c3

1

s2 ^p1up” 2up3&~«g•p3!p1m
1c4

1

s2 ^p1up” 2up3&~«g•p1!p1m

1c5

1

s2 ^p1up” 2up3&~«g•p3!p3m
1c6

1

s
^p1ugmup3&~«g•p1!

1c7

1

s
^p1ugmup3&~«g•p3!1c8

1

s
^p1u«” gup3&p1m

1c9

1

s
^p1u«” gup3&p3m

1c10

1

s
^p1u«” gp” 2gmup3&1c11

1

s
^p1u«” gup3&p2m

1c12

1

s2 ^p1up” 2up3&~«g•p1!p2m
1c13

1

s2 ^p1up” 2up3&~«g•p3!p2m
, ~9!
ion,

an

en
where we have used̂p1u and up3& as a shorthand notatio
for the spinorsū(p1) and n(p3) of the outgoing quark and
antiquark. The dimensionless functionsci depend only on
the ratiosxi , the spacetime dimensiond5422«, and the
renormalization scalem,

ci5ci S x1 ,x2 ,«,
m2

s D . ~10!
Due to various constraints, for example current conservat

~p1m1p2m1p3m!Hm50, ~11!

the functionsci are not all independent of each other. It c
be easily shown thatc2 , c4 , c6 , c12 are sufficient to recon-
struct all remaining functions. A similar conclusion has be
drawn in Ref.@33#. The relations betweenc2 , c4 , c6 , c12
and the remaining functions are
1-2
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c3~x1 ,x2!52c2~x2 ,x1!,

c5~x1 ,x2!52c4~x2 ,x1!,

c13~x1 ,x2!52c12~x2 ,x1!, ~12!

and

c152
1

2
~12x2!c32

1

2
~12x1!c51

x1

x2
c6

2
1

2
~x11x2!c13,

c752
x1

x2
c6 ,

c852
1

2
x2c32

1

2
x1c4 ,

c952
1

2
x1c22

1

2
x2c5 ,

c1051
1

4
~12x1!~c22c5!2

1

4
~12x2!~c32c4!

1
1

2

~x11x2!

x2
c61

1

4
~x11x2!~c122c13!,

c115
1

2
~12x2!c31

1

2
~12x1!c52

x1

x2
c6

1
1

2
x1c132

1

2
x1c12. ~13!

In the actual calculation we have not used these constra
Instead, we calculated allc1–c13 and used Eqs.~12! and~13!
as a cross-check on our calculation.

Beyond the leading order, one encounters UV as wel
soft and collinear singularities. We use dimensional regu
ization @25,34# to regulate both types of singularities. The
are several variants of dimensional regularization which
used in loop calculations in QCD. Conventional dimensio
regularization~CDR! @35# continues all momenta and all po
larization vectors tod dimensions. The ’t Hooft–Veltman
~HV! scheme@25# takes the momenta and the helicities of t
unobserved particles ind dimensions, whereas the momen
and the helicities of the observed particles are four dim
sional. The CDR scheme is often employed within the int
ference method, but is not suited for the calculation of a
plitudes. Enforcing the CDR scheme in the calculation
amplitudes requires the introduction of external states w
‘‘ «’’ helicities @36#. Furthermore, there are several versions
four dimensional schemes on the market. Despite the n
‘‘four dimensional schemes,’’ they are variants of dime
sional regularization. The name refers to how these sche
treat unobserved internal particles and the Dirac algebra.
four dimensional helicity~FDH! scheme@37# introduces an
additional parameterds for unobserved internal states, whic
11400
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is set to 4 at the end of the calculation. It has the advant
that it respects supersymmetric Ward identities up to t
loops. The four dimensional scheme defined in@38# keeps
the Dirac algebra in four dimensions and allows the use
four dimensional Fierz and Schouten identities, at the
pense of having to restore Ward identities. These sche
can lead to considerable simplifications, in particular if ma
external particles are involved. For the processe1e2

→three jets, the number of external particles is relativ
small and we do not consider these schemes further.

In this paper we keep our calculation rather general a
we decompose the amplitude into spinor strings, which
can compute without any reference to the dimensionality
the external polarization vectors. Internal particles and
Dirac algebra are treated ind dimensions. From these spino
strings we can easily deduce the results in the CDR sch
and the HV scheme. The result in the CDR scheme is
tained by interfering the two-loop amplitude with the Bo
amplitude. On the other hand, by contracting with expli
representations of polarization vectors, we obtain helic
amplitudes in the ’t Hooft–Veltman scheme.

Including the Z-boson exchange, the situation becom
slightly more complicated. Due to the presence ofg5 , a spe-
cific scheme has to be chosen. Schemes which allow fo
consistent treatment ofg5 are, for example, the HV schem
or the scheme defined in@38#. In both schemes, the regula
ization procedure violates certain Ward identities, whi
have to be restored by finite renormalizations. Howev
since the amplitudes considered in this paper do not con
closed fermion loops with axial-vector couplings, the resu
for Z-boson exchange can be obtained from the ones for p
photon exchange by a simple adjustment of the electrow
couplings.

It should be noted that in general the finite parts of t
amplitudes are also scheme dependent. As long as soft
collinear singularities are considered, this is not really
issue. Using the same scheme in the calculation of the di
gent contributions from the real corrections any scheme
pendence cancels out at the end. For the UV divergen
however, one has to keep in mind that in general the c
pling constant is scheme dependent. The values of the
pling constant in two different schemes are related by a fin
renormalization. The coupling constants in the CDR sche
and the HV scheme are identical, since the internal state
these two schemes are treated in the same way. The CD
HV scheme, together with the modified minimal subtracti
prescription (MS), defines the usual couplingas

MS and it is
most useful to quote our results in these schemes.

To obtain the results in the ’t Hooft–Veltman scheme w

FIG. 1. Labeling of the external legs for the amplitude. T
lepton pair is denoted byp4 andp5 .
1-3
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work in the helicity basis. For fermions, spinors of defin
helicity are given by

u6~p!5
1

2
~16g5!u~p!,

n6~p!5
1

2
~17g5!n~p!. ~14!

We introduce the following shorthand notation for spino
with definite helicity:

u i 6&5upi6&5u6~pi !5n7~pi !,

^ i 6u5^pi6u5ū6~pi !5 n̄7~pi !, ~15!

and the spinor products are then defined as

^pq&5^p2uq1&,

@pq#5^p1uq2&. ~16!

Gluon polarization vectors are expressed in terms of W
spinors as@39–44#

«m
1~k,q!5

^q2ugmuk2&

&^qk&
,

11400
yl

«m
2~k,q!5

^q1ugmuk1&

&@kq#
, ~17!

wherek is the gluon momentum andq is an arbitrary null
reference momentum. The dependence on the reference
mentum drops out in final gauge-invariant amplitudes.
appropriate choice ofq can lead to a significant reduction i
the number of diagrams that need to be evaluated.

Helicity conservation for massless quarks and leptons
sures that there are only 2358 possible helicity configura-
tions fore1e2→qq̄g, namely, two choices for each fermio
line together with two possible gluon polarizations. Becau
the electron line couples through the current^46ugmu56&
5^57ugmu47&, it is trivial to reverse its helicity simply by
exchangingp4↔p5 and by adjusting the weak coupling
Parity and charge conjugation can be used to further red
the number of helicity amplitudes that need to be calculat
Parity reverses all helicities simultaneously and is imp
mented by complex conjugating all spinor products~e.g.,
^ i j &↔@ j i #). Charge conjugation reverses the arrows of ea
fermion line. In addition, there is a factor~21! for each
external gauge boson. Thus we are left with just one in
pendent helicity amplitude, which we take to b
Ag(11,21,32,41,52).

Keeping the reference momentumq in the gluon polariza-
tion vector arbitrary we obtain
Ag~11,21,32,41,52!5
i

&

1

^q2&

1

s2 H 2c1^q5&@42#@12#^23&1c2

1

2
^q1&@12#@43#^35&@12#^23&1c3

1

s
^q3&@32#@41#^15&

3@12#^23&1c4

1

s
^q1&@12#@41#^15&@12#^23&1c5

1

s
^q3&@32#@43#^35&@12#^23&12c6^q1&@12#

3@41#^35&12c7^q3&@32#@41#^35&12c8^q3&@12#@41#^15&12c9^q3&@12#@43#^35&14c10̂ q2&

3@12#@42#^35&12c11̂ q3&@12#@42#^25&1c12

1

s
^q1&@12#@42#^25&@12#^23&1c13

1

s
^q3&@32#@42#

3^25&@12#^23&J . ~18!
Usingq5p3 and the constraints of Eq.~13! this can be sim-
plified to

Ag~11,21,32,41,52!5
i

&

@12#

s3 H s^35&@42#F ~12x1!

3S c21
2

x2
c62c12D

1~12x2!~c42c12!12c12G2^31&
3@12#F @43#^35&S c21
2

x2
c62c12D

1@41#^15&~c42c12!G J . ~19!

We see that for this choice of helicities andq the amplitude
Ag is described by three linear combinations ofc2 , c4 , c6 ,
c12.

The perturbative expansion of the functionsci andAg is
defined through
1-4
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ci5A4pas Fci
~0!1S as

2p D ci
~1!1S as

2p D 2

ci
~2!1O~as

3!G ,
Ag5A4pas FAg

~0!1S as

2p DAg
~1!1S as

2p D 2

Ag
~2!1O~as

3!G .
~20!

Inserting the leading-order result for theci ,

c2
~0!5c4

~0!5c12
~0!50, c6

~0!5
2

x1
, ~21!

one gets the following result for the tree amplitude:

Ag
~0!~11,21,32,41,52!52& i

^35&2

^12&^23&^45&
. ~22!

In the helicity basis one can easily account for theZ-boson
exchange by adjusting the couplings:

AgZ~1l1,2l2,3l3,4l4,5l5!5e2@2Qq1nl4

e nl1

q PZ~s!#

3Ag~1l1,2l2,3l3,4l4,5l5!,

~23!

with

PZ~s!5
s

s2mZ
21 imZGZ

. ~24!

Here,mZ andGZ are the mass and the width of theZ boson.
The left-and right-handed couplings of fermions to theZ
boson are

n2
f 5

I 3
f 2Qf sin2 uW

sinuW cosuW
, n1

f 5
2Qf sinuW

cosuW
, ~25!

whereQf and I 3
f are the charge and the third component

the weak isospin of the fermionf and uW is the Weinberg
angle.

B. Ultraviolet renormalization

The amplitudes we present are the renormalized ones,
the ultraviolet subtraction has been performed. To obtain
renormalized amplitudes in theMS scheme, one replaces th
bare couplinga0 with the renormalized couplingas(m

2)
evaluated at the renormalization scalem2:

a05asS«
21F12

b0

« S as

2p D
1S b0

2

«22
b1

2« D S as

2p D 2

1O~as
3!G , ~26!

where

S«5~4p!«e2«gE ~27!
11400
f

e.,
e

is the typical phase-space volume factor ind5422« dimen-
sions,gE is Euler’s constant, andb0 andb1 are the first two
coefficients of the QCDb function:

b05
11

6
CA2

2

3
TRnf ,

b15
17

6
CA

22
5

3
CATRnf2CFTRnf , ~28!

with the color factors

CA5N, CF5
N221

2N
, TR5

1

2
. ~29!

It is convenient here and for the subsequent discussion o
soft and collinear singularities to introduce a different no
tion @45#. In an orthogonal basis of unit vectorsu ī ,i ,a& in the
three-parton color space we define an abstract vectoruM&
through

A5^ ī ,i ,auM&, ~30!

with the expansion in the couplingas defined by

uM&54paA4pas F uM(0)&1S as

2p D uM~1!&

1S as

2p D 2

uM(2)&1O(as
3)G . ~31!

Then the renormalized two-loop amplitude can be expes
as

uMren&54paA4pasS«
21/2F uMren

(0)&

1S as

2p D uMren
~1!&1S as

2p D 2

uMren
(2)&1O(as

3)G . ~32!

At two loops the relation between the renormalized and
bare amplitudes is given by

uMren
~0!&5uMbare

~0! &,

uMren
~1!&5S«

21uMbare
~1! &2

b0

2«
uMbare

~0! &,

uMren
~2!&5S«

22uMbare
~2! &2

3b0

2«
S«

21uMbare
~1! &

1S 3b0
2

8«22
b1

4« D uMbare
~0! &. ~33!

Thus, we obtain for the renormalized functionsci ,ren

ci
~1!,ren5S«

21ci
~1!,bare,

ci
~2!,ren5S«

22ci
~2!,bare2

3b0

2«
S«

21ci
~1!,bare ~34!

for i 5$2,4,12% and
1-5
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c6
~1!,ren5S«

21c6
~1!,bare2

b0

2«
c6

~0! ,

c6
~2!,ren5S«

22c6
~2!,bare2

3b0

2«
S«

21c6
~1!,bare

1S 3b0
2

8«22
b1

4« D c6
~2!,bare. ~35!

In this paper we set the renormalization scalem25s. The
complete scale dependence is easily recovered by expan
the prefactor

S m2

s D l«

, ~36!

accompanying anl-loop amplitude to the appropriate ord
in «.

C. Infrared structure

Based on universal properties of soft and collinear lim
the infrared pole structure of two-loop amplitudes has b
predicted by Catani@45#. Here, we briefly review how to
organize these infrared poles fore1e2→qq̄g. We start with
the one-loop amplitude, which can be written as

uM~1!&5I ~1!~«!uM~0!&1uF~1!&. ~37!

Here I (1)(«) contains all infrared double and single poles
1/« and uF(1)& is a finite remainder. At two loops, the corre
sponding formula reads

uM~2!&5I ~1!~«!uM~1!&1I ~2!~«!uM~0!&1uF~2!&. ~38!

The one-loop insertion operatorI (1) is given by

I ~1!~«!5
1

2

1

G~12«!
e«gE(

i

1

T i
2 Vi~«!

3(
j Þ i

T iT j S m2

2si j
D «

, ~39!

where

Vi~«!5T i
2 1

«2 1g i

1

«
, ~40!

and the coefficientsT i
2 andg i are

Tq
25Tq̄

25CF , Tg
25CA ,

gq5g q̄5
3

2
CF , gg5b0 . ~41!

In general, the color operatorsT iT j give rise to color corre-
lations. However, the color structure for the amplitu
11400
ing

,
n

e1e2→qq̄g is rather trivial and the color operators are pr
portional to the identity matrix in color space:

TqTq̄5TR

1

N
,

TqTg5TgTq̄52TRN. ~42!

Explicitly, the one-loop insertion operator reads fore1e2

→qq̄g

I ~1!~«!5
1

2

1

G~12«!
e«gES m2

2sD
«

TR

3H 2

N
~12x12x2!2«S 1

«2 1
3

2

1

« D
2N~x1

2«1x2
2«!F 2

«2 1S b0

CA
1

3

2D 1

« G J . ~43!

The two-loop insertion operator has the form

I ~2!~«!52
1

2
I ~1!~«!S I ~1!~«!12b0

1

« D
1e2«gE

G~122«!

G~12«! S b0

1

«
1K D I ~1!~2«!1H~2!,

~44!

where

K5S 67

18
2

p2

6 DCA2
10

9
TRnf . ~45!

The functionH(2) is process and scheme dependent and
e1e2→qq̄g it is given by @46,47#

H~2!5
1

4

1

G~12«!
e«gE

1

«
~Hq

~2!1Hg
~2!1Hq̄

~2!!, ~46!

whereHq
(2)5Hq̄

(2) and

Hq
~2!5S 7

4
z32

11

96
p21

409

864DN2

1S 2
1

4
z32

p2

96
2

41

108D
1S 2

3

2
z31

p2

8
2

3

32D 1

N2
1S p2

48
2

25

216D N221

N
nf ,

Hg
~2!5S z3

2
1

11

144
p21

5

12DN2

1S 2
p2

72
2

89

108DNnf2
nf

4N
1

5

27
nf

2. ~47!

Using the above results we define the finite functionsci
( j ),fin :
1-6
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ci
~1!,fin5ci

~1!,ren,

ci
~2!,fin5ci

~1!,ren2I ~1!~«!ci
~1!,ren, ~48!

for i 5$2,4,12%, and

c6
~1!,fin5c6

~1!,ren2I ~1!~«!c6
~0! ,

c6
~2!,fin5c6

~1!,ren2I ~1!~«!c6
~1!,ren2I ~2!~«!c6

~0! . ~49!

Explicit results for the functionsci
(2),fin are given in Sec. IV

and forci
(1),fin in Appendix A.

III. METHOD OF CALCULATION

In this section, we will discuss the method to calculate
virtual amplitudes fore1e2→qq̄g. We have usedQGRAF

@48# for the generation of all Feynman diagrams that contr
ute to the processe1e2→qq̄g up to two loops.

The evaluation of the diagrams leads to tensor integr
which multiply the various spinor structures of Eq.~9!. Note,
that there is no need here to consider projectors for the v
ous spinor coefficients.

The tensor integrals are mapped to combinations of sc
integrals with higher powers of propagators and differ
values of d @22–24#. For this purpose, one introduce
Schwinger parameters for the propagators

1

~2k2!n 5
1

G~n!
E

0

`

dxxn21 exp~xk2!. ~50!

Combining the exponentials arising from different propag
tors one obtains a quadratic form in the loop momenta.
instance, for a given two-loop integral with loop momentak1
andk2 , one has then

I ~d,n1 ,...,nk!5E ddk1

ipd/2 E ddk2

ipd/2

1

~2k1
2!n1

¯~2kn
2!nn

5E ddk1

ipd/2 E ddk2

ipd/2 S )
i 51

n
1

G~n i !
E

0

`

dxixi
n i21D

3expS (
i 51

n

xiki
2D , ~51!

and

(
i 51

n

xiki
25ak1

21bk2
212ck1•k212d•k112e•k21 f .

~52!

The momentak3 ,...,kk are linear combinations of th
loop momentak1 , k2 and the external momenta. The coef
cients a,b,c, dm, em, and f are directly readable from th
actual graph:a(b)5(xi , where the sum runs over the leg
in the k1 (k2) loop, andc5(xi with the sum running over
the legs common to both loops. With a suitable change
variables for the loop momentak1 , k2 , one can diagonalize
11400
e

-

s,

ri-

ar
t

-
r

f

the quadratic form and the momentum integration can
performed as Gaussian integrals over the shifted loop
menta according to

E ddk

ipd/2 exp~Pk2!5
1

Pd/2 . ~53!

Lorentz invariance immediately allows one to relate the f
lowing symmetric tensor integrals to scalar integrals:

E ddk

ipd/2 kmkn f ~k2!

5
1

d
gmnE ddk

ipd/2 k2f ~k2!,

E ddk

ipd/2 kmknkrks f ~k2!

5
1

d~d12!
~gmngrs1gmrgns

1gmsgnr!E ddk

ipd/2 k2f ~k2!, ~54!

and the generalization to arbitrary higher tensor structure
obvious.

In the remaining Schwinger parameter integrals, the t
sor integrals introduce additional factors of the parameterxi
and of 1/P. These additional factors can be absorbed i
scalar integrals with higher powers of propagators a
shifted dimensions, by introducing operatorsi1, which raise
the power of propagatori by 1, or an operatord1 that in-
creases the dimension by 2,

n i i
1

1

~2ki
2!n i

5n i

1

~2ki
2!n i11

5
1

G~n i !
E

0

`

dxixi
n i21xi exp~xik

2!,

d1E ddk

ipd/2 exp~Pk2!5E d~d12!k

ip~d12!/2 exp~Pk2!

5
1

P
1

Pd/2
. ~55!

At this stage, we are left with sets of scalar integrals o
given topology in 412m22« dimensions, and with raised
powers of propagators, wherem is a non-negative integer
Then, for some topologies like the PentaBox in Fig. 2, i
mediate simplifications are possible. By means of integrat
by parts@25,26# these topologies reduce to simpler ones. F
the PentaBox in Fig. 2, for instance, partial integration p
vides the following triangle relations:

@~d22n22n32n5!2n331222n551~22212!#

3PentaBox~m,n1 ,...,n7!50,
1-7
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@~d2n222n32n5!2n221322n551~32242!#

3PentaBox~m,n1 ,...,n7!50. ~56!

These relations can be used to eliminate the propagato
and 4, such that the PentaBox becomes reducible to
CBox2 shown in Fig. 3.

After having performed obvious simplifications based
triangle relations, we are then able to calculate directly
necessary scalar integrals with the method of nested s
@28#. For each topology, this requires analytical solutio
valid in any dimension and for any~not necessarily integer!
power of the propagators in terms of nested sums. For
fermionic contributions toe1e2→qq̄g up to two loops, it
suffices to have these analytical expressions for the CB2
@28#, the one-loop box with one external mass@49#, and the
one-loop triangle with two external masses@50#.

We give the explicit representations as nested sums for
basic integrals. As a shorthand notation, we usen i j 5n i1n j
for sums of powers of propagators in the following. T
one-loop triangle with two external masses is defined by

Tri2~m,n1 ,n2 ,n3 ;x1!

5~2s123!
2m1«1n123

3E ddk1

ipd/2

1

~2k1
2!n1

1

~2k2
2!n2

1

~2k3
2!n3

,

~57!

FIG. 2. The PentaBox represents a typical diagram where
triangle relation can be applied. In the present calculation, the lo
left leg is massive.
11400
1
he

ll
s

s

e

x

he

wherek25k12p12p2 , k35k22p3 . It can be written as a
combination of hypergeometric functions2F1 . The series
representation for this integral is given by

Tri2~m,n1 ,n2 ,n3 ;x1!

5
G~«2m1n23!G~12«1m2n23!G~m2«2n13!

G~n1!G~n2!G~n3!G~2m22«2n123!

3(
i 50

` x1
i

i ! Fx1
m2«2n23

G~ i 11n1!G~ i 12«1m2n2!

G~ i 1111m2«2n23!

2
G~ i 11n3!G~ i 12m1«1n123!

G~ i 1112m1«1n23!
G . ~58!

The one-loop box integral is defined by

Box~m,n1 ,n2 ,n3 ,n4 ;x1 ,x2!5~2s123!
2m1«1n1234

3E ddk1

ipd/2

1

~2k1
2!n1

1

~2k2
2!n2

3
1

~2k3
2!n3

1

~2k4
2!n4

, ~59!

wherek25k12p1 , k35k22p2 , andk45k32p3 . This inte-
gral can be expressed in terms of a combination of App
functions of the second kind and the series representatio
given by

e
er

FIG. 3. The generic CBox. For the CBox2 , the upper right ex-
ternal leg is massive.
Box~m,n1 ,n2 ,n3 ,n4 ;x1 ,x2!5
G~m2«2n123!G~m2«2n234!G~11n1232m1«!G~11n2342m1«!

G~n1!G~n2!G~n3!G~n4!G~2m22«2n1234!

3 (
i 150

`

(
i 250

` x1
i 1

i 1!

x2
i 2

i 2! F G~ i 11n3!G~ i 21n2!G~ i 11 i 22m1«1n1234!

G~ i 1112m1«1n123!G~ i 2112m1«1n234!

2x1
m2«2n123

G~ i 11m2«2n12!G~ i 21n2!G~ i 11 i 21n4!

G~ i 1111m2«2n123!G~ i 2112m1«1n234!

2x2
m2«2n234

G~ i 11n3!G~ i 21m2«2n34!G~ i 11 i 21n1!

G~ i 1112m1«1n123!G~ i 2111m2«2n234!

1x1
m2«2n123x2

m2«2n234
G~ i 11m2«2n12!G~ i 21m2«2n34!G~ i 11 i 21m2«2n23!

G~ i 1111m2«2n123!G~ i 2111m2«2n234!
G .
~60!
1-8
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Finally, the two-loop CBox2 is defined by

CBox2~m,n1 ,n2 ,n3 ,n4 ,n5 ;x1 ,x2!5~2s123!
22m12«1n12345E ddk1

ipd/2 E ddl 5

ipd/2

1

~2k1
2!n1

1

~2 l 2
2!n2

1

~2 l 3
2!n3

1

~2k4
2!n4

1

~2 l 5
2!n5

,

~61!

with l 25k11 l 52p1 , l 35 l 22p2 , k45k12p123. The formula for this integral is given by

CBox2~m,n1 ,n2 ,n3 ,n4 ,n5 ;x1 ,x2!5
G~2m22«2n1235!G~11n123522m12«!G~2m22«2n2345!G~11n234522m1«!

G~n1!G~n2!G~n3!G~n4!G~n5!G~3m23«2n12345!

3
G~m2«2n5!G~m2«2n23!

G~2m22«2n235!
(

i 150

`

(
i 250

` x1
i 1

i 1!

x2
i 2

i 2!

3FG~ i 11n3!G~ i 21n2!G~ i 11 i 222m12«1n12345!G~ i 11 i 22m1«1n235!

G~ i 11122m12«1n1235!G~ i 21122m12«1n2345!G~ i 11 i 21n23!

2x1
2m22«2n1235

3
G~ i 112m22«2n125!G~ i 21n2!G~ i 11 i 21n4!G~ i 11 i 21m2«2n1!

G~ i 11112m22«2n1235!G~ i 21122m12«1n2345!G~ i 11 i 212m22«2n15!

2x2
2m22«2n2345

3
G~ i 11n3!G~ i 212m22«2n345!G~ i 11 i 21n1!G~ i 11 i 21m2«2n4!

G~ i 11122m12«1n1235!G~ i 21112m22«2n2345!G~ i 11 i 212m22«2n45!

1x1
2m22«2n1235x2

2m22«2n2345
G~ i 112m22«2n125!G~ i 212m22«2n345!

G~ i 11112m22«2n1235!G~ i 21112m22«2n2345!

3
G~ i 11 i 212m22«2n235!G~ i 11 i 213m23«2n12345!

G~ i 11 i 214m24«2n123452n5! G . ~62!
e

d
st

lin

s

te
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Then, the evaluation of the multiple nested sums proce
systematically with the help of the algorithms of@28#. These
algorithms rely on the algebraic properties of the so-calleZ
sums and allow us to solve by means of recursion the ne
sums in terms of a given basis inZ sums to any order in the
expansion parameter«. Z sums are defined by

Z~n;m1 ,...,mk ;x1 ,...,xk!5 (
n> i 1. i 2.¯. i k.0

x1
i 1

i 1
m1

...
xk

i k

i k
mk

.

~63!

They are generalizations of Euler-Zagier sums@51,52#

Zm1 ,...,mk
~n!5Z~n;m1 ,...,mk ;1,...,1!, ~64!

or of harmonic sums@53–56# involving multiple ratios of
scales. The latter are well known from calculations of Mel
moments of deep inelastic structure functions@53,57–60#.
An important subset ofZ sums are multiple polylogarithm
@30–32#, obtained by lettingn go to infinity in Eq.~63!:

Limk ,...,m1
~xk ,...,x1!5Z~`;m1 ,...,mk ;x1 ,...,xk!.

~65!
11400
ds

ed

The key feature ofZ sums is the fact that they interpola
between Goncharov’s multiple polylogarithms and Eul
Zagier sums, which occur in the expansion ofG functions,

G~n1«!5G~11«!G~n!@11«Z1~n21!1«2Z11~n21!

1«3Z111~n21!1¯1«n21

3Z11̄ 1~n21!#. ~66!

In summary, the evaluation of the multiple nested sums p
ceeds by expanding theG functions to the desired order, an
by using then the algebraic properties of theZ sums. In this
way, we could calculate all loop integrals contributing to t
one- and two-loop virtual amplitudes very efficiently
terms of multiple polylogarithms. All algorithms for this pro
cedure have been implemented on a computer in symb
manipulation programs. We have chosen to work withFORM

@61# and in theGINAC framework@62,63#.

IV. RESULTS

Let us now discuss our results for the finite coefficien
ci

(1),fin through order«2 and thenf contributions toci
(2),fin.

We have made the following checks on our result. First
1-9
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all, after UV renormalization, the infrared poles agree w
the structure predicted by Catani@45#. This provides a strong
check of the complete pole structure of our result. Seco
having calculated all coefficientsc1–c13, we could use the
various relations Eqs.~12! and ~13! betweenc1–c13 as a
cross-check. Note that forc6 there is an additional symme
try: one can show that the combinationx1c6 is symmetric
under the exchange (x1↔x2),

x1c6~x1 ,x2!5x2c6~x2 ,x1!. ~67!

Finally, we could compare with recent work of Garlandet al.
11400
d,

They have obtained by an independent method the resul
the squared matrix elements@46#, i.e., the interference of the
two-loop amplitude with the Born amplitude, and the inte
ference of the one-loop amplitude with itself, as well as t
result for the one- and two-loop amplitudes@33#. Their re-
sults are given in terms of one- and two-dimensional h
monic polylogarithms, which form a subset of the multip
polylogarithms@30–32#. Thus, we have performed the com
parison analytically. We agree with both of their results.

Here, we present explicitly the functionci
(2),fin, i 52, 4, 6,

12. All formulas for the one-loop amplitude are deferred
Appendix A:
c2
~2!,fin~x1 ,x2!5nfNS 22

x2

~x11x2!3 R1~x1 ,x2!1
R2~x1 ,x2!

~12x12x2!22
3

4

ln~x1!2

~12x1!~12x12x2!

1
1

6

~26119x2125x1!

~x11x2!~12x12x2!~12x1!
ln~x1!1

1

12

~22x11x1x21x1
22212x2!

x1~12x1!~12x2!~12x12x2!
z2

1
1

4

@ ln~x1!1 ln~x2!#z2

~12x12x2!2 2
1

4

~222x21x1!

~12x12x2!~12x2!x1
ln~x2!2

1
1

18

~44x1231x1x2113x1
2126x2226x2

2!

x1~x11x2!~12x2!~12x12x2!
ln~x2!1

1

12F282
~11x1!

~12x2!
2

24x1

~x11x2!

12
~1316x1!

~12x12x2!
210

x2

x1
23

~11x2!

~12x1!G R~x1 ,x2!

~x11x2!~12x12x2!
1

1

12F2
12

x1~x11x2!

1
24

~x11x2!22
1

x1~12x2!
13

~114x1!

x1~12x1!~12x12x2!G@Li2~12x1!2Li2~12x2!#

1
1

2

1

x1
F2

1

~12x2!
13

1

~12x1!~12x12x2!GLi2~12x2! D
1

nf

N S ~x1
22x2

2!

3x1
2x2

2 FLi3~x11x2!1Li3~12x12x2!1
1

2
ln~x11x2!ln~12x12x2!2

2
1

4
ln~x1!R~x1,12x12x2!1

1

4
@ ln~x1!22 ln~x1!ln~x2!1 ln~x2!2# ln~12x12x2!

2
1

4
ln~x2!R~x2,12x12x2!G1

1

6x1x2
F1

2
Li2~12x2!2

5

2
R~x1,12x12x2!22z2

1
5

2
Li2~12x1!2Li2~12x12x2!2 ln~12x12x2!22 ln~x11x2!ln~12x12x2!

2
1

2
R~x2,12x12x2!G1

1

3x2
2 F1

4
ln~x1!2 ln~12x12x2!2

1

2
ln~x1!ln~12x12x2!2

2
1

2
ln~x1!2 ln~12x1!2

1

4
ln~x2!@Li2~12x1!2Li2~12x2!#2Li3~x1!2Li3~12x1!

2 ln~x1!R~x1,12x12x2!1
19

6
R~x1,12x12x2!G1

1

3x1
2 F1

2
ln~x2!ln~12x12x2!2

2
1

4
ln~x2!2 ln~12x12x2!1

1

2
ln~x2!2 ln~12x2!2

1

4
ln~x1!@Li2~12x1!2Li2~12x2!#
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1Li3~x2!1Li3~12x2!1 ln~x2!R~x2,12x12x2!2
19

6
R~x2,12x12x2!G

1
1

18

~19x1113x2!

x1x2~x11x2!
ln~12x12x2!1

1

4

~2113x21x1!

~12x1!~12x12x2!x2
ln~x1!2

2
1

18

~219119x1151x2!

x2~12x1!~12x12x2!
ln~x1!1

1

3

~11x11x2!

x1~12x12x2!~x11x2!
R~x2,12x12x2!

1
1

4

~12x21x1!

x1~12x2!~12x12x2!
ln~x2!22

1

18

~19219x2113x1!

x1~12x2!~12x12x2!
ln~x2!1

1

3

Li2~12x2!

x1~12x2!

2
1

12F 1

x1~12x2!
1

1

x2~12x1!
2

2

x1~12x1!~12x12x2!G@z21R~x1 ,x2!2Li2~12x1!2Li2~12x2!#

1
1

3

@Li2~12x1!2Li2~12x2!2R~x1,12x12x2!#

x1~x11x2!
2

Li2~12x1!

~12x1!~12x12x2!

1
1

3

@Li2~12x1!12R~x1,12x12x2!#

x2~12x12x2!
2

2

3

Li2~12x2!

x1~12x12x2! D
1 ipnfNS 3

2

ln~x1!

~12x1!~12x12x2!
1

1

2

~222x21x1!

x1~12x2!~12x12x2!
ln~x2!1

3

2

R~x1 ,x2!

~12x12x2!2D
1

ipnf

N S 1

2

1

x2
2 R~x1,12x12x2!2

1

2

1

x1
2 R~x2,12x12x2!1

1

2

ln~12x12x2!

x1x2

2
1

2

~2113x21x1!

x2~12x1!~12x12x2!
ln~x1!2

1

2

~12x21x1!

x1~12x2!~12x12x2!
ln~x2! D , ~68!

c4
~2!,fin~x1 ,x2!5nfNS 1

36

ln~x2!

~12x2! F36
~11x1!

~x11x2!
2

59

x1
2

50

x1~12x2!
112

~123x1!~12x1!

x1~12x12x2! G2
19

18

1

x1~12x2!

1
~x12x2!

~x11x2!3 R1~x1 ,x2!2F 5

12

~22x2!

x1~12x2!2 1
2

~x11x2!2GLi2~12x2!1
1

4

~22x2!

~12x2!2 F ln~x2!21
1

3
z2G

2
1

12

~7x125x226x1x215x2
21x1

2!

~12x2!x1~12x12x2!~x11x2!
ln~x1!2

R~x1 ,x2!

~12x12x2!~12x2!~x11x2! F17

6
x22

35

12
x12

19

12

1
1

12

~11x1!

~12x2!
2

1

3

~123x1!~12x1!

~12x12x2!
1

5x2
2

12x1
2

5

6

x2

x1
12

x1~11x1!

~x11x2!
G2F 1

12

~22x2!

x1~12x2!22
2

~x11x2!2G
3 Li2~12x1! D1

nf

N S 2
1

3

1

x1
2 @Li2~12x12x2!1 ln~12x12x2!21 ln~x11x2!ln~12x12x2!#1

19

18

1

~12x2!x1

1
~x11x2!

3x1
3 F1

2
ln~x1!2 ln~12x12x2!1@ ln~x11x2!2 ln~x2!# ln~12x12x2!21

1

2
ln~x1!Li2~12x1!2

1

2

3Li2~12x2!ln~x1!22Li3~12x2!12Li3~x11x2!12Li3~12x12x2!22Li3~x2!2
1

2
ln~x2!ln~x1!ln~12x12x2!
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We have introduced the function R(x1 ,x2), which is well known from Ref.@2#:

R~x1 ,x2!5( 1
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In addition, it is convenient to define the symmetric functions R1(x1 ,x2) and R2(x1 ,x2) as
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We see in Eqs.~68!–~71! that the multiple polylogarithms al
have simple arguments of a particular structure, which
easily be continued analytically. Details of this procedure
discussed in Appendix B.

V. CONCLUSIONS

Determinations of the strong coupling constantas from
data for e1e2→three jets demand next-to-next-to-leadi
theoretical predictions in perturbative QCD. In this paper
have calculated the fermionic contributions to the two-lo
amplitudee1e2→qq̄g. Furthermore, we have obtained th
full one-loop amplitude to order«2 in dimensional regular-
ization, needed for the interference of the one-loop amplit
with itself.

We have used a systematic, fast, and efficient method
the calculation of loop integrals. Our procedure allows fo
direct evaluation of all scalar integrals in arbitrary dime
sions and with arbitrary powers of propagators by mean
nested sums. The approach relies on the ability to solve
nested sums in terms of multiple polylogarithms, which a
pear to be the natural class of functions for virtual corr
tions in perturbative QCD. As a consequence, the res
allow for analytic continuation in a straightforward mann
Therefore, they apply also to (211)-jet production in deep
inelastic scattering or to the production of a massive vec
boson in hadron-hadron collisions.
11400
n
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e
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-
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The results presented in this paper represent one cont
tion to the full next-to-next-to-leading order calculation
e1e2→three jets. At the same time, it provides an importa
cross-check on the results recently obtained by Garlandet al.
@33# with a completely independent method. Extending o
approach to the calculation of the remaining contributions
the two-loop amplitude fore1e2→qq̄g, i.e., the terms
which are not enhanced bynf , can be done along the lines o
Sec. III.
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APPENDIX A: ONE-LOOP AMPLITUDE

Here we list the result for the one-loop functionc12
(1),fin to

order«2. The remaining functionsci
(1),fin, i 52,4,6, are of a

similar length, and in order to save a few trees, we do not
them explicitly here. All results for the one-loop function
ci

(1),fin, i 52,4,6,12, together with the fermionic contribu
tions ci

(2),fin, i 52,4,6,12, to the two-loop amplitude can b
obtained as aFORM file from the preprint server http:/
arXiv.org by downloading the source file of this article. Fu
thermore, they are available upon request from the autho
c12
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APPENDIX B: ANALYTIC CONTINUATION

The multiple polylogarithms Limk ,...,m1
(yk ,...,y1) are

analytic functions ink complex variablesyj , j 51,...,k. To
discuss the branch cuts it is convenient to change the v
ables according to

zj512y1y2¯yj , ~B1!

and one has

Limk,...,m1
~yk,...,y1!5Limk,...,m1S 12zk

12zk21
,...,

12z2

12z1
,12z1D .

~B2!

The multiple polylogarithms have a representation as ne
sums. From this represenation one deduces that the mu
11400
ri-

ed
le

polylogarithms are real, if allzj are in the interval 0<zj
<2 and (m1 ,z1)Þ(1,0). If z1 ,...,zj 21 ,zj 11 ,...,zk are fixed
in this interval, a given multiple polylogarithm is an analyt
function in the remaining variablezj with a branch cut along
the negative real axis starting from 0. We denote by Rezj

and

Imzj
the real and imaginary parts with respect to the varia

zj . In the calculation presented here, thezj ’s are ratios of
two kinematical invariants:

zj5
2sj

2t j
. ~B3!

In fact, the only ratios that occur are

x15
2s12

2s123
, 12x15

2s232s13

2s123
,
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The real and imaginary parts of the logarithm are given

Rez Li1~12z!52 lnuzu,

Imz Li1~12z!52Im lnS 2s2 i0

2t2 i0 D
5p@u~s!2u~ t !#. ~B5!

Equation~B5! defines the sign of the imaginary part for
ratio of two invariants. All imaginary parts of higher multipl
polylogarithms can be related to the imaginary part of
logarithm. They are easily obtained from the iterated integ
representation:

Limk ,...,m1
~xk ,...,x1!

5E
0

x1S dt

t
+ D m121 dt

12t
+

3E
0

tx2S dt

t
+ D m221 dt

12t
+¯+

3E
0

txkS dt

t
+ D mk21 dt

12t
, ~B6!

and the fact that

Imz

1

12z6 i0
57p

]

]z
Q~z21!. ~B7!

In Eq. ~B6! we have used the notation
11400
e
l

~B8!

and

dt

a2t
+

dt

b2t
5

dt1
a2t1

E
0

t1 dt2
b2t2

. ~B9!

The imaginary part in the variablezj is given by

Imz jLimk ,...,m1S 12zk

12zk21
,...,

12z2

12z1
,12z1D

5@ Im Li1~12zj !#3E
0

12z1S dt

t
+ D m121 dt

12t
+¯+

3E
0

~12zj !/~12zj 21!tS dt

t
+ D mj 21E

0

t

dtF ]

]t
u~ t21!G +¯+

3E
0

~12zk!/~12zk21!tS dt

t
+ D mk21 dt

12t
. ~B10!

Using partial integration, the iterated integral is then rela
to multiple polylogarithms of reduced weight. For the dilog
rithm and the trilogarithm one obtains the well-known fo
mulas

Im Li2~12z!5 ln~12z!Im Li1~12z!,

Im Li3~12z!5
1

2
ln2~12z!Im Li1~12z!. ~B11!

In the two-loop amplitude there are also multiple polylog
rithms depending on two variables in the form Liab„(1
2z2)/(12z1),12z1…, where (a,b)5(1,1), ~1, 2!, or ~2, 1!.
In general, we have
LiabS 12z2

12z1
,12z1D5Rez1

Rez2
LiabS 12z2

12z1
,12z1D1 i Rez1

Imz2
LiabS 12z2

12z1
,12z1D1 i Imz1

Rez2
LiabS 12z2

12z1
,12z1D

2Imz1
Imz2

LiabS 12z2

12z1
,12z1D . ~B12!

For the imaginary parts we find

Imz1
Li 11S 12z2

12z1
,12z1D5Li1S 12z2

12z1
D Imz1

Li 1~12z1!,

Imz1
Li 12S 12z2

12z1
,12z1D52Li1~z1!Li1S 12z2

12z1
D Imz1

Li 1~12z1!,

Imz1
Li 21S 12z2

12z1
,12z1D5Li2S 12z2

12z1
D Imz1

Li 1~12z1!. ~B13!

Imz2
Li 11S 12z2

12z1
,12z1D5FLi1~12z1!2Li1S 12z1

12z2
D G Imz2

Li 1~12z2!,
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Imz2
Li 12S 12z2

12z1
,12z1D5FLi2~12z1!2Li2S 12z1

12z2
D1Li1~z2!Li1S 12z1

12z2
D G Imz2

Li 1~12z2!,

Imz2
Li 21S 12z2

12z1
,12z1D52FLi2~12z1!2Li2S 12z1

12z2
D1Li1~z2!Li1~12z1!G Imz2

Li 1~12z2!.

~B14!

Imz1
Imz2

Li 11S 12z2

12z1
,12z1D5u~z12z2!Imz1

Li 1~12z1!Imz2
Li 1~12z2!,

Imz1
Imz2

Li 12S 12z2

12z1
,12z1D52u~z12z2!Li1~z1!Imz1

Li 1~12z1!Imz2
Li 1~12z2!,

Imz1
Imz2

Li 21S 12z2

12z1
,12z1D5u~z12z2!@Li1~z1!2Li1~z2!#Imz1

Li 1~12z1!Imz2
Li 1~12z2!.

~B15!
s
by
bl

le
agi-
The imaginary parts of the harmonic polylogarithm
Liab(1,12z1) can be obtained from the formulas above
settingz25z1 . Special care has to be taken for the dou
imaginary part. Here one uses

u~x21!
]

]x
u~x21!5

1

2

]

]x
@u~x21!#2 ~B16!

and a factor 1/2 appears in the final formulas:

lim
z2→z1

Imz1
Imz2

Li 11S 12z2

12z1
,12z1D5

1

2
@ Imz1

Li 1~12z1!#2,
11400
e
lim

z2→z1

Imz1
Imz2

Li 12S 12z2

12z1
,12z1D

52
1

2
Li1~z1!@ Imz1

Li 1~12z1!#2,

lim
z2→z1

Imz1
Imz2

Li 21S 12z2

12z1
,12z1D50. ~B17!

In the one-loop amplitude we encounter additional multip
polylogarithms. We discuss here as an example the im
nary parts of Li111„(12z3)/(12z2),(12z2)/(12z1),1
2z1…:
Imz1
Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5Li11S 12z3

12z2
,
12z2

12z1
D Imz1

Li 1~12z1!,

Imz2
Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5Li1S 12z3

12z2
D FLi1~12z1!2Li1S 12z1

12z2
D G Imz2

Li 1~12z1!,

Imz3
Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5H Li11S 12z2

12z1
,12z1D2Li11S 12z2

12z1
,
12z1

12z3
D2Li1S 12z2

12z3
D

3FLi1~12z1!2Li1S 12z1

12z3
D G J Imz3

Li 1~12z3!,

Imz1
Imz2

Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5u~z12z2!Li1S 12z3

12z2
D Imz1

Li 1~12z1!Imz2
Li 1~12z1!,

Imz1
Imz3

Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5u~z12z2!FLi1S 12z2

12z1
D2Li1S 12z2

12z3
D G Imz1

Li 1~12z1!Imz3
Li 1~12z3!,
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Imz2
Imz3

Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5u~z22z3!FLi1~12z1!2Li1S 12z1

12z2
D G Imz2

Li 1~12z2!Imz3
Li 1~12z3!,

Imz1
Imz2

Imz3
Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5u~z12z2!u~z22z3!Imz1

Li 1~12z1!Imz2
Li 1~12z2!Imz3

Li 1~12z3!.

~B18!

From these formulas the imaginary parts of Li111„(12z3)/(12z1),1,12z1… can be obtained by settingz25z1 . The double
imaginary parts inz1 andz2 are given by

lim
z2→z1

Imz1
Imz2

Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5

1

2
Li1S 12z3

12z1
D @ Imz1

Li 1~12z1!#2,

lim
z2→z1

Imz1
Imz2

Imz3
Li 111S 12z3

12z2
,
12z2

12z1
,12z1D5

1

2
u ~z12z3!@ Imz1

Li 1~12z1!#2 Imz3
Li 1~12z3!. ~B19!

At weight 4 there are in addition the multiple polylogarithms with indices Li22, Li13, Li31, as well as Li211, Li121, and Li112.
The imaginary parts of those are obtained in complete analogy.
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