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Measurements of the supersymmetric Higgs self-couplings and the reconstruction
of the Higgs potential

F. Boudjema and A. Semenov
Laboratoire de Physique The´orique LAPTH, Chemin de Bellevue, B.P. 110, F-74941 Annecy-le-Vieux, Cedex, France

~Received 12 July 2002; published 12 November 2002!

We address the issue of the reconstruction of the scalar potential of a two-Higgs-doublet model having in
mind that of the MSSM. We first consider the generalCP conserving dim-4 effective potential. To fully
reconstruct this potential, we show that even if all the Higgs boson masses and their couplings to the standard
model particles are measured, one needs not only to measure certain trilinear Higgs self-couplings but some of
the quartic couplings as well. We also advocate expressing the Higgs self-couplings in the mass basis. We show
explicitly that in the so-called decoupling limit the most easily accessible Higgs self-couplings are given in
terms of the Higgs boson mass while all other dependences on the parameters of the general effective potential
are screened. This also helps to easily explain how, in the MSSM, the largest radiative corrections which affect
these self-couplings are reabsorbed by using the corrected Higgs boson mass. We also extend our analysis to
higher order operators in the effective Higgs potential. While the above screening properties do not hold, we
argue that these effects must be small and may not be measured considering the foreseen poor experimental
precision in the extraction of the SUSY Higgs self-couplings.

DOI: 10.1103/PhysRevD.66.095007 PACS number~s!: 12.60.Fr, 14.80.Cp
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I. INTRODUCTION

The most important issue at the upcoming colliders is
elucidation of the mechanism of symmetry breaking and
hunt for the Higgs boson. Within the standard model~SM!
there is strong indirect evidence that the latter might be lig
But at the same time within the SM such a light Higgs bos
poses the problem of naturalness. Supersymmetry~SUSY!
solves this problem and for a large array of models predic
light Higgs boson in accordance with the present precis
data. The task of the next colliders will therefore be not
much the discovery of the~lightest! Higgs boson but a care
ful study of the properties of the Higgs system since this w
be an ideal window on the mechanism of~super!symmetry
breaking. Many state-of-the-art studies have analyzed
couplings of the lightest Higgs boson to fermions and
gauge bosons. The most useful conclusions are in the con
of a next linear collider~LC!,1 for a summary see@2,3#. One
can, for example, discriminate between a light Higgs bo
within the SM and one within a supersymmetric model. P
cision studies on other supersymmetric particles that may
produced at these colliders can nicely complement th
studies. However, one key ingredient that still requires f
ther studies and simulations concerns the important aspe
the Higgs potential. Not only because this triggers el
troweak symmetry breaking but also because supersymm
breaking is also encoded in this potential. Some stud
@4–8# have addressed the issue of the measurements of s
of the Higgs self-couplings within minimal SUSY. Thes
studies have been rather purely phenomenological studie
the sense that one has, within the minimal supersymme
model~MSSM!, quantified various cross sections for doub

1A Higgs factory at a muon facility gives astounding results@1#;
however, many technical problems need to be solved before
design of such a facility.
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~and for some triple! Higgs boson production at a high en
ergy collider. From these one has derived a sensitivity
some individual Higgs self-couplings by varying the streng
of these couplings independently, while fixing the Higgs b
son mass spectrum. We would, however, expect that a de
tion in one of the Higgs self-couplings should not only affe
other Higgs self-couplings but also affect the Higgs bos
mass spectrum. Moreover, one would like to see how a p
ticular deviation in the Higgs self-couplings relates to t
fundamental parameters of the Higgs potential and also w
order of magnitude should one expect from these deviatio
This can most efficiently be addressed through an effec
potential approach and would be similar to what has b
applied in the measurements of the trilinear@9# or even
quadrilinear@10# self-couplings of the weak vector boson
Within the one Higgs doublet of the SM a general parame
zation of the Higgs self-couplings has been given@11,12# and
its effects at the colliders studied@11–13#. As for the case of
SUSY where one needs two Higgs doublets such a stud
missing although a leading order parametrization has b
known @14#. The aim of this paper is to fill this gap. As w
will see this parametrization of the scalar potential is imp
tant; not only can it embody through an effective potent
many of the well-known radiative corrections@15–19# but it
will also make clear the link between what can be learn
about the Higgs potential by measuring the Higgs bos
masses and what additional, if any, information can
gained if one can study the self-couplings. This will al
show that the couplings of the charged Higgs boson to
neutral Higgs bosons can embody the same information
some of the trilinear neutral Higgs couplings. Measureme
of the Higgs self-couplings involving charged Higgse boso
have, as far as we know, never been addressed althou
calculation of charged Higgs pair production at the CER
Large Hadron Collider~LHC! has been made@6,20#. One
conclusion though from@20# is that the trilinear Higgs self-
couplings contribution is rather too small or becomes n

he
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negligible but with a quite small cross section. Our findin
also help understand why the radiative corrections to
Higgs boson self-couplings of the lightest Higgs in t
MSSM though substantial~as are those to the Higgs boso
mass! become tiny when expressed in terms of the light
Higgs boson mass@21#. With the five (h,H,A,H6) Higgs
bosons of the MSSM one has eight possible Higgs trilin
self-couplings. One would then think that, together with t
measurements of the Higgs boson masses and their coup
to ordinary matter, the measurement of these trilinear s
couplings would allow a full reconstruction of the leadin
order dim-4 effective Lagrangian describing the Higgs p
tential. Even in the most optimistic scenarios where all
Higgs bosons are light, we find that a full reconstructi
requires the measurements of some quartic couplings w
are extremely difficult, if not impossible@22#, to measure
even at the linear collider. In the decoupling regime@14#
where only one of the Higgs bosons is light and with pro
erties very much resembling those of the SM, the effect
parameters of the Higgs potential will be screened and t
extremely difficult to measure. One can, of course, enter
that new physics affecting the Higgs potential appears
higher dimensional operators, dim-6, in which case
above ‘‘screening’’ effects are not operative. However, o
expects these effects to be too small to be measured co
ering the expected accuracy, no better than;10%, at which
the Higgs self-couplings are to be probed~for a nice review
see@2,3,22#!.

II. LEADING ORDER PARAMETRIZATION
OF THE HIGGS POTENTIAL AND THE

HIGGS SELF-COUPLINGS

When trying to parametrize the effects of some new ph
ics on the properties offamiliar particles, the effective La-
grangian is most useful. One uses all known symmetrie
the model and then writes the tower of operators accord
to their dimensions. One expects thus that the allowed low
dimension operators have the most impact on the low ene
observables, higher order operators being suppressed d
the large mass scale needed for their parametrization. Th
fore, for the minimal SUSY the lowest dimension operator
of dim-4. For the MSSM one needs two Higgs doubletsH1
and H2 with opposite hyperchargeY571, respectively.
They may be written as

H15S v11
1

A2
~h11 iw1

0!

w1
2

D ,

H25S w2
1

v21
1

A2
~h21 iw2

0!D . ~2.1!

RequiringCPconservation one can write the following@14#:
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Ve f f5~m1
21m2!uH1u21~m2

21m2!uH2u2

2@m12
2 ~eH1H2!1H.c.#1

1

2 F1

4
~g21g82!1l1G

3~ uH1u2!21
1

2 F1

4
~g21g82!1l2G~ uH2u2!2

1F1

4
~g22g82!1l3G uH1u2uH2u2

1F2
1

2
g21l4G~eH1H2!~eH1* H2* !1S l5

2
~eH1H2!2

1@l6uH1u21l7uH2u2#~eH1H2!1H.c.D , ~2.2!

wheree is the antisymmetric matrix withe12521. g andg8
are the SU~2! and U~1! gauge couplings.m is a supersym-
metry preserving mass term. The case with alll i being zero
corresponds to the original MSSM potential at the tree lev
Moreover, exact supersymmetry imposes thatm1

25m2
2

5m12
2 50 so that no electroweak symmetry breaking ensu

m1 , m2 andm12 are thus essential for electroweak symme
breaking and encode also supersymmetry breaking. Th
dimensionful quantities are soft SUSY breaking paramet
As for thel ’s, practically all analyses of the Higgs phenom
enology have only viewed them as ‘‘soft’’ terms originatin
from higher order loop effects. As known these loop effe
can be substantial as they are enhanced by large Yuk
couplings~corrections are quartic in the top quark mass! and
have kept the MSSM alive; see@23#, for example. However
it may well be that models of supersymmetry breaking c
provide a direct contribution to these parameters—for in
stance, through nonrenormalizable operators in the Ka¨hler
potential. Technically these contributions would be deem
hard. It has, however, been stressed recently@24,25# that if
these parameters are related to the source of soft SU
breaking, then they would not destabilize the scalar poten
and would evade the ‘‘unnatural’’ quadratic divergence pro
lem, thus leading to a viable model. In such circumstan
such terms may lead to the lightest SUSY Higgs boson w
a mass much in excess of 150 GeV and with ‘‘no unna
ralessness’’ dilemma. Therefore, the reconstruction of
Higgs potential is crucial. In a different context—
supersymmetric models with a warped fifth dimensi
@26#—it was shown that some of the quartic couplings~apart
from the usual ones of gauge origin! can even be supersym
metric and originate from a nonminimal Ka¨hler potential.
Supersymmetry breaking terms also contribute to the la
as well as to the quadratic terms. However, to obtain a
isfactory electroweak breaking in this scheme constrains
parameters such thattb51 is picked up~see below the defi-
nition of tb).

Of course, the approach we follow and the results
obtain can be made to apply directly to a general two-Hig
doublet model~2HDM!; one only needs to switch the gaug
couplings contributions off in the potential Eq.~2.2!. This
being said when we investigate precision measurements
7-2
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tracted from the Higgs bosons to fermions, one should s
to a model whose characteristics are close to the MSSM.
2HDM we have in mind is the so-called type II, in the te
minology of @27#, where down-type quarks and lepton
couple toH1 and up-type quarks toH2 as in the MSSM.
However, in most studies of the 2HDM,l6,7 are not consid-
ered on the basis that they may induce too large fla
changing neutral current~FCNC!.

This brings us to the issue concerning the order of m
nitude for the variousl i in a general suspersymmetric co
text. For the conventional MSSM, one effectively gets
Yukawa-enhanced contribution, starting at one loop, wh
affects all seven paramaters@23#. The largest contribution for
moderate tanb stems froml2 and is of order 0.1. In@24#
where ‘‘natural hard’’ terms are discussed, some orders
magnitude for thel i are given based on how and at wh
scale SUSY breaking is transmitted. Values as high as
could be entertained. Such values (,4p) are still perturba-
tive. In the warped fifth dimension model@26# it is interest-
ing to note that alll i but l5 get a SUSY conserving contri
butions in addition to some SUSY breaking contributio
while l5 is of purely SUSY breaking origin. All these con
tribution disappear in the limit of an infinitely large effectiv
fundamental scale~scale in lieu ofMPlanck), which is directly
related to the warp factor. The effective couplings can
large enough, in fact so large that the authors estima
lightest Higgs boson mass of order 700 GeV as a possib
while the couplings are still perturbative up to the cuto
scale. Note, however, that the cutoff scale is identified w
the ‘‘low’’ fundamental scale as compared to the usu
Planck scale that is usually used to set an upper bound on
quartic coupling and hence the mass of the Higgs bos
Moreover, it is argued that the model is safe as rega
FCNC @26#.

Some bounds, though not so strong, exist. In all its g
erality, if we allow some combinations of couplings with
the range21,l i,1, independently of tanb, this can lead
to too low values of the Higgs boson masses~even negative-
squared masses and problems with vacuum stability can
cur!. Furthermore, to constrain the parameter space some
thors have imposed vacuum stability of the potential a
perturbativity of the couplings up to high scales@28# as well
as tree-level unitarity constraints of the elastic scattering
the Higgs bosons@29# in the 2HDM. Limits fromDr @30#
can also be quite useful, although they are model depen
if, for instance, the top squark contribution toDr plays a
role. Nonetheless, all of these requirements still leave a la
parameter space that can be quite drastically reduced
the Higgs boson masses and their couplings are directly m
sured.
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We will therefore follow a general approach based on
potential~2.2!, assuming the quadratic terms (m1,2,12) to sat-
isfy the usual conditions for a stable minimum with nonv
nishing vacuum expectation values. The minimization of
potential and the absence of tadpoles imposes the follow
constraint on the ‘‘soft’’ SUSY parametersm1 ,m2:

m1
252m12

2 tb2m22MZ
2c2b/21v2~2l1cb

22l3sb
22l4sb

2

2l5sb
213l6cbsb1l7sb

3/cb!, ~2.3!

m2
252m12

2 /tb2m21MZ
2c2b/21v2~2l2sb

22l3cb
22l4cb

2

2l5cb
21l6cb

3/sb13l7cbsb!, ~2.4!

where v25v1
21v2

252MW
2 /g2, tb5tanb5v2 /v1 , sb

5sinb, and so on.
Then, the parameterm12

2 can be fixed if we chooseMA ,
the Higgs pseudoscalar mass, as an independent variab

m12
2 52cbsb@MA

21v2~2l52l6 /tb2l7tb!#. ~2.5!

A. Higgs boson masses

At this stage, besideMA andtb , there are seven indepen
dent parameters. Luckily some of these enter the express
of the Higgs boson masses and the couplings to fermions
vector bosons.

The mass of the charged Higgs boson reads as

MH6
2

5MA
21MW

2 2v2~l42l5!. ~2.6!

This already shows that a measurement ofMH6 andMA can
put a limit on the combination (l42l5). A dedicated study
addressing this particular issue at the LHC to differenti
between the MSSM and a general 2HDM has very rece
appeared@31#.

The two CP-even Higgs states are determined by t
mixing anglea. h and H will denote theCP-even Higgs
scalars. Introducing

N5MA
2s2b1MZ

2s2b22v2@s2b~l31l4!22cb
2l622sb

2l7#,
~2.7!

D5MA
2c2b2MZ

2c2b22v2@l1cb
22l2sb

22l5c2b

2~l62l7!s2b#, ~2.8!

the masses of theCP-even Higgs scalars,Mh
2 andMH

2 , and
the mixing anglea are defined through
tan 2a5
N
D 5

MA
2s2b1MZ

2s2b22v2@s2b~l31l4!22cb
2l622sb

2l7#

MA
2c2b2MZ

2c2b22v2@l1cb
22l2sb

22l5c2b2~l62l7!s2b#
,

sin 2a52
N

AD21N 2
, ~2.9!
7-3
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MH
2 5MZ

2ca1b
2 1MA

2sa2b
2 12v2@l1ca

2cb
21l2sa

2sb
212~l31l4!cacbsasb1l5~ca

2sb
21sa

2cb
2 !

22sa1b~l6cacb1l7sasb!#, ~2.10!

Mh
25MZ

2sa1b
2 1MA

2ca2b
2 12v2@l1sa

2cb
21l2ca

2sb
222~l31l4!cacbsasb1l5~ca

2cb
21sa

2sb
2 !

12ca1b~l6sacb2l7casb!#. ~2.11!
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With 2p/2<a<p/2, h ~H! defines the lightest~heaviest!
CP-even Higgs boson mass. The decoupling limit@32# is
usually defined asMA@MZ , we will extend this to mean
MA@v @with the l1 –7 never exceedingO(1)]. Having the
decoupling limit in mind it is very instructive and useful t
express the dependence in the mixing anglea throughcb2a
andsb2a since these two quantities are a direct measure
the couplings ofh ~andH) to vector bosons and to fermion
In units of the SM Higgs couplings, the couplings to vec
bosons are

ghVV,HVV5sb2a ,cb2a ,

while, for instance,

ghbb̄52sa /cb5sb2a2tbcb2a . ~2.12!

Therefore, especially iftb has been identified from othe
SUSY processes, these combinations could be easily
tracted once the light Higgs boson has been produced a
linear collider, and after allowing for some~important! QCD
and in some cases model-dependent vertex corrections.
couplings ofH can be easily translated from those ofh by
the substitutionh→H, Mh→MH , sb2a→cb2a , cb2a→
2sb2a . Moreover,cb2a is a very good measure of deco
pling since in this limitcb2a;1/MA

2 . To wit,

MA
2cb2asb2a;MA

2cb2a→s2bc2bH MZ
22v2S l31l41l5

1~l62l7!t2b2l1

cb
2

c2b
1l2

sb
2

c2b

2
l6

tb
2l7tbD J . ~2.13!

It is important to keep in mind for later reference that in t
decoupling limit we have

cb2a ,~MA
22MH

2 !→O~1/MA
2 !. ~2.14!

In the decoupling limit, the lightest Higgs boson mass
written as

Mh
2→MZ

2c2b
2 12v2$l1cb

41l2sb
41s2b@~l31l41l5!sbcb

2~l61l7!2~l62l7!c2b#%. ~2.15!

These simple considerations already show that if some of
l1 –7 are not too tiny, one should observe their effects
measuring the Higgs boson masses and also the Higgs
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plings to ordinary fermions. This MSSM generalization
pointed out in@24# can allow for a lightest Higgs boson mas
in excess of 150 GeV, say, independently oftb .

B. Higgs self-couplings

Some of the expressions below, for the Higgs triline
couplings, have been given elsewhere@6,14#. For complete-
ness we list all the couplings. Introducing

gh5
2MW

g
5A2v, ~2.16!

we have

ghhh53ghlhhh ,

lhhh52
e2

s2W
2

sb1ac2a1l1cbsa
32l2ca

3sb

1
1

2
~l31l41l5!s2acb1a1l6sa

2

3~cb1a12cacb!1l7ca
2~cb1a22sasb!,

~2.17!

gHhh523ghlHhh ,

lHhh5
e2

s2W
2 S sb1as2a2

1

3
cb2aD1l1cbsa

2ca1l2sbca
2sa

2
1

2
~l31l41l5!S s2asb1a2

2

3
cb2aD

1l6sa~cbc2a1cacb1a!

2l7ca~sbc2a1sacb1a!, ~2.18!

ghHH53ghlhHH ,

lhHH5
e2

s2W
2 S c2asb1a2

2

3
sb2aD1casa~l1cacb

2l2sasb!2
~l31l41l5!

2 S sb1ac2a2
sb2a

3 D
1l6ca~cbc2a2sasb1a!

1l7sa~c2asb1casb1a!,

ghAA5ghlhAA ,
7-4
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lhAA52
e2

s2W
2

sb1ac2b1l1cbsb
2sa2l2sbcb

2ca

2~l31l41l5!~sb
3ca2sacb

3 !12l5sb2a

1l6sb~c2bsa1cbsb1a!

1l7cb~c2bca2sbsb1a!, ~2.19!

ghH1H25ghlhH1H2,

lhH1H25lhAA2
e2

2sW
2

sb2a1~l42l5!sb2a , ~2.20!

gHHH523ghlHHH ,

lHHH5
e2

s2W
2

c2acb1a1ca
3cbl11sa

3sbl2

1
~l31l41l5!

2
s2asb1a2l6ca

2~sbca13sacb!

2l7sa
2~cbsa13casb!,

gHAA52ghlHAA ,

lHAA52
e2

s2W
2

cb1ac2b1l1cbsb
2ca1l2sbcb

2sa

1~l31l41l5!~sb
3sa1cb

3ca!22l5cb2a

1l6sb~cbcb1a1cac2b!2l7cb~sbcb1a

1sac2b!, ~2.21!

gHH1H252ghlHH1H2,

lHH1H25lHAA1
e2

2sW
2

cb2a1~l52l4!cb2a. ~2.22!

Written this way the expressions are not very telling; mo
over, it is clear that some of the couplings must be rela
since after having measured the masses, there remains
three independentl while there are eight Higgs trilinear cou
plings.

III. EXPRESSING THE SELF-COUPLINGS IN THE MASS
BASIS

The writing of the Higgs self-couplings in terms of th
fundamental parametersl i is not the most judicious. The
reason is that all these parameters, though in different c
binations, already appear in the expression for the Higgs
son masses. Therefore the Higgs boson masses already
strain the Higgs potential, even if partially. Since the Hig
boson masses~or at least the lightest Higgs boson! will be
measured first, the trilinear Higgs self-couplings being
cessed only through double-Higgs-boson production wh
09500
-
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cross section is small, one should ask how much more do
learn from the measurement of the trilinear couplings on
we have measured the masses. For example, it is quite li
that the heavy Higgs bosons are too heavy so that one
has access to the lightestCP-even Higgs boson. In this situ
ation one would have an extremely precise determination
its mass~either at the LHC or a linear collider! and also a
very precise determination of its couplings to fermions a
~gauge bosons! and hence of the anglea ~or the combination
a2b) at a linear collider. One should therefore use th
information—namely, trade these precisely measured ph
cal quantities for two of the parametersl i and then reexpres
the self-couplingh/H hh, in terms of these physical param
eters. Of course the choice of thel i is not unique; however,
the parametrization of the self-couplings in terms of mas
will be more transparent and would have the advantage
including information on some previously measured qua
ties. We therefore propose to use the physical basis, usin
input all the Higgs boson masses and the mixing anglea.2

For the latter, besidetb , one can use the quantitiessb2a
~andcb2a) which can be directly extracted from the Higg
couplings to fermions or the vector bosons. For instanc
good measurement of the production cross section ofh at
e1e2furnishessb2a . The angleb may be measured in som
purely non-Higgs processes or if one has access to s
heavy Higgs bosons also through a study of their coupli
to matter.3 Thus apart from MA , one can trade
Mh ,MH ,MH6,a for, for example,l1 ,l2 ,l3 ,l4 through

l45~MA
21MW

2 2MH6
2

!/v21l5 , ~3.1!

l15
Mh

2sa
21MH

2 ca
22MZ

2cb
22MA

2sb
2

2v1
2

2l5tb
212l6tb , ~3.2!

l25
Mh

2ca
21MH

2 sa
22MZ

2sb
22MA

2cb
2

2v2
2

2l5 /tb
212l7 /tb , ~3.3!

l35
~MH

2 2Mh
2!casa1~MA

21MZ
2!cbsb

2v1v2

2l41l6 /tb1l7tb . ~3.4!

With this choice the different Higgs self-couplings a
given in terms of the Higgs boson masses and the remai

2In another context and in a more restricted two-Higgs-doub
model, using the ‘‘corrected’’ masses to express the self-coupli
has been advocated in@29,33#.

3Of course some of these couplings receive genuine vertex
rections that arenot encoded in the correction to the anglea; these
genuine vertex flavor-dependent corrections should be, when
possible, subtracted before one attempts to extractsb2a , for ex-
ample.
7-5
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l5,6,7. This choice of basis seems to be the most natu
since the structures that affectl1 –4 appear already at th
‘‘tree level’’ and thus should be the most affected by rad
tive corrections. This is so in the MSSM where the larg
corrections at moderatetb is in l2; see@23#, for example.
Let us first define the combinations

la5l5s2b2
l61l7

2
2

l62l7

2
c2b

~note that m12
2 52MA

2sbcb2v2la!,

lb5l5c2b1
l62l7

2
s2b . ~3.5!

After some algebra, where we try as much as possible
express thea dependence througha2b, we find

lhhh52
1

2v2
sb2aMh

21
cb2a

2

sbcb
S sb2ala1cb2alb

1
~MA

22Mh
2!

2v2
~s2bsb2a1c2bcb2a!D . ~3.6!

This shows that in the decoupling limit thehhh coupling is
completely determined from the measurement of the Hi
boson massMh and the coupling toWWh/ZZh, sb2a , both
of which should be determined quite precisely frome1e2

→Zh at the LC. Thela and more solb are totally screened
The result in the decoupling limit is no surprise as it rep
duces exactly the SM result. In this regime one essenti
have only one Higgs doublet, and if one restricts onesel
dim-4 operators, one reproduces the SM exactly.

lHhh5cb2aH 4la

3s2b
S 12

3

2
cb2a

2 D1
2lb

s2b
cb2asb2a

1
1

6v2 S ~3MH
2 22Mh

2!14~MA
22MH

2 !

1
cb2a~s2bcb2a2c2bsb2a!

sbcb

3~2Mh
21MH

2 23MA
2 ! D J . ~3.7!

In the decoupling limit,

lHhh5
cb2a

2v2
MH

2 . ~3.8!

Since this coupling could most easily be extracted fromH
→hh, MH would have~together withcb2a) already been
measured; thus the new physics effects are again scree

The remaining couplings involve at least two heavy Hig
bosons an thus would be more difficult to measure. None
less, let us express them in terms of masses. All the c
plings will be written as
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gHiH jHk
5

gh

s2b
lHiH jHk

8 , ~3.9!

with

lhAA8 52sb2ala12cb2alb1
1

2v2
@cb2ac2b

3~2MA
222Mh

2!2Mh
2s2bsb2a#, ~3.10!

lhHH8 5sb2aH 1

2v2
$@Mh

212~MH
2 2MA

2 !#s2a

22MA
2cb2asb1a%12~la~123cb2a

2 !

13cb2asb2alb!J , ~3.11!

lhH1H28 522H 1

2v2
@~cacb

32sasb
3 !Mh

2

2~MA
22MH6

2
!cb1a2MH6

2 c2bcb2a#

2~sb2ala1cb2alb!J , ~3.12!

lHHH8 526H 1

2v2
$sb1a@~MH

2 2MA
2 !1cb2a

2 MA
2 #

2sacacb2aMH
2 %1sb2a

2 ~sb2alb2cb2ala!J .

~3.13!

Note once more that these couplings, like otherH couplings
to fermions, sfermions, and gauge bosons, can be der
from those of h. For example we do verify thatgHHH
5ghhh(h→H, Mh→MH , sb2a→cb2a , cb2a→2sb2a),

lHAA8 522H 1

2v2
@~sacb

31casb
3 !~MH

2 2MA
2 !

1cb2acbsbMA
2 #1sb2alb2cb2alaJ ,

~3.14!

lHH1H28 522H 1

2v2
@sb1a~MH

2 2MA
2 !

1cb2acbsb~2MH6
2

2MH
2 !#

1sb2alb2cb2alaJ . ~3.15!
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MEASUREMENTS OF THE SUPERSYMMETRIC HIGGS . . . PHYSICAL REVIEW D 66, 095007 ~2002!
In the physical basis and especially by explicitly displayi
the dependence in the mixing anglea through the combina-
tion cb2a ,sb2a shows that, for couplings involving at lea
two heavy Higgs bosons,

~i! the dependence in the parametersl i only appears
through the combinationla or lb . Thus one combination is
not accessed in the trilinear couplings and

~ii ! in the decoupling limit (Mh!MA ,MH ,MA), it is only
la which is accessible in the self-couplings involving tw
heavy Higgs bosons (hAA, hHH, and hH1H2), while in
the self-couplings with heavy Higgs bosons on
(HHH,HAA,HH1H2) only lb may be accessed.

Note that the heavy Higgs boson massesMH ,MA ,MH6

enter the formulas for the couplings only through combin
tions involving mass differences orMA

2cb2a so that in effect
the self-couplings do not grow with the heavy Higgs bos
mass as occurs in the SM.

A. Quartic Higgs couplings

To access the remaining combination we need to cons
the quartic couplings. We will write the quartic coupling
directly in the physical basis.

Defining

lc52c2blb2l55l5c4b1
l62l7

2
s4b , ~3.16!

ghhhh52
3Mh

2

2v2
~12cb2a

2 !2
3

2v2sb
2cb

2
cb2a

2 $cb1a~sb2as2b

1cb1acb2a
2 !Mh

21sa
2ca

2MH
2 2cb1a

2 MA
2%

1
3

sb
2cb

2
cb2a

2 $s2bla12s2bcb2asb2alb1cb2a
2 lc%.

~3.17!

We see again that in the decoupling region one is not se
tive to any of the extra couplings, as expected since we
cover the SM result with only the dim-4 operator. Let us no
give the formulas for some of the other quartic couplings
show that some of the novel couplings are not screened i
of the quartic couplings. We will only show the dependen
in the extra parameters and will not give the full depende
in terms of masses as otherwise the formulas may be
lengthy:
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lhhhH→cb2a$sb2as2bla1cb2a~3s2blb12cb2asb2alc

24cb2a
2 s2blb!%. ~3.18!

Again, all the anomalous couplings are screened:

lhhHH→s2bla16sb2acb2a~s2blb1cb2asb2alc

22cb2a
2 s2blb!. ~3.19!

In hhHH only la may be accessible:

lhHHH→sb2a$sb2as2blb1cb2a~s2bla12sb2a
2 lc

24cb2asb2as2blb!%. ~3.20!

In hHHH only lb may be accessible:

lHHHH→sb2a
2 ~sb2a

2 lc1s2bla22cb2asb2as2blb!.
~3.21!

In HHHH both la andlc may be accessible but notlb .

B. Using another parametrization

The screening property is a general result which does
depend on which independent parameters we keep besid
physical masses. Had we used another set of indepen
parameters beside the masses, the same phenomenon
have occurred and only two independent combinations ou
the three parameters would enter the expression of the tr
ear couplings. Indeed withl3 ,l5 ,l6 as extra parameters, th
role of la,b,c is played byla,b,c8 , such that

la→la852sbcb~l32l5!,

lb→lb852S l31l5

2
1c2b

l32l5

2 D
1

cb

sb
l6 ,

lc→lc852lb8c2b2l5 . ~3.22!

For instance,
lhhh52
1

2v2
sb2aMh

21cb2a
2 1

cbsb
~sb2ala81cb2alb8!1

cb2a
2

2v2cbsb
2
„sb2acbsb

2~MA
22MH

2 2Mh
22MZ

2c2W12MH6
2

!

2cb2a$sb@sb
2~MA

22MH
2 !1cb

2~2MH
2 1MZ

2c2W22MH6
2

2Mh
2!#1cb2a~MH

2 2Mh
2!

3@sb2acb~124sb
2 !2cb2asb~324sb

2 !#%…. ~3.23!
7-7
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F. BOUDJEMA AND A. SEMENOV PHYSICAL REVIEW D66, 095007 ~2002!
Compared to the previous parametrization, this loo
rather more complicated as it involves the charged Hi
boson mass as well as the heavyH beside the pseudoscala
Higgs boson mass. Nonetheless, all these masses
screened.

IV. DIM-4 OPERATORS AND INDEPENDENT
PARAMETERS

To easily understand our finding about the screening
number of independent parameters in the trilinear a
quadrilinear couplings, note that the trilinear and quadril
ear couplings originate from the quartic termsl i only, Eq.
~2.2!, whereas the mass terms get an additional contribu
from the bilinear termsm1 ,m2 ,m12 in Eq. ~2.2!. Take, for
instance, the case of neutral couplings. The quartic s
couplings emerge as combinations of five independent te
in the original fields~before diagonalization! of the form

h1
4 ,h2

4 ,h1
3h2 ,h1

2h2
2 ,h1h2

3 . ~4.1!

In terms of the physical scalar fieldsh,H,

h152hsa1Hca , h25hca1Hsa , ~4.2!

which we more judiciously write as

h15cb~sb2ah1cb2aH !1sb~Hsb2a2hcb2a!

5cbh21sbh1 ,

h25sbh22cbh1 . ~4.3!

However, keep in mind thath1 and h2 in Eq. ~2.1! always
appear in the form

v11
h1

A2
5v1F S 11

h2

v8
D 1tb

h1

v8
G ,

v21
h2

A2
5v2F S 11

h2

v8
D 2tb

21h1

v8
G , ~4.4!

with v85A2v @5gh , Eq.~2.16!#, which helps write the dou-
blets, Eq.~2.1!, as

H15v1S 11@~h22 iG0!1tb~h11 iA !#/v8

~2G21tbH2!/v D ,

H25v2S ~G11tb
21H1!/v

11@~h21 iG0!2tb
21~h12 iA !#/v8

D ,

~4.5!

whereG6,0 stand for the Goldstone bosons.
Therefore in effect the quartic terms originate from

combination of the form
09500
s
s
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lf-
s

S 11
h2

v8
D 2Fq1S 11

h2

v8
D 2

1q2S 11
h2

v8
D h1

v8
1q3

h1
2

v82G
1q4S 11

h2

v8
D h1

3

v83
1q5

h1
4

v84
. ~4.6!

While the bilinear terms are of the form

b1S 11
h2

v8
D 2

1b2S 11
h2

v8
D h1

v8
1b3

h1
2

v82
. ~4.7!

Imposing that no tadpole remains~no linear term inh1 ,h2)
means that (b1 ,q1) and (b2 ,q2) must combine such that on
has

4q1

h2
2

v82 S 11
h2

v8
1

h2
2

4v82D 12q2

h1h2

v82 S 11
3h2

2v8
1

h2
2

2v82D
1

h1
2

v82 Fb31q3S 11
h2

v8
D 2G1q4S 11

h2

v8
D h1

3

v83
1q5

h1
4

v84
.

~4.8!

Since the coefficients ofh2
2 (q1) and h2h1(q2) are ex-

pressed in terms of masses, so do those ofh2
3 ,h2

4 (q1) as
well ash1h2

2 ,h1h2
3 (q2). This does not apply to the trilin-

ear and quadrilinear terms involvingh1
2 and higher order in

h1 . Thus for the trilinear terms there are only the two stru
tures h1

2 h2 ~with coefficient q3) and h1
3 ~with coefficient

q4) that cannot be expressed solely in terms of the phys
masses. The last parameterq5 only appears in the quartic
couplings in the formh1

4 . To obtainq1 andq2 is a straight-
forward matter. One only has to rewrite theCP-even Higgs
boson masses in terms ofh6 :

Mh
2h21MH

2 H2→h2
2 ~Mh

2sb2a
2 1MH

2 cb2a
2 !

12h1h2sb2acb2a~MH
2 2Mh

2!

1h1
2 ~MH

2 sb2a
2 1Mh

2cb2a
2 !, ~4.9!

whereq3 , q4, andq5 are directly related to the paramete
la , lb , andlc . The construct of Eq.~4.8! shows that in fact
once we get the quartic couplings one also derives the c
ficients of the various trilinear couplings. For example, ta
the quartic couplings as they appear in the original poten
in terms of the fieldsh1 andh2:

Qh5
l1

2
h1

41
l2

2
h2

41~l31l41l5!h1
2h2

222l6h1
3h2

22l7h2
3h1 . ~4.10!

When expressed in terms ofh2 andh1 and after moving to
the mass basis with, for example,l5,6,7 as extra parameter
we immediately get the following dependence of the vario
quartic and trilinear terms:
7-8
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~h1
2 1A212H1H2!F2~lah22lbh1!1

1

v8
$la~h2

2 1G02

12G1G2!22lb@h2h12AG02~H1G21H2G1!#

1l̃c~h1
2 1A212H1H2!%G , ~4.11!

with4

l̃c5
c2b

2

s2b
l52

l61l7

2
1

l62l7

2
c2b , l̃c2la5

1

s2b
lc .

~4.12!

In fact with this parametrization one has thatq35la , q4

5lb andq55l̃c . One can move to another parametrizatio
i.e., choosing a different set of extra parameters, thro
Eqs. ~3.1!–~3.4!. We see that bycompletingthe h2 ,h1 de-
pendence ofH1,2 we even get the full trilinear and quadrilin
ear couplings involving the pseudoscalar, charged, and G
stone boson couplings. The completion is obtained
identifying the differenttb dependences~namely, 1,tb ,tb

2) in
the modulus ofH1, for instance. It is not hard to see that b
reexpressingh2 andh1 in terms ofh andH, we recover all
our results. Moreover, this writing immediately shows th
trilinear scalar couplings involving Goldstone bosons can
be expressed most simply in terms of the physical Hig
boson masses only. The requirement for the absence of
poles is a crucial one and explains most of our findings w
restricting ourselves to dim-4 operators.

V. RADIATIVE CORRECTIONS

Our results can also be exploited for easily expressing
radiative corrections to the trilinear~and for that matter
quadrilinear! couplings of the SUSY Higgs bosons and e
plain some of the properties pointed out in the literatu
Three-point one-loop radiative corrections for the neu
Higgs system in the MSSM have been calculated@18# within
the effective potential approximation.5 The diagrammatic
one-loop radiative corrections to both the trilinearlhhh and
quadrilinearlhhhh lightest Higgs self-couplings have bee
reexamined recently in@21#. For the case of no mixing in the
top squark sector it is shown analytically@21# that the bulk of
the corrections in the couplings are absorbed by using
corrected Higgs boson mass while the same is demonstr
numerically for the case of large mixing. One-loop radiati
corrections forlhAA are also considered in@15,16#, for lHAA

4The reasonlc appears instead ofl̃c depends on how we organiz
the decoupling and is due to the rewriting of the terms insb2a

2 as
12cb2a

2 .
5See also@5# where expressions are given for some couplin

assuming equal soft masses for the top squark masses. Note,
ever, that there is a misprint in Eq.~2.4! of @5# where in the last term
of that equation one should readA(A1m cotb) instead ofm(A
1m cotb).
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in @15#, and forlHhh in @17#. Here also the corrections ar
found to be large before reexpressing the results in term
the corrected masses.

Reference@23# gives analytical approximations~including
two-loop leading-logarithmic corrections! for the effective
quartic couplings l i ,6 using a renormalization-group
improved leading-logarithmic approximation. We can ada
their formulas to the one-loop case with large top squ
masses so that we can compare with the direct calculatio
the vertices performed in@5,18#. For instance, we find the
leading one-loop contributions in the limit where the SUS
breaking termMS

2 , defined below, is~much! larger than the
top quark mass~which is consistent with our approach o
keeping only the dimension-4 operators!:

Dlhhh52
g4mt

4

64p2MW
4

ca
3

sb
3 H 6 log~MS

2/mt
2!

13
f t~ct1 f t!

MS
2

2
ct f t

3

2MS
4J ,

DlHhh5
g4mt

4

64p2MW
4

saca
2

sb
3 H 6 log~MS

2/mt
2!

1
ct~et12 f t!1 f t~ f t12et!

MS
2

2
ctet f t

2

2MS
4 J ,

ct5At1m/tb et5At1m/ta f t5At2mta

mt̃ 1 , t̃ 2

2
5MS

26mtct . ~5.1!

These shifts correct the tree-level expression of Eqs.~2.17!
and Eq.~2.18!, respectively. In the limitm→0, all thel i in
the MSSM vanish butl2:

l2
t̃ 1 , t̃ 25

3

32p2

g4mt
4

sb
4MW

4 H log~MS
2/mt

2!1
At

2

MS
2 ~12At

2/12MS
4!J

;0.15 for At5MS51 TeV and tb510, ~5.2!

while, in the same approximation as Eq.~5.1!,

Mh
25MZ

2sb1a
2 1MA

2cb2a
2 1DMh

2 ,

DMh
25

3

8p2

g2mt
4

MW
2 S log~MS

2/mt
2!1

f tct

MS
2

2
ct

2f t
2

12MS
4D

3S 11
cb2a

sb
2 ~s2bsb2a1c2bcb2a!D , ~5.3!

s
ow-6Compared to our notation we should makel6,7→2l6,7 in the
expressions of@23#. Moreover, our sign convention form is the
opposite of@23# but the same as in@5#. See@34# for a full definition
of our conventions.
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FIG. 1. Higgs boson mass spectrum without ‘‘hard’’ terms but withAt51000 GeV, MS5800 GeV, andm52300 GeV, and tanb
510 ~left! and with the inclusion of additional terms withl1 –5

new52l6,7
new50.1 ~right!. All masses are in GeV.
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so that one recovers the decoupling property and the fact
the bulk of the radiative corrections are reabsorbed by us
the corrected Higgs boson mass,

Dlhhh52
DMh

2

2v2 S sb2a1
cb2a

tb
D1

3mt
4

16p2v4

m f t

MS
2

3S 12
f tct

6MS
2D ca

2

sb
4

cb2a . ~5.4!

In a phenomenological analysis of the extraction of
Higgs self-couplings, one could add the contribution of t
top and bottom squarks at the two-loop level through eff
tive couplingsl i from the renormalization-group-improve
results of@23# to which one could include new physics co
tributions to thel i .

Note that contrary to what we have presented in the p
vious sections, we have shown the ‘‘corrections’’ to t
Higgs self-couplings due to radiative corrections~or pres-
ence ofl terms! as shifts compared to the tree-level MSSM
We have done so in order to compare with the existing
erature@5,18,21#, which takes into account effects at on
loop only. Although this shows that the bulk of the corre
tions is absorbed in terms of the Higgs boson mass, the
tion of shifts here is somehow misleading especially t
some of the correction is contained in the ‘‘corrected’’ mi
ing anglea.

VI. PHENOMENOLOGY AND RECONSTRUCTION
OF THE HIGGS POTENTIAL AT FUTURE COLLIDERS

As we have seen, the measurement of the entire set o
dim-4 operators which is necessary to reconstruct the H
potential in SUSY~and 2HDM! requires that one crosses th
thresholds for the production of three Higgs bosons, whic
not an easy task especially that the cross sections will
tinier and tinier as the Higgs multiplicity increases. As w
have seen also, a precise measurement of the Higgs b
masses and their couplings to ordinary matter is an impor
ingredient in the reconstruction of this potential. The LH
can thus give a first hint of the parametersl i . For instance,
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imagine that the LHC discovers some SUSY particles a
identifies them as such but that one discovers also that
lightest Higgs boson has a mass in excess of 150 GeV. T
would point to a scalar potential with ‘‘hard’’l terms. We
could probably even set a rough bound on their poss
values. A LC with enough energy to produce some of
Higgs bosons and good luminosity to probe their couplin
would constitute a nice complementary machine though.
though double-Higgs-boson production at the LH
@6–8,20,35# may not be so negligible, extracting the triline
Higgs self-couplings will prove a challenge@8#. Therefore
for the rest of this section we will only briefly outline wha
might be measured from the self-couplings of the Higgs
son at different stages of the LC. However, before doing
let us illustrate what the mass measurements alone can b
and how the spectrum can be drastically affected by differ
forms of the potential. As an illustration we stick to tanb
510 and consider the situation where thel receive correc-
tions from the top squark sector with the parametersAt
51000 GeV,MS5800 GeV, andm52300 GeV. We will
compare the situation where no ‘‘hard’’ terms are added w

a situation withl1 –552l6,750.1, i.e., of the order ofl2
t̃ 1 t̃ 2.

The mass spectrum of the Higgs system for this choice
parameters is shown in Fig. 1.

One striking feature is thatMh can be substantially
heavier than what it is in the usual MSSM, while the ma
ordering betweenMH6 and MH is certainly another distin-
guishing feature for this particular choice of parameters.

The rate ofh production ate1e2, weighted bysb2a
2 , can

also provide a helpful hint and additional constraint. Ho
ever, decoupling, although slightly delayed by the prese
of the newl i , occurs rather fast in this variable as shown
Fig. 2. Having measured tanb greatly helps as the figure
illustrates.

A full analysis from the measurements of the masses
the couplings to fermions and vector bosons is left to a for
coming detailed analysis@36#.

As for the Higgs self-couplings the presence ofl i can
have a drastic effect as shown in Fig. 3 especially for sm
MA ; see in particular the swing ingHHH . In this region one
expects though that all Higgs boson masses would have b
7-10



MEASUREMENTS OF THE SUPERSYMMETRIC HIGGS . . . PHYSICAL REVIEW D 66, 095007 ~2002!
FIG. 2. sb2a
2 as a function of

MA . MSSM refers tol i50 with
At51000 GeV, MS5800 GeV,
and m52300 GeV while ‘‘new’’
hasl125

new 52l6,7
new50.1. tb stands

for tanb.
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measured and thus a good constraint on parameter spac
have been provided by the masses. As soon as we ente
decoupling region, the largest coupling isghhh which reaches
its SM value. The other couplings remain unfortunate
rather small, although some have values larger than t
corresponding SM value. However, as we have seen the
of these deviations are due to the rather large deviation
the Higgs boson masses. In this respect let us note that F
seems to indicate that theHHH coupling can get rather larg
for small MA . However, observe that we have plotted a
duced coupling in units of the SM couplingg̃hhh

SM

523Mh
2/2v2. The reason the reduced coupling attains

value larger than 1 is due to the larger mass ofH and that we
are in a region of non decoupling; see Fig. 2. In this regionH
is more standard like thanh, as far as its couplings to gaug
bosons are concerned. Had we usedĝhhh

SM 523MH
2 /2v2 as a

unit, the reduced coupling would be below 1.
Let us now review briefly how ane1e2machine working

at successive thresholds for Higgs boson production can
tempt to unravel the Higgs potential.

A. Stage 1

Imagine a situation where no heavy Higgs boson has b
produced at a first stage of a linear collider at 500 GeV or
LHC; we would then be in the decoupling limit. The on
trilinear couplings which may be accessed arehhh andHhh
through e1e2→Zhh ~fusion channels are not efficient a
these energies and Higgs boson masses!. However, there is
no sensitivity to Hhh. Indeed the amplitude fore1e2

→Zhh, in the unitary gauge, can be written as

MZhh5ahlhhhsb2a1aHlHhhcb2a1Ra , ~6.1!

where R stands for other contributions not containing t
trilinear Higgs couplings. We have seen thatlHhh is screened
by a factorcb2a @Eq. ~3.7!#, it is further screened by anothe
such factor when we consider its contribution to this cro
section.
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At this stage the best would be to reconstruct as precis
as possibleMh and the couplings ofh to fermions and the
vector bosons. This will help give a bound on thel i . If one
makes some model-dependent assumptions on thel i ~impos-
ing some discrete or global symmetries!, this can be used to
extract some information onMA . If an independent mea
surement of tanb is missing at the time of the measuremen
of the Higgs boson properties, this will complicate the ana
ses.

If, on the other hand, the mixing angle is such thatcb2a is
not too small andMA is not too large,e1e2→ZH may be
accessible. Then the couplinglHhh could be reached directly
throughH→hh. This may still turn out not to be too helpfu
since we have seen that thel i are still screened in this cou
pling, even though the screening in this situation could
mild. Moreover, H decays into other particles (t t̄ or
bb̄, . . . ) andsuperparticles~charginos and neutralinos! may
still be dominant so thatBr(H→hh) will be poorly deter-
mined. Let us remark at this point that most of the ni
analyses of the SUSY Higgs self-couplings@3,22# that have
been performed were done solely in the context of the m
mal supersymmetric model, with no additional ‘‘hard’’ term
in the potential, and have relied heavily on the extrem
good precision of the measurement of the dominant bran
ing ratio into bb̄. In caseh is heavier than 150 GeV thes
analyses need to be extended.

B. Stage 2

For a machine with higher energies whereH and A and
thus most probablyH6 have been discovered, the fir
thresholds for double-Higgs-boson production~after that of
Zhh) may be

e1e2→ZhH,nen̄eHh

with
7-11
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FIG. 3. gHiH jHk /g̃hhh
SM with g̃hhh

SM 523Mh
2/2v2. The SM Higgs boson mass is identified withMh ~and thus varies withMA). The curve in

the first panel is the usual MSSM where the one in the second panel is defined with the same parameters as in Fig. 1.
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MHh5bhlHhhsb2a1bHlHHhcb2a1Rb ,

e1e2→hhA

with

MAhh5chlhhhcb2a1cHlHhhsb2a

1cAlhAAcb2a1Rc . ~6.2!

Again, unfortunately these two reactions will not be ve
sensitive to deviations in the trilinear couplings if one tak
into account the screening effect inlHhh . Fusion processe
could also be exploited at this stage and the next, but t
exhibit a similar behavior to the annihilation processes as
the extraction of the parameters is concerned.
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C. Stage 3

With higher energies one produces two heavy Hig
bosons in association with a light Higgs boson or aZ:

e1e2→ZHH,nen̄eHH

with

MHH5dhlHHhsb2a1dHlHHHcb2a1Rd ,

e1e2→ZAA,nen̄eAA

with

MZAA5ehlhAAsb2a1eHlHAAsb2a1Re ,
7-12
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e1e2→hHA

with

MAHh5~ f hlHHh1 f HlhAA!sb2a

1~ f h8lHhh1 f H8 lHAA!cb2a1Rf

e1e2→H1H2h

with

MH1H2h5ghlH1H2h1Rg ,

e1e2→ZH1H2,nen̄eH
1H2

with

MXH1H25hhlhH1H2sb2a

1hHlH1H2cb2a1Rh . ~6.3!

As can be seen all of these reactions will be used to de
mine la (lb will still be screened!. Let us give some idea
about the order of magnitude of the cross sections to s
that things can get really tough. As a reference take all e
contributions to thel i to be vanishing with SUSY param
eters as those considered in the introduction of this sect
At51000 GeV, MS5800 GeV, m52300 GeV, and tanb
510 and takeMA5300 GeV. The third stage could be take
as As51.2 TeV. We find thatZHH and ZAA are about
2.331022 fb, while the other processes listed in this sta
are two orders of magnitude below. Before taking into a
count signatures and efficiencies this can amount to ab
only 25 events a year based on a luminosity of 1 ab21.

D. Stage 4

At even higher energies, production of three heavy Hig
bosons could in principle allow one to determinelb . The
processes at our disposal will be

lhAAe1e2→AAA

with

MAAA5 i h ,cb2a1 i HlHAAsb2a ,

e1e2→HHA

with

MHHA5 j hlhHHcb2a1 j HlHHHsb2a

1 j AlHAAsb2a1Rj ,

e1e2→H1H2H

with

MH1H2H5kHlH1H2H1Rk ,

e1e2→H1H2A
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with

MH1H2A5 l hcb2alH1H2h1 l Hsb2alH1H2H . ~6.4!

Cross sections here are very small here. For instance, fo
set of parameters considered above and withAs52 TeV,
AAA production is about 1.431027 fb. Although a full
study allowing a much larger parameter range~including
MA) is in order, it seems that alb measurement would be
out of reach.

E. Stage 5

As we have seen earlier@see Eq.~4.11!# the effect of the
third combination of parameterslc can only be observed in
processes involving a vertex with four Higgs bosons. T
first threshold where such a vertex contributes is aZhhh
final state, which we could have classified in stage 2~with a
ZHh final state!. However, even for a SM Higgs boso
Zhhh or nen̄ehhh at a 10 TeV LC with a luminosity as high
as 1035 cm22 s21 yields only about five events per year@22#.
Thus the prospect for a useful measurement looks grim
pecially that inhhhh the lc effect is screened ascb2a

4 .
Quartic couplings where this contribution is not screen
involve any combination of the heavy Higgs boso
(H6,H,A). Triple-H production ZHHH is not operative
since it is triggered byZH production while quadruple pro
duction of the heavy Higgs boson is too tiny to be exploite
Thus a full reconstruction may prove to be impossible if t
full set l1 –7 is present.

VII. EFFECTS FROM HIGHER ORDER OPERATORS

Up to now we have only discussed the effects of t
dim-4 operators. Higher order operators are doomed to c
tribute less significantly, as their effects are explicit
screened by a high scale. We will illustrate this case by c
sidering only three new operators and restrict ourselves
few Higgs self-couplings to make the point. We consider

Ve f f→Ve f f1
1

L2
$k̃1~H1H1* !31k̃2~H2H2* !3

1k̃3~H1H1* !2~H2H2* !%. ~7.1!

For notational ease we will use

k i5
v2

L2
k̃ i , ~7.2!

with L the scale of new physics. We find

lhhh
k 52

e2

s2W
2

sb1ac2a1~l126k1cb
222k3sb

2 !cbsa
3

2~l226k2sb
2 !ca

3sb1
1

2
@~l31l422k3cb

2 !1l5#

3s2acb1a1l6sa
2~cb1a12cacb!
7-13
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1l7ca
2~cb1a22sasb!24k1cb

3sa
3

14k2sb
3ca

314sbcb
2casa

2k3 . ~7.3!

Note that we have split the effect of the new contributions
two parts. The first@second line of Eq.~7.3!# can be viewed
as a shift inl1,2,3 while the other@last line in Eq.~7.3!# can
be considered as a genuine new contribution beyond the
fects of the dim-4 operators. The shifts mean that the co
binations (l126k1cb

222k3sb
2), (l226k2sb

2), and (l3

22k3cb
2) replacel1,2,3, respectively, in the definition ofa,

mh,H in Eqs.~2.9!–~2.11!. Again, this means that even in th
absence of any dim-4 operator, the dim-6 operators as
fined above will also affect the Higgs boson masses and c
plings to fermions and vector bosons. Moving to the m
basis, keeping as extra parametersl5,6,7 andk1,2,3, we get

lhhh
k 5lhhh24k1cb

3sa
314k2sb

3ca
314sbcb

2casa
2k3

~7.4!

and

lHhh
k 5lHhh24Fcb

3sa
2cak11sb

3ca
2sak2

2S 2

3
2sa

2 D cb
2sbsak3G , ~7.5!

wherelH/hhh are given in Eqs.~3.6!, ~3.7!.
We see that the higher order operators are not fur

reduced by the decoupling factorcb2a and that allk i con-
tribute to all the self-couplings, unlikel i where we are only
left with a combination of two couplings. This means that
one ideally has measured all masses and couplings to
nary fermions and quite precisely all trilinear Higgs se
couplings, one could tell whether higher order operators
contributing. However, considering the foreseen precision
the extraction of the Higgs self-couplings and the expec
small contribution of the higher order terms, this would se
to be overly optimistic.
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VIII. CONCLUSION

A dedicated study of double-Higgs-boson production a
high luminosity LC@3,22# within the SM has shown that it is
very difficult to extract the Higgs self-couplings with a pr
cision better than 20% in the first stage of a LC improving
slightly better than 10%@22# at a multi-TeV LC facility, even
in the most favorable case of a Higgs boson light enough
decay intobb̄. In the decoupling limit, the lightest SUSY
Higgs boson will have properties very similar to that of t
SM and thus we would also get a precision on its se
coupling with a very similar precision. Unfortunately w
have shown that in this limit once we have measured
mass of the Higgs boson~which will be known at better than
the per-mil level! and its couplings to ordinary SM particle
~with a precision of a few percent!, the precision attained in
the self-couplings will not be sufficient to reveal new phy
ics. Indeed effects from ‘‘anomalous’’ operators affecting t
Higgs potential have a direct impact on the Higgs bos
mass and the couplings to fermions. When these are ta
into account additional effects in the self-couplings a
screened either by mixing angles~dim-4 operators! or large
scales. Even if we are not in the decoupling regime and e
if we restrict oneself to the leading dim-4 operators, we ha
shown that measurements of all possible trilinear s
couplings would not allow us to reconstruct the most gene
lowest dimension Higgs potential. To achieve this one ne
to measure some of the quartic couplings. However,
analysis that would take into account the measurement
the Higgs boson masses and their couplings to ordinary
ticles should give some useful constraints. An analysis al
these lines completed with the extraction of some of the
linear self-couplings at different stages of the LC is und
way @36#.
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