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The SU„2… and SU„3… chiral phase transitions within chiral perturbation theory
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The SU~2! and SU~3! chiral phase transitions in a gas made of pions, kaons, and etas are studied within the
framework of chiral perturbation theory. We describe the temperature dependence of the quark condensates by
using the meson meson scattering phase shifts in a second order virial expansion. In particular, the SU~3!
formalism yields a somewhat lower melting temperature for the nonstrange condensates than within SU~2!, and
also predicts that the strange condensate melting is slower than that of the nonstrange, due to the different
strange and nonstrange quark masses.
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There is a growing interest in studying the phase diagr
of QCD, namely, the transition from a hadron gas to a qu
gluon plasma, the chiral phase transitions, their depende
on the number of flavors, on quark masses, possible c
superconducting states, etc.

The virial expansion is a simple and successful appro
to describe many thermodynamic features of dilute ga
made of interacting pions@1# and other hadrons@2#. Remark-
ably, for most thermodynamic properties it is enough
know the low energy scattering phase shifts of the partic
which could be taken from experiment, avoiding any mo
dependence. However, if one is interested in chiral symm
restoration, whose order parameters are the quark con
sates, defined as derivatives of the pressure with respe
the quark masses, one needs a theoretical description o
mass dependence of the scattering amplitudes.

With that aim we turn to chiral perturbation theo
~ChPT! @3–5#, which provides a systematic description
low energy hadronic interactions. After identifying the pion
kaons and the eta as the Goldstone bosons of the QCD s
taneous chiral symmetry breaking~pseudo Goldstone
bosons, due to the small light-quark masses!, the ChPT La-
grangian is built as the most general derivative and m
expansion, over 4pF.1.2 GeV ~the symmetry breaking
scale!, respecting the symmetry constraints. At one loop a
calculation can be renormalized in terms of just a set
parameters,Lk(m), Hk(m) (m being the renormalization
scale!, which can be determined from a few experiments a
used for further predictions at low temperatures.

In particular, within SU~2! ChPT the leading coefficient
of the low temperature expansion for the pressure and
quark condensatêq̄q&5^ūu1d̄d& in a hadron gas whos
only interacting hadrons were the pions and the other h
rons were free, have been calculated@6# obtaining also an
estimate,T.190 MeV, of the phase transition critical tem
perature. It was also shown that the perturbative calcula
of the pressure was analogous to the second order viria
pansion when the interacting part of the second virial co
ficient is obtained from the one looppp ChPT scattering
lengths. Other works have studied the applicability of t
virial expansion with a chemical potential@7#, or the critical
temperature in generalized scenarios@8#.
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The SU~2! approach is limited by the absence of oth
interacting particles, such as kaons, whose densities aT
.150 MeV are significant@6#. Let us recall that the chira
phase transition can be different for the SU~2! and SU~3!
cases, and that several QCD inequalities and lattice res
suggest a chiral condensate temperature suppression wi
increasing number of light flavors@9#, that is, entropy and
disorder. This effect would lower the chiral critical temper
ture down by roughly 20 MeV@10# ~in the chiral limit!. Note
that none of these results have been obtained from the
ronic phase.

In addition, within SU~2! it is not possible to study the

^ s̄s& condensate. Furthermore, in the chiral phase diagr
quark masses play the same role as magnetic fields in fe
magnets: Intuitively, we need a higher temperature to dis
der a ferromagnet when there is a magnetic field align
along the direction of the magnetization. Analogously, it h
been found that the SU~2! chiral condensate melts at a lowe
temperature in the massless limit@6#. Hence, since the
strange quark massms.mu ,md , we expect a ‘‘ferromagnet-
ic’’ effect and a slower temperature evolution for^s̄s& than
for ^q̄q&. Using a QCD-motivated effective Lagrangian
the largeNc limit, this effect has been studied in@11#

In this work we will use SU~3! ChPT together with the
virial expansion to estimate the effect on^q̄q& of pions in-
teracting with kaons and etas, and study the effect of
different quark masses. In particular, we will obtain the te
perature dependence of^s̄s& in the hadronic phase.

Thus, the second order relativistic virial expansion of t
pressure for an inhomogeneous gas made of three speci
5p,K,h is @1,12#

bP5(
i

Bi~T!j i1(
i

S Bii j i
21

1

2 (
j Þ i

Bi j j ij j D . . . ,

~1!

whereb51/T andj i5exp(2bmi). Expanding up to the sec
ond order inj i means that we consider only binary intera
tions. For a free boson gas,Bi j

(0)50 for iÞ j , whereas
©2002 The American Physical Society07-1
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Bi
(0)5

gi

2p2E0

`

dpp2e2b(Ap21mi
2
2mi ), ~2!

Bii
(0)5

gi

4p2E0

`

dpp2e22b(Ap21mi
2
2mi ), ~3!

and the degeneracy isgi53,4,1 for p,K,h, respectively.
The interactions appear through@6,12#

Bi j
( int)5

j i
21j j

21

2 p3 E
mi1mj

`

dE E2K1~E/T!D i j ~E!, ~4!

whereK1 is the first modified Bessel function and

D i j 5 (
I ,J,S

~2I 11!~2J11!d I ,J,S
i j ~E!, ~5!

d I ,J,S
i j being thei j → i j phase shifts~chosen so thatd50 at

threshold! of the elastic scattering of a statei j with quantum
numbersI ,J,S (J being the total angular momentum andS
the strangeness!.

The virial expansion seems to break@7# at T.200
2250 MeV. Fortunately, the physics we are interested
occurs already atT,250 MeV, andjp.jK.jh , so that it
is enough to consideri j 5pp,pK and ph in the second
virial coefficients. Thus we are considering up tojp sup-
pressed corrections to thep,K,h dilute free gas.

Let us recall that the pressure is nothing but theT depen-
dent part of the free energy densityz, i.e., P5e02z, e0
being the vacuum energy density. Hence@6#,

^q̄aqa&5
]z

]mqa

5^0uq̄aqau0&2
]P

]mqa

, ~6!

where qa5u,d,s. Let us emphasize that, in contrast wi
most thermodynamic quantities, for the chiral condensat
is not enough to know thed(E), but we also need their
dependence with the quark massesas well as a value for the
vacuum expectation value. All that will be obtained fro
ChPT. For that purpose, we first rewrite the condensate,
~6!, in terms of meson masses:

^q̄aqa&5^0uq̄aqau0&S 11(
i

ci
q̄aqa

2miF
2

]P

]mi
D ~7!

where, as before,i 5p,K,h. Note that we have defined

ci
q̄aqa52F2

]mi
2

]mqa

^0uq̄aqau0&21. ~8!

In the isospin limit, whenmu5md , theu andd condensates
are equal, and we definê0uq̄qu0&[^0uūu1d̄du0&. It is te-
dious but straightforward to obtain expressions for thec pa-
rameters above. They can be found in the Appendix. Both
^0uq̄qu0& and ^0us̄su0& one loop calculations within SU~3!
ChPT were given in@5#, together with the one loop depen
dence of the meson masses on the quark masses need
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. The only relevant comment is that thec

coefficients depend on the chiral parametersLk , for k
54 . . . 8, andH2.

In Table I, we show severalLk determinations from me-
son data. It makes little difference to use other determi
tions. ForH2 we will use H2

r (M r)5(23.461.1)1023, ob-
tained as explained in@13# but using a more recen
estimation of^0us̄su0&/^0uq̄qu0&50.7560.12 @14#. For in-
stance, thec parameters obtained when using theLk in the
first column of Table I are

cp
q̄q50.920.4

10.2,cK
q̄q50.520.7

10.4,ch
q̄q50.420.7

10.5,

cp
s̄s520.00520.037

10.029,cK
s̄s51.320.8

10.4,ch
s̄s51.521.6

10.9.

Note that ourcp
q̄q is in a good agreement with the SU~2!

estimates: 0.85 and 0.9060.05@6#. Had we used the estimat
H2

r (M r).2L8
r (M r).1.831023 from scalar resonance satu

ration @15#, all our following results would remain un
changed for̂ q̄q&, but the strange condensatewould not even
seem to meltwithin this approximation. Finally, we need th
meson-meson amplitudes to one-loop in SU~3! ChPT, which
have been given in@16,17#. These expressions have to b
projected in partial waves of definite isospinI and angular
momentumJ, whose complex phases are thed I ,J(E) in Eq.
~5!. ChPT is known to provide a good low energy descripti
(E,500 MeV) of the meson-meson amplitudes@16#. Within
SU~2! ChPT it has been shown@6# that using just the ampli-
tudes at threshold~scattering lengths! in the virial expansion
is equivalent to expanding the partition function to third o
der in T/F or T/mp . This approach yields a fairly good
representation of the pion gas thermodynamics at low te
peratures,T,150 MeV @6#.

The virial coefficients and]P/]mi have been calculated
numerically. For the figures, we have represented the ch
condensate over its vacuum expectation val
^q̄aqa&/^0uq̄aqau0&, so that all of them are normalized to
at T50. In reality, since there is always a small explic
chiral symmetry breaking due to the quark masses, the c

TABLE I. Different sets of chiral parameters3103. In the sec-
ond columnL1

r ,L2
r ,L3 are taken from@22# and the rest from@4# (L4

r

andL6
r are estimated from the Zweig rule!. The third column comes

from an O(p4) analysis ofKl4 decays@21# (L4
r and L6

4 are set to
zero!. The last column is the IAM fit@17# to the whole meson-
meson scattering up to 1.2 GeV.

Refs.@4,22# Ref. @21# IAM @17#

L1
r (M r) 0.460.3 0.46 0.56160.008(60.10)

L2
r (M r) 1.3560.3 1.49 1.2160.001(60.10)

L3 23.561.1 23.18 22.7960.02(60.12)
L4

r (M r) 20.360.5 0 20.3660.02(60.17)
L5

r (M r) 1.460.5 1.46 1.460.02(60.5)
L6

r (M r) 20.260.3 0 0.0760.03(60.08)
L7 20.460.2 20.49 20.4460.003(60.15)
L8

r (M r) 0.960.3 1.00 0.7860.02(60.18)
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densate does not vanish completely, except in theT→` limit
~following with our analogy, our ferromagnet above the C
rie point becomes paramagnetic in the presence of a m
netic field!. Of course, with the second order virial approa
we cannot generate such an analytic behavior, and our cu
become negative above someT. Since the nonstrange quar
masses are very tiny compared with the^q̄q& ~about 3%!, it
is a good approximation to let the condensate vanish and
about a melting temperature. This is not the case for
strange condensate, which has a larger explicit breaking
to the much larger mass of this quark.

In Fig. 1 we show the results of using the one-loop Ch
expansion for the phase shifts. The thin continuous line r
resents the interacting pion gas in SU~2!, but updated to the
SU~2! parameters obtained from those in the first column
Table I ~see@5# for the conversion!, whereas the thin-dashe
line is the corresponding one-loop SU~3! result also for a
pion gas. We have checked that the tiny difference betw
them comes only from theO(p4) phase shift contribution@it
is the same for SU~2! and SU~3! only up tos/MK

2 or s/Mh
2

terms from expanding kaon or eta loops@5##. This amounts
to a 4 MeV decrease of the pion gas extrapolated mel
temperature: Tm

^q̄q&5231 MeV for SU~2! and Tm
^q̄q&

5227 MeV for SU~3!. Next, the thin-dotted line is obtaine
by adding free kaons and etas to the pion gas, which low
the extrapolated melting temperature down to 221 MeV.

Our new SU~3! result for ap,K,h gas, is the thick con-
tinuous line, where we see that the additional decrease du
pK,ph interactions amounts to 10 or 11 MeV. It may see
surprising that thepK,ph interaction effects may be com
parable to or larger than that of free kaons and etas, s
they are thermally suppressed. Note, however, that
(2mp /T) just amounts to a factor of 6,4,2.5 suppression
T580,100,150 MeV, respectively. In contrast, thepK and
ph interactions depend strongly onmp , much more sensi-
tive to m̂ thanmK or mh , which are the only dependence
the free K and h terms on m̂. In particular ]mp

2 /]m̂
.2]mK

2 /]m̂ and ]mp /]m̂.6]mK /]m̂, and this ‘‘tempera-
ture independent enhancement’’ competes with the ther
suppression, making thepK andph interaction effects com-
parable to the free one aroundT5802100 MeV and larger

if T.140 MeV. All together, theTm
^q̄q& decrease in SU~3! is

FIG. 1. Condensate evolution with temperature using one-l
ChPT amplitudes. Althoughthey should not really vanishthey are
extrapolated down to zero only for reference.
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roughly 20 MeV, in agreement with the chiral limit lattic
results Tc5173 MeV for SU~2! and Tc5154 MeV, for
SU~3! @10#.

Furthermore, it can be noticed that^s̄s& melts much
slower than^q̄q&, sincems@m̂. Indeed, there is still 70%
left of the ^s̄s& condensate at thêq̄q& melting point. Let us
recall that both effects are already sizable at low tempe
turesT.100 MeV, even lower when looking at the slowe
^ s̄s& evolution, which already separates from the^q̄q& evo-
lution at temperatures as low as 70 MeV. Since we can
trust pure ChPT up to, roughly,T.150 MeV @6#, we con-
clude that both effects are model independent prediction

However, just for illustration and to ease the comparis
between curves and with previous works, we have extra
lated the condensates to higher temperatures. We have
made a Monte Carlo Gaussian sampling of the chiral par
eters within their error bands. We find that the melting te
peratures would be

Tm
^q̄q&SU(3)521127

119 MeV,

Tm
^q̄q&SU(2)5231210

130 MeV,

Tm
^q̄q&SU(2)2Tm

^q̄q&SU(3)52127
114 MeV.

Note that the two melting temperatures are strongly co
lated.

Concerning thês̄s& extrapolation, its ‘‘melting’’ tempera-
ture Tm

^ s̄s&5291235
137 MeV, is just for illustration, since, apar

from lying beyond the reliability region of the approach,
stated above, actually it should not melt completely, exc
in the T→` limit. In particular, we would findTm

^ s̄s&2Tm
^q̄q&

580240
125 MeV. Nevertheless, we remark once more that

slower^s̄s& thermal evolution is clearly seen at temperatu
where the whole approach can be trusted. As a matter of
from the figure, we see that the strange condensate doe
start to melt sizably up toT.150 MeV.

Furthermore, we have also estimated the effect of ot
more massive, hadrons, which in the SU~2! case@6,7# also
included the kaons and etas, and reducedTm

^q̄q& by approxi-
mately 10–20 MeV. Since they are heavier thanmh , their
density is very low, and their main contribution to the pre
sure comes from the first virial coefficient, i.e. the free g
The only uncertainty is on]Mh /]mqa

, conservatively esti-

mated to lie within the number of valence quarksNqa
and

2Nqa
. Thus, we have found that their contribution decrea

Tm
^q̄q& by 7–12 MeV, respectively. The heavy hadron cont

bution is the same for the SU~2! and SU~3! cases, so that the
difference between their respective melting temperatures
mains the same. Finally if we were to extrapolate the stra
condensate evolution we would also find a decrease ofTm

^ s̄s&

by 15–23 MeV due to these heavier hadrons.
As an attempt to estimate the uncertainty due to the tr

cation of the virial expansion, we have added to our cal
lation the third order coefficient for free pions, which can
calculated exactly. If we do so, the melting temperature

p

7-3
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creases by 1 MeV. It seems that when higher order cor
tions start becoming important, the curve is already so st
that the melting point changes very slightly. We cannot c
culate the size of the three pion interaction term, but
expect it to be of the same order, and consistently with w
we did for the heavy hadron uncertainty, we also allow
twice as much uncertainty, i.e., another 2 MeV. The imp
tant point, however, is that the error is dominated by
uncertainty in the chiral parameters, which is an order
magnitude larger. Altogether, we find

Tm
^q̄q&.201211

123 MeV. ~9!

Finally, and in order to estimate the effects of higher e
ergies we can extend ChPT up toE.1.2 GeV by means of
unitarization models@17–19#. These techniques resum th
ChPT series respecting unitarity but also the low energy
pansion, including the mass dependency. In particular, it
been shown that the coupled channel inverse amplit
method~IAM ! provides a remarkable and accurate desc
tion of the complete meson-meson interactions below
GeV, generating dynamically six resonances from the o
loop ChPT expansion and a set of fittedLk compatible with
other previous determinations. This approach can be
tended systematically to higher orders@for the SU~2! case,
see@20##.

Hence, in Fig. 2 we show the results of using the one-lo
coupled channel IAM fitted phase shifts. Its correspondingLi
parameters are given in the last column of Table I, with t
errors: the first, very small, is purely statistical, and the s
ond covers the uncertainty in the parameters depending
what systematic error is assumed for the experimental d
Let us remark that, although theLk are highly correlated, the
second, larger error, ignores completely these correlati
and should be considered as a very conservative range.
continuous line corresponds to the central values, and
dark shaded areas cover the one standard deviation u
tainty due to the small errors in the parameters. These a
have been obtained from a Monte Carlo Gaussian samp
The conservative ranges are covered by the light gray ar
We now find

FIG. 2. Temperature evolution of chiral condensates using
unitarized ChPT amplitudes. The shaded areas cover the unce
ties in different sets of chiral parameters. Althoughthey should not
really vanishthey are extrapolated down to zero only to ease th
comparison and for reference.
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Tm
^q̄q&SU(3)520421

13~5
13! MeV,

Tm
^q̄q&SU(2)523521

13~1
14! MeV,

Tm
^q̄q&SU(2)2Tm

^q̄q&SU(3)531.5020.03
11.20~8

9! MeV

where the errors in parentheses are the conservative e
which should be interpreted as uncertainty ranges better
as standard deviations. Note the excellent agreement
standard ChPT. The magnitude of the different contributio
is roughly the same, although thepK and ph interactions
this time lowerTm

^q̄q& by 17 MeV, and the free kaons and et
by roughly 10 MeV. Let us remark that the strange cond
sate again melts much slower than the nonstrange con
sate, and that this effect is clearly sizable at low tempe
tures, where both ChPT and the virial expansion can
trusted. With all the caveats presented above, and just
illustration we also extrapolatês̄s& to zero and we find
Tm

^ s̄s&5304225
139(65

120) MeV, in particular, the strange conden
sate melting is retarded byTm

^ s̄s&2Tm
^q̄q&5100229

136(80
120) MeV.

Again other massive states apart from kaons and etas w
lower Tm

^q̄q& by 6–10 MeV, andTm
^ s̄s& by 22–32 MeV. Also

very similar is the effect of including the third order viria
coefficient for free pions. As it happened in the standa
ChPT case, it decreases the melting temperature by 1 M
and we add another 2 MeV of uncertainty for the unkno
interacting part, that is

Tm
^q̄q&.19525

18~7
17! MeV. ~10!

Again, the errors correspond to the uncertainty in the ch
parameters plus that on the heavier states, plus that from
truncation of the virial expansion and those in parenthe
should be interpreted as conservative ranges.

These results show that higher energy effects do not af
very much our conclusions and that the results of the in
grals in Eq.~4!, which extend to infinity, seem robust.

We have studied the SU~2! and SU~3! temperature evolu-
tion of the chiral condensatesin the hadronic phase. The
thermodynamics of the meson gas has been obtained
the virial expansion and chiral perturbation theory. Our
sults clearly show a significant decrease, about 20 MeV
the nonstrange condensate melting temperature, from
SU~2! to the SU~3! case, similar to lattice results. Of thes
about 6 MeV had already been explained with free kaons
etas, but the rest are mainly due topK andph interactions.
In addition, our results show a slower temperature evolut
of the strange condensate, about 90% of its zero value
remaining at 150 MeV, due to the different quark mass
Both effects are clearly visible already at low temperatur
However, we have checked that their size is completely si
lar when using unitarized models.

These techniques should be easily extended to he
baryon chiral perturbation theory, in order to study the co
densates with nonzero baryon density. In general the wh
approach could be used with any effective Lagrangian f
malism, and in particular to study other QCD phase tran
tions like those of the color superconducting phases.

e
in-

ir
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APPENDIX

We provide here the expressions for the SU~3! ci coefficients:

cp
q̄q5114mp12mK1mp

2 S np2
nK

9 D2
16mK

2

F0
2

L41
4mp

2

F0
2 ~8L616L826L424L52H2!

cK
q̄q5

1

2
1

3mp

2
1mK1

mh

2
2

4mp
2

F0
2 S L41L81

H2

2 D1
2mK

2 nh

9
1

8mK
2

F0
2 ~4L612L823L42L5!

ch
q̄q5

1

3 H 116mK23mp
2 np1

nh

3
~mp

2 24mh
2 !1nK~3mh

21mp
2 !1

16mh
2

F0
2 ~6L612L82L523L4!

2
16L4

F0
2 ~mK

2 1mp
2 /2!2

128

3F0
2 ~mK

2 2mp
2 !~3L71L8!2

4mp
2

F0
2 ~2L81H2!J

cp
s̄s5

16mp
2

F0
2 ~2L62L4!2

4

9
nhmp

2

cK
s̄s5H 112mh14mK1

4mp
2

F0
2 @2~L82L4!1H2#1

8

9
nhmK

2 1
16mK

2

F0
2 ~2L61L822L42L52H2/2!J

ch
s̄s5

4

3 H 116mK1mh
2~3nK/224nh/3!1mp

2 ~nK/21nh/3!1
16mK

2

F0
2 S 4L72L42

H2

2
1

L8

3 D
1

8mp
2

F0
2 S 2L42

5

3
L81

H2

2
28L7D1

8mh
2

F0
2 S 4L822L52

3L4

2
13L6D J

where following the standard notation in Ref.@5# m i5mi
2log(mi

2/m2)/(32p2F0
2), n5@ log(mi

2/m2)11#/(32p2F0
2) andF0 is the

pion decay constant in the SU~3! chiral limit. In this work we have set the renormalization scale tom5M r .
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