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Structure of radiative interferences and gÄ2 for vector mesons
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The result of Burnett and Kroll~BK! states that for radiative decays, the interference ofO(v21) in the
photon energyv vanishes after the sum over polarizations of the involved particles. Using radiative decays of
vector mesons, we show that if the vector meson is polarized, theO(v21) terms are null only for the canonical
value of the magnetic dipole moment of the vector meson, namely,g52 in Bohr magneton units. A subtle
cancellation of allO(v21) terms happens when summing over all polarizations to recover the Burnett-Kroll
result. We also show the source of these terms and the corresponding cancellation for the unpolarized case and
exhibit a global structure that can make them individually vanish in a particular kinematical region.
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I. INTRODUCTION

The early work by Low@1# that relates the radiative pro
cess with the corresponding nonradiative and the elec
static properties of the involved particles provided t
grounds to develop bremsstrahlung studies in a mo
independent basis. These processes have been used as
to obtain information on the electromagnetic structure of p
ticles @2# and the importance of off-shell effects@3#. Subse-
quent works@2,4,5# exploited Low’s result to show explici
properties of the so-called Low amplitude. One of these
the work of Burnett and Kroll~BK! @5#, which stated that the
interference of the first and second terms of the amplit
expansion, in powers of the photon energy (v), after the
sum over polarizations, is null, namely, theO(v21) in the
squared amplitude. This was simultaneously found by
kharovet al. @2#. In general, those terms in the amplitude c
be identified with the electric charge and magnetic dip
emissions, respectively, and thus the result can be see
resemble the classical observation of the noninterferenc
these multipoles. These and other features are embodie
the so-called soft-photon approximation.

The subtle cancellation of the interferences in practice
not traced back and thus many interesting features are s
owed by just checking that the results satisfy the Burn
Kroll theorem. One of these is the existence of additio
structures that can help us to obtain more information ab
the decay and the properties of the involved particles. O
may also wonder if the polarized case satisfies the Burn
Kroll result, and if so, under which conditions. At the sam
time, it is interesting to know, in practice, how the sum ov
polarizations leads to the vanishing ofO(v21) contribu-
tions.

Given the fact that the electric charge is completely de
mined by charge conservation, the magnetic dipole mom
~MDM ! value naturally plays a key role in radiative decay
For example, theW gauge boson MDM is predicted by th
standard model to beg52 in Bohr magneton units~we will
refer to the MDM by the giromagnetic ratiog! and is a test of
the gauge structure of the theory. Indeed, many authors@6#
have shown that this value has many interesting feature
the description of electromagnetic phenomena for partic
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of half and integer spin. Moreover, in theories in which t
vector mesons are considered as gauge bosons of a hi
symmetry@7#, the coupling to an electromagnetic field h
g52 in a similar way to theW gauge boson. Thus this pa
ticular value is frequently assumed to be the canonical o
In this work, we offer an additional feature to favor it b
observing the radiative decay interferences for polarized v
tor mesons, where theO(v21) terms are null only if
g52.

In other works, in the soft-photon approximation it wa
observed@2,8,9# that for radiative decays involving vecto
mesons it is possible to suppress the electric charge co
bution to the photon-energy spectrum by an appropr
choice of a kinematical configuration. In a more recent wo
@10#, an exploration beyond that approximation showed t
the interference of the electric charge radiation with a
gauge-invariant termof the transition amplitude exhibits
typical structure that in particular is null by the same kin
matical configuration, i.e., where the photon is collinea
emitted off the charged particle of the final state when in
initial particle rest frame. Although not explicitly mentione
this is also true for each of theO(v21) terms whose total
sum is null as stated by Burnett and Kroll. Here we app
that result to unpolarized vector meson radiative decays
explicitly exhibit this behavior and to show how the B
result is obtained, thus gaining insight into the destruct
interferences. All over the interference contributions, t
MDM value is involved and therefore its role can be i
ferred. These are the questions that we plan to address in
paper.

In the present work, we explore all this for radiative d
cays of vector mesons typically of the formV1→P1P80g,
whereV (P,P8) is a vector~pseudoscalar! meson. We start
by considering the vector meson polarization to study
effect of the MDM in the radiation probability structure
Then we state the features of the interferences in the un
larized case, and we exhibit how the BK result is obtain
At the end, we discuss our results and their implications.

II. POLARIZED RADIATION DISTRIBUTION

To make clear the structure of the Burnet-Kroll terms,
the following we write the explicit gauge-invariant Low am
©2002 The American Physical Society01-1
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plitude for the decay of a vector meson that we choose to
r1→p1p0g, although the results are not restricted to th
particular case. We will use the 4-momentum notationq
→p p8 k in the respective order, ande (h) corresponds to
the polarization 4-vector of the photon~vector meson!. Thus,
the Low amplitude can be written as@8#

ML5 iegrppF ~p2p8!•hL•e* 1L•e* k•h

2
gp•k

q•k S p•e*

p•k
k•h2e* •h D

1F22S 12
g

2D S 11
D2

mr
2D G S q•e*

q•k
k•h2e* •h D G ,

~1!

where grpp denotes therpp coupling, e is the electric
charge of the positron,mr is the r meson mass, andmp

(mp0) is the mass of the charged~neutral! pion. The mag-
netic dipole moment is given byg in Bohr magneton units
D2[mp

2 2mp0
2 andLm[$@pm/p•k#2@qm/q•k#%.

Let us now study the interferences behavior by consid
ing the polarization of the vector meson. The magne
dipole momentg is not restricted to a particular value and t
masses of the charged (mp) and neutral (mp0) pions are
different. We consider, for simplicity, the rest frame of th
decaying particle and the radiation gauge (e050). The first
condition implies that the vector meson polarization tensoh
has the formhm

( j )5(0,hW ( j )) with j 51,2,3. For definiteness
we choose the following base:

hW (1)5
1

A2
~1,i ,0!,hW (2)5

1

A2
~1,2 i ,0!,hW (3)5~0,0,1!. ~2!

The coordinate system is taken in such a way that the ph
vector momentum is along theẑ direction; this meansk
5(v,0,0,v), which, in the gauge radiation, implies th
kW•eW5ve350 and therefore the photon polarization tens
em can be written as

em5~0,e1 ,e2,0!.

Once we have established our conventions, we procee
compute the polarized amplitudes from Eq.~1!. The explicit
expressions after simplifications, for each of the vector m
son polarizations~2!, are the following, respectively:

M (1)5 ie
grpp

A2
Fgp•k

q•k
221S 11

D2

mr
2D S 12

g

2D G ~e1* 1 i e2* !

1A2iegrpp

p•e*

p•k
~p11 ip2!, ~3!
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M (2)5 ie
grpp

A2
Fgp•k

q•k
221S 11

D2

mr
2D S 12

g

2D G ~e1* 2 i e2* !

1A2iegrpp

p•e*

p•k
~p12 ip2!, ~4!

M (3)52iegrpp

p•e*

p•k Fp31vS 12
gp•k

2q•kD G . ~5!

In a three-body decay, besides the masses, only two Lor
invariants are independent. We choose them to bep•k and
q•k to exhibit the dependence on the photon energy. T
total probability transition for each of the three directions
the polarization can then be computed and expresse
terms of those kinematical variables as follows:

uM (1)u25S egrpp

p•e*

p•k D 2F2mr
2 p•k

q•k S 11
D2

mr
2

2
p•k

q•kD
22mp

2 22p•kS 12
g

2D S 11
D2

mr
2

22
p•k

q•kD G ,

2
~egrpp!2

2
e* •eFg

p•k

q•k
221S 11

D2

mr
2D S 12

g

2D G 2

,

uM (2)u25uM (1)u2,

uM (3)u25S egrpp

p•e*

p•k D 2Fmr
2S 11

D2

mr
2
22

p•k

q•kD 2

14S p•k

mr
D 2S 12

g

2D 2

14p•kS 12
g

2D
3S 11

D2

mr
2

22
p•k

q•kD G . ~6!

These equations exhibit clearly the structureuM ( i )u2
5A( i )/v21B( i )/v1C( i )v0, and it can be observed that th
O(v21) terms are not null unless the magnetic-dipole m
ment takes the canonical valueg52. This result is very in-
teresting because this simplifying feature was also found
Ref. @11# when describing the equation of motion of the p
larization tensor for a particle in a homogeneous exter
electromagnetic field and reinforces the observation by m
authors@6# that the choiceg52 for charged vector meson
leads to richer properties of the radiative process descript
We can also notice that theO(v21) terms are proportional to
the kinematical factor@(p•e* )/(p•k)#2, whose importance
will be clarified in the next section.

Adding the three polarized equations~6!, we render to the
unpolarized case
1-2
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TABLE I. Interferences for the decayr1→p1p0g.

(
h

MeM*
e ~egrppL•e!2Fmr

224mp
2 1

1

mr
2

~2p•k2q•k!222q•kG
2 Re(

h
MeM0* ~egrppL•e!2F2

2

mr
2

~2p•k2q•k!212q•kG
(

h
M0M*

0
24~egrpp!2e•e* S 12

p•k

q•kD 2

1~egrppL•e!2
1

mr
2

~2p•k

2q•k!2

(
h

MLM*
L ~egrppL•e!2~mr

224mp
2 !24~egrpp!2e•e* S 12

p•k

q•kD 2
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uMu25~egrpp!2S p•e*

p•k D 2F S 11
D2

mr
2D 2

mr
2

24mp
2 14S p•k

mr
D 2S 12

g

2D 2G
2~egrpp!2e* •eFg

p•k

q•k
22

1S 11
D2

mr
2D S 12

g

2D G 2

, ~7!

which is free ofO(v21) terms, independently of the MDM
value, in accordance with the BK theorem.

III. UNPOLARIZED RADIATION DISTRIBUTION

In a recent work@10# we showed that in a radiative three
body decay involving vector mesons, the interference
tween the electric charge and gauge-invariant terms h
typical structure regardless of the order in the photon ene
This is a result of two features of the total amplitude, whi
can be written as follows:

M}e* •L1M•e* . ~8!

~i! The radiation from electric charges is gauge-invaria
through the tensor Lm[$@pm/(p•k)#2@qm/(q•k)#%, with q
andp the four-momenta of the initial and final charged pa
ticles, respectively, andk(e) the four-momentum~polariza-
tion! of the photon.

~ii ! The electromagnetic gauge invariance of the oth
termssummarized inM, which can be of any order in th
photon energy. After summing over the vector meson po
izations, the interference between these two terms can
written as@10#

(
h

~L•e* !~e•M !5a2~L•e* !2, ~9!
09730
-
a

y.

-

r

r-
be

with a2 a Lorentz invariant function. The corresponding lim
for the soft-photon approximation is the Burnett-Kroll term
which must be null after summingall O(v21) contributions,
i.e., because (L•e* )2 is of O(v22), then theO(v) term
from a2 does not contribute to the squared amplitude. Eq
tion ~9! suggests that kinematical advantages can be ga
by considering the rest frame of the decaying particle. Af
summing over the photon polarizations, we have that

L25L•L52
upW u2

~p•k!2
sin2u, ~10!

with u the angle between the photon three-momentum anpW .
Thus the interference shows an important angular dep
dence, namely the cancellations are less crucial as we
proach the collinear case up to becoming null and vice ve
The O(v) part of the a2 function should vanish as pre
scribed by BK and therefore a game between the two co
tions can be played.

In the following, we show this structure for the deca
under consideration (r→ppg) and how the BK cancella-
tion happens. For the sake of clarity, in this section we
sume isospin symmetry (mp5mp0) and the magnetic dipole
moment to beg52, in Bohr magneton units. Based upo
these conditions in the Low amplitude~1!, we identify the
contributions. The first term of the amplitude is ofO(v21)
~hereafterMe) and can be identified with the electric charg
radiation. The remaining terms, which are of orderv0, are
explicitly gauge-invariant. We will refer to them asM0. The
interference of these gauge-invariant amplitudes are sum
rized in Table I. We have included the result of the elect
charge interference with itself1 and the corresponding resu
for M0 because the cancellation of the Burnett-Kroll term
is linked, as we show below.

It is interesting to note that the cancellation ofO(v21)
terms is a result of a combination between the electric cha
radiation itself, the interference term, and the nonelec
one. After summing over the photon polarization, owing

1Examples of higher-order interferences can be found in@10#.
1-3
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BRIEF REPORTS PHYSICAL REVIEW D66, 097301 ~2002!
L2, their proportionality to sin2(u) (u is the angle between
the photon and charged pion 3-momenta! is a global factor,
and although theO(v21) terms vanish after summation
they individually do not do so and therefore can be used
understand how important these cancellations are; in par
lar it can be seen that they are suppressed until they vanis
we approach the collinear case and conversely.

It is straightforward to show that the result in the last li
of the table coincides with the unpolarized case~7! obtained
previously, withg52 andD250.

Let us now show how their relative magnitudes are in
photon-energy angular distribution. Figure 1 shows
photon-energy spectrum of each term for an angleu510°.
The long-dashed, short-dashed, and light solid lines
(hMeMe* , 2 Re(hMeM0* , and(hM0M0* , respectively.
The bold solid line corresponds to the total spectrum. We
observe that for a long part of the region, the interferen
contribution surpasses the total spectrum, thus demonstra

FIG. 1. Angular and energy distributions of photons in the p
cessr1→p1p0g, normalized to the nonradiative rate, as a fun
tion of the photon energy (X[2v/mr) for an angleu510° (y
5cosu) between the photon and the charged pion 3-momenta.
long-dashed, short-dashed, and light solid line are(hMeMe* ,
2 Re(hMeM0* , and(hM0M0* , respectively. The bold solid line
corresponds to the total spectrum.
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its relevance. This is crucial in the final region. As expect
the electric radiation is the leading one at low phot
energies.

IV. DISCUSSION

We have computed the transition probability for the pr
cessr1→p1p0g, as a typical radiative vector meson deca
by considering each of the three degrees of polarization
the vector meson. We found that unlike the BK result, t
O(v21) contributions, which partially come from the inte
ference between the electric charge and the magnetic di
moment radiation, are not null for each polarization sta
unless the MDM takes the canonical valueg52. This result
is important if we consider that no further restriction on
value is required elsewhere and that this is the same one
has been found for other authors, leading to particular pr
erties of the radiative processes. The presence ofO(v21)
terms is due to the effect of the vector meson spin; disapp
after summing over polarizations, satisfying the BK theore
Our results are important in the sense that qualitatively
ferent behavior arises for the radiation as a consequenc
the electromagnetic properties of the vector mesons.

In addition, we studied the interferences of the unpol
ized radiative decay amplitude of vector mesons, using
fact that the gauge invariance requirements for the amplit
yield a typical structure to the interferences between
charge and gauge-invariant terms. In particular, we show
this for the interference with the magnetic contributio
which, as stated by Burnett and Kroll, vanishes after summ
tion of all O(v21) terms of the squared amplitude. There w
exhibit the subtle cancellation and exploit the kinemati
facility coming from the global factorL2 to explore the im-
portance of the interferences by looking at their relative m
nitudes. In our analysis, we have only exploited the gau
invariance properties of the contributions and the kno
form of the radiation off electric charges.

Finally, we want to point out that the commonly sha
owed radiation interferences can offer further interesting
formation about the particle properties.

The author is grateful to G. Lopez Castro for useful co
versations and acknowledges financial support from CON
CYT.
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