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Modified Paschos-Wolfenstein relation and extraction of the weak mixing angle sin2uW
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The NuTeV Collaboration reported an anomalously large weak mixing angle sin2uW in comparison with the
standard model prediction. Neutrino and antineutrino charged- and neutral-current events are analyzed for
extracting sin2uW . Although the Paschos-Wolfenstein relation is not directly used in the analysis, it plays an
important role in the determination. Noting that the target nucleus, iron, is not an isoscalar nucleus, we derive
a leading-order expression for a modified Paschos-Wolfenstein relation for nuclei, which may have neutron
excess. Then, using charge and baryon-number conservations for nuclei, we discuss a nuclear correction in the
sin2uW determination. It is noteworthy that nuclear modifications are different between valence up- and down-
quark distributions. We show this difference effect on the NuTeV sin2uW deviation.
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I. INTRODUCTION

The weak mixing angle sin2uW is one of the important
quantities in the standard model. In the on-shell scheme,
related to theW and Z masses by sin2uW512mW

2 /mZ
2 . Col-

lider experiments provide accurate values for these ma
and the angle. According to a global analysis@1#, it is
sin2uW

on-shell50.222760.0004 by excluding neutrino-nucleu
scattering data.

The NuTeV Collaboration~Zeller et al.! reported recently
@2# that the mixing angle should be significantly larger:

sin2uW50.227760.0013~stat!60.0009~syst!, ~1.1!

by using their neutrino and antineutrino scattering data.
extracting sin2uW, it is known that the Paschos-Wolfenste
~PW! relation @3#

R25
sNC

nN 2sNC
n̄N

sCC
nN 2sCC

n̄N
5

1

2
2sin2uW , ~1.2!

is useful because uncertainties from charm production
possible nuclear effects are much reduced. Here,sNC

nN and
sCC

nN are the deep inelastic cross sections for neutral-cur
~NC! and charged-current~CC! neutrino interactions with the
nucleon. The factorr, which is the relative strength betwee
the neutral and charged currents, is taken as one. The Nu
Collaboration measured charged and neutral current ra

Rn5sNC
nN /sCC

nN and Rn̄5sNC
n̄N /sCC

n̄N and then a Monte Carlo
simulation is used for relating the data to sin2uW. Fitting
these ratios simultaneously, they end up using the PW-
relation although it is not directly employed in the analy
@4#. In this sense, it is mentioned in Ref.@5# that ‘‘the NuTeV
result derives sin2uW from the Paschos-Wolfenstein.’’ The re
sult suggests that the left-handed neutral current coup
should be smaller than expected. If it is confirmed, it sho
lead to a new physics finding@6#. The situation is summa
rized in the paper by Davidsonet al. @6#.
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On the other hand, there are suggestions from a conse
tive point of view. Miller and Thomas commented@7# that
the anomalous result could be explained by the shadow
difference between neutral and charged current reaction
using a vector meson dominance~VMD ! model. The NuTeV
Collaboration replied to their comments@5# that the explana-
tion is not favored because the shadowing effects are s
tracted out in the PW relation. Furthermore, the model c
not explain observedRn and Rn̄ ratios, which are smaller
than expected, and also the VMD model does not h
properQ2 dependence. However, theirQ2 discussion is re-
futed by Melnitchouk and Thomas in Ref.@8#. Nuclear cor-
rections are also discussed by Kovalenko, Schmidt, and Y
@9# by noting nuclear modifications ofF2. However, one
should note that such nuclear effects were taken into acc
in the NuTeV analysis in a slightly different way@10#.

It is not the purpose of this paper to examine the details
these previous studies. We rather try to address ourselve
the extraction of sin2uW from nuclear data in a model inde
pendent way as much as possible by resorting to charge
baryon-number conservations. Because the NuTeV targe
mainly the iron nucleus, nuclear corrections should be ca
fully taken into account for a precise determination
sin2uW. In this paper, we derive a modified PW relation f
general nuclear targets. Then, we discuss a possible nu
modification factor which could change the extracted sin2uW
value.

This paper consists of the following. First, nuclear corre
tions of the PW relation are discussed in Sec. II. Then, p
sible effects on the extraction of sin2uW are explained in Sec
III. The results are summarized in Sec. IV.

II. MODIFIED PASCHOS-WOLFENSTEIN RELATION
FOR NUCLEI

The PW relation was derived for the isoscalar nucle
however, the used NuTeV target is mainly iron, which is n
an isoscalar nucleus. The neutron excess may cause u
pected nuclear corrections, which should be carefully inv
tigated. In this section, we derive a leading-order~LO! PW
expression for general nuclei in a model independent wa

First, neutrino- and antineutrino-nucleus charged curr
©2002 The American Physical Society01-1
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cross sections are given in the LO by@11#

dsCC
nA

dx dy
5s0x@dA~x!1sA~x!1$ūA~x!1 c̄A~x!%~12y!2#,

dsCC
n̄A

dx dy
5s0x@ d̄A~x!1 s̄A~x!1$uA~x!1cA~x!%~12y!2#.

~2.1!

Here,s0 is defined ass05GF
2s/p, by neglecting the factor

Q2/MW
2 from the propagator, with the Fermi coupling co

stantGF and the center-of-mass squared energys. The vari-
ablesx andy are defined by the momentum transfer squ
Q2 (52q2), the energy transferq0, and the nucleon mas
M asx5Q2/(2Mq0) andy5q0/En or q0/En̄ . Nuclear quark
and antiquark distributions are denotedqA(x) and q̄A(x),
respectively. They depend also onQ2; however, the explicit
Q2 dependence is abbreviated in the parton distribution fu
tions ~PDFs! throughout this paper. Next, the neutral curre
cross section for neutrino scattering is given by@11#

dsNC
nA

dx dy
5s0x@$uL

21uR
2~12y!2%$uA~x!1cA~x!%

1$uR
21uL

2~12y!2%$ūA~x!1 c̄A~x!%

1$dL
21dR

2~12y!2%$dA~x!1sA~x!%

1$dR
21dL

2~12y!2%$d̄A~x!1 s̄A~x!%#, ~2.2!

where left- and right-handed couplings are expres
by the weak mixing angle asuL51/22(2/3)sin2uW,
uR52(2/3)sin2uW, dL521/21(1/3)sin2uW, and dR
5(1/3)sin2uW. The cross section for antineutrino scatteri
is obtained by exchanging the left- and right-handed c
plings.

Using these equations, we obtain a nuclear PW relatio

RA
25

sNC
nA 2sNC

n̄A

sCC
nA 2sCC

n̄A
5$12~12y!2%@~uL

22uR
2 !$uv

A~x!1cv
A~x!%

1~dL
22dR

2 !$dv
A~x!1sv

A~x!%#/@dv
A~x!1sv

A~x!

2~12y!2$uv
A~x!1cv

A~x!%#. ~2.3!

Here, the valence quark distributions are defined byqv
A

[qA2q̄A. The name , valence quark, is conventionally us
for valence up- and down-quark distributions, but we use
same nomenclature for strange and charm distributions
applying the same definitions,sv

A[sA2 s̄A andcv
A[cA2 c̄A.

Of course, there is no net strangeness and charm in ordi
nuclei, so that ‘‘valence’’ strange and charm distributio
should satisfy*dx sv

A(x)50 and *dx cv
A(x)50. However,

these equations do not mean that the distributions themse
vanish:sv

A(x)Þ0 andcv
A(x)Þ0.

The valence-quark distributionsuv
A anddv

A are expressed
by the weight functionswuv

andwdv
at anyQ2:
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A~x!5wuv

~x,A,Z!
Z uv~x!1N dv~x!

A
,

dv
A~x!5wdv

~x,A,Z!
Z dv~x!1N uv~x!

A
,

~2.4!

whereuv anddv are the distributions in the proton,Z is the
atomic number,N is the neutron number, andA is the mass
number of a nucleus. The weight functions are defined
fixed Q2(51 GeV2) in Ref. @12#; however, they are used a
anyQ2 throughout this paper. The explicitQ2 dependence is
abbreviated as for the PDFs. Although these equations
originally motivated by the isospin symmetry in nuclei fo
the virtual wuv

5wdv
51 case, we do not rely on such a

assumption. This is because nuclear modifications, includ
isospin violation @13,14# and nuclear charge-symmetr
breaking @15#, could be taken into account by the weig
functions in any case. Therefore, the expressions are g
without losing any generality.

Next, we define neutron excess constant«̂n and a related
function «n(x) by

«̂n5
N2Z

A
, «n~x!5 «̂n

uv~x!2dv~x!

uv~x!1dv~x!
. ~2.5!

Then, a difference between the weight functions is defin
by

«v~x!5
wdv

~x,A,Z!2wuv
~x,A,Z!

wdv
~x,A,Z!1wuv

~x,A,Z!
. ~2.6!

The function«v depends also onA, Z, and Q2, but these
factors are abbreviated in writing«v . Substituting Eqs.~2.4!,
~2.5!, and~2.6! together with the coupling constants into E
~2.3!, we obtain

RA
25F S 1

2
2sin2uWD $11«v~x!«n~x!%1

1

3
sin2uW$«v~x!

1«n~x!%1S 1

2
2

2

3
sin2uWD «s~x!

1S 1

2
2

4

3
sin2uWD «c~x!G Y F11«v~x!«n~x!

1
11~12y!2

12~12y!2
$«v~x!1«n~x!%

1
2$«s~x!2~12y!2«c~x!%

12~12y!2 G . ~2.7!

Here, «s and «c are defined by«s5sv
A/@wv(uv1dv)# and

«c5cv
A/@wv(uv1dv)# with wv5(wdv

1wuv
)/2. We would

like to stress that the LO expression in Eq.~2.7! has been
derived without using any model dependent factor and
serious approximation.
1-2
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MODIFIED PASCHOS-WOLFENSTEIN RELATION AND . . . PHYSICAL REVIEW D66, 111301~R! ~2002!
The strange quark (sv
A) effects are investigated in Re

@14#, and the neutron-excess effects, namely the«n terms, are
taken into account in the NuTeV analysis@10#. In addition to
these corrections, we notice in Eq.~2.7! that another correc
tion factor«v contributes to the deviation from the PW rel
tion 1/22sin2uW due to the difference between the valen
up- and down-quark modifications in a nucleus. This fact
needs to be clarified. There are two restrictions on
valence-quark distributions in a nucleus. One is the bar
number conservation@16#, and the other is the charge co
servation@12#. Nuclear baryon number and charge have to
A andZ, and they are expressed in the parton model as

A5E dx A(
q

1

3
~qA2q̄A!5E dx

A

3
~uv

A1dv
A!,

Z5E dx A(
q

eq~qA2q̄A!5E dx
A

3
~2 uv

A2dv
A!,

~2.8!

whereA is multiplied in the integrands because the nucl
parton distributions are defined by those per nucleon, and
relation *dx sv(x)5*dx cv(x)50 is used in obtaining the
right-hand sides. Substituting Eq.~2.4! into Eq. ~2.8!, we
obtain

E dx~uv1dv!@Dwv1wv«v~x!«n~x!#50, ~2.9!

E dx~uv1dv!@Dwv$123«n~x!%

2wv«v~x!$32«n~x!%#50, ~2.10!

whereDwv is defined byDwv5wv21. Although it is not
straightforward to determine«v(x) from Eqs. ~2.9! and
~2.10!, it indicates that«v(x) is finite.

In this way, we find that nuclear modifications are,
general, different between the valence up- and down-qu
distributions because of the baryon number and charge
servations. It gives rise to the factor«v . This kind of detailed
nuclear effects cannot be accounted simply by investiga
electron and muon scattering data and by fitting charged
rent cross-section data for the same target@10#. Because the
physics associated with the«v factor is missing in the
NuTeV analysis, it may cause a significant effect on
sin2uW determination.

III. EFFECTS ON sin 2uW DETERMINATION

The angle sin2uW can be extracted by using Eq.~2.7! to-
gether with the experimental data ofRA

2 . In order to find
whether or not the«n corrections could explain the deviatio
from the standard model value for sin2uW, we approximate
the relation by considering that the corrections are sm
(«v!1). Retaining only the leading correction of«v in Eq.
~2.7!, we obtain
11130
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RA
25

1

2
2sin2uW2«v~x!H S 1

2
2sin2uWD11~12y!2

12~12y!2

2
1

3
sin2uWJ 1O~«v

2!1O~«n!1O~«s!1O~«c!.

~3.1!

The higher-order and other correctionsO(«v
2), O(«n),

O(«s), and O(«c) are not explicitly written. As far as
present neutrino data suggest, the ‘‘valence’’ strange dis
bution should be small, and the measurements indicate
such a correction increases the NuTeV sin2uW deviation ac-
cording to Ref.@14#. Therefore, at least at this stage, th
finite sv

A andcv
A distributions effects,O(«s) andO(«c), are

not the favorable explanation. Although accurate measu
ments may clarify the details of the distributionssv

A andcv
A in

future, they are not discussed in the following. The neutr
excess effectsO(«n) are included in the NuTeV analysi
@10#, so that they are not the source of the sin2uW deviation.

As mentioned in Sec. I and Ref.@5#, the NuTeV sin2uW is
‘‘derived’’ from the PW-like relation indirectly. It is obvious
from Eq. ~3.1! that there is an«n-type correction to sin2uW,
and it may explain, at least partially, the deviation from t
standard model. However, the correction is essentially
known at this stage in the sense that there is no signific
data to find the difference between valence up- and do
quark modifications («v). In order to investigate whether o
not the«v correction is large enough, we should inevitab
use some prescription for describing the«v factor. In the
following, we introduce two different descriptions as e
amples.

A. A prescription for the conservations—description 1

It is not straightforward to find a solution«v(x) to satisfy
Eqs. ~2.9! and ~2.10!. For an approximate estimate, th
higher-order corrections«v«n are neglected in these equ
tions. Then, substituting Eq.~2.9! into Eq. ~2.10!, we obtain

«v~x!52 «̂n

uv~x!2dv~x!

uv~x!1dv~x!

Dwv~x!

wv~x!
, ~3.2!

by considering a special case that the integrand vanishes
course, this is not a unique solution, but this estimate sho
be able to provide information about the magnitude of
correction.

B. A x2 analysis of nuclear PDFs—description 2

Global x2 analysis results could be used for calculati
«v(x). A x2 analysis for determining nuclear parton dist
bution functions~NPDFs! is reported in Ref.@12#, and ob-
tained distributions can be calculated by using subroutine
the web site in Ref.@17#. Before using the NPDF code, w
would like to remind the reader what has been done for
valence distributions. AtQ251 GeV2, the weight functions
are assumed to be
1-3



ha
t

on
d

-

,

y

ge

pe

h
s

ne
to
the
ly

t
ed
f-
ord-
ble

d at

s is

gh

ith
der
ver

om
he
he

n
ne-

s

RAPID COMMUNICATIONS

S. KUMANO PHYSICAL REVIEW D 66, 111301~R! ~2002!
wi~x!511S 12
1

A1/3D ai1bvx1cvx21dvx3

~12x!bv
, ~3.3!

where i denotesuv or dv , andauv
, bv , cv , anddv are the

parameters to be determined by thex2 fit. Because it is the
first x2 analysis attempt for nuclei, the parameter number
to be reduced as many as possible. It is the reason why
common parameters are chosen forbv , bv , cv , and dv .
However, in order to satisfy both the charge and bary
number conservations, at least one parameter should be
ferent. Because the parametersauv

andadv
are determined so

as to satisfy these conservations, this description of«v(x)
surely satisfies Eqs.~2.9! and ~2.10!. However, one should
note that this«v(x) may not be valid if it has more compli
catedx dependence than the one calculated from Eq.~3.3!.

Numerical results

In the first description,«v is evaluated numerically by
using Eq.~3.2! with the NPDF code in Ref.@17# for calcu-
lating uv , dv , wuv

, andwdv
at givenQ2. In the second one

«v is calculated by the definition in Eq.~2.6! with the weight
functionswuv

andwdv
, which are numerically calculated b

the NPDF code. In the NuTeV measurements@4,5#, averages
of the kinematical variables are given by^E&5120 and 112
GeV, ^Q2&525.6 and 15.4 GeV2, ^x&50.22 and 0.18 for
neutrinos and antineutrinos, respectively. The ranges ofx and
Q2 are 0.01,x,0.75 and 1,Q2,140 GeV2. Although the
n and n̄ incident energies are different, we use the avera
value ^E&5116 GeV for connectingx, y, and Q2: y
5Q2/(2Mx^E&).

In Fig. 1, theQ2 value is fixed atQ251 GeV2, and the
correction term in Eq.~3.1! is evaluated as a function ofx.
The neutron excess«̂n54/56 and sin2uW50.2227 are used in
the calculations. The solid («v

(1)) and dashed («v
(2)) curves

are obtained by the first and second descriptions, res
tively. The dotted line indicates the NuTeV sin2uW deviation
(0.227720.222750.0050) just for a comparison. Bot
curves increase rapidly asx becomes larger, and this i
mostly a kinematical effect due to the factor 1/@12(1

FIG. 1. The«v correction term is evaluated atQ251 GeV2.
The solid curve is calculated by Eq.~3.2!, and the dashed curve i
obtained by thex2 fit code @12,17#. The NuTeV deviation 0.005 is
shown by the dotted line just for comparison.
11130
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2y)2#. Another effect at largex comes from the Fermi-
motion-like factor 1/(12x)bv in Eq. ~3.3!. The «v

(2) correc-
tion term is very small with the following reason. Thex
dependence in Eq.~3.3! indicates that«v

(2) is almost indepen-
dent ofx except for largex. The first terms in Eqs.~2.9! and
~2.10! are valence-quark distributions multiplied byDwv ,
and these integrals almost vanish. The obtained«v

(2) is
roughly proportional to these small integral values. O
should note that this result could be artificially small due
the weakx dependence assumption. On the other hand,
magnitude of«v

(1) is large in general and it has complete
different x dependence. Because«v

(1) is directly proportional
to the valence-quark modification (Dwv) in Eq. ~3.2!, the
function changes sign atx'0.3, which is the transition poin
from antishadowing to the EMC-effect region. In the revis
analysis@18,19#, the valence modifications are slightly di
ferent; however, the essential features are the same. Acc
ing to the first description, the function becomes compara
magnitude to the NuTeV deviation.

Because the averageQ2 is much larger than 1 GeV2 in
the NuTeV experiment, the corrections are also calculate
Q2520 GeV2 by noting the kinematical limity,1. The re-
sults are shown in Fig. 2. In comparison with theQ2

51 GeV2 results, the effects are much suppressed. Thi
again due to the kinematical factor 1/@12(12y)2#. For ex-
ample, this factor is 55 forx50.5 andQ251 GeV2; how-
ever, it becomes 3.0 forx50.5 andQ2520 GeV2. This is
the reason why both distributions become smaller. Althou
the «v

(2) effect is too small to explain the deviation atQ2

520 GeV2, the«v
(1) is still comparable magnitude.

In order to investigate these effects on the NuTeV sin2uW,
the analysis should be done with the Monte Carlo code w
the experimental data. However, in order to show the or
of magnitude, we simply average the obtained curves o
the x range (Dx) from 0.01 orxmin5Q2/(2M ^E&) to 0.75.
Because the data are centered at aboutx50.2, this kind of
simple average could overestimate the effects coming fr
the largex region. The calculated results are shown by t
solid curves in Fig. 3. As already found in Figs. 1 and 2, t
effects are very large at smallQ2 and become smaller asQ2

becomes larger.
If the simplex average is taken, the effects look large. O

the other hand, there is a method to take the NuTeV ki

FIG. 2. The correction term is evaluated atQ2520 GeV2.
1-4
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matics into account@22# by using the functionals in Fig. 1 o
Ref. @14#. Although the physics motivation is completely di
ferent, the present«v distribution could be simulated by th
NuTeV distributionsuv

p2dv
n and dv

p2uv
n . It is interesting

that their ‘‘isospin-violating distributions’’ could effectively
contain the present nuclear effect. If such a corresponde
is made, the effect on sin2uW is calculated by using the
NuTeV functionals@4,22#. The results are shown by th
dashed curves in Fig. 3. We find that the effects beco
significantly smaller due to the lack of largex events in the

FIG. 3. The solid curves indicate the corrections averaged o
the x range. The dashed ones are obtained by taking the Nu
kinematics into account.
hi
uk
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NuTeV experiment. Therefore, as far as the considered
descriptions are concerned, the nuclear modifications are
large enough to explain the whole NuTeV deviation.

It is, however, still too early to conclude that the prese
mechanism is completely excluded, because the nuc
modification difference betweenuv

A anddv
A is not measured

at all. It may not be possible to find this nuclear effect un
a neutrino factory@19,20# or the NuMI project@21# is real-
ized. On the other hand, if these facilities are built, t
‘‘nucleon’’ cross sections~hence sin2uW) could be measured
with proton and deuteron targets with minor nuclear corr
tions. The NuTeV also reported thatRn andRn̄ are unexpect-
edly smaller@5#. We are also investigating this issue, a
hopefully it will be clarified in the near future.

IV. SUMMARY

We have derived a modified Paschos-Wolfenstein rela
for nuclei. Using this relation, we investigated the possibil
that the NuTeV sin2uW deviation could be explained by th
nuclear parton distributions in iron. In particular, we point
out that nuclear modifications are different between vale
up- and down-quark distributions. The difference partia
explains the NuTeV deviation although it may not be lar
enough to explain the whole deviation. Because such m
fications are not measured, it is important to investigate th
in future.
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