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Unified description of quark and lepton mass matrices in a universal seesaw model
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In the democratic universal seesaw model, the mass matrices are given byf̄ LmLFR1F̄LmRf R1F̄LMFFR ( f :
quarks and leptons;F: hypothetical heavy fermions!, mL andmR are universal for up and down fermions, and
MF has the structure (11bfX) (bf is a flavor-dependent parameter, andX is a democratic matrix!. The model
can successfully explain the quark masses and Cabibbo-Kobayashi-Maskawa mixing parameters in terms of the
charged lepton masses by adjusting only one parameterbf . However, so far, the model has not been able to
give the observed bimaximal mixing for the neutrino sector. In the present paper, we consider thatMF in the
quark sectors are still ‘‘fully’’ democratic, whileMF in the lepton sectors are partially democratic. Then the
revised model can reasonably give a nearly bimaximal mixing without spoiling the previous success in the
quark sectors.
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I. INTRODUCTION

A. What is the universal seesaw model?

Stimulated by the recent progress of neutrino exp
ments, there has been considerable interest in a unified
scription of the quark and lepton mass matrices. One s
unified model, a nonstandard model, the so-called ‘‘unive
seesaw model’’~USM! @1#, is well known. The model de
scribes not only the neutrino mass matrixM n but also the
quark mass matricesMu and Md and the charged lepto
mass matrixMe by seesaw-type matrices, universally: t
model has hypothetical fermionsFi (F5U,D,N,E; i
51,2,3) in addition to the conventional quarks and lepto
f i ( f 5u,d,n,e; i 51,2,3), and these fermions are assign
to f L5(2,1), f R5(1,2), FL5(1,1), and FR5(1,1) of
SU(2)L3SU(2)R . The 636 mass matrix that is sandwiche
between the fields (f̄ L ,F̄L) and (f R ,FR) is given by

M6365S 0 mL

mR MF
D , ~1.1!

wheremL and mR are universal for all the fermion secto
( f 5u,d,n,e) and onlyMF have structures dependent on t
fermion sectorsF5U,D,N,E. For LL,LR!LS , where
LL5O(mL), LR5O(mR), andLS5O(MF), the 333 mass
matrix M f for the fermionsf is given by the well-known
seesaw expression

M f.2mLMF
21mR . ~1.2!

Thus, the model answers the question why the masse
quarks~except for the top quark! and charged leptons are s
small with respect to the electroweak scaleLL
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(;102 GeV). On the other hand, the top quark mass
hancement is understood from the additional condit
detMF50 for the up-quark sector (F5U) @2–4#. Since the
seesaw mechanism does not work for the third family ferm
ons, the top quark has a mass of the order ofmL;LL .

For the neutrino sector, the mass matrix is given as

~ n̄Ln̄R
c N̄LN̄R

c !S 0 0 0 mL

0 0 mR
T 0

0 mR ML MN

mL
T 0 MN

T MR

D S nL
c

nR

NL
c

NR

D , ~1.3!

where nR
c [(nR)c[Cn̄R

T . Since O(MN);O(ML);O(MR)
@O(mR)@O(mL), we obtain the mass matrixM n for the
active neutrinosnL ,

M n.2mLMR
21mL

T . ~1.4!

If we take the ratioO(mL)/O(mR) suitably small, we can
understand the smallness of the observed neutrino ma
reasonably.

For an embedding of the model into a grand unificati
scenario, for example, see Ref.@5#, where the possibility of
SO(10)3SO(10) was discussed.

B. What is the democratic universal seesaw model?

As an extended version of the USM, the ‘‘democrati
USM @2,3# is also well known. The model has successfu
given the quark masses and the Cabibbo-Kobaya
Maskawa ~CKM! @6# matrix parameters in terms of th
charged lepton masses. The outline of the model is as
lows.

~i! The mass matricesmL andmR have the same structure
except for their phase factors

s:
©2002 The American Physical Society04-1
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mL
f 5mR

f /k5m0Zf , ~1.5!

wherek is a constant withk@1 andZf are given by

Zf5P~d f !Z, ~1.6!

P~d f !5diag~eid1
f
,eid2

f
,eid3

f
!, ~1.7!

Z5diag~z1 ,z2 ,z3!, ~1.8!

with z1
21z2

21z3
251.

~ii ! In the basis on which the matricesmL
f and mR

f are
diagonal, the mass matricesMF are given by the form

MF5m0l~113bfX!, ~1.9!

15S 1 0 0

0 1 0

0 0 1
D , X5

1

3 S 1 1 1

1 1 1

1 1 1
D . ~1.10!

~iii ! The parameterbf for the charged lepton sector
given bybe 5 0, so that in the limit ofk/l!1 the param-
eterszi are given by

z1

Ame

5
z2

Amm

5
z3

Amt

5
1

Ame1mm1mt

. ~1.11!

Then the up- and down-quark masses are successfully g
@2,3# by the choice of bu521/3 and bd52eibd (bd
518 °), respectively. Here, note that the choicebu521/3
gives detMU50, so that the case withbu521/3 givesmt
;O(mL). Another motivation for the choicebu521/3 is
that the model withbe50 andbu521/3 leads to the suc
cessful relation@7,2# mu /mc.(3/4)(me /mm), which is al-
most independent of the value of the seesaw suppres
factor k/l. For the choice of bu521/3 and bd5
2eibd (bd518 °), the CKM matrix parameters are succe
fully given @2,3# by taking

d1
u2d1

d5d2
u2d2

d50, d3
u2d3

d.p. ~1.12!

A more detailed formulation~including the renormaliza-
tion group equation effects! is found in Ref.@8#.

C. What is the problem?

It seems that the model is successful as far as the q
mass phenomenology is concerned, so that the future ta
only to give a more reliable theoretical base to the mod
However, the democratic USM has a serious problem in
neutrino phenomenology. In the previous model, the par
eterszi are fixed by the observed charged lepton masse
shown in Eq.~1.11!, and the only adjustable parameter isbn

defined by Eq.~1.9!. For bn.21/2 (bn.21), we can ob-
tain the maximal mixing betweennm andnt (ne andnm) @9#,
while we cannot give the nearly bimaximal mixing that
suggested by the observed atmospheric@10# and solar@11,12#
neutrino data.
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This suggests that the previous model with the univer
structure ofMF is too tight. Therefore, in the next section
we assume that for the lepton sectors the democratic ma
X in Eq. ~1.9! will be changed by a ‘‘partially’’ democratic
matrix, which is given by a rotationRX from the fully demo-
cratic matrix in the quark sector. Then we can obtain
observed nearly bimaximal mixing. However, genera
speaking, the success is not so remarkable because we
three additional parameters in the rotation matrixRX . The
problem is whether the rotationRX has a physical meaning
or not.

In Sec. II, we will investigate a rotation matrixRX that
leads to the observed nearly bimaximal mixing and sugg
an interesting relation between quarks and leptons. In S
III, the numerical results are given and neutrino phenomen
ogy is discussed. In Sec. IV, the mysterious characteristic
the rotation matrixRX are discussed. Finally, Sec. V is de
voted to the conclusions.

II. S2 SYMMETRY VERSUS S3 SYMMETRY

A. Basic assumption

For the quark sectors, the model is essentially unchan
from the previous model, i.e., the mass terms are given

m0 (
f 5u,d

@ f̄ LZFR1kF̄LZ fR

1lF̄LP†~d f !~113bfX!P~d f !FR#1H.c., ~2.1!

where we have changed the place of the phase matrixP from
Z to MF , so thatmL andmR are completely flavor indepen
dent. On this basis the mass matricesmL andmR are diago-
nal, and the mass matrixMF is invariant under the permuta
tion symmetry S3 except for the phase factors. A
investigated in Refs.@2,3#, in order to give reasonable value
of the CKM matrix parameters, it was required to choose

P~du!P†~dd!5P~du2dd!.diag~1,1,21!, ~2.2!

although the origin of such a phase inversion is still an op
question. In this paper, we assume

P~du!5diag~1,1,21!, P~dd!5diag~1,1,1!. ~2.3!

For the lepton sectors, we assume

m0 (
f 5e,n

@ f̄ LZFR1kF̄LZ fR

1lF̄L8P†~d f !~113bfX!P~d f !FR8 #1H.c., ~2.4!

where, for convenience, we have dropped the Majorana m
termsN̄LMLNL

c1N̄R
c MRNR from the expression~2.4!, since

we always assume that the Majorana mass matricesML and
MR have the same structure as the Dirac mass matrixMN
5lm0P†(dn)(113bnX)P(dn). In Eq. ~2.4!, we have de-
fined

F85RX
TF. ~2.5!
4-2
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Here, we have tacitly assumed symmetries SU(L8
3SU(2)R8 for the heavy fermionsFL and FR in addition to
the symmetries SU(2)L3SU(2)R for f L and f R , so that we
have required the same rotationRX for the heavy leptons
(Ni ,Ei)L @and (Ni ,Ei)R]. Then the heavy lepton mass term
in Eq. ~2.4! can be rewritten as

m0l (
f 5e,n

F̄L~113bfXf !FR1H.c., ~2.6!

where

Xf5RXP†~d f !XP~d f !RX
T . ~2.7!

We take the phase matrices in the lepton sectors as

P~dn!5P~du!5diag~1,1,21!,

P~de!5P~dd!5diag~1,1,1!, ~2.8!

corresponding to Eq.~2.3!. Then, the effective charged lep
ton and neutrino mass matrices are given by

Me.2m0

k

l
ZRX~113aeX!RX

TZ[m0
eZ~113aeXe!Z,

~2.9!

M n.2m0

1

l
ZRXP†~dn!~113anX!P~dn!RX

TZ

[m0
nZ~113anXn!Z, ~2.10!

where m0
e52m0(k/l), m0

n52m0 /l, Xe5RXXRX
T , and

Xn5RXP†(dn)XP(dn)RX
T , and we have used

~113bfX!215113afX, ~2.11!

af52bf /~113bf !. ~2.12!

The rotationRX is between the basis in the quark secto
and that in the lepton sectors. Our interests are as follo
What rotationRX can give reasonable neutrino masses a
mixings? What relation does it suggest between quarks
leptons?

B. A special form of RX

In the heavy down-quark mass matrixMD , we have con-
sidered that the matrixXd is completely democratic, i.e.
Xd5X defined by Eq. ~1.10!. Hereafter, we define the
‘‘fully’’ democratic matrix X defined in Eq.~1.10! as X3
[X. The matrixXf is a rank-1 matrix, which satisfies th
relation (Xf)

25Xf . We suppose that the matricesXf( f
5e,n) in the heavy lepton sectors will not be ‘‘fully’’ demo
cratic, but ‘‘partially’’ democratic. The simplest expressio
of the partially democratic matrix is
11300
s
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X2[
1

2 S 1 1 0

1 1 0

0 0 0
D . ~2.13!

We identify Xe as Xe5X2. The rotationRX , which trans-
forms X3 into X2, i.e.,

RXX3RX
T5X2 , ~2.14!

is given by

RX5R3S 2
p

4 D •T•R3~u!•~2P3!•A, ~2.15!

R3~u!5S cosu sinu 0

2sinu cosu 0

0 0 1
D , ~2.16!

A5S 1

A2
2

1

A2
0

1

A6

1

A6
2

2

A6

1

A3

1

A3

1

A3

D , ~2.17!

T5S 0 0 1

0 1 0

1 0 0
D , P35S 1 0 0

0 1 0

0 0 21
D . ~2.18!

The matrixA transforms the fully democratic matrixX3 to
the diagonal form

AX3AT5S 0 0 0

0 0 0

0 0 1
D [Z3 . ~2.19!

The matrixZ3 is invariant under the rotationR3(u) with an
arbitrary u. The transformationT has been introduced in
order to transformZ3 to Z1[diag(1,0,0). Finally, the rota-
tion R3(2p/4) transformsZ1 to X2. In the definition ofRX ,
@Eq. ~2.15!# we have inserted the matrix2P3 on the left-
hand side of the matrixA. The matrix2P3 does not have
any effect on the matrixZ3. In the numerical study in the
next section, we are interested in the case where (RX)13 takes
a small positive value, so that the matrix2P3 has been
introduced to make the numerical search easier.

For further convenience, we express the rotationR3(u) by
a new angle parameter«5u2p/4. Then, the explicit form
of RX is given by
4-3
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RX5S x3 x2 x1

A2

3
2x3 A2

3
2x2 A2

3
2x1

A2

3
~x12x2! A2

3
~x32x1! A2

3
~x22x3!

D ,

~2.20!

wherexi are given by

x15
1

A6
2

c2s

A6
,

x25
1

A6
1

c2s

2A6
2

c1s

2A2
, ~2.21!

x35
1

A6
1

c2s

2A6
1

c1s

2A2

(s5sin« andc5cos«) and they satisfy the relations

x1
21x2

21x3
251, ~2.22!

x11x21x35A3

2
. ~2.23!

Since we have assumed the inversionP(du) @Eq. ~2.3!#,
the heavy up-quark mass matrixMU @and therefore the ma
trix P†(du)X3P(du)] is not invariant under the permutatio
symmetry S3, although it is still invariant under the permu
tation symmetry S2 for the fieldsu1 andu2, because of the
form

Xu5P†~du!X3P~du!5
1

3 S 1 1 21

1 1 21

21 21 1
D [X38 .

~2.24!

Since the matrixX38 is not invariant under the permutatio
symmetry S3, the neutral heavy lepton mass matrixMN has
a somewhat complicated form: the rank-1 matrixXn is gen-
erally given by

Xn5S y1
2 y1y2 y1y3

y1y2 y2
2 y2y3

y1y3 y2y3 y3
2 D , ~2.25!

whereyi satisfy the normalizationy1
21y2

21y3
251. By com-

paring the resultRXX38RX
T from Eq. ~2.20! with the expres-

sion ~2.25!, we find

y15
1

3A2
1

A2

3
~c2s!,
11300
y25
1

3A2
2

A2

3
~c2s!, ~2.26!

y35
2

3
~c1s!.

In the next section, we will investigate the neutrino ma
matrix ~2.10! numerically. The expression~2.25! is not al-
ways S2 invariant. Therefore, in the next section, we w
require the matrixXn to also have an S2 invariant form. Then
the parameter« is fixed, so that the model can again b
reduced to a one-parameter model with onlybn .

III. NUMERICAL STUDY OF THE NEUTRINO MASS
MATRIX

In order to find the numerical study of the neutrino ma
matrix ~2.10! without spoiling the previous success in th
quark sectors, we evaluate Eq.~2.9! in the limit of be→0.
Then the values of the parameterszi are still given by Eq.
~1.11!. Therefore, the numerical success in the quark sec
@2,3# is unchanged. The matrixUn by which the mass matrix
~2.10! is diagonalized as

Un
†M nUn* 5Dn[diag~m1

n ,m2
n ,m3

n! ~3.1!

is the so-called Maki-Nakagawa-Sakata-Pontecorvo~MNSP!
@13# matrix. Hereafter, we will simply callUn the lepton
mixing matrix.

The neutrino mass matrixM n has two parametersbn and
«. First, we try to require that the matrixXn be invariant
under a permutation symmetry S2. Although, as suggeste
from the formXe5X2 in Eq. ~2.13!, the case withy15y2 is
very interesting, regrettably it cannot give the observ
nearly bimaximal mixing for any value ofbn . Of the pos-
sible casesy15y2 , y25y3, and y35y1, only the casey3
5y1 has a solution that gives reasonable mixing and m
values. The case withy15y3 fixes the parametersxi and« as

y15y350.6900, y2520.2186, ~3.2!

x150.014811, x250.23904, x350.970890, ~3.3!

«52.043 °. ~3.4!

As we defined in Eqs.~2.22! and ~2.23!, the parametersxi
satisfy the relation

x1
21x2

21x3
25

2

3
~x11x21x3!2. ~3.5!

On the other hand, it is well known that the observed char
lepton masses satisfy the relation@14#

me1mm1mt5
2

3
~Ame1Amm1Amt!

2, ~3.6!

i.e.,
4-4
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z1
21z2

21z3
25

2

3
~z11z21z3!2. ~3.7!

In fact, from relation ~3.6!, the observed charged lepto
massesme andmm predictmt

theor51776.97 MeV, which is
in excellent agreement with the observed valuemt

obs

51776.9920.26
10.29 MeV, together with the parameter values

zi for be50

z150.016473, z250.23687, z350.97140, ~3.8!

which correspond to

«52.268 °. ~3.9!

It should be noted that the values~3.3! @and ~3.4!# are very
near to the values~3.8! @and~3.9!#. We may consider that the
parameterszi are identical with thexi , which givesy35y1
at a unification scalem5MX .

In the numerical search, the value of the parameterbn is
determined as the predictionR5Dm21

2 /Dm32
2 gives the ob-

served value@10,12#

Robs.
5.031025 eV2

2.531023 eV2
52.031022. ~3.10!

In Table I, we list the numerical results ofbn , mi
n , Dm21

2 ,
Dm32

2 , sin22u12, sin22u23, andu(Un)13u2 as case A. Here, fo
simplicity, we have used the values 4u(Un)11u2u(Un)12u2 and
4u(Un)23u2u(Un)33u2 as the values of sin22u12 and sin22u23,
respectively, becauseR!1. For reference, in Table I, we
also list a case withxi5zi5Ami

e/(me1mm1mt) as case B.
In this case, the scenario is that the partially democratic fo
of Xn with y35y1 is slightly broken atm5mZ , still keeping

TABLE I. Predictions of the neutrino masses and mixing para
eters. For the predictionsDmi j

2 and mi
n , we have used the valu

Dm32
2 52.531023 eV2 from the atmospheric neutrino data@10#. In

case A, the valuesxi are determined from the requirementy1

5y3, and the valueszi are obtained from the relation~3.7! and the
observed values ofme andmm . In case B, the valuesxi are taken as
xi5zi , wherezi are obtained as in case A.

Case A withxi5” zi Case B withxi5zi

bn 20.680 20.684
an 20.654 20.650
m1

n (eV) 2.393103 2.433103

m2
n (eV) 7.463103 7.483103

m3
n (eV) 5.063102 5.063102

Dm21
2 (eV2) 5.0031025 5.0131025

Dm32
2 (eV2) 2.5031023 2.5031023

Dm21
2 /Dm32

2 2.0031022 2.0031022

sin22u12 0.796 0.801
(tan2u12) ~0.377! ~0.383!
sin22u23 0.978 0.979
u(Un)13u2 6.6531023 6.6831023
11300
m

xi5zi . From the numerical point of view, there is no esse
tial difference between the two cases.

The predicted value of sin22u12 (tan2u12)

sin22u1250.80 ~ tan2u1250.38! ~3.11!

is in good agreement with the present best fit value@12#
tan2usolar50.34 (sin22usolar50.76). It should be noted tha
the predicted value~3.11! gives a suitable deviation from
sin22u1251.0, although the Zee-type model cannot give su
a sizable deviation from sin22u1251.0 @15#.

It is also worth noting that in Table I the value ofbn is
very near tobn522/3. The resultsbe50, bu521/3, bn

.22/3, andbd.21 may suggest the existence of som
unified rule forbf .

Finally, we must excuse ourselves for taking the para
eterbe asbe→0 in the numerical calculations. We have a
sumed that the heavy charged lepton mass matrixME is
given by ME5lm0(113beX2) on the basis ofF ~not F8),
i.e., ME has the partially democratic form. However, th
choicebe50 makes this assumption nonsense. We cons
that the value of the parameterbe is be.0, but it is notbe
50. In fact, although the relation~3.6! has given, for the
observed charged lepton mass valuesme andmm , an excel-
lent prediction of the tau lepton massmt , for the values@16#
of me and mm at m5mZ we obtain the predicted valu
mt(mZ)51724.99 MeV, which slightly deviates from th
observed valuemt(mZ)51746.6920.27

10.30 MeV @16#. This de-
viation can be adjusted by taking a small deviation ofbe
from zero.

IV. MEANINGS OF THE ROTATION RX

In the previous section, we found that the values of
parametersxi with the requirementy15y3 are very close to
the values ofzi , which are evaluated from the observe
charged lepton masses. It should be noted that only for s
a case withxi.zi do we obtain a solution for the value of th
parameterbn that gives reasonable masses and mixings
other words, even if we do not require the conditiony1
5y3, the phenomenological two-parameter study with« and
bn can find a reasonable solution only whenxi.zi . This
suggests that the rotationRX has a special meaning not on
for the neutrino mass matrix, but also for the charged lep
mass parameter matrixZ. We consider that the coincidenc
xi.zi is not accidental.

The rotationRX has the following property:

RXS x3

x2

x1

D 5S 1

0

0
D ~4.1!

in addition to the property~2.14!. Therefore, it means tha
the parameterszi can be obtained from the vector (1,0,0) b
the following rotation:

-

4-5
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S z3

z2

z1

D 5~RX!xi5zi

T S 1

0

0
D . ~4.2!

If we define a rotation matrixR̃X as

R̃X5TRXT, ~4.3!

whereT is defined by Eq.~2.18!, the relations become mor
intuitive:

R̃XX3R̃X
T5X̃2[

1

2 S 0 0 0

0 1 1

0 1 1
D , ~4.4!

~R̃X!xi5ziS z1

z2

z3

D 5S 0

0

1
D , ~4.5!

~R̃X!xi5zi
•Z•~3X3!•Z•~R̃X!xi5zi

T 5S 0 0 0

0 0 0

0 0 1
D . ~4.6!

However, in order to obtain the same numerical results
those in the previous section, we must change the assu
tion Xn5RXP3X3P3RX

T to the following assumption:

Xn5R̃XP1X3P1R̃X
T , ~4.7!

where

P15diag~21,1,1!. ~4.8!

Then the parametersyi in the expression~2.26! are given by
the same relations with an exchange betweeny1 and y3.
Since we requirey15y3, the numerical results are exact
identical with those in the previous section. In the previo
scenario we assumed, with the rotationRX , that the heavy up
fermions take the same phase matrixP35P(du)5P(dn). In
this case withR̃X , we must assume thatP(du)5P3, but
P(dn)5P1. Although the scenario withR̃X is more intuitive,
we cannot at present answer the questions why quarks
quire the inversionP3 and why leptons require the inversio
P1.

In any case, it is essential that the parameter val
(z1 ,z2 ,z3) @or (z3 ,z2 ,z1)] come from (0,0,1)@or (1,0,0)]
by the rotationR̃X ~or RX). In particular, it is noted that the
parameterszi satisfy the relation~2.23! @and therefore~3.7!#,
which leads to the charged lepton mass relation~3.6!. Thus,
the rotationRX has special meanings not only as a rotat
between the heavy quarks (U,D) and (N,E), but also as a
rotation that determines the charged lepton mass param
zi .
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V. CONCLUSIONS

We proposed an improved version of the democratic u
versal seesaw model in order to extend the success of
unified description of the quark and charged lepton m
matrices to the neutrino mass matrix. In the original mod
the mass matricesmL and mR were given by a universa
structure Z, independently of the fermion sectorsf
5u,d,e,n, and the hypothetical heavy fermion mass ma
cesMF have the same structure, ‘‘a unit matrix plus a dem
cratic matrix,’’ which includes only one flavor-depende
complex parameterbf . The constraint was too tight, so tha
the model could not give the observed nearly bimaximal n
trino mixing. In the improved model, the mass matricesmL

f

~also mR
f ) are still flavor independent, while the heavy fe

mion mass matrices have different structures between q
and lepton sectors, i.e., in the quark sectors,MF still have
democratic forms, while in the lepton sector,MF have only
‘‘partially’’ democratic forms. If we take a special rotatio
RX , which transforms the 333 democratic matrixX3 to the
232 democratic matrixX2 as Eq.~2.14! and if we take the
parametersxi asxi.zi}Ami

e andbn.22/3, we can obtain
reasonable values of the neutrino masses and mixings.

For the quark and charged lepton sectors, in the orig
democratic universal seesaw model@2,3#, we already ob-
tained reasonable values of the masses and mixings by ta
be50, bu521/3, andbd.21. Those values ofbf are un-
changed in the present revised model and, moreover, in o
to explain the observed nearly bimaximal neutrino mixin
the valuebn.22/3 is required. What is the meaning of the
parameter values

be50, bu521/3, bn.22/3, bd.21? ~5.1!

This is a future task for us.
We also searched numerically for a rotation mat

R(u12,u23,u31) that can give reasonable values for the o
served neutrino mixings and masses, without requiring
constraint~2.14!. We found that the only solution is the ro
tation RX with xi.zi @the valueszi are given by Eq.~1.11!#
for bn.22/3. The solutionRX transforms the ‘‘fully’’ demo-
cratic matrixX3 into the partially democratic matrixX2 and
the parametersxi satisfy the relation~3.5!, which leads to the
charged lepton mass formula~3.6!. The rotationRX with xi

.zi also transforms the matrixX38 ~2.24! into a partially
democratic matrixXn ~2.25! with y15y3. These results
mean that the observed neutrino data require not a mere
merical solution ofR(u12,u23,u31), but the special solution
RX with xi5zi . The observed charged lepton masses, wh
are proportional tozi

2 , are closely related to the rotationRX

with xi5zi , for example, as Eqs.~4.2!, ~3.7!, and so on.
These facts give us a sufficient motivation for the rotationRX
with xi5zi to be taken seriously. However, at present, t
theoretical origin of the rotation is not clear. This is also
future task for us.
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