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Quantum entropy bound by information in black hole spacetime
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We show that the increase of the generalized entropy by a quantum process outside the horizon of a black
hole is more than the Holevo bound of the classical information which could be obtained by further observa-
tions outside the horizon. In the optimal case, the prepared information can be completely retrieved.
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[. INTRODUCTION ment and is a key concept of quantum information theory
[23].

Bekensteir{ 1], on the basis of information from theoret-

ical arguments in a gedanken experiment, proposed the gen- Il. QUANTUM ENTROPY BOUND

eralized second law in black hole spacetime prior to the dis-

covery of Hawking radiatio2] and thus opened up black

hole thermodynamicE3]. It has been shown that there is an

almost complete parallel between black hole physics and

thermodynamics from the zeroth to the third law. However, ) un=>, Vealn)gln)a, (1)

there remains a long standing problem: the apparent loss of n

g}formatlon about the |n|t|ql state_ by t_ht_a evap_oratlon o_f theWhere c,=exd—wn/Ta)Z is the Boltzmann factorZ

ack hole[4]. From our point of view, it is crucial to clarify _ - 1 - ]

the meaning of “information” to resolve this paradox. Re- =2nexfl ~onTgn] and Tgy=(87M) " is the Hawking
. . _ . ' temperature. The statd) is an entangled stat] of the

cently, the information theoretical aspects in black hole phys

) . : : particles inside |)g) and outside |(1)5) of the black hole
ics have been reemphasizs] in the light of the entropy just like the EPR paitfor a review see, e.g[13]). The state

bound conjecture. _ , inside the black hole is not accessible from the outside so
In black hole thermodynamics the total entropy is the sSuMpat we trace over thB state to obtain a mixed state for the

of the black hole entrop@s=A/4 (whereA is the area of  gpserver outside, i.e.p4=Tr (| ¥)un(¥) = ZnCaln)alnl,

the black hole horizon, an®sy=47M? for a spherical  which is nothing but the canonical thermal density operator

black hole of mas$/) and of ordinary matter entrop8y,,  [14]. Now imagine a detector of negligible mass in the pure

i.e., Sy=Sgu+ Sy . The generalized second law is motivated state |®,), initially located far away from the black hole

by the paradox of Wheeler's demon: although the entropyhorizon, which is slowly lowered by a string up to a point

Sy of the matter outside the black hole decreases by disposiear the horizon, and then a quantum experiment outside of

ing it to the black hole, the total entropyS; increases. the black hole is performed. The reduckdtate will change

There is plenty of evidence to support it. For example, an general as

gedanken experiment suggested by Unruh and \Wdlthkes

into account the Unruh effe¢8], while Frolov gnd I?ag@] PA_’P,,AEE AQPAAZ=E PP, ©)

gave a general argument based on the Einstein-Podolsky- @ «

Rosen(EPR-like entanglement of the particle states inside

and outside the event horizon. In a previous wiitR] the  with EQAZAQ=1. The transition is represented by a trace-

present authors showed that, ingaantumversion of the preserving positive operator-valued measurem{®@VM),

Geroch-Bekenstein gedanken experiment, for the outside ravhere p,,=Tr (AapAAL) is the probability to get the mea-

gion of a black hole the total entropy increases, while thesurement resulty, and p&E(AapAAL)/pa is the new nor-

matter entropy decreases when a detector is dropped into thgalized density operator. The POVM process is more physi-

black hole. The decrease of the matter entropy is more thagally understood if we explicitly introduce detector states

compensated for by the increase of the black hole entropyb ) tensored to the entangled stat®. In more detail,

via the increase of the black hole mass which is ultimatelywhen the agent outside the black hole switches on his experi-

attributed to the work done by the measurement. In thenental apparatus, the system will undergo a unitary transfor-

present work we will show further that the increase of themationU for the compound state @ and the detector as

generalized entropy is greater than or equal to the Holevo

bound[11,12], which in turn is the upper bound to the clas- |Wy— | W), 3)

sical information which can be obtained by quantum mea-

surements. Entanglement plays an essential role in our argwhere

The quantum state of the matter in the black hole space-
time is described by the Hartle-Hawking state,
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Ordinary thermodynamics tells us that the woMW

|‘I’>E; \/C_n|n>B|n>A|(DO(XO)> needed in the isothermal process is more than or equal to the
variation of the free energy:
' AW=AF
V) =; Vea gUL M) Al o(X0)] = ®
[with the equality in Eq.8) holding for a quasistatic pro-
cess, where

=a2n Jc—n|n>B§ U m)al @ ,(X0)), (4)

AF=|2 p.Es=TS(phs) X~ (Eo=TSwx
and wherex is the spacetime point of the detector, which is “
initially located outside the horizon. We assume that by the :[SM—SL wlTen, 9)
measurement the state decoheftes a proper time scale ’
which ensures that the process is quasistatic, and which ignd we have used the conservation of the internal energy
smaller than the dynamical time scale of the processjtgelf E =3 p_E,, which holds in the isothermal systeri{ and
a diagonal form with respect to the detector staf®s(xo))  E, are the energies of the combined system of the Hawking
(the decoherence due to the interaction with the environmendtate plus the detector before and after the experiment, re-
is neglected here for simplicity, since its inclusion would notspectively. FurthermoreSy,=S(p,) is the initial matter en-

alter our results The resultant mixed staje’ is then tropy ands’;’MES(pA@) the matter entropy after the mea-
surementincluding the contribution from the detecipwith
/ @ S(p)=—Tr (plogp) the von Neumann entropy for a general
P3| 3 el Ut Sp)==Tr(plovp) pyforag
Combining the first law of black hole physics and the
> feoaln’ u*e (m’ secqnd law of thermodynamics given gbove, we then gasﬂy
?‘ e |§‘ A |) obtain ASgy=Sg—Sgu=Su—S, m Or, in a more illumi-
nating way,
B[P o (X0) (P o(Xo) |- )
(Sgnt S, m)— (Sent Su)=0. (10)

However, since the state inside the black hole is not acces-
sible for the outside observéy, we trace over the state &  In other words, the generalized second law holds.
to obtain a reduced density operator foand the detector as Let us now extend the previous argument to the case in
which the observer disposes of the detector in a gedanken
, , experiment a laGeroch-Bekenstein. Suppose that the ob-
PA¢E§ Pah ol P o(Xo) (P o(X0)| server conditionally drops the detector into the black hole if
the experiment outcome i8e D, while keeping it outside
T the black hole ife ¢ D. That is, the detector might alter the
:g AapaPal P o(X0) (P o(Xo), (6)  state inside the black hole if the measurement outcame
e D. In general the staté) will change further to

where A, =(® ,(Xo)|U|Po(Xg)). If the outside agent does
not “read” the detector, the detector states in E&).must be o=, (2 JeaVanye > ue| m>A)
traced out and then E€R) is reproduced. What we have seen a \'n m
above is an explicit construction of a unitary representation
of the POVM where we identify the extended Hilbert space X
as that including the detector stafds].
Now, the experiment is a local and isothermal process due
to the Unruh effect of the accelerated system with the tem- B[P (X )N Po(X)] 1D

peratureﬂr)ETBH/X(r), the blue-shifted temperature from
the Hawking temperatur€gy of the cavity surrounding the
black hole at infinity. The first law of black hole physics is

S Va0V, Uit
n m

whereV , is a nontrivial unitary transformation if the experi-
mental outcome isxe D andV, =1 if a ¢ D. Moreover,x,

is the spacetime point of the detector sufficiently after the
measurementx,, is inside the black hole ike D and it is
outside otherwise. This corresponds to the “classical com-
munication from Alice to Bob” in the standard quantum
communication setup, except that in the present case it is an
whereAW is the work needed for the quantum experiment.inherently one-way communication.

In the semiclassical gedanken experiment, this corresponds The trace over th8 states washes out the, dependence

to the work to push down the box towards the black holealtogether and we obtain the reduced density matrix for the
against the buoyancy force by the Hawking radiafi6v]. compound state of and the detector as

o _AM_Aw ,
BT T To (7)
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The=Ppoi+(1—pp)os, the measurement determiniag In other words, we could as
well redefine the total variation of the generalized entropy as
O',E Aa ! y 12
1 (ED P pa)”D (12 AS,=AS{+S,. 17)
o= > Pl P (X ) WD (X )], The quantities inside the first two brackets on the right-hand
aeD

side of Eq.(16) are the same appearing in the famous Holevo

where we have introduced the reduced density operator f(pound[ll,lﬂ:

the detector app==3 . pPu| P o(X) WP (X)|, With pp

=3 ,.pP. the total probability that the detector is dropped /
into the black holep,=p,/pp the normalized probability @
for e D, andp,=p,/(1—pp) the normalized probability

for « ¢ D. For a e D the detector Hilbert space is tensored - . — . _
with the Hilbert space of the outside observer because th&here p,=p, when a—aeD and p,=p, when «
detector and the outside observer get causally disconnected @ ¢ D. Moreover, |- is the mutual information of the
and therefore decoupled. It is then straightforward to comzomponentsr which would be obtained if one performed a
pute the matter entropjnow reading, for an outside ob- fyrther measurement before the detector and the outside ob-
serversS, y=S(oas) ~ PoS(pp)] Using the concavity prop- - server get causally disconnected. More precisely, W}

> _—pa) -2 PaS(p)=1%, (189

erty as being the orthogonal projection summing to unity which cor-
. , , responds to the further observation at infinity and should be
Sem=SPoo1+ (1= pp)oz]—PoS(po) distinguished from the previous POVM, one has
2pDS( ED Papl | +(1—pp)S(ay). (13 o(i)
I4(E)=~2 p.p(jla)log—=, (19
Furthermore, using the fact that, for a quantum system ja p(jle)

=2 40475, the Holevo accessible informatiop(7)=S(7)
—243055(75) decreases under an arbitrary completely posi

tive mapé, i.e.. x[£(7)]<x(7) [15], we obtain the follow- where p(j|a)ETI’(Ejp;) is the conditional probability to

ing inequalities: obtain thS gutcorle} when the statepj; is prepared and
p(j)=2,p(a)p(j|a) is the average probability to obtajn
S(o’)>S< 2 B p,> Equation(19) can be interpreted as the mutual information
2 afd ¢ between the state prepared by an agent near the black hole

(14) and that of another agent at infinity, i.e., the uncertainty of
the first measurement minus its uncertainty after the second

S,;,M<2 PaS,— 2 Palogp,. measurement. The equality in E@{.8) can be achieved for
‘ ‘ some projectionE;} if and only if the components of the
whereS/=S(p.). pj;s are mutually commuting. In this case tbés can be
Now, the change of free energy is still given by ES), simultaneously diagonalized so that we can choose, for ex-
and an almost identical argument as before leads to ample, thaTAT;AgH E; as the best that the second agent can

AS-=(S..+S . )— +S.)=S .. —S . (15 do. In this optimal case we obtairi;(E)z—Egpglog P
Sr=Sen® Som) = (Sen® S =Sym=Spu- (19 which is nothing but the Shannon information entropy stored
Finally, substituting the inequalitied3) and (14) into Eq. by the first measurement. To summarize, 8@) tells us that
(15 we obtain this potentially acquirable classical information is bounded
from above by the change of the generalized entropy, i.e.,

ASr=po S( 2 Eaap;) = 2 PaS;|+(1-pp)
“c “c ASt=ppl,cp+(1—pPp)liep- (20
xS Pl — > PLSLI+ logp, .
a;D p“p“) agD Paa ; P+'99Pa In the ordinary thermodynamics of a closed systamw

=0, so that we haveS)y+S.—Su=ppl,.p+(1
—pp)l L«p: the acquirable information is not more than the
The last term on the right-hand sididns) of Eq. (16) can be  change of entropy. In the case of an orthogonal POVM
interpreted as(minug the “entropy of the choice,”S,  {|®,)(®,|} for the detector, one can directly comp@g,,
=-3,p.logp, (see page 282 of Rdf12)), for the detector, without using the concavity of the entropy, but just by writ-
reflecting thea priori ignorance about the actual outcome of ing

(16)
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- is surrounded by a cavity with temperaturgy, . When the

+(1-pp) ED P.S,+Sc relaxationo’ — py eventually occurs, the enerdyW is emit-

e ted to infinity in a form of radiation, and the informatidh
~ N initially stored in the states’ is encoded in the radiation
+Pp ZD P09 P, itself. Thus, the information could be completely retrieved by
“c this relaxation process in the ideal ca$iee details on how
the information is encoded and on the relaxation process are
beyond the scope of the present papéf course, it is pos-

S&,MZPDS( ED EJaP;

i _ !
P'M_g PaSa T Se (22) sible to drop matter into a black hole without distorting the
compound state oA and B. However, in this case the ob-
and then we obtain server cannot get any information so that he has no informa-

tion to lose. The thermal state remains the thermal state so
that the radiation from the black hole does not carry any

ASt=PoXacp+SctPo 2 Palogp, information.
aeD

—PoXlentSi—(1=pp) S Pulogp., (22 IIl. SUMMARY AND DISCUSSION
aéD

We have shown that the increase of the generalized en-

where  Sy=—[pplogpp+(1—pp)log(1-pp)] represents tropy by a quantum process outside the horizon of a black
the entropy due to the decision whether to drop the detectdtole is more than the Holevo bound of classical mutual in-
into the black hole, and the last term is the classicaformation which in principle could be retrieved by a further

information carried by the detector remaining outside of theobservation outside the black hole. What we have used as
horizon. physics are the energy conservation for an isothermal process

It is also illuminating to consider an ideal case in whichin the black hole spacetime and the second law of ordinary

the first agent performs a series of successive quasi-statifermodynamics. The difference between the ordinary
measurements. In the quasi-static isothermal process, tHROVMs and those in the black hole spacetime is that the
work which is needed under the influence of an inhomogework needed for the experiment makes the black hole more
neous HamiltoniarH in an experiment a’l&tern-Gerlach massive. One might consider ours as a special and hypotheti-
equals the change of free energy, i.e., cal gedanken experiment. After a little thought, however, one

may realize that this represents a fact of real life. After all
_ black holes exist somewhere in the universe and any physical
AW=JTr[dH(r)e” 0] dr/z process can be considered as a POVM outside ):hpe yblack
=—B71g,logZ-dr=AF, holes. The present argument is universal in the sense that

POVMs represent the most general physical process includ-

whereZ=Tr[e #"(0] and F=— B llogZ Therefore, the ing, for example, gas collision before the infall. The deco-
equality is saturated in Eq20): herence due to the coupling with the environment reduces

the Holevo accessible information and the inequalit§) is

, , , even more comfortably satisfied. The universality holds also
ASr=PoXacp T (1=Po)Xaen- (23 in the sense that the quantum state is entangled for all kinds

of particles because gravity is universally coupled to any
matter. Of course our discussion does not completely solve

. the information loss paradox, because our treatment of the
amount of increase of the total entropy becomes less and Ie%?ack hole is semiclassical. One will need a full theory of

at each step of measurement and eventually does not Chanal(]}antum gravity to really understand the process of informa-

?ntu?rlll.;nlrz IS rerg]ér:;igg:ﬁ]tlg Zé'gggir;e Stctyh\(/av%riﬁrr? tﬁg g]r']r_]"tion loss and retrieval after a complete evaporation of the
Py P ’ raing o black hole, the final stage of which is expected to be trans-
tropy production rate should not increase in a steady statg,. \ckian

linear thermodynamical process approaching equilibrium. In conclusion, our suggestion is that the information

Consider a further ideal situation: a quasistatic orthogonall ss paradox is not merely an issue of evolution from pure

measurement by the first agent near the black hole followegg mixed states, but rather it should be fully addressed

by the same orthogonal measurement by the second agent at, . . .
infinity, so that in Eq.(20) the equality is doubly saturated, @irgpythe context of quantum measurement and information

i.e.,ASt=ppl,.pt(1—pp)l,:p=S:. and a black hole of
sufficiently large mas#$/ so that the time scale of evapora-
tion is slow enough compared with that of the quantum mea-
surement. We can then think of the situation where the state
o' is distorted from the thermal stagg=|)y4( | by the A.H.'s research was partially supported by the Ministry of
guantum measurement, i.@,— o', and it relaxes back to Education, Science, Sports and Culture of Japan, under Grant
the initial thermal statg,, assuming that the whole system No. 09640341.

Recalling that the Holevo accessible informatjproes not
increase by further measuremefit5], we see that the
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