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Separating the early universe from the late universe: Cosmological parameter estimation beyon
the black box
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We present a method for measuring the cosmic matter budget without assumptions about speculative early
Universe physics, and for measuring the primordial power spectrumP* (k) nonparametrically, either by com-
bining CMB and LSS information or by using CMB polarization. Our method complements currently fash-
ionable ‘‘black box’’ cosmological parameter analysis, constraining cosmological models in a more physically
intuitive fashion by mapping measurements of CMB, weak lensing and cluster abundance intok space, where
they can be directly compared with each other and with galaxy and Lya forest clustering. Including the new
CBI results, we find that CMB measurements ofP(k) overlap with those from 2dF galaxy clustering by over
an order of magnitude in scale, and even overlap with weak lensing measurements. We describe how our
approach can be used to raise the ambition level beyond cosmological parameter fitting as data improves,
testing rather than assuming the underlying physics.

DOI: 10.1103/PhysRevD.66.103508 PACS number~s!: 98.80.Es, 98.70.Vc
le
e
iv
e
it
a

ing
n
e
m

ys
o

h
e
ts
e
fi

ys
n

r
b
e
th

ing
ition
as-
so
pa-

y
der
hat
nc-

with
, if
hese
me

,
ely

S,

in

ture
d to
SS

hat
is

the

s

I. INTRODUCTION

What next? An avalanche of measurements have now
support to a cosmological ‘‘concordance model’’ whose fr
parameters have been approximately measured, tentat
answering many of the key questions posed in past pap
Yet the data avalanche is showing no sign of abating, w
spectacular new measurements of the cosmic microw
background ~CMB!, galaxy clustering, Lymana forest
(LyaF) clustering and weak lensing expected in com
years. It is evident that many scientists, despite putting o
brave face, wonder why they should care about all this n
data if they already know the basic answer. The aweso
statistical power of this new data can be used in two wa

~1! To measure the cosmological parameters of the c
cordance model~or a replacement model if it fails! to addi-
tional decimal places

~2! To test rather than assume the underlying physics
This paper is focused on the second approach, which

received less attention than the first in recent years. As w
know, cosmology is littered with ‘‘precision’’ measuremen
that came and went. Schramm used to hail Bishop Ussh
calculation that the Universe was created 4003 b.c.e. as a
example—small statistical errors but potentially large s
tematic errors. A striking conclusion from comparing rece
parameter estimation papers~say @1–4# by the authors for
methodologically uniform sample! is that the quoted erro
bars have not really become smaller, merely more believa
For instance, a confidence interval for the dark energy d
sity that would be quoted three years ago by assuming
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four disparate data sets were all correct@1# can now be de-
rived from cosmic microwave background~CMB! 1 large
scale structure~LSS! power spectra alone@4–7# and inde-
pendently from CMB1 supernova type 1a~SN 1a! as a
cross-check. This paper aims to extend this trend, show
how measurements can be combined to raise the amb
level beyond simple parameter fitting, testing rather than
suming the underlying physics. Many of the dozen or
currently fashionable cosmological parameters merely
rametrize two cosmological functions@12,13#: the cosmic
expansion historya(t) and the cosmic clustering histor
P(k,z), the observables corresponding to 0th and 1st or
cosmic perturbation theory, respectively. This means t
non-parametric measurements of these cosmological fu
tions allows testing whether the assumptions associated
the cosmological parameters are in fact valid. Moreover
there are discrepancies, comparing measurements of t
functions from different data sets reveals whether the bla
lies with theory, data or both.

We will limit our treatment to the 1st order function
P(k,z), since the 0th order function has been extensiv
discussed previously@12–14#. One of the key ideas of this
paper is summarized in Fig. 1, showing how CMB, LS
clusters, weak lensing and LyaF all constrainP(k,z) at z
50. The first plots that we are aware of showing CMB
k-space go back a decade@15#, when CMB merely probed
scales much larger than accessible to large-scale struc
measurements. Since then, CMB has gradually pushe
smaller scales with improved angular resolution while L
has pushed to larger scales with deeper galaxy surveys. W
is particularly exciting now, and makes this paper timely,
that the two have met and overlapped, especially with
Cosmic Background Imager~CBI! experiment@16# and the
2dF @17# and SDSS@18# redshift surveys. Figure 1 show
©2002 The American Physical Society08-1
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that CMB now overlaps also with the scales probed by cl
ter abundance and even, partly, with weak lensing.

P(k,z) can be factored as the product of a primord
power spectrumP* (k) and a transfer function, correspon
ing to the physics of the early Universe and the Late U
verse, respectively.1 The two involve completely separat
physical processes and assumptions that need to be te
and the purpose of our method is to measure these two
tors separately using observational data. Given a handfu
cosmological parameters specifying the cosmic matter b
get and the reionization epoch, the transfer function can
computed from first principles using well-tested physics~lin-
earized gravity and plasma physics at temperatures simila
those at the solar surface!. The primordial power spectrum i
on shakier ground, generally believed to have been create
the early Universe at an energy scale never observed
involving speculative new physical entities. Most work h
parametrized this function as a power lawP* (k)}kn or a
logarithmic parabolaP* (k)}kn1a ln k, inspired by the slow-
roll approximation in inflationary models@19#, usually with
a50. More general parametrizations have included bro
power laws@20–23# a piecewise constant function@24# and
other forms@25,26#. It has also been shown@24# that the

1We will assume that the primordial fluctuations are adiaba
discussing the most general case in Sec. IV.

FIG. 1. Measurements of the linear matter power spectrumP(k)
computed as described in the text, using the concordance mod
@5# ~solid curve! to compute window functions. The locations of th
CMB points depend on the matter budget and scales with the re
ization optical depth ase2t for k*0.002. Correcting for bias shifts
the 2dF galaxy points@8# vertically (b51.3 assumed here! and
should perhaps blue-tilt them slightly. The cluster point scales
tically as (Vm/0.3)21.2, and its error bars reflects the spread in t
literature. The lensing points are based on@9#. The LyaF points are
from a reanalysis@10# of @11# and have an overall calibration un
certainty around 17%.
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MAP CMB data@27# in combination with SDSS power spec
trum measurements should be able to constrain the shap
P* (k) in considerable detail. The key challenge is break
the degeneracy between the two factors,P* (k) and the
transfer function. Although a future brute-force likelihoo
analysis parametrizingP* (k) with, say, 20 parameter
would be interesting and perfectly valid, it would obscure t
simplicity of the underlying physics. Such a ‘‘black box
approach would entail computing many different curves
each point in parameter space~such asC, for CMB, P(k)
for galaxies, the aperture mass functionMapp(u) for lensing
and the cluster mass function!, and mapping out the 20
dimensional likelihood function numerically by marginaliz
ing over other cosmological parameters like those of the m
ter budget. This would be overkill, since~modulo
nonlinearity complications treated below! all measurements
shown in Fig. 1 can be recast directly as weighted avera
of P* (k).

The rest of this paper is organized as follows. In Sec.
we describe the construction of Fig. 1, explaining how CM
weak lensing and cluster abundance measurements ca
mapped into~linear! k space. In Sec. III, we turn to the
degeneracy betweenP* (k) and cosmological parameter
such as the various matter densities, and present our me
for breaking it. We show how this allows measuring the co
mic matter budget without assuming anything aboutP* (k)
and obtaining a non-parametric measurement ofP* (k).

II. MEASURING P„k… WHEN THE TRANSFER
FUNCTIONS ARE KNOWN

In this section, we discuss how measurements of CM
weak lensing, cluster abundance, LyaF and galaxy clustering
probeP(k) and P* (k) when the relevant transfer function

,

of

n-

r-

FIG. 2. CMB data used in our analysis. Error bars in the plot
not include calibration or beam errors which allow substantial v
tical shifting and tilting for some experiments~these effects were
included in our analysis!.
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SEPARATING THE EARLY UNIVERSE FROM THE LATE . . . PHYSICAL REVIEW D 66, 103508 ~2002!
are known. We will see that in all five cases, each measu
data pointdi @a CMB band powerdT,

2 , a lensing aperture
mass variancêMapp(u)2&, etc.# can be written as an integra

di5E
2`

`

Pi~k!d ln k ~1!

over~linear! wave numberk for some non-negative integran
Pi(k). RenormalizingPi(k) to be a probability distribution,
our convention (!) in Fig. 1 is the following:

(!) Plot the data point at the k value corresponding to t
median of this distribution with a horizontal bar rangin
from the 20th to the 80th percentile.

These percentiles correspond to the full-width-ha
maximum for the special case of a Gaussian distribution
other words, the horizontal bars indicate the range of scalk
contributing to the data point. All transfer functions in th
section are computed assuming the flat cold dark ma
model with a cosmological constant (LCDM! concordance
model of @5#—we return the more general case in the n
section. This is a flat, scalar, scale-invariant model with c
dark matter densityh2Vm50.12, baryon densityh2Vb
50.021 and cosmological constantVL50.71. This corre-
sponds to a Hubble parameterh50.70. We chose a reioniza
tion optical deptht50.05, which corresponds to reionizatio
at redshift z58 with these parameters. We normalize t
model to haves850.815, which provides a good fit to th
CMB data.

FIG. 3. Combination of data from Fig. 2. These error bars
clude the effects of beam and calibration uncertainties, which ca
long-range correlations of order 5%–10% over the peaks. In a
tion, points tend to be anti-correlated with their nearest neighb
typically at the level of a few percent. The horizontal bars give
characteristic widths of the window functions~see text!. The curves
show the flatLCDM concordance models from@4# ~light gray! and
@5# ~dark gray!.
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A. CMB data

Figure 2 shows all 119 CMB detections currently ava
able, extending the compilation in@4# by adding the new
measurements from the Very Small Array~VSA! @28# and
the Cosmic Background Imager~CBI! mosaic@16#. Recent
data reviews include@29,30#.

We combine these measurements into a single set o
band powers shown in Fig. 3 and Table I using the method
@4#, including calibration and beam uncertainties, which
fectively calibrates the experiments against each other.
coefficientsyi in Eqs. ~A2!, ~A4! and ~A5! of @4# should
strictly speaking be the window-convolved true power sp
trum, so rather than approximating them by the obser
data points as in@4#, we approximate them by the the smoo
fit to the data given by the light-gray curve in Fig. 3 co
volved with the experimental window functions. We ha
excluded thePYTHV data since it disagrees with numerou
other experiments on large angular scales and the non-re
of the underlying map precludes clarifying this situatio
Since our compressed band powersd, are simply linear

-
se
i-
s,
e

TABLE I. Band powers combining the information from CMB
data from Fig. 2. The first column gives the,-bins used when
combining the data, and can be ignored when interpreting
results. The second column gives the medians and characte
widths of the window functions as detailed in the text. The er
bars in the third column include the effects of calibration and be
uncertainty. The full 25325 correlation matrix and 2532000
window matrix are available at the following URL
www.hep.upenn.edu/;max/cmb/experiments.html

,-Band ,-window dT2@mK2#

222 220
10 496310

325 421
12 8786308

6210 822
13 7826219

11230 1423
14 8406171

31275 51220
126 8696412

762125 93224
126 24576383

1262175 140252
126 38546520

1762225 195234
126 51306595

2262275 250224
123 50366613

2762325 300222
123 31636423

3262375 352220
121 18696278

3762425 399220
120 14866216

4262475 451220
121 17956221

4762525 500220
121 20436260

5262575 550221
121 23126271

5762625 601220
121 19366269

6262675 650221
121 17926261

6762725 700220
120 19506295

7262775 750221
122 14296336

7762825 802221
123 23226440

82621000 890244
151 20656261

100121200 1094263
156 9556300

120121400 1299254
154 6396291

140121600 1501254
153 9256368

16012` 1700253
151 1906273
8-3
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MAX TEGMARK AND MATIAS ZALDARRIAGA PHYSICAL REVIEW D 66, 103508 ~2002!
combinations of the original measurements, they can be
lyzed ignoring the details of how they were constructed,
ing completely characterized by a window matrixW:2

^di&5(
,

W i ,C, , ~2!

where C,[dT,
2[,(,11)C,/2p and C, is the angular

power spectrum. Following the convention used in Fig.
the data, values and effective, ranges in Fig. 3 and Table
I correspond to the median, 20th and 80th percentile of
window functionsW. ~We use absolute values of the win
dow function to be pedantic, since some windows go sligh
negative in places as a result of the inversion, although
makes a negligible difference for the plot.! Comparing Table
I with the older results from@4#, we find that the degree-sca
normalization is marginally higher. In bin 8, for instanc
corresponding to the 1st peak, the normalization has rise
3% due to the inclusion of the VSA and CBI results and
further 6% due to the above-mentioned improved mode
of calibration and beam errors. With the old modeling,
measurement scattering low by chance would be assign
smaller error and therefore get more statistical weight, p
ing the overall calibration down somewhat. A detailed d
cussion of calibration issues can be found in@31#.

The angular power spectrum of the CMB is determin
by the primordial power spectrumP* (k) through a linear
relation

C,5E
2`

`

W,~k!P* ~k!d ln k, ~3!

2This matrix is available at www.hep.upenn.edu/
;max/cmb/experiments.html together with the 25 band power
d, and their 25325 covariance matrix.

FIG. 4. The curveskW,(k) whose integral giveC, for a scale-
invariant spectrum, all rescaled to have unit area. From left to ri
the curves are for multipoles,52, 4, 8, 16, 32, 64, 128, 256, 512
1024.
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where the transfer functionsW,(k) depend on the cosmic
matter budget and the reionization optical depth. Since

P~k!5T~k!2P* ~k! ~4!

where T(k) is the matter transfer function, Eq.~3! can be
reexpressed directly in terms of the current power spectr

C,5E
2`

` W,~k!

T~k!2
P~k!d ln k. ~5!

Equation~3! implies that for the CMB with data pointsd,

[C, , the integrand of Eq. ~1! is simply P,(k)
5W,(k)P* (k). We compute the integral kernelsW,(k)
with CMBFAST @32#. Figure 4 showsP,(k) for a sample of,
values, normalized to integrate to unity, for a scale-invari
primordial power spectrumP* (k)}k. In other words, the
figure simply showskW,(k) rescaled, the integral of which
gives C, . For each such curve, we compute the 20th, 5
and 80th percentile as per the above-mentioned conven
(!) and plot the results in Fig. 5 as an indication of whak
range is probed by each multipole,. The situation is com-

t,

FIG. 5. The correspondence between, space andk space for
CMB. For each,, the shaded bands indicates thek range from the
20th to 80th percentile of the distributionkW,(k) ~Fig. 4!, and the
black curve shows the median. From top to bottom, the three ba
are for the E polarization, cross polarization~X! and unpolarized
~T! cases, respectively. To avoid clutter, the E and X bands h
been multiplied by 10 and 100, respectively.
8-4
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SEPARATING THE EARLY UNIVERSE FROM THE LATE . . . PHYSICAL REVIEW D 66, 103508 ~2002!
pletely analogous for the polarization case. The relations
tween, andk are seen to be roughly linear as expected, a
to tighten with increasing,.

The slight wiggles roughly line up with the derivatives
the three CMB power spectra. This is because when
power spectrum is steeply rising, the contribution will
larger from the peak on the right than from the trough on
left, pushing the median up towards higherk, and vice versa.
These wiggles are seen to be more pronounced for E po
ization than for the unpolarized case. This is because
wiggles are sharper and have greater relative amplitude
the polarized case, increasing the magnitude of the der
tive. The T-spectrum has milder wiggles since the pecu
velocity contribution fills in the troughs between the pea
from the dominant density or gravitational contribution—t
E-power spectrum has only a velocity contribution and th
drops near zero between peaks, staying positive only bec
of geometric projection effects in the mapping fromk space
to , space.

Because of incomplete sky coverage, real-world CM
measurement can never measure individual multipoles,,
merely weighted averages of many. Substituting Eq.~3! into
Eq. ~2! gives

^di&5E
2`

`

Wi~k!P* ~k!d ln k, ~6!

where

Wi~k![(
,

W i ,W,~k!. ~7!

In other words, each of our 25 binned CMB measureme
probes a known linear combination of the primordial pow
spectrum. A sample of these new window functions are p
ted in Fig. 6, and are again seen to be quite narrow for la
,. Indeed, although the, smearing makes these window

FIG. 6. Sample curveskWi(k) whose integral give our binned
CMB band powers from Fig. 3 for a scale-invariant spectrum,
rescaled to have unit area. From left to right, the curves corresp
to band powersi 51, 2, 3, 6, 9, 14, 19, 24.
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slightly broader than those in Fig. 4, it is also seen to ma
them more well-behaved, eliminating the high-frequency
cillations at large,.

We are now ready to map our CMB measurements fr
Fig. 3 into k space. We need a prescription for where
position the points both horizontally and vertically. Horizo
tally, we simply follow the above-mentioned convention (!)
and plot it at the median of the distributionPi(k)5kWi(k)
from Fig. 6, with horizontal bars extending from the 20th
the 80 percentile. Vertically, we plot it at the valueP̂! i de-
fined by

k21P̂* i[
di

E
2`

`

kWi~k!d ln k

. ~8!

Taking the expectation value of this and using Eq.~6! tells us
that we can interpretP̂* i as measuring simply a weighte
average ofk21P* (k) ~which we expect to be a nearly con
stant function!, with the window functionkWi(k) giving the
weights. The resulting 25 measurements ofP* (k) are shown
in Fig. 7, and Fig. 8 shows a simulation for measurements
the MAP satellite@27#. To plot these points as measuremen
of P(k), we proceed analogously. We use exactly the sa
convention (!) for the horizontal placement of the point
and given Eq.~4! plot them at a vertical position given by

P̂[T~keff!
2P̂* , ~9!

ll
nd

FIG. 7. Measurements of the primordial power spectrumP* (k)
computed as described in the text, divided by our fiducial prim
dial power spectrumAk with A'(43.2 Mpc/h)4. This normaliza-
tion corresponds to an rms fluctuation in the gravitational poten
c given by@k3Pc(k)/2p2#1/252.931025. The data are the same a
in Fig. 1, divided byAkT(k)2.
8-5
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MAX TEGMARK AND MATIAS ZALDARRIAGA PHYSICAL REVIEW D 66, 103508 ~2002!
wherekeff is the horizontal location of the point~the median
of the window function!. This allows us to interpretP̂i /Pfid
as measuring simply a weighted average of the rela
power P(k)/Pfid(k), wherePfid(k)[kT(k)2 is our fiducial
power spectrum. This procedure produces the CMB po
plotted in Fig. 1 and Fig. 9.

B. Weak lensing data

Weak gravitational lensing uses photons from distant g
axies as test particles to measure the metric fluctuat
caused by intervening matter, as manifested by distorted
ages. The first detections of this cosmic shear signal@35,36#
were reported in 2000@37–42#, and dramatic improvement
are likely to lie ahead just as for CMB observations. For t
paper, we will use the results from the Red-Sequence Clu
Survey~RSCS! reported in@9#, which includes data from a
record-breaking 53 square degree sky area. We use the s
data points employed for the cosmological analysis in@9#,
i.e.,

di[^Mapp~u i !
2& ~10!

whereu5108, 158, 208, 258, 35, 33, 428, 508. This mea-
sured quantity, denoted the aperture mass variance, is on
erage given by

FIG. 8. Same as Fig. 7, but for simulated future data. CMB a
galaxy points assume the advertized specifications for the com
MAP and SDSS datasets, respectively. The CMB simulation
sumes the MID foreground model of@33#. Still better galaxy mea-
surements are likely to result adding the SDSS luminous red ga
survey@34# and photometric redshift information. The cluster po
assumes a relative error of 7.5% ons(R), i.e., that systematic
uncertainties can be reduced to the level of current statistical er
The lensing and LyaF points assume that the current errors ha
been cut in half.
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^di&52pE
0

`F12J4~,u i !

p~,u i !
2 G 2

,Pk~, !d,, ~11!

whereJ4 is a Bessel function andPk(,) is the cosmic shea
power spectrum. The shear power spectrum in turn is gi
by a linear combination of the nonlinear matter power sp
trum Pnl(knl) over a range of wave numbersknl and redshifts
@35,36#,

Pk~, !5
9Vm

2 H0
4

4c4 E
0

vHS W̄~v!

a~v!
D 2

PnlS l

f K~v!
;v Ddv

~12!

where we have introduced the comoving radial coordinatev
andvH corresponds to the horizon. Heref K(v) is the angu-
lar diameter distance andW̄(v) is a source-averaged ratio o
angular diameter distances. For a given redshift distribut
of the sourcespb(v),

W̄~v!5E
v

vH
pb~v8!

f K~v82v!

f K~v8!
dv8. ~13!

We use the best fit redshift distribution for the RSCS sam
from @9#,

pb~z!5
b~z/zs!

a

zsG@~11a!/b#
e2(z/zs)

b
~14!

with (a,b,zs)5(4.7,1.7,0.302). With a change of variable
to knl5,/ f K(v) we can rewrite Eq.~11! in the form of

di5E
2`

`

P i
nl~knl!d ln knl

d
te

s-

xy

rs.
e

FIG. 9. Same as Fig. 8, but for the current linear power sp
trum P(k). In other words, this is Fig. 1 for simulated future dat
8-6
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SEPARATING THE EARLY UNIVERSE FROM THE LATE . . . PHYSICAL REVIEW D 66, 103508 ~2002!
P i
nl~knl!5

9Vm
2 H0

4

2pc4 E
0

vHS W̄~v! f K~v!

a~v!
D 2

3knl
2 Pnl~knl ;v!3F12J4„knlf K~v!u i…

„knlf K~v!u i…
2 G 2

dv.

~15!

The integrandP i
nl(knl) is an integral over cosmic time tha

depends linearly on the nonlinear matter power spect
Pnl(knl) at various redshifts. The upper panel in Fig.
shows this integrand for a sample of angular scalesu. Just as
for the CMB, we follow our convention (!) and compute the
20th, 50th and 80th percentiles of these distributions. T
results, plotted in Fig. 11, show that we approximately ha
k}1/u as expected but that the relation is not particula
tight, with a givenu probing a broad range ofk values.

To use this relation betweenk and u to map the lensing
data into~linear! k space would be quite misleading, sin
the nonlinear powerPnl(knl) is the result of gravitationa
collapse and therefore carries information about the lin
power on larger spatial scales@43–45#. We will use the an-
satz of Peacock and Dodds@45# to quantify this effect. De-
fining

D~k!5
4pk3

~2p!3 P~k!,

Dnl~knl!5
4pknl

3

~2p!3
Pnl~knl!, ~16!

FIG. 10. Curves showP nl(k) ~top! andP l ~bottom!, normalized
to have unit area. These curves show how much different nonlin
~top! and linear~bottom! scales contribute to the observed we
lensing aperture mass variance^Mapp(u)2& for the source redshift
distribution of @9#.
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the linear powerD on scalek is approximately related to the
nonlinear powerDnl on a smaller nonlinear scaleknl ,

Dnl~knl!5 f NL„D~k!…, ~17!

knl5~11Dnl!
1/3k, ~18!

where f NL(x) is a fitting function that depends on both th
cosmology and the slope of the linear power spectrum.3 A
few caveats about the Peacock and Dodds approximation
in order. It was developed to fit simulations of power la
spectra, so it can disagree significantly withN-body results
when considering power spectra that are not pure power l
~as is the case here! or have wiggles@46–48#. The straight
mapping between the non-linear power spectrum at one s
and the linear power spectrum at a larger scales is only
proximate, so care should be taken when interpreting
translation from aperture mass toP(k).

In the Peacock-Dodds ansatz,k determinesD which de-
terminesDnl , which via Eq.~18! determinesknl . This means
that we can think of bothknl andPi in Eq. ~15! as functions
of the linear wave numberk and change variables in th
integral:

di5E
2`

`

P i
l~k!d ln k. ~19!

The relation betweenknl and k is time dependent, so th
Jacobian of the transformation cannot be taken out of

3We used a simpleG-model fit to the power spectrum~i.e., a fit
with no wiggles! to calculate the slope needed in the Peaco
Dodds ansatz.

ar

FIG. 11. Ranges ofk that contribute toMapp(u)2 as a function
of u. The line indicates the mediank and the boundaries correspon
to the 20th and 80th percentile. The upper~lower! band shows the
range for nonlinear~linear! scales.
8-7
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time integral. The functionsP i
l (k) tell us which linear scales

k contribute to the observed lensing signal. They are plo
in the bottom panel of Fig. 10 for the seven data points,
their k range is shown in as a function ofu in Fig. 11.

We see that the curvesP nl andP l differ dramatically on
small scales. Not only do the lensing measurements pr
the linear power spectrum on much larger scales scalesk21

than those on which it probesPnl , but thek range probed is
substantially narrower as well. The relation betweenu and
~median! k can be approximated by a simple power law w
half the slope over the range of scales shown in Fig. 11k
'(u/38)21/2h/Mpc, with the two bands converging only fo
u*3° where the density fluctuations are nearly linear. T
implications of this are twofold: weak lensing probesP(k)
on substantially larger scales than a naive back-of-t
envelope calculation would suggest, and thek-space window
functions onP(k) are quite nice and narrow, facilitating co
mological interpretation of the measurements, although
caveats about the Peacock and Dodds ansatz should be
in mind.

The last remaining subtlety involved in mapping our len
ing measurements into (k,P)-space concerns the vertic
placement of the points and their error bars. SinceP i

l (k)
depends onP(k) in a nonlinear way, we cannot simply pro
ceed as in the CMB case, interpretingdi as measuring a
weighted average ofP(k). We therefore need to construct
relation betweenP(k) and d(u) around the fiducial mode
Pfid(k) ~which fits the measured data from@9# well!. To do
so, we compute the aperture mass for models with a vary

FIG. 12. Relation between the aperture mass variance and
overall normalization of the matter power spectrum (s2). Both val-
ues are normalized to the values for the fiducial model. Clockw
the curves correspond tou510, 15, 20, 25, 33, 42 and 50 respe
tively. Our approximation that these curves are straight lines is s
to be quite accurate. Their slope approaches unity~dotted line! in
the linear regime~for very largeu).
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overall normalization ofP(k). As seen in Fig. 12, the rela
tion between the aperture mass and this overall normal
tion is well approximated by a straight line in log-log spa
whose slope depends only onu, so we make the approxima
tion

lnS P~keff!

Pfid~keff!
D'g~u!lnS d~u!

dfid~u! D . ~20!

To translate the error bars, we simply multiply the relati
error in the aperture mass variance measurement byg(u) to
obtain the relative error inP(k).

Finally, although by construction we are always mappi
the constraints of the different measurements onto the lin
power spectrum at the present epoch, the lensing ape
mass measurements are actually sensitive to a weighted
erage of the power spectrum over redshift, with a weight t
peaks somewhere midway between redshift zero and the
shift of the background galaxies. Just as before we can w

di5E
0

`

P i
z~k!dz, ~21!

where z is redshift. For completeness we show these in
grands in Fig. 13. These functions are seen to be very br
and to depend only weakly on the angular scaleu.

C. Cluster data

The abundance of galaxy clusters at various redshift
emerging as an increasingly powerful probe of cosmolog
parameters, as new surveys are enlarging cluster sample
x-ray, SZ, optical and lensing observations of cluster prop
ties are improving our understanding of the underlying ph
ics.

In principle, a suite of hydrodynamical simulations in
cluding all the relevant physics could be used to map out

he

e,

en

FIG. 13. Curves showP z(z) normalized to have unit area
These curves show where the contribution to the aperture m
originates in redshift for each of the seven values ofu from @9#.
8-8



o
er
o

he

o
op
s,
w
s
tio
te

h
a

t

th
n
a

ra

um

th
e

th

s of

ars

year.
still
on-

e-

hy-
ght.
es,
on
and
its

the
eby
wer

dent
rks.
the

he
the
and
ng
on-
e
atz

he

as
was
cial
as

he
or
er-
t
nd

to

SEPARATING THE EARLY UNIVERSE FROM THE LATE . . . PHYSICAL REVIEW D 66, 103508 ~2002!
region in cosmological parameter space that matched the
served cluster abundance. In practice, this is still not num
cally feasible, so published constraints involve a series
approximations. At a minimum, this tends to involve t
Press-Schechter approximation or variations thereof@49–51#
to predict the mass function of dark halos and some way
inferring the mass of the dark halo from the observed pr
erties of the cluster. For example, in studies using x ray
mass-temperature relation that connects the halo mass
an observed cluster x-ray temperature is needed. The con
sus result is that cluster data constrains mainly a combina
of the normalization of the power spectrum on the clus
scale and the cosmic density parameterVm. The normaliza-
tion is usually quoted as the rms density fluctuations(R) in
a sphere of radiusR58h21Mpc, given by

sR
2[

4p

~2p!3E
2`

` F3 j 1~kR!

~kR! G2

k3P~k!d ln k, ~22!

where the 1st spherical Bessel function isj 1(x)5(sinx
2xcosx)/x2.

For instance, a recent SDSS analysis reportss85(0.35
60.03)Vm

20.60 @52#, basing cluster mass estimates on ric
ness rather than x-ray properties. However, it has been
gued@53# that quoting results usingR58h21Mpc is confus-
ing, since the cluster abundance is mainly sensitive
slightly larger scales centered aroundR;15h21Mpc. The
Vm dependence above comes mainly from the fact that
mean densityVm enters in the Press-Schechter formula a
collapse overdensity approximation, but also from a sm
Vm-dependent correction for evolution betweenz50 and the
redshifts observed~say z50.120.2). Including the addi-
tional Vm dependence coming from the fact thatVm affects
the shape of the power spectrum and hence the ratio
s15/s8, a result like s8}Vm

20.6 changes significantly, to
something likes8}Vm

20.2 @53#.
Since we wish to plot constraints on the power spectr

P(k) of the form of Eq.~1!, we follow @53# and use the
normalization sR at R59Vm

20.41'15h21Mpc. This scale
corresponds to a 6.5 keV cluster forming now, and has
property of giving constraints that to first approximation d
pend onP(k) only via its normalization (sR), not via its
shape@53#. Using our convention (!) to plot the k-range
probed by clusters, the 20th, 50th and 80th percentiles of
integrand in Eq.~22! fall at k'0.06, 0.10 and 0.15h/Mpc,
respectively.

TABLE II. Recent measurements of theP(k) normalization us-
ing cluster abundances.

Analysis s8

Pierpaoliet al. ~2001! @53# 1.0220.08
10.07

Borganiet al. ~2001! @54# 0.7620.10
10.15

Reiprich and Bo¨hringer ~2001! @55# 0.6820.06
10.08

Seljaket al. ~2001! @56# 0.7560.06
Viana et al. ~2001! @57# 0.6160.05
Bahcallet al. ~2002! @52# 0.7260.06
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Table II gives a recent sample of cluster measurement
the power spectrum normalization, all quoted forVm50.3
for comparison. We see that although the quoted error b
are as small as 0.05–0.08, the spread ins8 between papers is
many times larger, as great as 0.41 even during the past
Since this suggests that systematic uncertainties are
larger than statistical uncertainties, we simply use the c
straint s850.860.2 to be conservative, mapped toR
515h21Mpc as in@53# to reduce power spectrum shape d
pendence.

D. Lya forest data

The Lymana forest (LyaF) is the plethora of absorption
lines in the spectra of distant quasars caused by neutral
drogen in overdense intergalactic gas along the line of si
By tracing the cosmic gas distribution out to great distanc
it offers a new and exciting probe of matter clustering
even smaller scales than currently accessible to CMB
weak lensing, when the universe was merely 10–20% of
present age. Since the gas probed by the LyaF is only over-
dense by a modest factor relative to the cosmic mean,
hope is that all the relevant physics can be simulated, ther
connecting the observations to the underlying matter po
spectrum@58–62#.

The most ambitious such analysis to date@11# claimed to
do just this, measuringP(k) on 13 separate scalesk using 53
quasar spectra. An extensive reanalysis by an indepen
group@10# has suggested that the technique basically wo
One should keep in mind that there are many caveats to
Lymana forest analysis. One wonders to what extent all t
relevant physics is included in the hydro-simulations and
dark-matter-only prescriptions that have been developed
how the uncertainties in the reionization history, the ionizi
background and its fluctuations propagate into the rec
struction of P(k). Moreover, even for the evolution of th
dark matter alone, which is the basis of the simple ans
used to determineP(k) from the LyaF data, non-linear cor-
rections significantly affect the evolution of clustering on t
scales relevant for the LyaF because the slope of theP(k)
around the non-linear scale is much closer tone f f523 than
it is today @63#. We should view the reconstructed points
an inversion done assuming that all the relevant physics
correctly modeled and that the departures from the fidu
model ~which in this case also involve other details such
the reionization history! are sufficiently small.

Fig. 1 shows the reanalyzed data@10# with the quoted
statistical and ‘‘systematic’’ errors added in quadrature. T
plotted errors do not include an overall multiplicative err
of 17% stemming from temperature and optical depth unc
tainties, and the mapping from the observation redshifz
;2.72 to today may introduces additional horizontal a
vertical shifts that depend onVm and VL as described in
Sec. III. We use the approximation of@10# that the window
functions are Gaussian with widthDk'25 km/s (k
3km/s)21/2. The 13th point is a mere upper limit, omitted
avoid clutter.
8-9
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MAX TEGMARK AND MATIAS ZALDARRIAGA PHYSICAL REVIEW D 66, 103508 ~2002!
E. Galaxy clustering data

Two- and three-dimensional maps of the Universe p
vided by galaxy redshift surveys constitute theP(k) probe
with the longest tradition. Indeed, the desire to measureP(k)
was one of the prime motivations behind ever more am
tious observational efforts such as the the CfA/UZC@64,65#,
LCRS @66# and PSCz@67# surveys, each well in excess o
104 galaxies. The most accurate power spectrum meas
ment to date is from the 2 degree Field Galaxy Reds
Survey ~2dFGRS! @17#, soon to be overtaken by the Sloa
Digital Sky Survey~SDSS! @18# which aims for 1 million
galaxies.

Band powers measured from galaxy surveys are relate
the underlying matter power spectrum by

di5E
2`

`

Wi~k!b~k!2P~k!d ln k, ~23!

where the window functionsWi depend only on the geom
etry of the survey and the method used to analyze it. H
b(k) is the bias, reflecting the fact that galaxies need
cluster the same way as the underlying matter distribut
and defined simply as the square root of the ratio of gal
power to matter power. Figure 1 shows the 2dFGRS po
spectrum as measured with the PKL eigenmode techn
@8#, which has the advantage of producing uncorrelated e
bars and narrow, exactly computable window functionsWi
~see also@68#!.

With galaxy clustering measurements, bias is the key
veat. On small scales, bias is known to be complicated, w
the galaxy power spectrum saying more about the gal
distribution within individual dark matter halos than abo
the underlying matter distribution. We have therefore plot
2dFGRS measurements only fork,0.3h/Mpc. Fortunately,
a broad class of bias models predict thatb(k) should be
simple and independent ofk on large scales@69–73#. Even if
this is true, however, the measured large-scale 2dFG
power spectrum is likely to have slightly scale-depend
bias, masquerading as evidence for a redder power spec
i.e., one with a smaller spectral indexn. This is because the
power spectrum is measured from a heterogene
magnitude-limited sample mixing galaxies of very differe
kinds. Most of the information aboutP(k) on large scales
comes from distant parts of the survey, where bright ellip
cals are over-represented since dimmer galaxies get excl
by the faint magnitude limit. Since more luminous galax
are known to be more highly biased@74,75#, this should
cause the bias to rise ask→0. With a massive data set lik
the SDSS, it will be possible to accurately measure how b
depends on luminosity and correct for this effect.

III. BREAKING THE DEGENERACY BETWEEN
PRIMORDIAL POWER AND TRANSFER FUNCTIONS

Above we have shown how to map CMB, lensing, clus
and LyaF measurements intok space when the transfer func
tions are known. These transfer functions depend on var
Late Universe cosmological parameters~the reionization op-
tical deptht and the matter budget!. To measure the late
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Universe properties~these parameters! and the early Uni-
verse properties@the primordial power spectrumP* (k)] in-
dependently, we must therefore break the degeneracy
tween the two. This may at first sight appear hopeless, s
the measurements involve products of primordial power a
transfer functions, and there is no unique way of factorin
product into two terms. As will be described below, the pro
lem can nonetheless be solved thanks to two separate fac
combination:

~1! t and the matter budget parameters affect differ
types of measurements in different ways.

~2! There is substantial overlap ink-space between differ
ent types of measurements.

A picture can say more than a thousand words, and b
of these facts are illustrated by the example in Fig. 14
shows simulated data assuming that the concordance m
of @5# is true, with the CMB mapped intok space assuming a
higher baryon density,h2Vb50.07. This alters the CMB and
matter transfer functions in quite different ways~details be-
low!, producing a strikingly wigglyP(k) inferred from the
CMB. Since MAP and SDSS overlap by over a decade ik
where this wiggliness is seen, it is obvious that the two
inconsistent and that such a high baryon density is ruled
This conclusion can be drawn without assumptions about
primordial power spectrumP* (k), since this figure was gen
erated without involvingP* (k), merely using measuremen
and transfer function parameters.

In the next subsection, we will briefly discuss how th
various types of measurements are affected by the late
verse parameters and the relevance of this for measu
these parameters independently ofP* (k). We then describe
how a ‘‘chi-by-eye’’ comparison as in Fig. 14 can b

FIG. 14. Same as Fig. 9, but assuming a baryon densityh2Vb

50.07 when analyzing the data. Since this figure makes no assu
tions about the primordial power spectrumP* (k), the glaring dis-
crepancy seen between the power spectrum inferred from CMB
galaxy clustering means that this high baryon fraction can be ru
out without assumptions about early Universe physics.
8-10
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SEPARATING THE EARLY UNIVERSE FROM THE LATE . . . PHYSICAL REVIEW D 66, 103508 ~2002!
replaced by a rigorous statistical method useful for cosm
logical parameter estimation.

A. How late Universe parameters affect theP„k… recovered
from different data sets

Although reconstruction ofP(k) as in Fig. 14 has the
advantage of minimizing the amount of processing applied
large-scale-structure~galaxy, lensing, cluster, LyaF) data the
reconstructed primordial powerP* (k) provides better intu-
ition for the present discussion, since each data set

FIG. 15. Same as Fig. 8, but assuming a baryon densityh2Vb

50.07—a ruled out model.

FIG. 16. Same as Fig. 8, but assuming a dark matter den
h2Vc50.5—a ruled out model.
10350
-

o

s,

loosely speaking, been divided by its own transfer functi
In contrast, the CMB data in Fig. 14 was~apart from smooth-
ing effects! both divided by the CMB transfer function
W,(k) and multiplied by the matter transfer functionT(k)2.
We will therefore center our discussion aroundP* (k) rather
thanP(k) in the remainder of the paper.

Imagine generating large numbers of plots like Fig.
each one assuming different values for the late Universe
rameters to analyze the same measured data. Figure
shows the result for the above-mentioned case of a h
baryon fraction, and is simply theP* -version of Fig. 14.
Figures 16 and 17 show corresponding examples with inc
rect assumptions for the cold dark matter densityh2Vcdm and
the cosmological constantVL . Before delving into details, a
few basic facts should be noted. The LSS~cluster, lensing,
LyaF and galaxy! points tend to shift together, since they a
all sensitive to the matter transfer functionT(k)2. These LSS
points split apart when certain parameters are altered, h
ever, notablyVm and the cosmic expansion historya(t),
which affect the four differently. In contrast, the CMB poin
separate from the other four data types whenever any
Universe parameter is changed, indeed often by shifting
rather opposite direction from the others.

The recent literature on cosmological model constrai
includes a bewilderingly large list of cosmological param
eters:

p[~t,Vk ,VL ,Vx ,w,vdm,vb , f n ,As ,ns ,a,At ,nt!.
~24!

These are the reionization optical deptht, the primordial
amplitudesAs , At and tiltsns , nt of scalar and tensor fluc
tuations, the running of the scalar tilta, and seven param
eters specifying the cosmic matter budget. The various c
tributions V i to critical density are for curvatureVk ,

ity

FIG. 17. Same as Fig. 8, but assuming a cosmological cons
VL50.2—a ruled out model.
8-11
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MAX TEGMARK AND MATIAS ZALDARRIAGA PHYSICAL REVIEW D 66, 103508 ~2002!
vacuum energyVL , other dark energyVx ~with an equation
of statew), cold dark matterVcdm, hot dark matter~neutri-
nos! Vn and baryonsVb . The quantitiesvb[h2Vb and
vcdm[h2Vdm correspond to the physical densities of ba
ons and total~cold 1 hot! dark matter (Vdm[Vcdm1Vn),
and f n[Vn /Vdm is the fraction of the dark matter that is ho
Additional parameters that are often mentioned are not in
pendent, for instance the total matter densityVm[Vb
1Vdm and the dimensionless Hubble parameterh
[A(vcdm1vb)/(12VLVk).

Fortunately, the underlying physics is simpler than t
parameter profusion suggests.As , ns and a are merely a
particular parametrization of the primordial power spectru
corresponding to the ansatzP* (k)5Ask

ns1a ln k. At and nt
similarly parametrize the primordial tensor~gravity wave!
power spectrum as a power law. In other words, only the fi
eight parameters in Eq. 24 are late Universe parameter
fecting the transfer functions—we refer to all of these exc
t as the matter budget parameters. The tensor parameteAt
and nt are of only marginal relevance to this paper, sin
they affect only the CMB and do so essentially only
scales larger than those that overlap with large-sc
structure observations. This means that if we assumeAt.0
in our reconstruction, the CMB measurements ofP* (k)
would shift downwards in Fig. 15, but only to the left whe
they cannot be compared with other data. Since our met
for measuring late Universe parameters involves compa
CMB with LSS data, it is therefore essentially unaffected
tensor fluctuations.

A similar simplification applies tot, which also affects
only the CMB. On the small scales where the CMB overla
with other measurements, the effect of reionization in mer
to suppress the CMB power spectrum by a constant fa
e2t.

A further simplification is thatVL , Vx andw never enter
in any other way than as a particular parametrization of
cosmic expansion historya(t) or, equivalently, of the func-
tion

H~z!

H0
5@~11z!3Vm1~11z!2Vk1~11z!3(11w)1VL#,

~25!

where the Hubble parameterH[d ln a/dt.4 Various integrals
involving this function determine the growth of linear clu
tering, the brightness and angular size of distant objects,
volume-related effects. This function causes merely a s
ways shift in the CMB on the scales that LSS can pro
since the late integrated Sacks-Wolfe~ISW! effect is impor-
tant only on larger scales. Beyond the parameters in
function, the only remaining matter budget parameters
thus vm, vb , f n , specifying the physical densities of co
dark matter, baryons and neutrinos, respectively.

Detailed discussions how the CMB and matter trans
functions depend on cosmological parameters can be fo

4If the dark energy is a scalar field that can cluster~i.e., quintes-
sence! there could be additional effects for lowls.
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in, e.g.,@76–78#. For the reader interested in more empiric
intuition, the movies at www.hep.upenn.edu/
;max/cmb/mov ies.html are recommended. The ke
point about to take away from all this is that the CMB a
matter transfer functions depend quite differently on the m
ter budget parameters, often in rather opposite ways.
instance, increasing the cold dark matter densityvcdm shifts
the galaxy power spectrum up to the right and the CM
peaks down to the left. Adding more baryons boosts the o
numbered CMB peaks but suppresses the galaxy power s
trum rightward of its peak and also makes it wigglier. I
creasing the dark matter percentage that is hot~neutrinos!
suppresses small-scale galaxy power while leaving the C
almost unchanged.@The recovered points in ourP* (k) fig-
ures always respond in the sense opposite to that in th
movies when assumed parameters are varied.# This means
that combining CMB with LSS data allows unambiguo
determination of the matter budget.

Since the heights of the CMB peaks are controlled by
densities of ordinary (vb) and dark (vdm) matter, assuming
the wrong values for these parameters is seen to results
wiggly P* (k) from CMB in Figs. 15 and 16. Increasingvb
boosts predominantly the odd-numbered CMB pea
whereas increasingvcdm suppresses the CMB peaks wi
less of an even-odd asymmetry as well as shifting the pe
to the left, so the CMB points in these figures are seen
depart from unity in the opposite sense. Increasing
baryon fractionvb /vdm produces larger wiggles in the ma
ter power spectrum as well, together with an overall pow
suppression leftward of the peak. Increasing the dark ma
densityvdm pushes the turnover inP(k), corresponding to
the horizon size at the matter-radiation equality epoch, to
right and thereby boosts small-scale power. There is als
sideways shift in both CMB and matter clustering, since
h on the horizontal axis changes with the matter budget
rameters.H(z) gives shifts the transfer functions vertical
via the linear growth factor and horizontally~angle-diameter
distance changes, and well as theh in the horizontal axis
definition!. Here is a brief summary of how the curve
P* (k) recovered from CMB and LSS measurements get
fected when the assumed parameters are changed:

~1! vb , vcdm: cause wiggles
~2! f n : boosts LSS points on small scales
~3! Vk , dark energy: cause wiggles via incorrect CM

peak locations, vertical offset
~4! t: boosts CMB points bye2t where they overlap with

LSS.
Some parameters also affect the conversion of obse

LSS data to measurements ofP(k) as illustrated in Fig. 17.
The cluster point scales roughly asVm

21.2 in power (Vm
20.6 in

amplitude!, mainly becauseVm enters in the Press-Schecht
prescription for halo abundance and in the approximation
collapse overdensity. For weak lensing, a factor ofVm

2 enters
in the definition of the cosmic shear power spectrum,
though the final scaling withVm is complicated by nonlin-
earities. All four LSS observables atz.0 must be mapped to
z50, which involves a vertical shift due to clustering grow
and a horizontal shift from the computation of comovin
8-12
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SEPARATING THE EARLY UNIVERSE FROM THE LATE . . . PHYSICAL REVIEW D 66, 103508 ~2002!
length scales, and these shifts are both given by the cos
expansion historyH(z) of Eq. ~25!. Since these shifts in
crease withz, they are most important for the LyaF. Finally,
theP(k) reconstruction from galaxies, clusters and the LyaF
depend at least weakly on the baryon fractionVb /Vm, as is
evident from considering what entities like galaxy bias, t
cluster temperature function would be like in the limit
zero baryons.

CMB polarization provides another powerful and ind
pendent tool for breaking the degeneracy between early
late Universe parameters. The key reason for this is that
polarized acoustic peaks are out of phase with the unpo
ized ones, with the peaks in the E power spectrum lining
with troughs in the unpolarized~T! power spectrum. This
means that an incorrect assumed value for a paramete
fecting peak heights~notably vb and vcdm) causes the pri-
mordial power spectrumP* (k) recovered from T and E will
be biased in opposite directions. This useful fact is illustra
in Fig. 18, which shows simulated measurements from
Planck satellite mapped intok-space. Note in particular th
wiggle atk;0.04h/Mpc, where the T-points go low wherea
the E-points go high, revealing that the high baryon fract
assumed is ruled out at high significance from CMB d
alone, without any assumptions about the shape of the
mordial power spectrum.

B. Measuring late Universe parameters independently of
P* „k…

Above we described the physics that makes it possibl
break the degeneracy between early Universe param

FIG. 18. Simulation of the primordial power spectrum recove
from the upcoming Planck CMB satelle using unpolarized and
larized data, assuming a baryon densityh2Vb50.07—a ruled out
model. Note that the bias goes in opposite directions, since po
ized and unpolarized peaks are out of phase. The simulation
performed using all Planck channels and the MID foregrou
model from@33#.
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@P* (k)# and late Universe parameters (t and the matter bud-
get!. We now turn to the issue of how to do this in practice
a statistically rigorous way.

C. The basic problem

Our basic problem is to measure a vectorp of late Uni-
verse parameters, say

p[~t,vdm,vb , f n ,Vk ,VL!, ~26!

independently ofP* (k). Our basic approach is to map a
measurements into~linear! k space and test if they are con
sistent with one another. Repeating this for a fine grid
modelsp, we can map out the region of parameter space
is allowed, i.e., where the data are consistent.

To be specific, let us consider the case of comparing
types of data, for instance the Microwave Anisotropy Pro
~MAP! CMB power spectrum with the SDSS galaxy pow
spectrum. The challenge is that although they exhibit s
stantial overlap in scale, as seen in Fig. 8, they gener
have different window functions. This means that we can
simply subtract the two independent measurements ofP* (k)
from each other and require the result to vanish—it wo
not vanish even in the absence of measurement errors, s
the two experiments are probing different linear combin
tions of the underlying functionP* (k).

Fortunately, a mathematically equivalent problem has
ready been extensively investigated in the literature, and
can employ the solution to test our data sets for consiste
The question of whether there is any power spectrum tha
consistent with given band power measurements was stu
in @79# for the case of two band powers and generalized
multiple ones in@80#. For n band-powers, the best fit powe
spectrum was found to be a linear combination of up ton
21 delta-functions@80#. However, finding their locations is
numerically time-consuming for largen, which motivated
revisiting the problem. A fast general method was presen
in @81# but was somewhat complicated, involving a series
eigenvalues computations. Finally, an informatio
theoretically optimal method was derived in@82# for differ-
ent purposes~comparing CMB maps!, which solves our
present problem as well. This method has also been use
test CMB experiments for consistency@82,4#. Since it is not
only better~in terms of statistical rejection power! but also
simpler than the above-mentioned alternatives, we will su
marize it briefly below. It consists of two parts: ‘‘deconvolv
ing’’ the effect of the window functions and testing the r
sulting two measurements for consistency. In summary,
method thus consists of the following three steps:

~1! Map the measurements intok space for fixed ap
~2! Deconvolve the effect of window functions
~3! Test the deconvolved measurements for consisten
These three steps are repeated for a fine grid ofp-vectors

to map out the allowed region inp-space. The implementa
tion of step~1! was described in Sec. II and we now turn
step~2! and step~3!.
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1. Deconvolving the effect of window functions

Let us model the primordial power spectrumP* (k) as
piecewise constant in a large number of narrowk-bins, with
xi denoting the value ofP* in the i th bin, and arrange the
numbersxi into a vectorx. Grouping our two sets of band
power measurements into vectorsy1 andy2, this means that
they are related tox by

y15W1x1n1 , y25W2x1n2 , ~27!

for some known window matricesW that are simply dis-
cretized versions of the window functions computed in S
II and some noise vectors with known statistical properti
We assume that the measurements are unbiased so tha^ni&
50 and define the noise covariance matrices

N1[^n1n1
t &, N2[^n2n2

t &, ~28!

In this subsection, we describe how the annoy
W-matrices can be eliminated by computing two deco
volved data setsxi , i 51,2, with the properties

xi5x1ni8 , ^ni8&50, ~29!

and known covariance matricesSi[^ni8ni8
t&.

In the generic case, such deconvolution is strictly spe
ing impossible: we cannot computeW i

21yi sinceW i is not
invertible. Certain pieces of information aboutx are simply
not present inyi , for instance about sharp features on sca
much smaller than the widths of the window functions
aboutk scales outside the region probed by the observatio
The basic idea in Appendix D of@83# is to accept that certain
modes inx cannot be recovered, and to record this inform
tion in the noise covariance matrixSi for xi by assigning a
huge variance to these modes. Any subsequent analysi~in
our case consistency testing! will then automatically assign
essentially zero weight to these modes. This is useful in p
tice since all complications related to window functions a
transferred fromW i to Si where, as we will see in the nex
subsection, they are straightforward to deal with.

The method can be interpreted as combining the real
yi with data from a virtual experiment that is so noisy tha
contains essentially no information, yet has enough inform
tion to remove all numerical singularities by providing ind
pendent measurements of eachxi with some huge standar
deviations. The final result is@83#

xi5SiW i
tNi

21yi , ~30!

Si5@W i
tNi

21W i1s22I #21. ~31!

One finds@83# that this prescription has all desired propert
as long ass is chosen to be a few orders of magnitude larg
than the error bars in the real data, and it also has the p
erty of minimizing the noise variance in the deconvolv
data. If we were to chooses to be too small, then the virtua
experiment would contribute a non-negligible amount of
formation and bias the results. If we were to chooses to be
too large, however, the matrixSi would contain some enor
10350
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mous eigenvalues~since W i
tSi

21W i is typically not invert-
ible! and be poorly conditioned, causing numerical problem

2. Testing the deconvolved measurements for consistency

To make explicit that our mapping of measurements i
k-space depends on the assumed late Universe parametep,
we will denote the deconvolved measurements and t
noise covariance matricesxi(p) and Si(p) from now on (i
51,2). Given these two deconvolved measurementsx1(p)
andx2(p) of the primordial power spectrum vectorx ~from
MAP and SDSS, say!, we wish to test if they are consisten
If they are not, this rules out the late Universe parameterp
that were assumed to construct them.

Letting z denote the difference of the two power spectru
measurements,

z~p![x1~p!2x2~p!, ~32!

we consider two hypotheses:
H0 : The null hypothesis that the assumed late Unive

parametersp are correct. Then̂xi(p)&5x, so that the differ-
ence spectrumz(p) consists of pure noise with zero mea
and covariance matrixS(p)[^z(p)z(p) t&5S1(p)1S2(p).

H1 : The alternative hypothesis that the assumed late U
verse parameter vectorp is incorrect. In this case,z(p) is
expected to on average depart more from zero than unde
hypothesisH0, since bothx1(p) and x2~p! become biased
power spectrum measurements and typically get biase
quite different ways~Figs. 15–17!.

We will modelH1 as a change in the mean,^z&5mÞ0. It
can be shown@81,4# that the ‘‘null-buster’’ statistic

n~p![
z~p! tS~p!21QS~p!21z~p!2tr $S~p!21Q%

@2 tr $S~p!21QS~p!21Q%#1/2

~33!

rules out the null hypothesisH0 with the largest average
significance ^n& if H1 is true provided one choosesQ
5mmt. The statistic can be interpreted as the number
‘‘sigmas’’ at which H0 is ruled out@81#. Note that for the
special case Q}S(p), it simply reduces to n5(x2

2n)/A2n, wherex2[ztS(p)21z is the standard chi-square
statistic. The null-buster test can therefore be viewed a
generalizedx2-test which places more weight on those pa
ticular modes where the expected signal-to-noise is high
has proven successful comparing both CMB ma
@83,84,82#, galaxy distributions@85,86# and CMB power
spectra@4#. Tips for rapid implementation in practice ar
given in @83#.

Any choice of Q results in a statistically valid test: fo
instance, the region in the late Universe parameter space
which n(p).2 is ruled out at the 22s level. This corre-
sponds to 97.5% significance with the usual frequentist
terpretation as a one-sided test if there are many simil
large eigenvalues ofS21/2QS21/2, since it makes the gener
alized x2 distribution of n approximately Gaussian by th
central limit theorem.
8-14
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What is the best choice ofQ? The above-mentione
choiceQ5mmt placed all weight on a single modem. More
generally, the test pays the greatest attention to those ei
vectors of Q whose eigenvalues are large. The stand
x2-test~the choiceQ5S) has the attractive feature of givin
an assumption-free consistency test: sinceQ has no vanish-
ing eigenvalues, it is sensitive to any type of discrepanc
between the two power spectrum measurementsx1(p) and
x2(p).

If the goal is to place sharp constraints on cosmolog
parameters, however, the statistical rejection power of
test can be boosted by placing the statistical weight on
cisely those types of departures which correspond to in
rect parameter assumptions. If the rms uncertainties on
parameterspi can be estimated using the Fisher matrix@87#
Fi j 5]mt/]piS

21]m/]pj ~with i and j running over the pa-
rameters!, the choice

Q[(
i j

~F21! i j

]m

]pi

]mt

]pj
~34!

will have this attractive property as long as thep-vectors
considered are fairly close to the true value—a desirable s
ation that the cosmology community will hopefully keep a
proaching as data keeps improving.

Indeed, in this high signal-to-noise limit, the nullbust
test with the weighting given by Eq.~34! can be thought of
as the frequentist analog of a Bayesian likelihood analy
To understand this we can calculate the expectation valu
n assumingH1 is true to lowest order in the parameter d
ferencesDpi . To do so we take the expectation value of E
~33!, use^zzt&5S1mmt andm'(]mt/]pi)Dpi and get

^n&'
DptFDp

A2Np

, ~35!

whereNp is the number of parameters. We can compare
result to what would be obtained using a likelihood analys
In the Gaussian approximation, the likelihood of the n
hypothesis is given by

L}uSu21/2e2(1/2)ztS21z. ~36!

Thus if we calculate the expected value of the logarithm
this likelihood assuming again thatH1 is true~again to low-
est order inDp) we get

^ ln L &'2
1

2
DptFDp ~37!

up to an irrelevant additive constant, the usual result that
Fisher matrix gives the curvature of the log-likelihoo
around the maximum. This shows that on average and
lowest order inDp, the ~frequentist! nullbuster statistic co-
incides with the log-likelihood that one would calculate in
Baysian framework, and so on average one would rule
the same region of parameter space with both methods.

Note that although it is tempting to perform a standa
Bayesian likelihood analysis using a ‘‘likelihood’’ similar t
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Eq. ~36!, it is not obvious that this can be given the standa
interpretation in terms of Bayes’ theorem, since it is not on
^z& andS that depend onp ~as usual!, but also the data itself
z5z(p). Since there are no such interpretational issues w
the frequentist null-buster test, it is therefore reassuring
the two approaches approximately agree.

D. Further applications

Above we described how requiring consistency betwe
two sets of measurements~say MAP and SDSS! could con-
strain the late Universe parameters without assumpti
about the primordial power spectrumP* (k). Given three or
more types of data, an obvious extension is to first test
for consistency~say lensing and LyaF), then for the param-
eter subspace where they are consistent, combine them
@81# and test the result against a third type of data. Since
LSS data share many parameter dependencies as discus
Sec. III A, it is natural to first let galaxy clustering, lensin
cluster and LyaF measurements slug it out amongst the
selves and then compare the resulting spectrum combi
all LSS data with CMB.

Oncep has been constrained as described above, it
comes possible to measureP* (k) without assumptions abou
p for the very first time. One way to do this is to measu
P* (k) as in Fig. 8 using the best fitp-vector, and then quan
tify the error bars and their correlations by recomputi
P* (k) for a grid of modelsp in the allowed region of the
late Universe parameter space, effectively marginalizing o
p using the observed constraints as a prior.

IV. DISCUSSION

We have presented a method which complements the
ditional ‘‘black box’’ likelihood approach to cosmologica
parameter estimation in two ways: by testing underlyi
physical assumptions and by improving physical intuition
where the constraints come from. We described how CM
galaxy, lensing, cluster and LyaF could be compared directly
in ~linear! k space in Sec. II, then showed how a graphi
chi-by-eye test could be transformed into a statistically r
orous method in Sec. III, providing independent measu
ments of early Universe parameters@the primordial power
spectrumP* (k)] and late Universe parameters (t and the
matter budget!. We found that requiring consistency betwe
unpolarized CMB measurements and either polarized C
or large-scale structure data is quite promising in this rega

Separating early and late Universe physics is particula
timely given the excess in the small-scale CMB power sp
trum recently reported by the CBI team@88#. We have seen
that the angular scales where this excess is seen corres
to spatial scales aroundk;0.2h/Mpc where the power spec
trum is already constrained by galaxy, lensing and clus
observations. This makes it difficult to blame the excess
the early Universe, say by tilting or adding a feature
P* (k). The alternative explanation in terms of contamin
tion from discrete SZ sources has been shown to be
tremely sensitive to the power spectrum normalization on
cluster scale, tentatively requirings8'1 @89#. With our con-
8-15



ol

s
e
B

ng
b
-

no

n-
te
d
by
f
i

th
c
t
r
ra
-

lle
ic

, f
e

tu
e
t

re
m

te
te
nd

xis
ib

get
rk
ents

ng
,
s
nc-
im-
in

ion

re-
ch-
s
ger
soci-
he
ny
ed

de

alo
may
uch
are
c-
rv-

al-
ion
ely
ing

ing

ul
T-

90,
e
e-

MAX TEGMARK AND MATIAS ZALDARRIAGA PHYSICAL REVIEW D 66, 103508 ~2002!
vention (!), s8
2 probes the rangek'0.1720.08

10.09, which ac-
cording to Fig. 5 corresponds approximately to the multip
range,520006800 if the concordance model@5# is not too
far from the truth. The cluster normalizationsR

2 with R
'15h21Mpc corresponds to,'11002500

1600, scales already
probed by the shallower~mosaic! CBI observations@16#. The
concordance model@5# normalized to the CMB data give
s850.81 assumingt50.05, and it appears likely that quit
accurate and robusts8-measurements based on the CM
normalization will be available down the road.

This paper is not intended to the final word on testi
physical assumptions in cosmology, merely a small step to
followed by many more. In this spirit, let us close by sum
marizing some of the most important things that we have
done and some promising directions for future work.

An obvious first step is implementing our method to i
dependently measure the early and late Universe parame
Next year will be an appropriate time to do this, taking a
vantage of the revolutionary precision that will be offered
MAP. Since this will involve working with a large grid o
CMB transfer functions, the approximations described
@90# will be useful for this.

We have made one important assumption throughout
paper that it would desirable to test: that the primordial flu
tuations are adiabatic. The adiabatic assumption means
the process generating the fluctuations in the early Unive
created density fluctuations without altering the density
tios of different matter components~photons, baryons, neu
trinos, dark matter, etc.!. By tinkering with these relative
densities, it is possible to generate a variety of so-ca
isocurvature fluctuations. In addition to the familiar baryon
and CDM isocurvature modes, there are obscure ones
instance a neutrino isocurvature mode where the ratio of n
trinos to photons varies spatially but the net density per
bation vanishes, and it can be shown that the most gen
case corresponds to a functionP* (k) that is not a scalar bu
a 535 symmetric matrix@91#. Although it has been shown
that CMB polarization will help constrain isocurvatu
modes, real progress in this endeavor is likely to be so
way off, requiring the sensitivity of the Planck satelli
@93,92,94#. On the bright side, these complications mat
only when studying CMB data, so it is valid to compare a
combine the power spectra measured with galaxies, LyaF,
lensing and clusters at low (z&10, say! redshift as described
above assuming purely adiabatic fluctuations.

Staying on the topic of still more general tests, there e
an elegant ‘‘generalized dark matter’’ formalism for descr
ev
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ing the gravitational effects of a very general matter bud
@95#, and this is likely to place robust constraints on da
matter and dark energy as power spectrum measurem
continue to accumulate over a range of redshifts.

Needless to say, CMB and LSS data will keep improvi
dramatically in coming years, providing greater sensitivityz
range,k range andk resolution. In addition to the obviou
advantages of sensitivity and range, galaxy window fu
tions will become narrower as the SDSS sky coverage
proves, improving the ability to detect sharp features
P* (k). For lensing, the shear power spectrum contribut
from a givenz has delta function windows onP(k) in the
small-angle approximation, so the smearing ink space comes
from projection effects and can probably be substantially
duced using photometric redshift and tomography te
niques. For the LyaF, the ;105 SDSS quasar redshift
should greatly improve the measurement errors on lar
spatial scales, where one may hope that uncertainties as
ated with nonlinear physics are smaller. In addition to t
CMB and LSS probes we have utilized in this paper, ma
more appear promising. For instance, the recently claim
detection of galaxy halo substructure@96# falls right on our
concordance curve in Fig. 1 but two orders of magnitu
further right than the other data points, atk;100 Mpc/h.
Searches for phase space clumpiness in the Milky Way h
with tidal streamers and future space-based astrometry
provide further constraints on dark matter clustering on s
small scales, and additional clever observational ideas
undoubtedly waiting to be thought of. The SZ power spe
trum is emerging as another promising cosmological obse
able, sensitive thek range near the cluster scale@97#.

This avalanche of precision data offers an exciting ch
lenge to theorists in the community: to raise the ambit
level to making precision cosmology mean more than mer
more apocryphal decimal places, placing our understand
of the Universe on a solid foundation where the underly
physics has been tested rather than assumed.
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