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We present a method for measuring the cosmic matter budget without assumptions about speculative early
Universe physics, and for measuring the primordial power specBu(k) nonparametrically, either by com-
bining CMB and LSS information or by using CMB polarization. Our method complements currently fash-
ionable “black box” cosmological parameter analysis, constraining cosmological models in a more physically
intuitive fashion by mapping measurements of CMB, weak lensing and cluster abundankepaite, where
they can be directly compared with each other and with galaxy amdfbyest clustering. Including the new
CBI results, we find that CMB measurementsRik) overlap with those from 2dF galaxy clustering by over
an order of magnitude in scale, and even overlap with weak lensing measurements. We describe how our
approach can be used to raise the ambition level beyond cosmological parameter fitting as data improves,
testing rather than assuming the underlying physics.
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I. INTRODUCTION four disparate data sets were all corrgtt can now be de-
rived from cosmic microwave backgrou@MB) + large
What next? An avalanche of measurements have now lersicale structurdLSS) power spectra alonp4—7] and inde-
support to a cosmological “concordance model” whose freependently from CMB+ supernova type 14SN 139 as a
parameters have been approximately measured, tentativetyoss-check. This paper aims to extend this trend, showing
answering many of the key questions posed in past papereow measurements can be combined to raise the ambition
Yet the data avalanche is showing no sign of abating, withevel beyond simple parameter fitting, testing rather than as-
spectacular new measurements of the cosmic microwaveuming the underlying physics. Many of the dozen or so
background (CMB), galaxy clustering, Lymana forest currently fashionable cosmological parameters merely pa-
(LyaF) clustering and weak lensing expected in comingrametrize two cosmological functiorfd2,13: the cosmic
years. It is evident that many scientists, despite putting on axpansion historya(t) and the cosmic clustering history
brave face, wonder why they should care about all this newP(k,z), the observables corresponding to Oth and 1st order
data if they already know the basic answer. The awesomeosmic perturbation theory, respectively. This means that
statistical power of this new data can be used in two ways:non-parametric measurements of these cosmological func-
(1) To measure the cosmological parameters of the contons allows testing whether the assumptions associated with
cordance mode{or a replacement model if it fajlgo addi-  the cosmological parameters are in fact valid. Moreover, if
tional decimal places there are discrepancies, comparing measurements of these
(2) To test rather than assume the underlying physics functions from different data sets reveals whether the blame
This paper is focused on the second approach, which hdies with theory, data or both.
received less attention than the first in recent years. As we all We will limit our treatment to the 1st order function,
know, cosmology is littered with “precision” measurements P(k,z), since the Oth order function has been extensively
that came and went. Schramm used to hail Bishop Ussheridiscussed previousl12—14. One of the key ideas of this
calculation that the Universe was created 4003 b.c.e. as a firpaper is summarized in Fig. 1, showing how CMB, LSS,
example—small statistical errors but potentially large sys<lusters, weak lensing and & all constrainP(k,z) at z
tematic errors. A striking conclusion from comparing recent=0. The first plots that we are aware of showing CMB in
parameter estimation papefsay [1-4] by the authors for k-space go back a decafi5], when CMB merely probed
methodologically uniform samples that the quoted error scales much larger than accessible to large-scale structure
bars have not really become smaller, merely more believableneasurements. Since then, CMB has gradually pushed to
For instance, a confidence interval for the dark energy densmaller scales with improved angular resolution while LSS
sity that would be quoted three years ago by assuming thdtas pushed to larger scales with deeper galaxy surveys. What
is particularly exciting now, and makes this paper timely, is
that the two have met and overlapped, especially with the
*Email address: max@physics.upenn.edu Cosmic Background ImagedCBIl) experiment{16] and the
TEmail address: mz31@nyu.edu 2dF [17] and SDSY18] redshift surveys. Figure 1 shows
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Wavelength A [h~! Mpc] MAP CMB data[27] in combination with SDSS power spec-
1000 100 trum measurements should be able to constrain the shape of
P, (k) in considerable detail. The key challenge is breaking
the degeneracy between the two factofs,(k) and the
transfer function. Although a future brute-force likelihood
analysis parametrizingP, (k) with, say, 20 parameters
would be interesting and perfectly valid, it would obscure the
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= simplicity of the underlying physics. Such a “black box”
o, 1000 £ = . . .
e £ E approach would entail computing many different curves for
g C ] each point in parameter spatgich asC, for CMB, P(k)
g ol F 1 for galaxies, the aperture mass functign,{ ¢) for lensing
w 100 ¢ o E and the cluster mass functipnand mapping out the 20-
& E = Cosmic Microwave Backgrofind ] . . . . . . . .
g F e 2dF galaxies ] dimensional likelihood function numerically by marginaliz-
2 - S Clnater ihundanece 1 ing over other cosmological parameters like those of the mat-
§ 10 g I — 3 ter .budg_et. ThIS. vvpuld be overkill, sincgmodulo
5 E sliyrras Alphs Forsst ] nonlinearity complications treated belpwll measurements
© L i shown in Fig. 1 can be recast directly as weighted averages
1, bl | m vl 0w idE of P*(k)-
0.001 0.01 0.1 1 10 The rest of this paper is organized as follows. In Sec. Il,
Wavenumber k [h/Mpe] we describe the construction of Fig. 1, explaining how CMB,
FIG. 1. Measurements of the linear matter power spect(k) weak I((ajn_slngl_and ClESter abulndasnce measurements (;]an be
computed as described in the text, using the concordance model gpaprpe into(lineay k space. In Sec. Ill, we tum to the

[5] (solid curve to compute window functions. The locations of the degeneracy be_tweeﬁ’* (k) and .c_osmologlcal parameters
CMB points depend on the matter budget and scales with the reiorsUCh as the various matter densities, and present our method
ization optical depth as?” for k=0.002. Correcting for bias shifts for breaking it. We show how this allows measuring the cos-
the 2dF galaxy point$8] vertically (b=1.3 assumed hereand ~ Mic matter budget without assuming anything abBy(k)
should perhaps blue-tilt them slightly. The cluster point scales verand obtaining a non-parametric measuremer® pfk).

tically as (1,,/0.3)" 1?2 and its error bars reflects the spread in the
literature. The lensing points are based[®h The LyaF points are
from a reanalysi$10] of [11] and have an overall calibration un-
certainty around 17%.

II. MEASURING P(k) WHEN THE TRANSFER
FUNCTIONS ARE KNOWN

In this section, we discuss how measurements of CMB,
that CMB now overlaps also with the scales probed by clusweak lensing, cluster abundance dlfy and galaxy clustering
ter abundance and even, partly, with weak lensing. probeP(k) and P, (k) when the relevant transfer functions

P(k,z) can be factored as the product of a primordial
power spectrunP, (k) and a transfer function, correspond-
ing to the physics of the early Universe and the Late Uni- r
verse, respectivef.The two involve completely separate < 80
physical processes and assumptions that need to be teste>
and the purpose of our method is to measure these two facg.
tors separately using observational data. Given a handful 0*®
cosmological parameters specifying the cosmic matter bud-‘g
get and the reionization epoch, the transfer function can bew
computed from first principles using well-tested physios
earized gravity and plasma physics at temperatures similar t
those at the solar surfacdhe primordial power spectrum is
on shakier ground, generally believed to have been created i &
the early Universe at an energy scale never observed an-
involving speculative new physical entities. Most work has
parametrized this function as a power l&y (k)«<k" or a
logarithmic parabold@®, (k)=k"**""k inspired by the slow-
roll approximation in inflationary modelgl9], usually with N
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a=0. More general parametrizations have included broken
power laws[20-23 a piecewise constant functid@4] and
other forms[25,26. It has also been showi24] that the
FIG. 2. CMB data used in our analysis. Error bars in the plot do
not include calibration or beam errors which allow substantial ver-
we will assume that the primordial fluctuations are adiabatictical shifting and tilting for some experimentthese effects were
discussing the most general case in Sec. IV. included in our analysjs
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TABLE |. Band powers combining the information from CMB
data from Fig. 2. The first column gives thebins used when
combining the data, and can be ignored when interpreting the
results. The second column gives the medians and characteristic
widths of the window functions as detailed in the text. The error
bars in the third column include the effects of calibration and beam
uncertainty. The full 2% 25 correlation matrix and 252000
window matrix are available at the following URL:
www.hepupennedu~maxcmbexperimentshtml

Temperature fluctuation 6T [uK]

¢-Band £-window ST uK?]
2-2 273 49+310
3-5 4*2 878+ 308
6—10 8'3 782+219
11-30 1443 840+171
31-75 51°38 869+ 412
N T, 76— 125 932 2457+383
% 2510 40100200 400 600 80O 1000 1200 1400 1600 126—-175 1402 3854+520
Multipole 1 176-225 195'%5 5130+595
o _ 226275 25053 5036+ 613
clugvls(?[ﬁj .ef?eocrpsb(l)rﬁbtg);mogr?; ?alfirt?rr;tigr:gﬁr?(.:e-l;raeirsl?ieirr\?vrhit():?]rialz-s276_ 325 300 gg 3163-423
) +21
long-range correlations of order 5%—10% over the peaks. In addi-§26_ 375 352;58 1869278
tion, points tend to be anti-correlated with their nearest neighbors§76_ 425 39975 1486216
typically at the level of a few percent. The horizontal bars give the#26—475 45133 1795-221
characteristic widths of the window functiofeee text The curves  476—525 500" % 2043+ 260
show the flatA CDM concordance models frofé] (light gray) and ~ 526—575 550" 2} 2312+271
[5] (dark gray. 576-625 601°33 1936+ 269
626—675 650" 5] 1792+ 261
are known. We will see that in all five cases, each measure@?6— 725 7005 1950+ 295
data pointd, [a CMB band powewT?, a lensing aperture 726-775 75051 1429+ 336
mass varianceM 4, 6)?), etc] can be written as an integral 776-825 8025} 2322+440
826—1000 890° 32 2065+ 261
1001- 1200 1094'35 955+ 300
di:f“ P(k)dInk (1)  1201-1400 1299;*% 639+291
—o 1401- 1600 1501722 925+ 368
1601— 1700' 2} 190+ 273
over(linean wave numbek for some non-negative integrand
Pi(k). RenormalizingP;(k) to be a probability distribution, A. CMB data
our convention £) in Fig. 1 is the following: Figure 2 shows all 119 CMB detections currently avail-

(*) Plot the data point at the k value corresponding to theable, extending the compilation ] by adding the new
median of this distribution with a horizontal bar ranging measurements from the Very Small ArrdySA) [28] and
from the 20th to the 80th percentile. the Cosmic Background Imagé€Bl) mosaic[16]. Recent

These percentiles correspond to the full-width-half-data reviews includg29,30.
maximum for the special case of a Gaussian distribution. In. We combine these measurements into a single set of 25
other words, the horizontal bars indicate the range of s¢alesband powers shown in Fig. 3 and Table | using the method of
contributing to the data point. All transfer functions in this [4], including calibration and beam uncertainties, which ef-
section are computed assuming the flat cold dark mattefectively calibrates the experiments against each other. The
model with a cosmological constanA CDM) concordance coefficientsy; in Egs. (A2), (A4) and (A5) of [4] should
model of [5]—we return the more general case in the nexistrictly speaking be the window-convolved true power spec-
section. This is a flat, scalar, scale-invariant model with coldrum, so rather than approximating them by the observed
dark matter densityh®(),=0.12, baryon densityh®Qy,  data points as if4], we approximate them by the the smooth
=0.021 and cosmological constafity,=0.71. This corre- fit to the data given by the light-gray curve in Fig. 3 con-
sponds to a Hubble parameter0.70. We chose a reioniza- volved with the experimental window functions. We have
tion optical depthr=0.05, which corresponds to reionization excluded theryTHV data since it disagrees with numerous
at redshiftz=8 with these parameters. We normalize theother experiments on large angular scales and the non-release
model to havesg=0.815, which provides a good fit to the of the underlying map precludes clarifying this situation.
CMB data. Since our compressed band powets are simply linear
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FIG. 4. The curvekW,(k) whose integral give, for a scale- §
invariant spectrum, all rescaled to have unit area. From left to right,O -
the curves are for multipoles=2, 4, 8, 16, 32, 64, 128, 256, 512, -
1024. 10 |-
combinations of the original measurements, they can be ana
lyzed ignoring the details of how they were constructed, be- -
ing completely characterized by a window matvix 2 el ol
1 10 100 1000

Multipole 1

(diy=2 W, .Cy, 2
4 FIG. 5. The correspondence betweérspace and space for

CMB. For eacht, the shaded bands indicates theange from the

where C,=6T2={¢({+1)C,/2m and C, is the angular 20th to 80th percentile of the distributideW, (k) (Fig. 4), and the

power spectrum. Following the convention used in Fig. 1black curve shows the median. From top to bottom, the three bands

the dataf values and effectivé ranges in Fig. 3 and Table are for the E polarization, cross polarizatigx) and unpolarized

| correspond to the median, 20th and 80th percentile of théT) cases, respectively. To avoid clutter, the E and X bands have

window functionsW. (We use absolute values of the win- been multiplied by 10 and 100, respectively.

dow function to be pedantic, since some windows go slightly

negative in places as a result of the inversion, although thihere the transfer function#/,(k) depend on the cosmic

makes a negligible difference for the plo€omparing Table ~matter budget and the reionization optical depth. Since

| with the older results from4], we find that the degree-scale

normalization is marginally higher. In bin 8, for instance, P(k)=T(k)2P, (k) 4)

corresponding to the 1st peak, the normalization has risen by

3% due to the inclusion of the VSA and CBI results and avvhereT(k) is the matter transfer function, Eqs) can be

further 6% due to the above-mentioned improved modelingeexpressed directly in terms of the current power spectrum:
of calibration and beam errors. With the old modeling, a

measurement scattering low by chance would be assigned a

smaller error and therefore get more statistical weight, pull- = JOC We(k) P(k)dInk. (5)
ing the overall calibration down somewhat. A detailed dis- k)2

cussion of calibration issues can be found3d].

The angular power spectrum of the CMB is determinedgquation (3) implies that for the CMB with data points,
by the primordial power spectrur®, (k) through a linear —¢,  the integrand of Eq.(1) is simply P,(k)
relation =W, (k)P, (k). We compute the integral kernel/,(k)
with cMBFAST [32]. Figure 4 show$P,(k) for a sample oft
_ - values, normalized to integrate to unity, for a scale-invariant
Ce= Jloowe(k) Px(odink, @ primordial power spectrunP, (k)xk. In other words, the
figure simply showskW,(k) rescaled, the integral of which
givesC,. For each such curve, we compute the 20th, 50th
°This matrix is available at www.hepupenneduy  and 80th percentile as per the above-mentioned convention
~maxcmblexperimentshtml together with the 25 band powers (*) and plot the results in Fig. 5 as an indication of what
d, and their 25 25 covariance matrix. range is probed by each multipote The situation is com-
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FIG. 7. Measurements of the primordial power spectfipik)

pletely analogous for the polarization case. The relations beE0mputed as described in the text, divided by our fiducial primor-
tween¢ andk are seen to be roughly linear as expected, andfial PoWer spectrurik with A~(43.2 Mpch)”. This normaliza-
to tighten with increasing. tion corresposnds to anzrr?/? fluctuatlcir; in the gravitational potential
The slight wiggles roughly line up with the derivatives of ¢ given by[.k. P(K)/2m"] jz.gx 107", The data are the same as
the three CMB power spectra. This is because when the Fig. 1, divided byAkT(k)"
power spectrum is steeply rising, the contribution will be o o
larger from the peak on the right than from the trough on theSlightly broader than those in Fig. 4, it is also seen to make
left, pushing the median up towards higtkeand vice versa. them more well-behaved, eliminating the high-frequency os-
These wiggles are seen to be more pronounced for E polafillations at largef.
ization than for the unpolarized case. This is because the We are now ready to map our CMB measurements from
wiggles are sharper and have greater relative amplitude fdfig- 3 into k space. We need a prescription for where to
the polarized case, increasing the magnitude of the derivaosition the points both horizontally and vertically. Horizon-
tive. The T-spectrum has milder wiggles since the peculiaf@lly, we simply follow the above-mentioned conventior) (
velocity contribution fills in the troughs between the peaksand plot it at the median of the distributid (k) = kW (k)
from the dominant density or gravitational contribution—the from Fig. 6, with horizontal bars extending from the 20th to
E-power spectrum has only a velocity contribution and thughe 80 percentile. Vertically, we plot it at the valig,; de-
drops near zero between peaks, staying positive only becaufieed by
of geometric projection effects in the mapping frénspace
to € space.

Because of incomplete sky coverage, real-world CMB kflﬁ)*iEL_ (8)
measurement can never measure individual multipdles f” KWi(K)d Ink
merely weighted averages of many. Substituting Bginto e
Eq. (2) gives
% Taking the expectation value of this and using Ej.tells us
(di)= f,xwi(k) P, (k)dInk, ) that we can interpreP,; as measuring simply a weighted
average ok P, (k) (which we expect to be a nearly con-
where stant function, with the window functiorkW;(k) giving the
weights. The resulting 25 measurement$Q{k) are shown
Wao=S W W (K). 7 in Fig. 7, and Fig. 8 shows a simulation for measurements by
(k) ; Wk @) the MAP satellitd 27]. To plot these points as measurements

) of P(k), we proceed analogously. We use exactly the same
In other words, each of our 25 binned CMB measurementgonvention &) for the horizontal placement of the points,

probes a known linear combination of the primordial powerand given Eq(4) plot them at a vertical position given by
spectrum. A sample of these new window functions are plot-

ted in Fig. 6, and are again seen to be quite narrow for large R R

€. Indeed, although thé smearing makes these windows P=T(kes) 2P, , (9
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FIG. 9. Same as Fig. 8, but for the current linear power spec-

FIG. 8. Same as Fig. 7, but for simulated future data. CMB ancyym p(k). In other words, this is Fig. 1 for simulated future data.
galaxy points assume the advertized specifications for the complete

MAP and SDSS datasets, respectively. The CMB simulation as- 2
sumes the MID foreground model {33]. Still better galaxy mea- <d'>=277f00 121,(€ 6;) 0P (0)de (11)
surements are likely to result adding the SDSS luminous red galaxy : o| m(¢ gi)Z K '

survey[34] and photometric redshift information. The cluster point

assumes a relative error of 7.5% or(R), i.e., that systematic whereJ, is a Bessel function anB (¢) is the cosmic shear
uncertainties can be reduced to the level of current statistical error?JOWer spectrum. The shear powgr spectrum in tumn is given
The 'e“S‘T‘g and LyF points assume that the current errors haVeby a linear combination of the nonlinear matter power spec-
been cut in half. trum P (k,,) over a range of wave numbeks and redshifts
(35,36,
wherekgs is the horizontal location of the poiiithe median
of the window functiof. This allows us to interpre®; /Pggq 902HE [on| W(w)|? |
as measuring simply a weighted average of the relative  P.({)=—73 M Fe(w)
power P(K)/Psq(k), wherePsy(k)=kT(k)? is our fiducial
power spectrum. This procedure produces the CMB points
plotted in Fig. 1 and Fig. 9.

) dw
(12

a(w)

where we have introduced the comoving radial coordinate
and wy corresponds to the horizon. Hefrg(w) is the angu-

B. Weak lensing data lar diameter distance ar\ﬂ(w) is a source-averaged ratio of
- . . angular diameter distances. For a given redshift distribution
Weak gravitational lensing uses photons from distant gal-
: ) . 2“"of the sourcepp(w),
axies as test particles to measure the metric fluctuations
caused by intervening matter, as manifested by distorted im- oy
ages. The first detections of this cosmic shear sifB&/36] W(w)= f Po(
were reported in 200087-42, and dramatic improvements ©

are likely to lie ahead just as for CMB observations. For this _ S
paper, we will use the results from the Red-Sequence Clustaive use the best fit redshift distribution for the RSCS sample
Survey(RSCS reported in[9], which includes data from a from [9],

record-breaking 53 square degree sky area. We use the seven

data points employed for the cosmological analysig9h (2)= B(zlzy)“
e, Pl = T[T+ @)/ 8]

fr(o'—w)

a),)fK(—w,)dw’. (13)

e @z (14)

— 2
6i=(Mapd 6)°) 19 with (@, 8.2 =(4.7,1.7,0.302). With a change of variables
to k,=€/f«(w) we can rewrite Eq(11) in the form of
where =10, 15, 20, 25, 35, 33, 42, 50'. This mea- .
sured quantity, denoted the aperture mass variance, is on av- d:f Pk )dInk,
erage given by ) "
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FIG. 10. Curves show"(k) (top) andP' (bottom), normalized ~ ©f 6. The line indicates the mediamand the boundaries correspond
to have unit area. These curves show how much different nonlinedP the 20th and 80th percentile. The upglewer) band shows the
(top) and linear(bottom scales contribute to the observed weak range for nonlineatlinean scales.
lensing aperture mass variangé ;o )2) for the source redshift

distribution of[9]. the linear power\ on scalek is approximately related to the
nonlinear powen\,,; on a smaller nonlinear scalg,,
2,44 vy 2
Pk = 5 “(W(“’zfj(“’)) Al = T (A(K)), a7
mC alw
2 k= (1+ A0 K, (18)
2 _ 12 4(knfk (@) 6;)
XKqiPri(Kpy; ) X TR (0) 0 where f\, (x) is a fitting function that depends on both the
nl' K i

cosmology and the slope of the linear power spectfuin.
(15  few caveats about the Peacock and Dodds approximation are
in order. It was developed to fit simulations of power law
The integrandP!'(k,) is an integral over cosmic time that spectra, so it can disagree significantly witkbody results
depends linearly on the nonlinear matter power spectrunivhen considering power spectra that are not pure power laws
P.(kn) at various redshifts. The upper panel in Fig. 10(as is the case herer have wiggle§46—48. The straight
shows this integrand for a sample of angular scéle3ust as mapping between the non-linear power spectrum at one scale
for the CMB, we follow our conventionx) and compute the and the linear power spectrum at a larger scales is only ap-
20th, 50th and 80th percentiles of these distributions. Theroximate, so care should be taken when interpreting our
results, plotted in Fig. 11, show that we approximately haveranslation from aperture mass R{k).
kec1/6 as expected but that the relation is not particularly In the Peacock-Dodds ansakzdeterminesA which de-
tight, with a given# probing a broad range d&fvalues. terminesA ,;, which via Eq.(18) determines,,. This means
To use this relation betwednand 6 to map the lensing that we can think of botlk, and?; in Eq. (15) as functions
data into(linean k space would be quite misleading, since of the linear wave numbek and change variables in the
the nonlinear powelP,(k,) is the result of gravitational integral:
collapse and therefore carries information about the linear

power on larger spatial scal@43—45. We will use the an- “
satz of Peacock and Dod{@45] to quantify this effect. De- di= jini(k)d Ink. (19
fining
. The relation betweerk,, and k is time dependent, so the
A(k) = 4k P(K) Jacobian of the transformation cannot be taken out of the
(2m)° ’
47k3 SWe used a simpld'-model fit to the power spectruti.e., a fit
Ap(kn) = _”'pnl(knl), (16) with no wiggles to calculate the slope needed in the Peacock-
)3 Dodds ansatz.

103508-7



MAX TEGMARK AND MATIAS ZALDARRIAGA PHYSICAL REVIEW D 66, 103508 (2002

_I T I T T T T I T T T T | T T T T | T T T T | I,.«"; q) 6 T T T I T T T I T T T I T T T
L - [9]
0.2 - g F 7
i 1 & 6= 50°, 42’, 33", 25', 20°, 15, 10’
>
- A m F= |
i 1 ©
0.1 _— —_ g _
— L . o
B | 1 5 1
= - B [ -
SN oF . A
'S - b © 7
= i - o
=] L i - _
T 1 5
-0.1 | 4 B 1
L 4 =
- - 'D _
i | g N\,
L ] = 4
o) g
—02 — ] O o 1 1 L | 1 1 1 | 1 1 1 i L
L | | | L 0 0.2 0.4 0.6 0.8
1 L1 1 1 11 1 1 L1 1 L1 1 1 11 R d h.ft
—02  -0.1 0 0.1 0.2 eashiit 2
In(o?/0%,) FIG. 13. Curves showP?(z) normalized to have unit area.

These curves show where the contribution to the aperture mass

FIG. 12. Relation between the aperture mass variance and th@riginates in redshift for each of the seven value® dfom [9].
overall normalization of the matter power spectrumt). Both val-

ues are normalized to the values for the fiducial model. Clockwisepverall normalization oP(k). As seen in Fig. 12, the rela-
the curves correspond =10, 15, 20, 25, 33, 42 and 50 respec- tion between the aperture mass and this overall normaliza-
tively. Our approximation that these curves are straight lines is seetion is well approximated by a straight line in log-log space

to be quite accurate. Their slope approaches uibfted ling in whose slope depends only @n so we make the approxima-
the linear regimefor very large#). tion

. o . P(Kef) d(6)
time integral. The function®;(k) tell us which linear scales I ~y(0)In| 7——]. (20

n S
k contribute to the observed lensing signal. They are plotted Pria(Kef) drig( 0)

in the bottom panel of Fig. 10 for the seven data points, ando translate the error bars, we simply multiply the relative
their k range is shown in as a function éfin Fig. 11. error in the aperture mass variance measurement(y to

We see that the curveB" and P' differ dramatically on  gptain the relative error i (K).
small scales. Not only do the lensing measurements probe Finally, although by construction we are always mapping
the linear power spectrum on much larger scales sdalés the constraints of the different measurements onto the linear
than those on which it probé3,, but thek range probed is power spectrum at the present epoch, the lensing aperture
substantially narrower as well. The relation betweeand  mass measurements are actually sensitive to a weighted av-
(median k can be approximated by a simple power law with erage of the power spectrum over redshift, with a weight that
half the slope over the range of scales shown in Fig.kl1l, peaks somewhere midway between redshift zero and the red-
~(6/3")~*2n/Mpc, with the two bands converging only for shift of the background galaxies. Just as before we can write
0=3° where the density fluctuations are nearly linear. The
implications of this are twofold: weak lensing probiegk) di= prz(k)dz 21)
on substantially larger scales than a naive back-of-the- Yo ! '
envelope calculation would suggest, and kkepace window _ ) )
functions onP(k) are quite nice and narrow, facilitating cos- Wherez is redshift. For completeness we show these inte-
mological interpretation of the measurements, although th@rands in Fig. 13. These functions are seen to be very broad
caveats about the Peacock and Dodds ansatz should be b@#d to depend only weakly on the angular saale
in mind.

The last remaining subtlety involved in mapping our lens- C. Cluster data
ing measurements intok(P)-space concerns the vertical  The abundance of galaxy clusters at various redshifts is
placement of the points and their error bars. Sifiti¢k)  emerging as an increasingly powerful probe of cosmological
depends orP(k) in a nonlinear way, we cannot simply pro- parameters, as new surveys are enlarging cluster samples and
ceed as in the CMB case, interpretidg as measuring a x-ray, SZ, optical and lensing observations of cluster proper-
weighted average d?(k). We therefore need to construct a ties are improving our understanding of the underlying phys-
relation betweerP(k) andd(6) around the fiducial model ics.
P:a(k) (which fits the measured data frof@] well). To do In principle, a suite of hydrodynamical simulations in-
so, we compute the aperture mass for models with a varyingluding all the relevant physics could be used to map out the
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TABLE Il. Recent measurements of tik) normalization us- Table Il gives a recent sample of cluster measurements of
ing cluster abundances. the power spectrum normalization, all quoted fof,=0.3
for comparison. We see that although the quoted error bars

Analysis 78 are as small as 0.05—0.08, the spreadgrbetween papers is
Pierpaoliet al. (2001) [53] 1.02°997 many times larger, as great as 0.41 even during the past year.
Borganiet al. (2001) [54] 0.76"915 Since this suggests that systematic uncertainties are still
Reiprich and Bbringer (2001) [55] 0.687903 larger than statistical uncertainties, we simply use the con-
Seljaket al. (2001 [56] 0.75+0.06 straint 0g=0.8-0.2 to be conservative, mapped
Vianaet al. (2001 [57] 0.61+0.05 =15h"*Mpc as in[53] to reduce power spectrum shape de-
Bahcallet al. (2002 [52] 0.72+0.06 pendence.

region in cosmological parameter space that matched the ob- D. Ly« forest data

served cluster abundance. In practice, this is still not numeri-
cally feasible, so published constraints involve a series o
approximations. At a minimum, this tends to involve the

The Lymana forest (LyaF) is the plethora of absorption
fines in the spectra of distant quasars caused by neutral hy-

L o drogen in overdense intergalactic gas along the line of sight.
Press-Schechter approximation or variations thef4d+51 F}y tracing the cosmic gas distribution out to great distances,

to predict the mass function of dark halos and some way Olt offers a new and exciting probe of matter clustering on
inferring the mass of the dark halo from the observed prop- 9p . g
ven smaller scales than currently accessible to CMB and

erties of the cluster. For example, in studies using x rays, K lensi hen th ) v 10—20% of i
mass-temperature relation that connects the halo mass witffgak lensing, when the universe was merely 10-20% of its

an observed cluster x-ray temperature is needed. The consdf€Sent age. Since the gas probed by theftys only over-

sus result is that cluster data constrains mainly a combinatiofiénse by a modest factor relative to the cosmic mean, the
of the normalization of the power spectrum on the clusteOPe is that all the relevant physics can be simulated, thereby
scale and the cosmic density paraméder. The normaliza- ~ connecting the observations to the underlying matter power

tion is usually quoted as the rms density fluctuatic(iR) in ~ SPectrum58—62.
a sphere of radiuR=8h"*Mpc, given by The most ambitious such analysis to dgt&] claimed to

do just this, measuring (k) on 13 separate scalksising 53

o Am J‘” 3j1(kR) quasar spectra. An extensive reanalysis by an independent
TR (2m)3 (kR) group[10] has suggested that the technique basically works.
One should keep in mind that there are many caveats to the
where the 1st spherical Bessel function jigx)=(sinx  Lyman a forest analysis. One wonders to what extent all the
—X COSX)/X?. relevant physics is included in the hydro-simulations and the

For instance, a recent SDSS analysis repefis (0.35  dark-matter-only prescriptions that have been developed and
+0.03)2,,2%° [52], basing cluster mass estimates on rich-how the uncertainties in the reionization history, the ionizing
ness rather than x-ray properties. However, it has been abackground and its fluctuations propagate into the recon-
gued[53] that quoting results usinB=8h"Mpc is confus-  struction of P(k). Moreover, even for the evolution of the
ing, since the cluster abundance is mainly sensitive talark matter alone, which is the basis of the simple ansatz
slightly larger scales centered arouRd-15h"*Mpc. The used to determin®(k) from the LyaF data, non-linear cor-
Q, dependence above comes mainly from the fact that theections significantly affect the evolution of clustering on the
mean density),, enters in the Press-Schechter formula andscales relevant for the laF because the slope of th(k)
collapse overdensity approximation, but also from a smalkround the non-linear scale is much closengg= —3 than
(1 -dependent correction for evolution between0 and the it js today[63]. We should view the reconstructed points as
redshifts observedsay z=0.1-0.2). Including the addi- an inversion done assuming that all the relevant physics was
tional (), dependence coming from the fact ta, affects  correctly modeled and that the departures from the fiducial
the shape of the power spectrum and hence the ratio ratigiodel (which in this case also involve other details such as
o15/ag, a result like ogc Q) ° changes significantly, to  the reionization historyare sufficiently small.
something likeogc Q%% [53]. Fig. 1 shows the reanalyzed ddta0] with the quoted

Since we wish to plot constraints on the power spectrunstatistical and “systematic” errors added in quadrature. The
P(k) of the form of Eq.(1), we follow [53] and use the plotted errors do not include an overall multiplicative error
normalization oy at R=90,%4~15h"*Mpc. This scale of 17% stemming from temperature and optical depth uncer-
corresponds to a 6.5 keV cluster forming now, and has théainties, and the mapping from the observation redshift
property of giving constraints that to first approximation de-~2.72 to today may introduces additional horizontal and
pend onP(k) only via its normalization ¢g), not via its  vertical shifts that depend of},, and (), as described in
shape[53]. Using our convention X) to plot thek-range  Sec. Ill. We use the approximation BEO] that the window
probed by clusters, the 20th, 50th and 80th percentiles of thunctions are Gaussian with widthAk~25 km/s k
integrand in Eq(22) fall at k=0.06, 0.10 and 0.38Mpc,  xkm/s) Y2 The 13th point is a mere upper limit, omitted to
respectively. avoid clutter.

2
kK3P(k)d Ink, (22

—
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E. Galaxy clustering data Wavelength A [h-! Mpc]
104 1000 100

Two- and three-dimensional maps of the Universe pro-  10°
vided by galaxy redshift surveys constitute thék) probe
with the longest tradition. Indeed, the desire to meaf\{ie
was one of the prime motivations behind ever more ambi-
tious observational efforts such as the the CfA/UB3,65, P
LCRS[66] and PSCZ67] surveys, each well in excess of = »
10" galaxies. The most accurate power spectrum measures 1000

L

104

(h-! Mpc)?]

T
¥
Lol

ment to date is from the 2 degree Field Galaxy Redshiftg faf—
Survey (2dFGRS [17], soon to be overtaken by the Sloan 5 r :% ]
Digita_l Sky Survey(SDSS [18] which aims for 1 million & 100 : i
galaxies. & E = MAP CMB — E
Band powers measured from galaxy surveys are related t(g s @ SDSS simulation = ]
the underlying matter power spectrum by = I #Cluster abundance = ]
§ 10 E_ = Weak lensing '_!:H §

di=J W;(k)b(k)2P(k)d Ink, (23 & f  ‘tlymanAlphaforest ]

T v v v v vl il i

0.001 0.01 0.1 1 10

where the window function$V; depend only on the geom-
etry of the survey and the method used to analyze it. Here
b(k) is the bias, reflecting the fact that galaxies need not FIG. 14. Same as Fig. 9, but assuming a baryon dehgiéy,
cluster the same way as the underlying matter distribution=0.07 when analyzing the data. Since this figure makes no assump-
and defined simply as the square root of the ratio of galaxyions about the primordial power spectrufy (k), the glaring dis-
power to matter power. Figure 1 shows the 2dFGRS powecrepancy seen between the power spectrum inferred from CMB and
spectrum as measured with the PKL eigenmode technigqugalaxy clustering means that this high baryon fraction can be ruled
[8], which has the advantage of producing uncorrelated erroput without assumptions about early Universe physics.
bars and narrow, exactly computable window functids
(see alsd68]). Universe propertiesthese parametersaand the early Uni-
With galaxy clustering measurements, bias is the key caverse propertiefthe primordial power spectrur, (k)] in-
veat. On small scales, bias is known to be complicated, witiflependently, we must therefore break the degeneracy be-
the ga|axy power spectrum Saying more about the ga|ax$lNeen the two. This may at first sight appear hopeless, since
distribution within individual dark matter halos than about the measurements involve products of primordial power and
the underlying matter distribution. We have therefore plottedransfer functions, and there is no unique way of factoring a
2dFGRS measurements only fior20.3h/Mpc. Fortunately, ~product into two terms. As will be described below, the prob-
a broad class of bias models predict thek) should be lem can nonetheless be solved thanks to two separate facts in
simple and independent &fon large scalef69—73. Even if ~ combination:
this is true, however, the measured large-scale 2dFGRS (1) 7 and the matter budget parameters affect different
power spectrum is likely to have slightly scale-dependentypes of measurements in different ways.
bias, masquerading as evidence for a redder power spectrum, (2) There is substantial overlap kaspace between differ-
i.e., one with a smaller spectral index This is because the €nt types of measurements.
power spectrum is measured from a heterogeneous A picture can say more than a thousand words, and both
magnitude-limited sample mixing galaxies of very different Of these facts are illustrated by the example in Fig. 14. It
kinds. Most of the information abou®(k) on large scales shows simulated data assuming that the concordance model
comes from distant parts of the survey, where bright ellipti-of [5] is true, with the CMB mapped intospace assuming a
cals are over-represented since dimmer galaxies get excludéégher baryon density)*(2,=0.07. This alters the CMB and
by the faint magnitude limit. Since more luminous galaxiesmatter transfer functions in quite different wagdetails be-
are known to be more highly biasd@4,75, this should low), producing a strikingly wigglyP(k) inferred from the
cause the bias to rise &s-0. With a massive data set like CMB. Since MAP and SDSS overlap by over a decadk in
the SDSS, it will be possible to accurately measure how bia¥here this wiggliness is seen, it is obvious that the two are

Wavenumber k [h/Mpc]

depends on luminosity and correct for this effect. inconsistent and that such a high baryon density is ruled out.
This conclusion can be drawn without assumptions about the
IIl. BREAKING THE DEGENERACY BETWEEN primordial power spectrur®, (K), since this figure was gen-
PRIMORDIAL POWER AND TRANSEER EUNCTIONS erated without involvind?, (k), merely using measurements

and transfer function parameters.

Above we have shown how to map CMB, lensing, cluster In the next subsection, we will briefly discuss how the
and LyaF measurements intospace when the transfer func- various types of measurements are affected by the late Uni-
tions are known. These transfer functions depend on variougerse parameters and the relevance of this for measuring
Late Universe cosmological parametéitse reionization op- these parameters independentlyRyf(k). We then describe
tical depthr and the matter budgetTo measure the late how a “chi-by-eye” comparison as in Fig. 14 can be
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Wavelength A [h-! Mpc] Wavelength A [h-! Mpc]
104 1000 100 10 1 104 1000 100 10 1
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® SDSS simulation ® SDSS simulation
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FIG. 15. Same as Fig. 8, but assuming a baryon dehgify, FIG. 17. Same as Fig. 8, but assuming a cosmological constant

=0.07—a ruled out model. Q) ,=0.2—a ruled out model.

replaced by a rigorous statistical method useful for cosmotoosely speaking, been divided by its own transfer function.
logical parameter estimation. In contrast, the CMB data in Fig. 14 wéapart from smooth-
ing effects both divided by the CMB transfer function
A. How late Universe parameters affect theP(k) recovered W,(k) and multiplied by the matter transfer functigitk) .
from different data sets We will therefore center our discussion arourg(k) rather

. N than P (k) in the remainder of the paper.
Although reconstruction oP(k) as in Fig. 14 has the Imagine generating large numbers of plots like Fig. 7,

advantage of minimizing the amount of processing applied (@ ach one assuming different values for the late Universe pa-

large-scale-structur@alaxy, lensing, cluster, loF) datathe  ameters to analyze the same measured data. Figure 15
reconstructed primordial powé?, (k) provides better intu-  ghoys the result for the above-mentioned case of a high

ition for the present discussion, since each data set haBaryon fraction, and is simply the, -version of Fig. 14.

Figures 16 and 17 show corresponding examples with incor-

Wanelength. &, [hrd Upe] rect assumptions for the cold dark matter densf .4, and

10 — 1?‘ _ 1°|9|?m . 1?,9”” _ 1|‘,’,,,,, . } the cosmological constafit, . Before delving into details, a
F wMAP CMB few basic facts should be noted. The L&%uster, lensing,
- ®SDSS simulation [ ﬁp;k# 1 Ly aF and galaxy points tend to shift together, since they are
E | #Cluster abundance S ] all sensitive to the matter transfer functidok)?. These LSS
g | =He=klomimg %ﬁ;—%-' ] points split apart when certain parameters are altered, how-
N 4Lyman Alpha Forest  § ever, notablyQ),, and the cosmic expansion histoaft),
g - 1 which affect the four differently. In contrast, the CMB points
£ / separate from the other four data types whenever any late
8. P = Universe parameter is changed, indeed often by shifting in a
& T I — B \ rather opposite direction from the others.
£ [ e ] The recent literature on cosmological model constraints
;‘ | ':;H-ﬁi 1 includes a bewilderingly large list of cosmological param-
'g - =L ] eters:
£ | P=(7,Q4, Q0 .0y, W, 04, 00, f, Ag Mg @, A1),
(24)
0.1 bl el ol bl i These are the reionization optical depth the primordial
0.001 0.01 0.1 1 10

- amplitudesAg, A; and tiltsng, n, of scalar and tensor fluc-
avenumber k [h/Mpc] . . .
tuations, the running of the scalar tit, and seven param-
FIG. 16. Same as Fig. 8, but assuming a dark matter densitgters specifying the cosmic matter budget. The various con-
h2Q.=0.5—a ruled out model. tributions ); to critical density are for curvaturd),,
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vacuum energy) , , other dark energ{}, (with an equation in, e.g.,[76—78. For the reader interested in more empirical

of statew), cold dark mattef) .y, hot dark mattefneutri- intuition, the movies at www.hep.upennedu
nos Q, and baryons),. The quantitiesw,=h?Q, and ~maxcmb/movies.html are recommended. The key
wegm=h?Qqm correspond to the physical densities of bary-point about to take away from all this is that the CMB and
ons and totalcold + hot) dark matter (24=Qcqmt2,),  matter transfer functions depend quite differently on the mat-

andf,=Q,/Qqpis the fraction of the dark matter that is hot. ter budget parameters, often in rather opposite ways. For
Additional parameters that are often mentioned are not indenstance, increasing the cold dark matter densigy;, shifts
pendent, for instance the total matter densfdy=(y, the galaxy power spectrum up to the right and the CMB
+Qqn and the dimensionless Hubble parametér peaks down to the left. Adding more baryons boosts the odd-
= V(@eamT 0p)/(1- Q). - numbered CMB peaks but suppresses the galaxy power spec-
Fortunately, the underlying physics is simpler than thisyym rightward of its peak and also makes it wigglier. In-
parameter profusion suggesi,, ns and « are merely &  creasing the dark matter percentage that is (neuitrinog
particular pgrametrlzatlon of the prlmogdlallrﬁ)i?wer spectrum,suppresses small-scale galaxy power while leaving the CMB
c_orr_espondlng to t.he ansam(k)éAsk ° - A andne oimost unchangedThe recovered points in oW, (k) fig-
similarly parametrize the primordial tenségravity wave . _ures always respond in the sense opposite to that in these
power spectrum as a power law. In other words, only the f'rsﬁwovies when assumed parameters are varigbis means

eight parameters in Eq. 24 are late Universe parameters . : :
fecting the transfer functions—we refer to all of these excep hat co_mb|_n|ng CMB with LSS data allows unambiguous
determination of the matter budget.

7 as the matter budget parameters. The tensor paranfgters . .
and n, are of only marginal relevance to this paper, since  Snce the heights of the CMB peaks are controlled by the
they affect only the CMB and do so essentially only ondensities of ordinary §,) and dark qy) matter, assuming

scales larger than those that overlap with Iarge-scalet-h_e wrong values for the_se parameters is seen to re_sults ina
structure observations. This means that if we assame0 ~ Wiggly P, (k) from CMB in Figs. 15 and 16. Increasing,

in our reconstruction, the CMB measurements Ryf(k) ~ 000Sts predominantly the odd-numbered CMB peaks
would shift downwards in Fig. 15, but only to the left where Whereas increasing.g, suppresses the CMB peaks with
they cannot be compared with other data. Since our methol§SS Of an even-odd asymmetry as well as shifting the peaks
for measuring late Universe parameters involves comparin{p the left, so the CMB points in these figures are seen to

CMB with LSS data, it is therefore essentially unaffected bydepart from unity in the opposite sense. Increasing the
tensor fluctuations. baryon fractionw,/wqy,, produces larger wiggles in the mat-

A similar simplification applies tor, which also affects t€r power spectrum as well, together with an overall power
only the CMB. On the small scales where the CMB overlapsSUppression leftward of the peak._ Increasing the dqu matter
with other measurements, the effect of reionization in merehfd€nSity wqm pushes the turnover iR(k), corresponding to

to suppress the CMB power spectrum by a constant factot,he horizon size at the matter-radiation equality epoc.h, to the
@27 right and thereby boosts small-scale power. There is also a

A further simplification is thaf} , , Q. andw never enter sideways shift in both CMB and matter clustering, since the

in any other way than as a particular parametrization of thd ©n the horizontal axis changes with the matter budget pa-
cosmic expansion historg(t) or, equivalently, of the func- rametersH(z) gives shifts the transfer functions vertically

via the linear growth factor and horizontallgngle-diameter

tion
distance changes, and well as then the horizontal axis
H(z) definition). Here is a brief summary of how the curves
H_O:[(1+Z)30m+(1+Z)29k+(1+Z)3(1+W)+QA]1 P, (k) recovered from CMB and LSS measurements get af-

(25) fected when the assumed parameters are changed:
(1) wyp, wegm: Cause wiggles
where the Hubble parameter=d In a/dt.* Various integrals (2) f,: boosts LSS points on small scales
involving this function determine the growth of linear clus-  (3) €. dark energy: cause wiggles via incorrect CMB
tering, the brightness and angular size of distant objects, arRgak locations, vertical offset .
volume-related effects. This function causes merely a side- (4) 7: boosts CMB points bg®” where they overlap with
ways shift in the CMB on the scales that LSS can probel-SS.
since the late integrated Sacks-Wolf8W) effect is impor- Some parameters also affect the conversion of observed
tant only on larger scales. Beyond the parameters in thisSS data to measurements®¢k) as illustrated in Fig. 17.
function, the only remaining matter budget parameters ardhe cluster point scales roughly 85,2 in power ,,°®in
thus oy, oy, f,, specifying the physical densities of cold amplitudg, mainly becaus€l, enters in the Press-Schechter
dark matter, baryons and neutrinos, respectively. prescription for halo abundance and in the approximation for
Detailed discussions how the CMB and matter transfercollapse overdensity. For weak lensing, a factof)df enters
functions depend on cosmological parameters can be founid the definition of the cosmic shear power spectrum, al-
though the final scaling witlf),,, is complicated by nonlin-
earities. All four LSS observables zit-0 must be mapped to
“4If the dark energy is a scalar field that can clusies., quintes- z=0, which involves a vertical shift due to clustering growth
sence there could be additional effects for lohs. and a horizontal shift from the computation of comoving
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Wavelength A [h~! Mpc] [P, (k)] and late Universe parametersdnd the matter bud-
0 % o 10 ged. We now turn to the issue of how to do this in practice in
a statistically rigorous way.

= Planck CMB T
= Planck E-polarization

C. The basic problem

F L 2] 4
o X omy 1 Our basic problem is to measure a vegboof late Uni-
verse parameters, say

’{4 . '-::- pE(vadmvwbawak:QA): (26)

independently ofP, (k). Our basic approach is to map all
B =5 ! measurements intdinearn k space and test if they are con-
sistent with one another. Repeating this for a fine grid of
modelsp, we can map out the region of parameter space that
- ] is allowed, i.e., where the data are consistent.
To be specific, let us consider the case of comparing two
P I P RO R T types of data, for instance the Microwave Anisotropy Probe
0.001 0.01 0.1 1 (MAP) CMB power spectrum with the SDSS galaxy power
Wavenumber k [h/Mpc] spectrum. The challenge is that although they exhibit sub-
FIG. 18. Simulation of the primordial power spectrum recoveredStant'al_ overlap_ln scale, as seen in Fig. 8, they generally
from the upcoming Planck CMB satelle using unpolarized and pohave different window functions. This means that we cannot
larized data, assuming a baryon dengiff),=0.07—a ruled out ~ Simply subtract the two independent measurement, ¢k)
model. Note that the bias goes in opposite directions, since polaffom each other and require the result to vanish—it would
ized and unpolarized peaks are out of phase. The simulation wasot vanish even in the absence of measurement errors, since
performed using all Planck channels and the MID foregroundthe two experiments are probing different linear combina-
model from[33]. tions of the underlying functio, (k).

length scales, and these shifts are both given by the cosmic Fortunately, a mathematica_lly equ_ivalent.problem has al-
expansion historyH(z) of Eq. (25). Since these shifts in- ready been extenswgly investigated in the literature, gnd we
crease witte, they are most important for the . Finally, ~ €@n emplqy the solution to test_our data sets for con5|stengy.
the P(k) reconstruction from galaxies, clusters and they ~ 1he question of whether there is any power spectrum that is
depend at least weakly on the baryon fractdg/Q,,,, asis consistent with given band power measurements was studied
evident from considering what entities like galaxy bias, thein [79] for the case of two band powers and generalized to
cluster temperature function would be like in the limit of Multiple ones in80]. For n band-powers, the best fit power
zero baryons. spectrum was found to be a linear combination of umto
CMB polarization provides another powerful and inde- —1 delta-functiong80]. However, finding their locations is
pendent tool for breaking the degeneracy between early anasumerically time-consuming for large, which motivated
late Universe parameters. The key reason for this is that theevisiting the problem. A fast general method was presented
polarized acoustic peaks are out of phase with the unpolain [81] but was somewhat complicated, involving a series of
ized ones, with the peaks in the E power spectrum lining ugigenvalues computations. Finally, an information-
with troughs in the unpolarizedT) power spectrum. This theoretically optimal method was derived [i82] for differ-
means that an incorrect assumed value for a parameter a&nt purposescomparing CMB maps which solves our
fecting peak heightgnotably w, and wgr) causes the pri-  present problem as well. This method has also been used to
mordial power spectrur®, (k) recovered from T and E will  test CMB experiments for consisten82,4]. Since it is not
be biased in opposite directions. This useful fact is iIIustrateq)my better(in terms of statistical rejection powebut also
in Fig. 18, which shows simulated measurements from thgjmpler than the above-mentioned alternatives, we will sum-
Planck satellite mapped infospace. Note in particular the marize it briefly below. It consists of two parts: “deconvolv-
wiggle atk~0.04h/Mpc, where the T-points go low whereas g the effect of the window functions and testing the re-
the E-points go high, revealing that the high baryon fractiongjiing two measurements for consistency. In summary, our
assumed_ is ruled out at hlgh significance from CMB dat%ethod thus consists of the following three steps:
alone, without any assumptions about the shape of the pri- (1) Map the measurements inkospace for fixed @

mordial power spectrum. (2) Deconvolve the effect of window functions
. ) ) (3) Test the deconvolved measurements for consistency.
B. Measuring late Universe parameters independently of These three steps are repeated for a fine grigheéctors
P, (k) to map out the allowed region ip-space. The implementa-
Above we described the physics that makes it possible ttion of step(1) was described in Sec. Il and we now turn to
break the degeneracy between early Universe parametestep(2) and step(3).

Primordial power spectrum P.(k)/Ak
i
L
| |
Hh
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1. Deconvolving the effect of window functions

Let us model the primordial power spectrum) (k) as
piecewise constant in a large number of nariehins, with
x; denoting the value oP, in thei'" bin, and arrange the
numbersy; into a vectorx. Grouping our two sets of band-
power measurements into vectgrsandy,, this means that
they are related ta by

(27)

for some known window matrice®/ that are simply dis-
cretized versions of the window functions computed in Sec
[l and some noise vectors with known statistical properties
We assume that the measurements are unbiased sthat
=0 and define the noise covariance matrices

y]_:WlX"‘ nl, y2:W2X+ n2,

Ny=(nin3), Np=(nznj), (28

In this subsection,

PHYSICAL REVIEW D 66, 103508 (2002

mous eigenvalue(;sinceW}Ei‘lwi is typically not invert-
ible) and be poorly conditioned, causing numerical problems.

2. Testing the deconvolved measurements for consistency

To make explicit that our mapping of measurements into
k-space depends on the assumed late Universe pararmpeters
we will denote the deconvolved measurements and their
noise covariance matrices(p) and X;(p) from now on
=1,2). Given these two deconvolved measuremen(p)
andx,(p) of the primordial power spectrum vectgr(from
MAP and SDSS, sgywe wish to test if they are consistent.
If they are not, this rules out the late Universe paramgters
that were assumed to construct them.

Letting z denote the difference of the two power spectrum
measurements,

Z(p)=X1(p) —X2(pP), (32

we describe how the annoying

W-matrices can be eliminated by computing two decon-we consider two hypotheses:

volved data setg;, i=1,2, with the properties
xi=x+n;/, (n/)=0, (29

and known covariance matric&=(n/n/").

Hgy: The null hypothesis that the assumed late Universe
parameterg are correct. Thefx;(p))=x, so that the differ-
ence spectrunz(p) consists of pure noise with zero mean
and covariance matrit(p)=(z(p)z(p)'y==21(p) + Z»(p).

H,: The alternative hypothesis that the assumed late Uni-

In the generic case, such deconvolution is strictly speakverse parameter vectqr is incorrect. In this casez(p) is

ing impossible: we cannot compuwi’lyi sinceW; is not
invertible. Certain pieces of information aboutare simply

expected to on average depart more from zero than under the
hypothesisH,, since bothx;(p) and x,(p) become biased

not present iry;, for instance about sharp features on scalepower spectrum measurements and typically get biased in

much smaller than the widths of the window functions or

quite different waygFigs. 15-17.

aboutk scales outside the region probed by the observations. We will modelH; as a change in the meaz)y=m#0. It

The basic idea in Appendix D ¢83] is to accept that certain

can be shown81,4] that the “null-buster” statistic

modes inx cannot be recovered, and to record this informa-

tion in the noise covariance matrk; for x; by assigning a
huge variance to these modes. Any subsequent andlysis
our case consistency testingill then automatically assign

essentially zero weight to these modes. This is useful in prac-

_2p)'X( p) *QX(p) 'z(p)—tr{=(p) 'Q}
[2tr{3(p) *QX(p) *Q}]*2

v(p)
(33

tice since all complications related to window functions are

transferred from\W, to X; where, as we will see in the next
subsection, they are straightforward to deal with.

rules out the null hypothesisl, with the largest average
significance(v) if H, is true provided one choose®

The method can be interpreted as combining the real date mm'. The statistic can be interpreted as the number of

y; with data from a virtual experiment that is so noisy that it

“sigmas” at which Hy is ruled out[81]. Note that for the

contains essentially no information, yet has enough informaspecial case Qx3(p), it simply reduces tor=(x?

tion to remove all numerical singularities by providing inde-
pendent measurements of eaghwith some huge standard
deviationo. The final result i§83]

xi=2WiN 1y, (30)

3i=[WIN 'W;+ 02171 31)

One findg83] that this prescription has all desired properties

—n)/\/2n, wherex?=2'3(p) 'z is the standard chi-squared
statistic. The null-buster test can therefore be viewed as a
generalizedy?-test which places more weight on those par-
ticular modes where the expected signal-to-noise is high. It
has proven successful comparing both CMB maps
[83,84,82, galaxy distributions[85,86 and CMB power
spectra[4]. Tips for rapid implementation in practice are
given in[83].

Any choice ofQ results in a statistically valid test: for

as long asr is chosen to be a few orders of magnitude largerinstance, the region in the late Universe parameter space for
than the error bars in the real data, and it also has the propvhich v(p)>2 is ruled out at the 2 o level. This corre-

erty of minimizing the noise variance in the deconvolved
data. If we were to choose to be too small, then the virtual
experiment would contribute a non-negligible amount of in-
formation and bias the results. If we were to choos® be
too large, however, the matriX; would contain some enor-

sponds to 97.5% significance with the usual frequentist in-
terpretation as a one-sided test if there are many similarly
large eigenvalues & ~*2Q3¥ 2 since it makes the gener-
alized x? distribution of v approximately Gaussian by the
central limit theorem.
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What is the best choice o? The above-mentioned Eg.(36), it is not obvious that this can be given the standard
choiceQ=mm!' placed all weight on a single mode. More interpretation in terms of Bayes’ theorem, since it is not only
generally, the test pays the greatest attention to those eige(e) andZ, that depend op (as usug| but also the data itself:
vectors of Q whose eigenvalues are large. The standarz=z(p). Since there are no such interpretational issues with
x>-test(the choiceQ=3) has the attractive feature of giving the frequentist null-buster test, it is therefore reassuring that
an assumption-free consistency test: si@c@as no vanish- the two approaches approximately agree.
ing eigenvalues, it is sensitive to any type of discrepancies
between the two power spectrum measuremaptp) and
Xo(P). D. Further applications

If the goal is to place sharp constraints on cosmological Apove we described how requiring consistency between
parameters, however, the statistical rejection power of thgyg sets of measurementsay MAP and SDSScould con-
test can be boosted by placing the statistical weight on presirain the late Universe parameters without assumptions
cisely those types of departures which correqunq to incorahout the primordial power spectrufy, (k). Given three or
rect parameter assumptions. If the rms uncertainties on thgore types of data, an obvious extension is to first test two
parameterp; can be estimated using the Fisher malBX]  for consistency(say lensing and LyF), then for the param-
Fij=dm'/op;% " tam/dp; (with i and] running over the pa-  eter subspace where they are consistent, combine them as in

rameter, the choice [81] and test the result against a third type of data. Since the
" LSS data share many parameter dependencies as discussed in
Jam dm o - . .
QEE F-1 i —— (34) Sec. lll A, it is natural to first let galaxy clustering, lensing,
i Ip; Ip; cluster and LyF measurements slug it out amongst them-

, , ) selves and then compare the resulting spectrum combining
will have this attractive property as long as thevectors 5| LSS data with CMB.

considered are fairly close to the true value—a desirable situ- Oncep has been constrained as described above, it be-

ation that the cosmology community will hopefully keep ap- comes possible to measupg (k) without assumptions about
proaching as data keeps improving. p for the very first time. One way to do this is to measure

Indeed, in this high signal-to-noise limit, the nullbuster p (k) as in Fig. 8 using the best fitvector, and then quan-
. . . . * . I
test with the weighting given by Eq34) can be thought of (i, "the error bars and their correlations by recomputing

as the frequentis.t analog of a Bayesian Iikelihoqd analysisp*(k) for a grid of modelsp in the allowed region of the
To understand this we can calculate the expectation value gf:o Universe parameter space, effectively marginalizing over

v assumingH; is true to lowest order in the_parameter dif- p using the observed constraints as a prior.
ferencesAp;. To do so we take the expectation value of Eq.

(33), use(zz)=2+mm' andm~(dm'/dp))Ap; and get IV. DISCUSSION

B Ap'FAp We have presented a method which complements the tra-
{v)~ PN, (39 gitional “black box” likelihood approach to cosmological
P

parameter estimation in two ways: by testing underlying

whereN,, is the number of parameters. We can compare thi®hysical assumptions and by improving physical intuition for
result to what would be obtained using a likelihood analysisWhere the constraints come from. We described how CMB,

In the Gaussian approximation, the likelihood of the nullgalaxy, lensing, cluster and kyF could be compared directly

hypothesis is given by in (linean k space in Sec. Il, then showed how a graphical
chi-by-eye test could be transformed into a statistically rig-
|_o<|2|*1/2e*(1/2)Z'2‘1z_ (36)  orous method in Sec. Ill, providing independent measure-

ments of early Universe parametditbe primordial power

Thus if we calculate the expected value of the logarithm ofspectrumP, (k)] and late Universe parameters and the
this likelihood assuming again tht; is true (again to low-  matter budget We found that requiring consistency between
est order inAp) we get unpolarized CMB measurements and either polarized CMB
or large-scale structure data is quite promising in this regard.

Separating early and late Universe physics is particularly
timely given the excess in the small-scale CMB power spec-
trum recently reported by the CBI tedr@8]. We have seen
up to an irrelevant additive constant, the usual result that théhat the angular scales where this excess is seen correspond
Fisher matrix gives the curvature of the log-likelihood to spatial scales arourid~0.2h/Mpc where the power spec-
around the maximum. This shows that on average and ttrum is already constrained by galaxy, lensing and cluster
lowest order inAp, the (frequentist nullbuster statistic co- observations. This makes it difficult to blame the excess on
incides with the log-likelihood that one would calculate in athe early Universe, say by tilting or adding a feature in
Baysian framework, and so on average one would rule ouP, (k). The alternative explanation in terms of contamina-
the same region of parameter space with both methods. tion from discrete SZ sources has been shown to be ex-

Note that although it is tempting to perform a standardtremely sensitive to the power spectrum normalization on the
Bayesian likelihood analysis using a “likelihood” similar to cluster scale, tentatively requiringg~ 1 [89]. With our con-

(In L)~—%AptFAp (37
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vention (x), o2 probes the rang&~0.17"3% which ac- ing the gravitational effects of a very general matter budget
cording to Fig. 5 corresponds approximately to the multipold95], and this is likely to place robust constraints on dark
range( = 2000+ 800 if the concordance modgd] is not too ~ matter and dark energy as power spectrum measurements
far from the truth. The cluster normalizationz with R continue to accumulate over a range of redshifts.
~15h~'Mpc corresponds tof~1100'533, scales already Needless to say, CMB and LSS data will keep improving
probed by the shallowémosaig CBI observation§16]. The dramatically in coming years, prowdmg _greater sensm_\zty,
concordance modd5] normalized to the CMB data gives range,k range andk _rg:-spluuon. In addition to thg obvious
og=0.81 assuming-=0.05, and it appears likely that quite gdvantqges of sensitivity and range, galaxy window func-
accurate and robuskg-measurements based on the cmpB tions WI||. become narrower as the SDSS sky coverage im-
normalization will be available down the road. proves, improving the ability to detect sharp featu_res_ in
This paper is not intended to the final word on testingP« (k). For lensing, the shear power spectrum contribution
physical assumptions in cosmology, merely a small step to b&OM a givenz has delta function windows oR(k) in the
followed by many more. In this spirit, let us close by sum-Small-angle approximation, so the smearing space comes
marizing some of the most important things that we have notf@m projection effects and can probably be substantially re-
done and some promising directions for future work. duced using photometric redshift and tomography tech-
An obvious first step is implementing our method to in- Niques. For the LyF, the ~10° SDSS quasar redshifts
dependently measure the early and late Universe parameteglould greatly improve the measurement errors on larger
Next year will be an appropriate time to do this, taking ad-spatial _scales, yvhere one may hope that uncerta!r)tles associ-
vantage of the revolutionary precision that will be offered byated with nonlinear physics are smaller. In addition to the
MAP. Since this will involve working with a large grid of CMB and LSS probes we have utilized in this paper, many
CMB transfer functions, the approximations described inMore appear promising. For instance, the recently claimed
[90] will be useful for this. detection of galaxy halo _substructt[t%] falls right on our
We have made one important assumption throughout thigoncordance curve in Fig. 1 but two orders of magnitude
paper that it would desirable to test: that the primordial fluc-further right than the other data points, lat- 100 Mpch.
tuations are adiabatic. The adiabatic assumption means thagarches for phase space clumpiness in the Milky Way halo
the process generating the fluctuations in the early Univers@ith tidal streamers and future space-based astrometry may
created density fluctuations without altering the density raProvide further constraints on dark matter clustering on such
tios of different matter componentphotons, baryons, neu- Small scales, and additional clever observational ideas are
trinos, dark matter, etg. By tinkering with these relative Undoubtedly waiting to be thought of. The SZ power spec-
densities, it is possible to generate a variety of so-calledrum is emerging as another promising cosmological observ-
isocurvature fluctuations. In addition to the familiar baryonicable, sensitive th& range near the cluster sca®7].
and CDM isocurvature modes, there are obscure ones, for This avalanche of precision data offers an exciting chal-
instance a neutrino isocurvature mode where the ratio of nedénge to theorists in the community: to raise the ambition
trinos to photons varies spatially but the net density perturlevel to making precision cosmology mean more than merely
bation vanishes, and it can be shown that the most generBlore apocryphal decimal places, placing our understanding
case corresponds to a functiy (k) that is not a scalar but of thg Universe on a solid foundation where the underlying
a 5x5 symmetric matri{91]. Although it has been shown PhYysics has been tested rather than assumed.
that CMB polarization will help constrain isocurvature
modes, real progress in this.(.er}deavor is likely to be some ACKNOWLEDGMENTS
way off, requiring the sensitivity of the Planck satellite
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