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From QCD lattice calculations to the equation of state of quark matter
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We describe two-flavor QCD lattice data for the pressure at a nonzero temperature and vanishing chemical
potential within a quasiparticle model. Relying only on thermodynamic consistency, the model is extended to
nonzero chemical potential. The results agree with lattice calculations in the region of a small chemical
potential.
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I. INTRODUCTION grees of freedom of the quasiparticles as an additional model
parameter to obtain first qualitative estimates. Later we con-
One of the fundamental issues which triggered, and hasidered in[6] the lattice datg7], where also the physical
influenced since, heavy ion physics is the question of th€ase of 2-1 flavors was simulated. As the absolute scaling of
phase structure and the thermodynamic properties of strongipe lattice data enters as important information, in particular
interacting matter at energy densities above 1 Ge¥/fdn-  nearT., we pragmatically applied the continuum extrapola-
der such conditions, exceeding the energy density in nucldion of the data, which was proposed[if] for T>2 T, also
but still far away from the asymptotic regime, the coupling for smaller temperatures. The results of this prescription can
strengthag is large, which makes the theoretical descriptionnow be compared to new lattice dd&]. Meanwhile, there
of the many-body problem challenging. are other lattice calculations which allow us to test directly
In the recent past the understanding of this field has bethe assumptions underlying the quasiparticle model as well
come much more detailed. The phase diagram for QCD witlas, for the first time, some of its predictions for nonzero
ny{=2 massless flavors, which is the case we will consider irchemical potential.

the following, can be briefly described as follovise refer We will therefore consider here the presently available
to [1] for a recent review At a zero quark chemical poten- lattice data fom;=2. Based on that, we will fit and discuss
tial, =0, the broken chiral symmetry of hadron matter isthe quasiparticle parametersat=0 in Sec. lll. In Sec. 1V,

restored within the quark-gluon plasma, at a critical temperawe will briefly summarize how to extend the model to non-
ture T,~170 MeV. It is thought that this second order tran-zero chemical potential, and compare our findings with the
sition persists also for nonzera, thus defining a critical results[9] from lattice simulations studying the region of
line, which changes to a first order transition line at the tri-small u. Section V concludes with the discussion of some
critical point. For small temperatures apd= u one antici-  physical implications.

pates a color-superconducting phase of quark matter. The

value of u. is expected to be 100—200 MeV larger than the Il. EINITE TEMPERATURE LATTICE DATA

quark chemical potentigl,=307 MeV in nuclear matter. ) ) ) ) )
Quantitative results for large, can be obtained from first ~ The simulationg8] are performed on lattices with spatial
principles by lattice calculations which were, however, re-€xtentN,=16 and temporal size$,=4 andN.=6, with an
stricted to a nonzero temperature ape=0 until very re- improved Wilson quark action :_;md renormalized quark
cently. Therefore, the described picture for:0 is mainly ~ Masses corresponding to fixed ratiags/m, of the pseudo-
based on general arguments combined with results from Varﬁcalqr to vector meson masses. We first consider the data for
ous models, including extrapolations of perturbative QCD. tWo light flavors, corresponding to Gsm,s/m,<0.75. Al-

As a phenomenological description of the thermodynathOUQh _thls |S_I§irger than th_e physlcal value, the results are
ics of deconfined strongly interacting matter we proposed &lmost insensitive to the ratio, which suggests that they are
quasiparticle moddl2,3]. Its parameters are fixed by the lat- not too fa_lr fro_m the chiral limit. As expected f_or the rather
tice data af.=0. We then use the fact that within the model Small lattice sizes, the results fof,=4 and 6 differ. How-
the thermodynamic potentials at zero chemical potential an§Ver. We observe that normalizing the pressure data by
w#0 are related by thermodynamic consistency[3hwe  Pg°"/p, ", the ratio of the free limits in the continuum and on
analyzed lattice data fon;=2 flavors[4], andn;=4 [5], the lattice, improves considerably the consistency between
which were, however, still derogated by sizable lattice arti-the data sets. As a matter of fact, the normalikee- 4 data
facts which have an effect on the absolute scaling of the datare in agreement with the normalizé=6 data after res-
We therefore introduced a constant effective number of deealing by a constant of 1.14. This simple scaling behavior for
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FIG. 1. Compilation ofn;=2 lattice data for the pressure in  FIG. 2. The lattice data for the entropy corresponding to the data
units of the free pressune,. Shown are the scale@ee textdata  for the pressure shown in Fig. 1, and the quasiparticle fit.
[8] for light quarks corresponding to meson mass ratios of 0.65

<m,s/m,=<0.75(open circlesN,=4; open squareN . =6), and 1 1 N
the continuum estimatgr] (gray band. The full line is the quasi- mézE N+ Enf T+ —CZ E ,u,g g,
particle result. The full symbols represent the dg8a for large 27 q
quark masses, withmg,s/m,=0.95. For comparison, the hatched (1)
band shows the S@) lattice data(dotted line:[10]; dashed line: NZ—1 5
[11])) normalized to the corresponding free pressure. m2= —° T2+ Ha| 2
9 8N, 2 9

large coupling is rather remarkable. Based on this observa- ] .
tion we suggest the continuum estimate for the pressur@heréug denotes the quark chemical potential, ag=3.

shown in Fig. 1. We assume here that the normaliked Interpreting the relevqnt'excitations as quasiparticles, the
=6 data are already close to the continuum limit. This isthermodynamlc potential is

supported by the fact that the thus interpreted data match the

aforementioned continuum estimate from the staggered _ N 2

quark simulation§7].* Therefore, a consistent picture forms P(T, )= El Pi(T, i) ) = B(M3), @

for the thermodynamics of QCD with;=2 light flavors.

In Fig. 2, the corresponding data for the entropy arewhere p;=*d; TSdk/(27)3In(1+exp{—(w,—w;)/T}) are
shown. It is noted that since the slope of the continuum exthe contributions of the gluon@vith vanishing chemical po-
trapolated pressurgr] is slightly larger than that from the tentia) and the quarksfor the antiquarks, the chemical po-
data[8] (see Fig. 1, the upper part of the error band is tential differs in the sigh anddg=2(N§—1) anddq=2N,
already forT~3 T, very close to the free limit. This would count the degrees of freedom. As showr{ 18], thermody-
be in contrast to the pure gauge case, where the uncertainfi@mic consistency requires the derivative, with respect to the
due to lattice artifacts has become small, so we will assum@;, of the right-hand side of Eq(2) to vanish, i.e., the
that the lower side of this estimate is more relevant. contributionB is related to th& andu dependent masses by

9B apy(T,pj;m?)
— = 3

amj2 am

IIl. QUASIPARTICLE MODEL

For completeness, we briefly recall here the main ideas of
the quasiparticle modé¢PR,3] of the QCD plasma. This implies that the entropy and the particle densities are
For weak couplingy, the thermodynamic behavior of the simply given by the sum of the individual quasiparticle con-
system is dominated by its excitations with momenta.  tributions,
While hard collective modeg&he longitudinal plasmon and

the quark hole excitatignare exponentially suppressed, the op;i(T,ui ;m?) opi(T,wi ;m?)
transverse gluons and the quark particle excitations propa- Si=(9—.|. ' n‘:T . 4
gate predominantly on simple mass shellg(k)~m?+k? m? i m?

[12]. In the chiral limit the so-called asymptotic masses are

given by while the energy density has the fores 2+ B.

Expanded in the coupling, the above approach repro-
duces the leading-order perturbative results. The full expres-
Yin these calculationsn,=0.1T was assumed, corresponding to sions, however, represent a thermodynamically consistent
m,s/mM,=0.7 atT,. From the weak quark mass sensitivity ob- resummation of terms of all orders @ This suggests pon-
served in[8], both results should indeed be comparable. dering the application of the model also in the strong cou-
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pling regime? Considering first the casg=0, it indeed IV. NONZERO CHEMICAL POTENTIAL
turns out that the lattice data for the entropy shown in Fig. 2

can be described by the model with the ansatz The quasiparticle model as applied in the previous section

can be generalized to nonzero quark chemical potential
tq=pm. The quasiparticle masses now depend also on
ay(T,p=0)= 12m (5) u—explicitly by the dimensionful coefficients of the cou-
s (1INg—2n)IN[A(T=T)/T,]? pling in Eqg. (1), and implicitly by the coupling itself. As

shown in[3], Maxwell's relation, ds/du=an/dT, directly

for g%/(47). This is the leading order perturbative result at aimplies a partial differential equation farg(T,u). It is of

momentum scale determined by the temperatdig’\ is  first order and linear in the derivatives of the couplifoyt

related to the QCD scald, while T4 parametrizes the be- nonlinear in«y),

havior in the infrared. For the parameters we obtain

A=17.1, T,=0.89T. (6) CroT TCug, =6 ©)

The resulting quasiparticle masses are large; fleathey  where the coefficientsy, ¢, andC depend orT,  andas.
reach several times the value of the temperatifbe exis- |t can easily be solved by reduction to a system of coupled
tence of such heavy excitations, which we have inferred fronprdinary differential equations,

the thermodynamic bulk properties, has meanwhile been

confirmed directly by lattice calculations of the propagators dT(s) du(s) dag(s)

[17]. Finally, since the derivative of the “bag” functioB is s ~°T Tgs S g5 & (10)
related to the quasiparticle masses by E3), the model is
completely defined by fixing

which determines the so-called characteristic curvés),
©(s), and the evolution ofrg along such a curve, given an

Bo=B(T,)=1.1T¢, (7)  initial value.
, L ) With regard to the underlying physics it is worth pointing
which enters the fit in Fig. 1 as the third parameter. out some properties of the flow equatit®. The coefficients

Since all the information about the coupling is encoded ingre combinations of products of a derivative of the quasipar-
the parameterd and A, it is interesting to look at their icje entropy or density with respect to the quasiparticle
flavor dependence. Comparing to the pure gauge plasma, it {555, and a derivative of the quasiparticle mass with respect
recalled that in this case the pressure becomes very sma}j T, u or as. Writing down the explicit expressions, it is

close to the transition since there it has to match the pressugg,qy 1 see that the flow equation is elliptic. In particular, one
of the heavy glue balls in the confined phase. Similarly, the;,qs

entropy is small alf~T,, which implies a large coupling
there. Forn;=2 the scaled entropy fof~T, is somewhat —0) — _ _

o . cr(T,u=0)=0, ¢, (T=0,u)=0. 11
larger; thus close to the transition the coupling has to be r(T.n=0) l 2 )
smaller than for pure S@3). However, for fixed parameters The coefficientc,,, e.g., vanishes because not only the en-
A and T, the _coupl|ng(5) would increase with increasing tropy goes to zero a§— 0, but also its derivative with re-
number of active flavors. Therefore, a difference of the Paspect to the mass. Therefore, the characteristics are perpen-

rameters fony=2 to those for the pure gauge plasp34, dicular to both theT and theu axes. This guarantees that
SUs specifying the coupling on some interval on thexis sets
ASUB=49, TV®=0.73T, (8)  up a valid initial condition problem. From the temperature

dependence of the effective coupling as obtained from the
is not unexpected. Interestingly, the paraméftgerdoes not  |attice data aj.=0, e.g. in the physically motivated param-
change by much compared to the casecf 2. etrization (5), we can therefore determine numerically the
coupling from Eq.(9), and hence the equation of state, in
other parts of thew T plane.
2A formal reason supporting this attempt is the stationarity of the |t is instructive to consider the asymptotic limitg—0,
thermodynamic potential with respect to variation of the self-of Eq. (9), where the coefficien€ vanishes. Then the cou-
energies around the physical value; 4ad] and the references pjing is constant along the characteristics, which become el-

given there. Moreover, there are heuristic arguments that resumMgnses in the variableg?2 and,uz leading to the mapping
tion improved leading order results might be more appropriate at '

large coupling than high order perturbative res{iits].
3For the fit we considered only the normalized dah The result T—
then reproduces the extrapolated dataon the lower side of the
estimated error band; see the remark at the end of the last section. ] ) )
4n an alternative approach, instead of attributing the deviations! his holds approximately also for larger coupling, see Fig. 3,
from the free limit at smaller temperatures to the mass of the quasSO the lattice data gt =0 are mapped in elliptic strips into
siparticles, a variable number of degrees of freedom is proposed ithe 4 T plane. On the other hand, an ansatz analog to%q.
[16]. to parametrizexs(T=0,u) is quantitatively less satisfactory
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P T

FIG. 4. The pressure scaled by the free prespy(&,«); T and
_ o w are in units ofT.. The pressure along the characteristics starting
FIG. 3. Represented by the full lines are the characteristics opyt from T~ T, becomes negative at small see also Fig. 3. The

small u with the critical line (dashed, with a hatched error band  regjon.

obtained in the lattice calculatid®]. In the region under the dash-
dotted line the resulting quasiparticle pressure is negative—a tran-

sition to another phase has to happen somewhere outside. There: . . N .
fore, the narrow gray region under the=0 line, where the solution of the line of vanishing pressure in Fig. 3 with the expected

of the flow equation is not unique, is physically irrelevant. Indicatedtransition line from the hadron to the superconducting quark

by the symbol(assuming, for the scalingl.=170 MeV) is the  Mmatter ph_ase, see Ré¢l], remains, of course, a speculation.
chemical potentiaj,, in nuclear matter. There is, however, a related question which we can ad-

dress with the quasiparticle model without knowing details
about the other phases, just based on the fact that for nonzero
chemical potential the transition from the deconfined to the

than in the casg.=0. A closer look at the characteristics confined phase occurs at the critical ling(w). The critical

emanating from the intervelT,,1.06T] reveals that they line is expected to be perpendicular to thaxis, which has

intersect in a narrow half-crescent region, which indicate : X ) ;
; T . een confirmed in a recent lattice calculatif® where
that there the solution of the flow equation is not unique. ) B
also its curvature atu=0 has been calculatéd,

This, however, is only an ostensible ambiguity. It so happen - S
that the extrapolatio%/ of the pressure begomis negati\Fl)g inS£1C dZTC.(".‘)/d'“z'ﬂ:O% —0.14. Within the quasmg_rncle
larger region; see Figs. 3 and 4. This implies that a transitioﬁnOOIeI itis natural to rglate, at least for smgl,l the critical
to another phase, at a certain positive pressure, happens H-e to the characterlstlc_: througn(,u:_O), which, as shown
ready outside this region, so the encountered ambiguity of POVE, IS also pgrpendlcular to theaxis. F_or smalk. where
the flow equation is of no physical relevartce. only the quadratic terms are r_eIeva(ptactlcaIIy even fo_r,u

At this point we emphasize again that this extrapolation Oias_lgrge as 1), we _mdeed f|_n_d th.eTC charaf:terlstlg n a
the quasiparticle model relies only on the requirement oismk'ng agreement with th? critical line frg[ﬂ)], see Flg. s.
thermodynamic consistency. Of course, it implicitly assume,égnmher argqment supporting the "?‘bOYe interpretation of the
also that the quasiparticle structure does not change, i.e., thae Characteristic comes from considering the case where the
deconfined quarks and gluons are the relevant degrees G¢@k flavors have opposite chemical potentiglg=— uq
freedom. For small enough and temperatures abo\(er =M. With this isovector chemical potential the fermion de-
near, asu gets larger T, this is a justified assumption. How- terminant is positive definite, and standard Monte Carlo tech-

ever, the quasiparticle structure will change in the hadronidliques can be applied to study this system on the I4tfig
phase, when bot and u are small, as well as for suffi- The lattice resulf9] obtained for the curvature of the critical

cienty cold and dense systems where the colorline in that case agrees with the value quoted above for the

superconducting phase is expected. Although the preseitoscalar potentiak. Within the quasiparticle model, the
quasiparticle model cannot make any statements about the§guality of these two numbers is immediately evident.
phases, it is interesting to observe that it “anticipates” the In Ref. [9] it was furthermore mentioned that the qua-
existence of another phase only from the lattice inpuT at dratic behavior, with the same curvature asuat0, of the

>TC andluzo_ An interpretation of the apparent S|m||ar|ty critical line is not I|ke|y to extrapolate down to small transi-
tion temperatures sinc&.(x«) would then vanish only at

m.~650 MeV. Phenomenologically, howevey. is ex-

SWe remark that the region where the solution of the flow equaP€cted to be not very much larger, say at most by 200 MeV,
tion is not unique is determined only by,(x=0T), i.e., by the than the quark chemical potential,=307 MeV in nuclear
parametera. andTj fitted from the entropy, whereas tipe=0 line
depends also op(uw=0,T;) and thus on the third parametB.

Therefore, the fact that the potential ambiguity is irrelevant is based ®In passing we note the amusing fact that the result agrees with
in a nontrivial way on the underlying lattice data for the equation ofthe value from the bag model assuming free massless pions for the
state atu=0. hadronic phase.
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80 within the numerical errors. This is compatible with our re-
sult for small u,
60
o, P(Te(), )~ P(T(0).0~~0.024°TZ.  (13)
© The corresponding change of the energy density is about
20 three times larger. These results differ notably from the esti-
L mate from the bag model which, although the critical line has
00 5 10 15 20 a similar shape for smajk, would yield coefficients larger
p by a factor of four.
p/ T
FIG. 5. The estimate for the equation of state of quark matter at V. CONCLUSIONS
T=0. Within our quasiparticle moddl2,3] we analyze recent

n{=2 QCD lattice calculationg8] of the equation of state at
) ) ] nonzero temperature angd=0, and then extend the quasi-
matter. In the quasiparticle model, from the chemical potenyicle model to nonzero baryon density. The resulting el-
tial where the extrapolated pressure vanishe§al, we |iniic flow equation for the coupling relates the thermody-
estimateu.~3 T.~500 MeV. , namic potential along the characteristic curves in th&
This value is in the expected ball park, which encouragéiane. We argue that the characteristic line throdghu
us to consider the extrapolation of the model down to smaller. 0) is related to the critical line in the phase diagram. This
temperatures. Although foF—0 quark matter will be in the ;5 confirmed by comparing our results for the curvature of
superconducting phase, it is still possible to give an estimatg,e critical line atw=0, and the variation of the equation of
of its equation of state in that region from the quasiparticlegizie along it, with recent lattice simulatiof] exploring
model. The quark pairing influences thermodynamic bulky,q region of smalk.
properties at the order ofA(x)?, with the gap energyA We give an estimate for the equation of state of cold quark
being at most 100 Me\[1]. This has little effect on the arer Energy density and pressure are almost linearly re-
energy densitye=3;e;+B as both the quasiparticle contri- |50 as in the bag model, however with parameters obtained
butions and the functio are parametrically of the order ¢, the Jattice data ak=0. The relevant physical scale is
O(u?). For the pressure, on the other hand, the pairing efyiven by the transition temperatuf,, and the parameter

fects become comparable to our expresgierp;—B only  cqrresponding to the bag constant turns out to be large com-
when the latter becomes small. Since the pressure of the, oq to conventional estimates 250 MeV*.,

thermodynamically favored superconducting phase is larger \we have restricted ourselves to the case 2, for which

than that of the plasma phase, the relagp) as shown in  he |attice data for the equation of stateat 0 appear to be

Fig. 5 is therefore an upper estimate of the equation of statggiaplished best. However, we expect similar results for other

4 - 4
of cold quark matter. Fop=5T, we obtaine(p)~13T;  nympers of flavors since the pronounced decrease of the ratio

+3.2p, where the slope is mainl_y determined by the factp/pO as T approached ., which indicates a large coupling
that the pressure aT=0 essentially scales ag®. For gtrength, seems to be generic. This universality is then ech-
smaller pressure, the slope is only slightly larger, and thgyeq at nonzerq. because for alh; the flow equation be-
energy atp=0 is approximately 11T¢. Assuming T,  haves for strong coupling similarly as in the perturbative
~170 MeV, this translates into an energy density ofjimit, where o is constant along the elliptic-like character-

1 GeV/fn?. Bearing in mind that this is an upper estimate, jstics. Indeed, the shape of the phase boundary calculated in
and comparing to the bag model equation of staf84p)  [19] for the physically relevant casg =2+ 1, although now
=4B+3p, this result is still considerably larger than esti- being a crossover nedr,, is very similar to the shape for

mates with commonly assumed values of the bag conBtant N+=2. With the same reasoning, we remark that our esti-
Coming back to the region of the phase Space where th@ates are I’ObUSt with respect to I’emalnlng uncertainties Of
quasiparticle model is well grounded, we finally address théhe underlying lattice data. Indeed, the equation of state at
question of the behavior of the pressure and the energy dew# 0 is not very sensitive to the precise values of the model
sity along the critical line near=0. In the lattice simula- Parameters as long as they reasonably describe the gross fea-

tions [9] both quantities have been found to be constantures of the equation of state at=0. Therefore, the large
energy density at small pressure seems to be a general fea-

ture of the equation of state.

"This value renders more precisely the rough estirf@lewhich As shown in[3,6], this WO}_J'd allow fOV_Pl!fe quark stars
was about 40% larger. Based on the pragmatic extension of th&ith masses<1Mg and radii<10 km. Similar small and

continuum extrapolation of the lattice ddf& shown in Fig. 1 near light quark stars have also been obtained within other ap-
T., the fit led to a similar value fofg, but tox~11. This dem- Proaches, cf.20]. Such objects are of interest in the ongoing

onstrates that details of the underlying lattice data are important fofliscussion of the data of the quark star candidate
quantitative predictions ak#0 but, on the other hand, that the RXJ1856.5-375421]. It should be emphasized, however,
estimates are rather robust. that the outermost layers of such pure quark stars are meta-
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stable with respect to hadronic matter with a larger pressure ACKNOWLEDGMENTS

at u~ u.. The details of the star structure depend sensitively

on the hadronic equation of std22]. However, as discussed We would like to thank M. Alford, E. Fraga, R. Pisarski,
in [23], a stable branch of hybrid stars with a dense quarkand D. Rischke for discussions. This work is supported by
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